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This paper explains the modulation instability of two surface magnetostatic spin waves
simultaneously propagating in a ferromagnetic film. Self-modulation of the spin waves appears
when their power reaches a threshold, and this is a sign of cross-phase modulation. The
parameters of the unstable process are calculated, and the gains of the perturbation amplitudes
are determined. The results published earlier on the experimental detection of the cross-

phase modulation of spin waves are explained. 1899 American Institute of Physics.
[S1063-776(199)01412-2

1. INTRODUCTION carrier signal. In studying such processes, it is usual to ne-
glect dissipative effects because they are small at the dis-

Magnetostatic spin waved1SWs) propagating in mag- tances under considerati®rThe output MSWs are attenu-

netized films of yttrium iron garnetYIG) are an extremely ated if the dissipative terms are included, but the qualitative

interesting object for research, since the nonlinear effectpicture of the wave propagation does not change. This paper

that appear when intense MSWSs propagate begin to manifediscusses a model of simultaneous nondissipative propaga-

themselves at relatively small powersSurface MSWs are tion of two surface MSWs in a ferromagnetic film. The dis-

especially interesting in this regard, since the energy of th@ersion dependences are derived in Sec. 2 in terms of this

wave is concentrated at the film surface in this case, and theodel. The equations for the evolution of the amplitudes of

losses are minimal when the signal is generated and detectatie coupled waves are obtained in Sec. 3. After this, an

When a single surface MSW propagates, an increase in thenalysis of these equations is given in Sec. 4 in order to

power of the wave does not cause amplitude modulation oflerive the conditions for the appearance of modulation insta-

the envelope of the magnetostatic potential to appear spomility. Finally, in Sec. 5, the results are used to explain the

taneously, and the wave is modulationally stable in thisexperimental results of Ref. 4.

case® However, recent experimefitswith simultaneous

propagation of two surface MSWs of different frequencies

show that modulation instability appears under definite con-

ditions. This effect is observed in the form of side frequen-

cies on the peaks corresponding to the carrier frequencies ¢h DERIVATION OF THE DISPERSION DEPENDENCE

the output spectral characteristic. The cause of the instability

is that the dispersion dependence for the MSWSs changes, Letus consider the propagation of two surface MSWs in

because the second wave propagates in a medium perturb@dhin ferromagnetic film of thicknes$ placed in a saturat-

by the first wave. A phenomenon similar to that observednd external magnetic fielt (Fig. 1).

was theoretically explained for the first time in Ref. 5, which ~ Under these conditions, it is possible to introduce into

discussed the combined propagation of two waves of differthe discussion a magnetostatic potential that describes the

ent polarizations in a plasma. Similar effects when signal$ropagating waves and has in our case the form

propagated in optical waveguides were subsequently

detected. The instability causes the envelope of the MSWs = Al expkiX) + a exp — ki x) Jexplik,y)

to be modulated, since the ever-present noise serves as an .

initial perturbation’ This phenomenon has become known as +Blexpkox) + B expl —kox) Jexp(ikpy) +c.c., (1)

modulation instability. The modulation instability that arises

when two modulationally stable waves propagate simultawhereA andB are the amplitudes of the two MSWs, and

neously, due to cross-phase modulafids, usually caused k, are the wave numbers, ardand 8 are factors that de-

by induced modulation instability. The derivation of the pend on the film parameters and the external magnetic field

conditions for the appearance of modulation instability is oneand determine the propagation of the waves on some surface

of the main problems in studying such processes. To do thigyr the othef, The time dependence of the potential will be

it is important to obtain the dispersion dependence of theéntroduced later. It is easy to obtain the high-frequency com-

amplitude perturbations of the magnetostatic potential of thgponents of magnetic field=V ¢ from the given expression:
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FIG. 1. Geometry of the problem. The MSWSs propagate alongytaris,
and the external magnetic fiel is directed along the axis.

hxzi—f = Akq[expkiX) — a exp( —kix) Jexp(ik1y)

+ Bky[ exp(kox) — B expl — kox) Jexp(ik,y) +c.c.,
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For the subsequent discussion, we need the quantity

2
| o

=l 2= (1 53

|my?+[m,|?

2My
which enters into the expression for the dispersion
dependendefor a surface MSW:

2 wiy
wZZwH+wHwM+T[l—exp{—de)]. (12

wy=4my| Mg—

, wM0=47T‘yMO, (11

We introduce into the discussion

2 2 wﬁlo
wg=whtoqoy t T[l—exr{—Zkid)], (13

wherei ={1,2}. Finally,
I

0=l — %{mHmMo[l—exq—zkid)]}

X (|myf2+]my|?). (14)

Simple but tedious algebraic formations can be used to ob-
tain an expression fody/ dx|?+ |dyl dy|?, which contains

The high-frequency part of the magnetization is connectederms proportional to exjKy). In order to introduce the time

)
. .
hy=W=|Ak1[exp(k1x)+aexp(—klx)]exp(|k1y)
+iBks[ expkyx) + B exp( — kyx) Jexplik,y) +c.c.
©)
with h,
m= xh, (4)
by magnetic susceptibility tens@r, which is written as
X1 ix2 O hy
= —ix2 xx 0], h=|hy]. (5
0 0 1 h,
As a result, we have
Ay Y
mx_Xlﬁ_X'HXZWr
9y 2
my= —I)(Zﬁ"—)(lw. (6)

As will become clear later, we are interested only in the

dependence into the equations, it is necessary to make the
substitution exgky)—exgi(ky—wt)]. This means that the
terms containing andy disappear after averaging over the
period. These terms can play a role only if the waves are
coherent. After this, we obtain

2
Z—f = 4{|A|PK3[ exp(2k.x) + | a|?

2

Jd
L|2
ay

X exp( — 2k;x) ]+ | B|?ka[ exp( 2k,x)

+[B1% exp( — 2kx) 1} (15
We now have the following dispersion dependence:

s
w?:wgi—4M—Z{2wH+wMO[l—exq—Zkid)]}

X X5+ XA exp(2kyx) + | al?

square of the modulus of the components of the magnetiza-

tion. We considefm|? one component at a time:

2 2

P P
Imy?=xi| - +X§W
. I\ [op\* [ o\ [ I\ *
+IX1X2[(W X —(0—)( oyl | (7
Recalling that Re/=, we get
aw 2 31# 2
|mx|2:X§(9—X +X§W : (8)
Likewise, form,,
ayl? apl?
|my|2=X§5 +X§W : 9

Finally, we find

X exp( — 2k;x) ]+ | B|?k3[ exp( 2k,x) + | 8|
X exp( — 2k,x) 1} (16)

The nonlinear dispersion Eq§l6) for surface MSWs are
derived in the limit of weak nonlinearity. Namely, nonlinear
Eq. (11) describes the magnetization frequency, provided
that the amplitude of the high-frequency magnetization is
much less than the amplitude of the magnetization of the
ferromagnetic film {my/,|my[<My).

3. DERIVATION OF A SYSTEM OF EQUATIONS FOR THE
EVOLUTION OF COUPLED WAVES

The dispersion dependence given by Ef6) can be
written in general form as

G(ky,ky,w1,0,,|A[%|B|%|al?,|8]?)=0. (17)
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Let us introduce the dispersion dependence for an indepen- aB 1 °B
dently propagating wave: 'ng +3 ,32 =fo(P1+P3)B. (26)
2
“wm Let us consider, for example the first equation. We seek a
-2 {2 SR o —2k: ' '
Gio=wpi —| Wit wnom+ 4 [1—exp(—2kd)] /. solution in the form
(18 A=Cexp —iay). (27
We expand Eq(16) up to terms corresponding to second . )
order in amplitude: After substitution, we find
é’Gio (?GiO 0”2Gi0 o Vgl 1% \/1 2Blfl(Pl_’—PZ)
=G . . Ak 2= - (28
Gi=Gjot+ o, Aw;+ oK, Ak'+&ki&wiAw'Ak' 127 B, vZ,
1 82Gy, 152G IG; We have the following solution:
+ 5 — (Aw)?+ 5 — 5 (Ak)?+ -5 | A2 : :
2 Jo 2 9K d|A| A=C exp —iayy)+Coexp—iayy). (29
G , . 9Gi X ; ) The amplitude close to the antenna is constant, and conse-
+ W|B| + MZM + WW =0. (19  quently the envelope is constant;
i dA
Recalling that - 2 Cy—iayexa —iaLy)
9 ) 32 & y
AwiHIE, Akﬁ—)—lw, WHVWW’ +Co(—ia)exp —iasy)=0. (30)
we get From this, we obtain the relationship between the ampli-
A iR L g TR a2 b2iBl)A Hee
Vg1t 5 b1 7> =hi(a @
ot gy  27tay C,=— a_ZCZ- (31
B B 1 4B i a o !
= +iveo— 2y Eﬂza—yzzfz(a |Al*+Db%B|*)B, Let us evaluate this relationship for a thin filnk;@
(20) <1). In this case, the ratio under the radical in EB8)
. equals
with
wz ZCUMO(.UH
i=2d4—zﬂ)0exp(—2kid), (22) 6i_W(X1|+X2|)(P1+P2) (32
i
V.. We estimate the factors in E2) by the following approxi-
Bi=— f[vgﬁ w;d], (22)  mations:
i
20y 0y 1
©Oug (Gt x3)=~3, —7—=~3,
fi= = sz {20+ oy 1—exa —2kd) )} XXz wf 2
0 and consequently we get
X (X5i+ X5 (23

e~3(P,+P,)/M3. (33

=ka[ exp(2k,x) + 2| a|? exp( — 2k1x)], o : I :
1L exp(2kyx) + 2] ol expl 1X)] However, this ratio is small in the approximation considered

=k3[ exp(2kox) + 2| 8|2 exp( — 2k,x)]. (24)  here(in the experiment considered below, it equals 1/11
p i db ch terize th litude att i fConsequently,.=<1. It follows from this thatC,>C,. We

arametera anab characterize the ampiitude attenuation ot g, neglect the quantit¢, in the subsequent calculations.
the wave with distance from the surface. Equati@® are Then we can write

in essence a system of equations of the type of the nonlinear

Shradinger equation and describe the evolution of the ampli- gl 2B.1f1(P1+Py)
tudes of the coupled surface MSWs. a= “1:,3_ 1- - V2 : (34)
1 gl

4. INVESTIGATION OF MODULATION INSTABILITY Finally,

Let us introduce the energy of the wave at depfhom A= \/P_le‘i“y. (35
the surface: We now impose a perturbation on this solution:

P,=a?%|A]?, P,=b?B|2 25 _

1m@AR, PamblB 29 A=[\VPi+a(y,)]e ', a<\P,. (36)
Then the steady-state equations have the form o ) o )
) After substituting this expression into the equations, we
oA 1 A carry out a similar procedure fdB, and we linearize the

Z B =f1(P1+Py)A . nrar. .
Ivglay Zﬁlay2 1(P1+P2)A, resulting equations in terms of the perturbations:
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A A 1 oA o

|E+|Vgl¢lw+§Ble:fl[Pl(a+a )
+P1P,(b+b*)],

db b 1 % —

|E+|ng¢2w+zﬂza_y2:f2[l:)2(b+b )

+ P P,(a+3*)], (37)
where

2B,F (PP
prmvgJ1- 2EPD) (39

Vgi

We seeka andb in the following form:
a=uy co§ Ki(y— p1t) —Qt]+iv,
XsinKy(y—éit) —Qt],
b=u,cog K,(y— ¢,t)— Qt]+iv,
XsinKo(y — ¢ot) —Qt], (39

whereK,; and K, are the wave numbers of the amplitude
perturbations, while) is their frequency. After substitution,
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FIG. 2. Dependence of galmon K for fixed K.
_1 2 _ 21,2
Ci=5BiKT, =B TP1PaKIKS. (44)
It is easy to expres8? as
2, 2 2 22 22
ci+c i\/(c +c5) —4(ciec5—0)
Q212 17 C2 1C2 _ (45)
2
We find the condition for whict)2<0:
{>cicl, (46)

obtain a system of linear equations with the matrix

m q I, O

n, p, 0 O

M= , (40)
l, 0 m; q

0O 0 n, py

where
1
m;= — EIBiKiZ cog Ki(y—¢it) —Qt]

—2fiPicog Ki(y — ¢it) — Ot],
0i= (Ki ¢ +Q)cog Ki(y — ¢it) — Qt]

— ¢iKi cog Ki(y — ¢it) — Ot],
li=—2f;\P1P,codKy_i(y— o it) — Qt],
ni=— (K¢ + Q)sin(K;(y— ¢it) —Qt)

+ ¢iKi sinK;(y— ¢it) — Qt],

pi=3 K SinK,(y— 1)~ Q1] (@1

For a nontrivial solution to exist in the system, it is necessary

that the determinant of this matrix equal zero:
detM =0, (42
or
(N101—P1My)(N202— P2My) — P1P2l1l2=0.
We obtain the following equation fdn:
(Q2-c)(Q?-c))=¢, (43

where

this case, it can be seen from E@44) and (46) that both
waves are modulationally unstable regardless of the signs of
the nonlinearity coefficients given in E(R3). These results
also agree with the results published earlier in Refs. 10 and
11 concerning the nonlinear interaction between spin and
acoustic waves and between spin and electromagnetic waves.

5. ANALYSIS OF EXPERIMENT

In Ref. 4, two MSWs with frequencie®;=6.55GHz
and w,=6.75 GHz, which correspond to wave numb&ss
=52.97 cm! andk,=379.6 cm'!, were generated in a film
of yttrium iron garnet of thicknesd=1.15<10 3cm. The
film in this experiment had a saturation magnetization of
My=135.6 G and was located in an external magnetic field
of Hy=1627 Oe, withy=2.8 MHz/Oe. The signal from the
film was fed to a spectrum analyzer. The mistuning between
the nearest side band and the carrier peak equalled 1.4 MHz,
but the side band is caused by the interaction with another
wave, and it is consequently necessary to consider the spac-
ing not between the nearest peaks but between the farthest.
This makes it possible to explain the presence of the asym-

h, 10°
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FIG. 3. Dependence of gaimon K, for fixed K .
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FIG. 4. Dependence of gaimon K; andK,.

metry of the side bands as the result of the interaction of 1 1
already modulated waves. Then the modulation frequency 4f1f2P1P2>§ﬂ1Ki‘ §B2K2'
O =Aw is 201.4 MHz. Keeping in mind that the gain must

have a maximum at this frequency, we get a system of equa-  16f,f, 2

tions forK; andK,. Solving it, we find mP1P2>K1K ,

K,;=283.3 cm?!, K,=444.4 cm. (47

k?1.38< 10" cm *>K3K3,
The power of the wave can be obtained ffom

1 8.63>1.59. (50)
—_ 2
Wik = 167 Ld“wP, (48
where L=0.3cm is the length of the antenna, while ]
=0.25 is a factor that characterizes the part of the suppliegﬁ
powerW that goes into the generation of MSWs. From this
we get

As can be seen, the condition for cross-phase modulation
is satisfied. In order to understand the spectral content of the
ceived signal, it is necessary to know how the gain of the
odulation perturbations depends Kp andK,. The gain
of the perturbation amplitudes equals

1 h(K1,K2)=21m(Q)
k=-—Ld?=7.89x10"° cn?,

16m = 2[\(cZ+cB)%+4({—c2cd) — (c2+cd)]-
Pz%, P,=134 0é&, P,=45 O¢. (49 ()

Figure 2 shows a graph of thgK,,K,) dependence with
Let us check whether the conditiotis cfc% for modulation K, fixed. Figure 3 shows thie(K;,K,) dependence witK;
instability are satisfied: fixed. Theh(K,,K,) surface is shown in Fig. 4.
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It can be seen from the curves in the figures that the gain  This work was carried out with the partial support of the
has a maximum at definite valueskf andK,, correspond- Russian Fund for Fundamental Reseaf&oject 99-02-
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