LECTURES ON ARITHMETIC DIFFERENTIAL EQUATIONS

ALEXANDRU BUIUM

1. CLASSICAL ANALOGIES BETWEEN NUMBERS AND FUNCTIONS

functions

C[t]

finite extensions K/C(t)

compact Riemann surface S

points on .S

Jacobian variety C1°(S)

unramified finite abelian covers S” — S
and link with C1°(S)

via Hy(S,Z)

ramified version of this

non-abelian version of this

(m1(S\{P1, ..., Pn}))

Riemann-Roch

numbers

Z

finite extensions K/Q

Spec Ok

places of K

divisor class group CI(K)

unramified finite abelian extensions K'/K
and link with CI(K)

(Hilbert class field)

class field theory, ray class groups

non-abelian class field theory
(G(K*/K) and Langlands)

arithmetic analogue of Riemann-Roch

differential calculus and
differential equations on S

NO CLASSICAL ANSWER
FOR A POSSIBLE ANSWER SEE
NEXT SECTIONS

Clt1, to]

NO CLASSICAL ANSWER

MAYBE Z g, Z

FOR A HYPOTHETICAL F,?7?)

FOR AN ALTERNATIVE NEXT SECTIONS
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2. ODEs, PaArT 1

ordinary diff equations
satisfied by functions
(differential algebra)

ordinary “diff” equations
satisfied by numbers
(arithmetic differential algebra)

main reference for material below
AB, “Differential algebra and
Diophantine geometry”, Hermann 1994

main reference for material below:
AB, “Arithmetic differential equations”
Math Surv Mono, AMS 2005

(this theory is L to Dwork’s
p-adic differential equations
where diff equations are satisfied
by functions)

Applications

Geometric Lang Conjecture (AB, Annals 92)
Effective bound for GLC (AB, Duke 93)
Effective geo Manin-Mumford (AB, Duke 94)

Applications

Arithmetic Th of the kernel (Invent 95)
Effective Manin-Mumford (AB, Duke 96)
Modular forms (AB, Crelle 2000)
Heegner points (AB+Poonen,
Compositio 2009)

R a ring

6 : R — R is a derivation if
Oz +y) =0z + oy
0(zy) = xdy + yox

(Ritt, Kolchin)

R aring, p € Z a prime,
non-zero divisor in R

0 : R — R is a p-derivation if 61 = 0 and

3z +y) = du + oy — Loy

d(zy) = zPdy + yPdx + poxdy

(Joyal C.R Acad Sci Canada 85, AB Invent 95)

for theory below: AB Invent 95, Duke 96
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0 is a derivation iff
R — D3(R) = (R x R,dual number structure)

x +— (x,0x) is a ring homomorphism

§ is a p-derivation iff
R — W3(R) = (R x R, Witt vector structure)

x +— (z,0z) is a ring homomorphism.

0 is a p-derivation iff ¢ : R — R

¢(x) = 2P + pdx is a ring homomorphism

so p-derivations R — R are in bijection with
ring homomorphisms ¢ : R — R lifting
Frobenius R/pR — R/pR.

R? = {x € R;6x = 0} subring of R

R? = {r € R;6x = 0} submonoid of R

ok

Ezamples

1) R=CJt], 6 =d/dt

R’=C

2) R=C>*(N,C), N=R,R/Z
0=d/dt

R =C

2') R C Mer(C,0), 6 =d/dt, R® C C

Ezamples

1) R=1Z, éa = “;—“p (unique)
R® ={-1,0,1}

2) R =1y = Z,[Cns (N,p) =1,
da = W (unique)

R = {0} U {(ws (N, p) =1}
R={>cip’;c; € R}

Notation: ~ means p-adic completion

kkk

f: RN — Ris a é-function of order < n

if there exists P € R[T,T’,...,T™)]
(T,T',... N-tuples of variables)

s.t. f(u) = Pu:= P(u,du,...,0"u),u € RN

e.g. f(u) = (83u)du” — (6%u)*

f:RN — R is a &-function of order < n

if there exists P € R[T,T’, ..., T™]
(T,T',... N-tuples of variables)

s.t. f(u) = Pu:= P(u,du,...,0"u),u € RN

Flu) = S g (%) (%)t
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ok

X(R) ={a € RN;F(a) = 0}
(F polynomials, X affine scheme)

o-functions X (R) — R are restrictions
of 6-functions RN — R

For non affine X: glue

O"(X) = ring of J-functions of order < n
(If R=C*(N,C) X is the analogue

of a submersion M — N of C* manifolds

and X (R) is the analogues of
the set CP (N, M) of sections of M — N)

X(R) = {a € RN;F(a) = 0}
(F polynomials, X affine scheme)

§-functions X (R) — R are restrictions
of &-functions RN — R

For non-affine X: glue

O™(X) = ring of -functions of order <n

= X)) s X)) - L s JN(X) =X

projective system of schemes (jet spaces)

Lo JNX) > I X)) - L - J(X) =X

projective system of p-adic formal schemes
(p-jet spaces)

for X affine

X = Spec R[T]/(F), with T, F tuples

J"(X) = Spec R[T,T',...,T™]/(F,SF,...,6" F)
B, :=R[T,T,...,T™], B=B,

0:B— B

¢ unique derivation lifting § on R

such that 67 =T", 6T' =T",...

for X affine

X = Spec R[T]/(F), with T, F' tuples

J"(X) = Spf R[T,T',....T™] /(F,§F,...,6"F)
B, :=R[T,T,...,T™], B=JB,

6:B—B

unique p-derivation lifting § on R

such that 6T = T', 61"

1
...

for X non-affine: glue

for X non-affine: glue

OJ"(X)) — Map(X(R), R)
[D(x,2,...)] = (a— P(a,da,...))
O" (X )=image

elements called §-functions on X of order <n

(intuitively: algebraic diff equations)

O(J™(X)) = Map(X(R), R)

same

O"(X)=image

elements called §-functions on X of order < n

(intuitively: arithmetic diff equations)




LECTURES ON ARITHMETIC DIFFERENTIAL EQUATIONS 5

O"1(X) C O™(X)

§: 0" HX) — O (X)
total differential operator
(Cartan distribution)

O"1(X) C O™(X)

§: 0" HX) — O™(X)

arithmetic total differential operator

kokk

From now on, for convenience, R is a J-closed field

(i.e. char 0 and for any f,g € R[T,T",T",...]
with T one variable and ord(g) < ord(f)
there exists u € R with

f(u,du,..) =0, g(u, du,..) # 0)

EG: Clt] € R OR R C Mer(C,0)

From now on R = Zg’”

Then O(J™(X)) = O™"(X)

Then O(J™(X)) = O™(X)

Main problems

1) Compute O™(X) for concrete X

2) Compute O™ (X)! for a
correspondence I' — X x X

(classical differential invariant theory)
gives algebro-geometric structure on X/T
compare with A. Connes

Main problems

same (without completion: uninteresting)
same

(analogue of differential invariant theory)
same
same

JYX) #T(X), JU(X) #arc spaces
unless X descends to R?

J*"(X) ® (R/pR)=Greenberg transforms
Note: § does not descend to Greenberg
transforms

JY(X) — JH(X) is a torsor
for a vector bundle (hence a Zariski locally
trivial fibration with fiber A%)

JY(X) — J1(X) is a Zariski locally trivial
fibration with fiber an affine space A?.

X = G group implies J"(G) groups
N™:= Ker(J"(G) — G)

For G commutative

N™ ~ G (as groups)

X = G group implies J"(G) groups
N":= Ker(J"(G) — G)

For G commutative

N™ ~ A" (as formal schemes)

N™ o (@Zd as groups, in general.

For G = Gg, G, E (E elliptic curve)
N' ~ G, (as groups)

and there exists a homo y : N" — @2

X = (X17 "'7Xn)7
X1, ---s Xn linearly independent.
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ok

Theorem 1 (AB, AmerJM 93). O"(PV) = R.

Theorem 1 (AB, Duke 96). O"(PV) = R.

ok

Theorem 2 (Fuchs-Manin).

For X elliptic curve

there exists a d-function ¢ : X(R) — R

of order < 2 which is a non-zero homomorphism.
If X defined over Ry C R,

SRy C Ry, tr.deg.Ro/R =1

then (Ker v) N X(Ry) = X(Ro)tors

Theorem 2 (AB, Invent 95)

For X elliptic curve

there exists a d-function ¢ : X(R) — R

of order < 2 which is a non-zero homomorphism
Moreover

[Ker ¢ : p® X (R)] < oo.

Proof. First part similar to — cf. AB # Manin.

Proof.
O—>N2—>J2(X)—>)?—>0
Hom(J%(X),G,) — Hom(N2,G,) > HY(X,0)

there exist a1, as € R, 0(a1x1 + a2x2) = 0, etc.

similar statement for abelian schemes

similar statement for abelian schemes

Theorem 3 (Manin). X as in Theorem 2.
There exists ¢ of order 1
iff X descends to R’.

Theorem 3 (AB, Invent 95). X as in Theorem 2.
There exists 1 of order 1
iff X is a canonical lift (CL).

ok

Theorem 4 (AB, AmerJM 94).

X projective curve of genus > 2

that does not descend to R°. Then
O1(X) separates the points of X (R).

Theorem 4 (AB, Duke 96).

X projective curve of genus > 2.
Then

O'(X) separates the points of X (R).

In fact J"(X) are affine for n > 1.

In fact J"(X) are affine for n > 1.

Theorem 4 embeds a projective curve into
an affine space via J-functions: X (R) — RV

Theorem 4 implies Manin-Mumford
with effective bound, see below.
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ok

Theorem 5 (AB, Duke 94).

X/C a curve of genus g > 2

in an abelian variety A, X not def /Q. Then
§(X N Ators) < C(g)

(finiteness conjectured by Manin-Mumford,
and proved by Raynaud
C(g) conjectured by Mazur)

Theorem 5 (AB, Duke 96).
X/C a curve of genus g >2
in its Jacobian A, X def /Q. Then

ﬁ(X N Ators) S C(g7p)
where p smallest prime of good reduction

(finiteness conjectured by Manin-Mumford
and proved by Raynaud
C(g) conjectured by Mazur)

Proof Heavily uses .Skipped.

Proof. May replace C by R

Enough §(X (R) N A(R)prime—to—p—tors)

< C(g,p)

Any point P in this set lifts to

an R-point J(P) of J}(X) C J'(A)

The reduction mod p J(P) of J(P) lies in
JUX)NpJL(A).

This N is finite because it’s affine N projective
Cardinality bounded by Bezout.

Theorem 6 (AB, AmerJM 95).
X as in Theorem 4. Then the J-functions

X(R) C Jac(X)(R) 5 R

generate the field Frac(O'(X)) over R
(but not necessarily the R-algebra O*(X).)

OPEN
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3. ODESs, PaArt I1

d-modular forms:
theory less rich but
still interesting

(cf. eg. Ramanujan,
AB, Crelle 2000.)

arithmetic §-modular forms:
rich theory: cf. below.
(AB, Crelle 2000, Compositio 2003, 2004, 2009.)

X C X1(N) open, disjoint from cusps

X(R) C {(A,a); A/R an elliptic curve, « a level I'1 (V) structure}
£ L X universal elliptic curve

L:=m0¢/x

V := Spec (®n,20 L®")

V* :=V\O a G,,-torsor

V*(R) C {(A,a,w);w a 1-form on A}

d-modular function of order < n: any element of M™ := O™(V*)
viewed as a map V*(R) — R

M=, M

W .= Z[(b] = {Z ai(bi;ai S Z}
deg: W — Z, deg(> a;id’) = > a;

d-modular form of weight w € W: any f € M", f: V*(R) — R
such that f(A-a) =A*f(a), A € R*,a € V*(R)

M"™(w) = {§-modular forms of weight w and order < n }.
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Let w € W with deg(w) even.
f € M™(w) is isogeny covariant if for any

(Ala Qaq, wl)y (A2a a2, (UQ)
representing P, P» € V*(R)

and any isogeny u : A; — Ao of degree prime to p
with u*ws = wy

we have f(Py) = (deg(u))~4*)/2 £(P,).

I'"(w) := {f € M"™(w); f isogeny covariant},

I(w) = 1°74W) ()

NB. Proj (@, I(w))

X1(N)
Hecke correspondences

is “morally”

Aim of the theory: to compute M™(w), I"™(w), M, ...

—

Fourier (expansion) map M> — R((q))

no analogue of f?
but an analogue of f!

Theorem 7 (AB+Barcau+Saha).
Assume X is in the ordinary locus. Then

1) @,, I(w) o-generated by 2 forms
freMi(-1-9¢), fe M' (1)
Moreover:

2) The kernel of the Fourier map is
S-generated by f' and f? —1

3) The p-adic closure of the image
of the Fourier map is Katz’s ring
W of generalized p-adic modular forms.

moral: the divided congruences of
Katz can all be obtained from
arithmetic differential objects.
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y? =2 + asw + ag,
a4, ag indeterminates

A= A(a4, a6)
the discriminant

Clas, as, A7 — O(V*)

Claa, ag, aly, af, A1 — OY(V*)

ay — qd%(a;;(q)) € C((q)) via Fourier

same
same

same
same

R[CL4,CL6,A_1] — O(V*)
Rlay, ag, aly, ag, A‘l]A — OH(V™)

aly — M € R/((q\)) via Fourier
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fl _ 2(1,4(1,/6 —3ag a,i

(casy)

f!+ 1 via Fourier by Ramanujan

f'=E _1%;?3"% + folaq, ag) mod p
cf. Hurlburt, Compositio 2001
f!+ 0 via Fourier

fo related to Kronecker’s modular polynomial mod p?

Jet construction of f!

(via usual Kodaira-Spencer)

Jet construction of f!

universal elliptic curve £ = |JU; — Spec M

si : U; — JY(U;) sections of the natural projection
si—sj:ffiﬁffjﬁle:@a

get class n € HY(E,0) = H'(E, 0)

f' = Serre dual of n U %””.

Note f1(P) = 0 iff P has CL

Construction of f? (Barcau, Compositio 2002)

f? = const - (72(a} +pa’6)a%
—16(af + pal)* 5o — (PP +pdP))(f')

P the Ramanujan form viewed as p-adic modular form,
Pe R[a4, ae, A_l, E;_llr

both f! and f? admit crystalline constructions

kkk

Theorem 8 (AB+Poonen, Duke 2009)

S modular curve, A elliptic curve, X curve
overC,m: X —- 5, p: X — A

CM C S CM locus, I' C A subgroup
rank(T") :== dimg(I’ ® Q) < co. Then

B (CM) N~ (T)) < co.
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*** No interesting analogue

Theorem 9 (AB+Poonen, Compositio 2009)

S, A, X, m, v as above and over R = Zf

CL C S(R) CL locus. Then there exists a constant ¢
such that for any subgroup I' C A(R)

(1 (CL) N g1 (T)) < - pronh)

Proof. (Case rank(I') =0, ¢ = id)

AB, Invent 95 gives homo 1 : A(R) — R of order 2
Let f*=vo0¢:S(R)— R

AB, Crelle 2000 gives f°: ST(R) — R
(constructed from f! above, ST C S)
vanishing on C'L. So any P in intersection

is a solution of the system ff = f> =0

Claim: there are hg, hy : ST(R) — R such that
fr=hof> —hbf°

has order 0. (I.e. one can

eliminate the derivatives in the system of
differential equations to get an equation
without derivatives.) The latter has only
finitely many zeros (Strassman)

and P is one of them.

Analogue of Theorem 9 for isogeny classes
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4. PDES: HYPERBOLIC AND PARABOLIC TYPE

Fix R = C*(R,, C) with coordinate z
Fix A = C*°(R, x Ry, C) with coordinates z, ¢

Fix R = Zf with “coordinate” p
A = R][q]] with “coordinates” p, ¢

(A’am’at) (A75p56(1)

8,’1:u - % 5p’u, = 7““” (qpl)j_“(q)p
Oyu = % Oqu = qg—Z

P:A—A ‘ P:A— A

Pu= P(t,z,u,...,0:0]u,...) Pu = P(u,..., 6;;5§u, )

P polynomial in v and the partials
more generally same for manifolds

P a p-adic limit of polynomials
more generally P : X(A) — A for
X smooth scheme over A.

P = 1 called linear with constant coefficients if
Yu = ¢i;0L0u

CijGC

symbol: ap =3 ¢;5v/—1&'77

1 = 9" means 1 has order r

1) = 1, means v involves 0, only

same with ¢

1) = 1y means 1) involves both 9, and 9,

For X = G group P = 9 called linear if
¥ : G(A) — A a homomorphism

(and same for any extension of A on which
0s operate with appropriate comm rel)

there is an analogue

1 = 9" means 9 has order r

1 = 1, means ¢ involves d, only

same with ¢

1 = 1pq means 1 involves both J,, and 4,

Concerned with G = G,,G,,,, F
sometimes write Yq, ¥m, ¥E
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Ezxamples of P /classification

u (convection)
3tu - 82 (heat)
0?u — 02u (wave)
0%u + 0%u (Laplace, no arith analogue)

Theorem 10 (AB+Simanca)

1) For G, all s are built from Id via ¢, and §,
2) For G,, all s built from

2
1, _ Spu  p (dpu
w U= "yp Q(up t

3) For E/A general:
a) No analogues of ¥}, 1
b) SURPRISE !!! There is a 1, (convection eq)
¢) There is a 12 (Manin 63) and a ¢} (AB, Invent 95)
d) All ¢s are built from the above
e) one relation z/}g + )\1/)12, =lo 1/)11,{1
(canonical wave eq; A unique, interesting invariant)
4) For E/R general /R all ¢s built from ¢}, 7
(in particular heat eqs ¥) 4+ A2, X variable.)

solution space U = {u € A;9ypu =0}

solution space U = {u € G(A4);yu = 0}

stationary solutions:
8,5’(1, =0

stationary solutions (cases 1,2,4 above)
Yqu =0 (i.e. u € G(R))
(there is also a good definition for case 3)

no analogue, problem trivial

Theorem 11 (AB+Simanca)

Complete classification of s that admit
non-stationary solutions

(Morally a quantization phenomenon, see below)

Example:

Y =1y + M, A € R, for G,
has non-stationary solutions u iff
A=kKE ZZO;

in this case:

w=exp (£ 4+ 3o (<) i )
(hybrid between Artin-Hasse
and quantum exponential)

Another example:

heat equation for E//R has
non-stationary solutions

iff A is in the set of all Z>g-multiples
of a certain element in R.
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Conwvolution.
the “ring” R, is the group R

with “multiplication”

(fxg)(x) = [ fy)g(z—y)dy

A, is the group A
viewed as R,-“module” under %

U is a R,-“submodule”

“” because convolution not always
defined; also need distributions....

Convolution

R, :=Zu(R) = {f : u(R) — Z;finite support}
where

u(R) group of roots of unity in R

R, group ring under convolution

R, — R, f — ¥ f(€)¢, ring homo

G(A) is a R,-module

under *:

fru=3 2 f(Qocu

o¢ : G(A) — G(A) induced by
oc A=A g— (g

U is a R,-submodule
(no reason a priori to be an R-module)

Fundamental solutions

For P = ¢ with constant coefficients
IftuUcA—Rr

u— (u, 0, ..., )|t=0

is a bijection

(boundary value well posed)

then U is a free R,-“module”

under * of rank p

(basis of fundamental solutions

is a basis mapped to Dirac x identity matrix)

Theorem 12 (AB+Simanca)

Let ¢ : G(A) — A be non-degenerate

(a condition on the symbol o(&, 7))

Let U; be the group of solutions
vanishing at ¢ =0

Then convolution module structure of i
descends to an R-module structure and
U, is a finitely generated free R-module
Its rank is the number of positive integer
roots of o(0, )

Ezxponential solutions

Pu = 0 gives by Fourier inversion in x

O.P(_fv Y _18t)a(€7t) =0

ordinary diff eqn with parameter £

its solutions are linear combinations of exponentials
again by Fourier inversion

u(z,t) = 320_, [ C(§)e V1oV @tdg

7; (&) roots of op(—&, —7).

Above can be also viewed as an analogue of
exponential solutions
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5. PDES: ELLIPTIC TYPE

A=C>(D,C),DCC,zzecd

0,,0:: A— A

A :Z7Z[Cma1/N]7p1ap2 S A
Opy,0p, tA— A

— ¢Pi ((I.) —aPi

Op:a Pi

M — D a C® submersion

M(A) :=C¥ (D, M) set of sections

X — Spec A smooth scheme

X (A) set of sections i.e. of A-points

¥ : M(A) — R (non linear diff operators)

ur— Yu= P(z,Z,u,..., 8;8%@, )
P a polynomial in v and the partials
B the ring of all such operators

If 4 has order r write ¢ = 9"
If ¢ only involves z write 1 = 1,

¥ : X(A) — R (non linear diff operators)

u— Ypu = P(u,..., 5;15{;2
P a polynomial

B the ring of all such operators
(need to allow variable A)

If 4 has order r write ¢ = 9"

If 4 only involves p; write 1,

U, ...)

If M = G family of Lie groups over D
and 1 homo, ¥ called linear

If X = G is a group scheme over A

and 1 homo we COULD call ¥ a

linear arithmetic differential operator
PROBLEM: B does not contain

such non-zero s in most cases

SO WE NEED ANOTHER DEFINITION

FACT: In many cases for any affine

X =Spec BC G

the completions BPT and BP?

in the pi-adic and ps-adic topologies
contain non-zero “linear elements”

¥p, and 1, respectively.

AIM: to “analytically continue” v, and ¥,
DILLEMA; %, and 9, are defined

on disjoint spaces XP* and XP?
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No problem here

Main idea: assume for simplicity A = Z[1/N]
and set Ay = Z(m) N Z(
By=B®4 Ao

say ¥p, and ¥,

can be analytically continued along a section P € X (A)
(with ideal I in B)

if there exists 1o € Bg
which coincides with v, and vy,

—

in the rings B(()I’pl) and B(()I’m)
respectively. (PICTURE!!!)

p2)>

one may assume for all practical purposes that

Bf = Ao|[t]], t a tuple

and what we require is that there is an element in Ap[[t]]
whose images in Z,, [[t]] and Z,,[[t]]

coincide with the images of v, and 1y,

DEFINITION: a linear arithmetic partial differential operator
is a pair ¥ = (¢p, , ¥p,) of linear elements as above that
can be analytically continued along the zero section of G

(Write ¢ : G — Gy.)

Ezxample
G=C*xD—D

G(R) = C®(D,C*)
Go(R) = R = C>=(D,C)

Y?: C=(D,C*) — C=(D,C)

2u = LAlogu = 0.0u

— 1

Ezxample

G, — Spec A

Y :Gy — Gg
pu=(1-52) Sy ()
@, n nolsou\"
5= (1- ) Sy ()

2 -1 i
m € L, [x,x 75p1x75p2x76p15p2x]

b —
p2 € Z;"z [.23, T, 5271'737 5272'737 5271 5P2x]p2

They can be analytically continued because
they come from the same series in

AO[[T’ 5;01 T, 51)2 T, 51)1 5;02 T]]

viarx—T+1
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vu =0, (22 =

’u
(“Dirac decompomtl n”)

=)

the analytic continuation above
is an analogue of the “Dirac decomposition”

Theorem 13 (AB+Simanca, Advances Math 2009).

All linear arithmetic partial differential operators
on G,, are obtained from 12 above.

Ezample

universal elliptic curve over D
E=(DxC)/~—D

Yt Cx (D, E) — C>(D,C)

Yru = L AAlogpu = 0202logpu

where log, : E———>D xC—C

is the multivalued logarithm
(again, Dirac decomposition)

Ezxample

elliptic curve
E — Spec A

P E— G,

wél = <1 _ap2¢p2 + D2 (¢p2) )%271

[
;32 <1_a’p1 ;Dll +n ( pl) ) 1272

(L factors); again these can be
analytically continued along the origin
which is an analogue of Dirac decomposition.

Theorem 14 (AB+Simanca, Advances Math 2009).

If F has ordinary reduction at py,ps then all
linear arithmetic partial differential operators
on F are obtained from * above.

Another view on analytic continuation
between primes: cf. Borger+AB




