2. Topolqgicai Manifolds.

I will first give .a definition of a manifold which is
common in the literature and then give a more easily understood
definition. Actually the two definitions are completely equiva-

lent, although this will not be proved here.

Definition 2.1: A manifold M of dimension n is a top space

which satisfies the following:

i) M is Hausdorff
1i) M has a countable basis of open sets.
iii) Every point p€M has a neighborhood U which is homeomor
& PéN g/

phic to ﬁgspherical neighborhood of R%, i.e. M is loca-

lly Euclidean.

Actually there are more genéral definitions of a manifold. OF
particular interest is the generalization to the infinite di-
mensional situation (See Lang). We can also drop the Hausdorff
requirement i) in tbé definition and talk about non Hausdorff
manifolds. These will appear briefly later on. Unless explicit-
ly stated as not necessarily Hausdorff, a manifold will be as-
sumed to be Hausdorff.

It follows from iii) and the facts that R? is locally compact
and.local compactness is invariant under homeomorphisms, that
M is locally ébmpact.‘But it is known (Hocking and Young) that
every locally compact Hausdorff space with a countable basis is

metrizable. Thus we can replace definition 2.1 by:



2.2

Definition 2.2: An n-dimensional manifold is a separable metric

space which is locally Euclidean.
-’ Furthermore, every locally compact Hausdorff space with a
countable basis is normal: hence regular (Hocking and Young).
Thus manifolds are both normal and regular.
There is actually a problem with these definitions concerning
the uniqueness of the dimension n. It is in fact unique, but
we must use thé fact that R® is homeomorphic to R™ if and only
if n = m. This innocent looking fact is very difficult to prove.
It follows from a deep theorem, whose proof uses algebraic to-
pology, known as the theorem of the invariance of the domain.
(cf. Hocking and Young).

One finds several variations of 1ii) of definition 2.1

in the literature which are all equivalent. We have

Proposition 2.1: The following are equivalent to iii) of defi-

nition 2.1:

1) Every point p€M has a neighborhood which is homeo-

morphic to an open subset ofim#.

2) Every point peM has a neighborhood which is homeomor-

phic to R

Proof: That iii) implies 1) is trivial. That 1) implies iii) is
easy since there is always a spherical neighborhood contained
within any open subset of R" . That iii) and 2) are equivalent

follows by checking that y:Rn > S(0,r) defined by

n
* EE |x|2 = (x})? , is a homeomorphism nto .

Y = e ’ ’

il .
[l+lX|2]/2 i=1
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Thus we will use 1iii) of definition 2.1 interchangebly
with 1) and 2) above. In fact 1) above is the most convenient.

Another easy consequence of the definition is

Proposition 2.2: An open subset U of a manifold is a manifold.

Proof: For peUCM there is a V containing p homeomorphic to an
open subset of R by ¢. Then ¢®UNV) is open in 8" and contains
a spherical neighborhood whose inverse image wunder ¢ 1is open

contained in U and contains p.

Such open subsets are called open submanifolds.

Theorem 2.1:

If M' is homeomorphic to a manifold M, then M' is a manifold.

Proof: Let U CM, U' CM' and consider the cammtatite diagram

¢ po £ is homeomorphism

do £

Rn

This shows that M' is locally Euclidean. We need to show that

> M' be

M' is Hausdorff and has a countable basis. Let £f:M
a homeomorphism onto and let x,yeM with x %X y, then there exists

neigborhoods Ux’Uy’ of x,y, respectively with antk’ = {¢} .



Now f(Ux) and f(Uy) are open and contain f(x) and f(y), respec-
tively. Moreover f(Ux)f\f(Uy) = {¢} , since if it were not, it's
members would necessarily be the image of members of Uxﬂtg7.But
this is empty. We leave as an exercise to show that M' also

has a countable basis.

Let's now look at some nontrivial examples of manifolds:

> st defined by

Example 2.1 circle,Sl: The map £f:(0,2m)

~£(8) = (cosb , sinB) is a homeomorphism of the open interval

> Sl is a home

(0,2m) onto Sl—(l,O). Also the map g: (-7, )

omorphism of the open interval (-r,T) onto Sl—(-l,O), where
g(8) = (cosf® , sinf). Thus all points of sl have neighborhoods
which are homeomorphic to Rl. sl is then a manifold, since it

inherits a natural metric from RZ. The figure below illustrates

the missing points.

(-1,0) (1,0)

i
!
i
!

Notice that intervals on the circle -€+8,<6<6, + € are open in
the metric topology induced from R2 since the ball S(po,r)
where py = (cosfg , sinfy), r = sine 1is an open set of R2. Such
intervals form a basis for the metric topology on Sl.

There is another set of homeomorphisms which generalizes easily

to spheres, given by the stereographic projections.

Example 2.2: Spheres , Sn: We know that




st = {§€Rn+ [l PR 1}

n+1

We define the mappings (stereographic projection)

n n

1) y: s >R by yl(x) = i
1-Xn+1

2) y':Sn > Rn by yi(i;) = Xy
1+Xn+1

Notice that the domain of 1) is Sn-(O,...,l) whereas that of
2) 1is Sn-(O,...,-l). It is not difficult to show that these

are indeed homeomorphisms.

Exercise: Show it!

Thus S” is locally homeomorphic to Rn. In a way exactly analo-

gous to the circle, s® with its relative topology from Rn+l

becomes a separable metric space. .Thus s® is a manifold.
2 1 1 n
Example 2.3: Torus: T° = S8~ x S~ or more generally T =

Slx...xSl.‘

Clearly from the definition of manifold if M1 and

M2 are manifolds then Mlx M2 is a manifold.

Example 2.4: The M8bius strip: Consider the half open rectan-
2

gle s = {(x,y) e R“: 0&x&l, -1<y<l}. Introduce an equivalence

relations on R by saying that (x,y) and (x',y') are equivalent



if (x,y) = (x',y') or (x,y) = (x'+1,-y').

What we are really doing is identifying the points (0,y) with

the points (1,-y). The resulting space S/~ = M2 is the Mobius

>[R3

strip. It can be described analytically by the map f:S

defined‘by

f(x,y) = (2cos2mx + y cosmx cos2mx, 2sin2Tx + y cosTxsin2mx, y Sinmx)

Notice that £(0,y) = (2+y,0,0) = £(1,-y). The image of f in

R3 is the Mdbius strip. The map f on the interkn:S° of S given
by s? = {(x,y)eRZ: 0<x<1l, =-1<y<l} provides us with a homeomor-
phism onto Mz-(2+y,0,0). A similar construction with the inter-
vai 0<x<1 replaced by -L§<x<%§ provides for the homeomorphism

onto a neighborhood of (2+y,0,0).

EXercise: Go through this construction.

Almost everybody has made a Mobius strip with a strip of paper
by giving it a half twist and glueing the ends together. This
is not quite M2 constructed above, but it would be if we would

“have started with S instead of S, i.e. S = {(x,y)EIRZ. 0<x<g1l,

-=1g€y<1l}. The result then is the Mdbius strip with boundary.
This is not quite a manifold as we have defined, but rather a
manifold with boundary. We will give the formal definition
shortly. Anyway the M2 constructed above is a manifold. The me
tric topology being the subspace topology of R3.

Another example somewhat more difficult to visualize is the
projective plane. First we discuss some ideas on guotient spaces.

Consider a top. space &, an equivalence relation ~ on S, and the
!

/
[



quotient space S/~ with the quotient topology. Now in general

the projection p:S > S/~ is not open, but in many cases

it is and this leads to

Lemma 2.1.: Let p:S > 8/~ be the projection map of a top

space S to its quotient S/~ and let S/~ have the quotient topo-
logy. Furthermore, suppose that p is open, then if S has a coun
table basis {Ua} so does S/~ .

Proof: Let WCS/~, then p-l(W) = U Ua for some subfamily
{U } of {U} and W =U p(U_ ) where each p(U_ ) is open
a, a i a, a.
i i s §
Thus {p(U, )} 1is a countable basis for S/- . (Check this).

[

> S/~ be the natural projection and

Lemma 2.2: Let p:S
suppose it is open. Define EC SxS as E={(x,y)eSxS:x~y}. If

E is a closed subspace of SxS, then S/~ 1is Hausdorff.

" Proof: Let E be closed and p(x), p(y) be distinct points of S/-~.

Then (x,y)eSxS-E, which is open. There is thus an open set
UxV CSxS with (UXVYYE = {@} . But this says that p(UNp(V) = {g},

and S/~ is Hausdorff since p(U) and p(V) are open.

Remark: We need the condition that E above be closed to conclu-
de-that S/~ is Hausdorff. There are known counter examples.

In fact the converse of lemma 2.2 is true. (Prove it!).

Example 2.5: The projective plane - P™(R) = (Rn+l-{0})/“

where x~y if and only if y = tx for some t # 0. The equivalence
classes [x] are just the lines the through the origin {0}, and
we have also Pn(R) = s? ./~ where x,yesn are equivalent if

'y = tx. (Show this!).

)



If we show that Q:Rn+l—{0} > Pn(R) is open, then Pn(R)

will have a countable basis by the first lemma since mn'l-{o}

does. Call X = Rn+l-{0} , and define ®t:X > X by ¢t(x) = tx
for £t % 0, @t is a homeomorphism with ¢;l = ¢l. If UCX, then
- t
/TQU])= U¢, (U) is open since each ¢, (V) is open. But this says
’ teR10} =y = 5 e
that for each open U,p(U) =¢[U]: is open. Thus P (R) has a count

able basis by the first Lemma.
Next let's show that for Pn(R) the set E defined in the

> R de-

second lemma is closed. Consider the function f:XxX

fined as

_ 2
f(xl,...,xn+l;yl,...,yn+l) = Z (xiyj—xjyi)
ixy

Clearly, f is continuous. Moreover, if y. tx, then £ = 0.

i
Conversely, assume £ = 0 then (xiyj-xjyi) = 0, assuming xi’yj

0= ?’_:l[=§3 = y, = tx; , t ¥ 0. That is, £ = 0 if and only if
y~X. S0 E = {(x,y):x~y } = f-l(O). But XxX - E = f—l(R—O) is open,

since f is continuous; thus E is closed. Hence, by the second

lemma Pn(R) is Hausdorff.



We need to show that Pn(R) is locally Euclidean. To do

this we define the following open sets of X:ﬁi = {xeX: xlﬂeo},

that is we remove from X = Rn+l-{0} , the n-plane xt = 0. Let
Ui = Q(ﬁi). These are open since we saw that p:X > P (R)
is open. We define the functions cbi:Ui > " by
Xy .. %, x X )
o;([x1) = | ZL,...,2i=1 , i+l ,..., n+1J
Xi Xi ) Xi Xi
where x is such that p(x) = [x] eUi. Clearly, ¢i is continuous.
Moreover, an easy argument as above shows that ¢i(x) = ¢i(y)

if and only if y*x. Thus ¢i is a bijection, that is 1-1 onto.

-1 n . . -1
M 7 = e o o g . 7
Now ¢i :R > U, is given py ¢i (zl,...,zn) p(zl, Z._1
15 zi,...,zn). To see this consider
. v,
g1 gt s %
/f
¢l \ / 9
AN
\\\ \L
P (R)
where wi(zl,...,zn) = (zl""’zi-l S zi,...,zn) , and we i-
dentify (zl“..,zrdfz.,...,zn) = f&,...,xi-l ; Xi+1 ,...xn+l}

Thus ¢_1 is continuous,’ and thus a homeomorphism. Then Pn(R)

is a manifold since {Ua} cover P (R).

We now return to some simpler examples, before giving

a generalization of Pn(R).

Example 2.6: nxm matrices, i, obviously MO i homeomorphic

nm LI given by

to R7'. A global homeomorphism is f:M




- v w -

A = . . . Thus M™ can be considered

- PP - |
- al’ ‘“nm |

as a metric space with the metric induced by that of R™. Thus

Y®  is a manifold. The square matrices MA? will be written as

M? (homeomorphic to R .

|
i

gxample 2.7: The general linear group. GL(n,R):

> R

GL(n,R) = { AcM®: det A A0 } . Note that det: M"

is continuous, and R - {0} is open, so GL(n,R) = det-;

(R - {0})
is open in M®. It is thus a manifold. It is also a group with
group ccmposition given by matrix multiplication. Clearly, this

compesition is continuous in the metric topoclogy on GL(n,R).

Thus GL(n,R) is not only a top group, but also a group manifold,

i.e. a top group whose underlying top.space is a manifold and

whose composition is continuous in the metric toplogy.

Example 2.8: Grassman manifolds G(k,n). Consider the manifold

Mkn of all kxn real matrices and recall the definition of the
rank of AaMkn. This is the dimension of the subspace spanned by
the rows of A (or equivalently the columns). Denote by F(k,n)
the subset of Mkn of all matrices of rank k. F(k,n) is an open
submanifold of Mkn. Any linear independent set of k-elements of

f" is called a k-frame in R". Thus a k-frame is just a kxn



1
r X5
matrix (Xl,...,xk) where Xi = [ %n J . There is a natural
i k
, |
action of GL(k,R) on F(k,n) given by X = ) Z%_Xj. Since A is
j=1

nonsingular Xi defines another k-frame. The set of all k-planes
through the origin of R" is denoted by G(k,n) and is called a
Grassman manifold. A k-frame thus determines a k-plane, More-

)
over, two k-frames Xi and Xi determine the same k-plane if and

. .
only if there is an AeGL(k,R) such that X, = ) Ai X,. It is

5 3
easy to check that this defines an equivalence relation ~ on
F(k,n) and we have G(k,n) = F(k,n)/~. Let p:F(k,n) > G(k,n)

denote the projection. We leave as an exercise to show that p
"is open. We show here that G(k,n) is Hausdorff (assuming o 1is

open). Consider the nx2k matrix Me F(k,n)x F(k,n) (k<n)

1 k o | 'k

X3 By & wesBg |
W ) )

1 k1 'k

N IR R i

and all (k+1)x(k+1) minor determinants consisting of k unprimed

columns and one primed column. A typical example is

1 k Ll
Xl "’Xl Xl

L] . '

Xl ...Xk 1
k+1 k+1 k+1

A well known theorem from linear algebra says that such a de-

terminant vanishes if and only one of the columns (or rows) is



a linear combination of the others. But since the Xi,...,xg
are linearly independent the only possibility is
k . 8 E
' -
xi= 7 oalxd . o o= 1,...,k+1
et 5 A - ) /
j=1 .
Runhing through all such possibilities we find
i _ 8 i g »
X = jz A xJ i=1,...,k a=1,...,n

! 1
Moreover, since (Xa,...,xg) are themselves linearly independent

(Aﬁ) must be nonsingular, i.e. (A?)eGL(k,R). It follows that

!
X,XeF(k,n) are equivalent if and only if all such minor deter-

minants vanish. Thus the set ECF(k,n)*xF(k,n) defined by E

L 1
{(X,X)eF(k,n)xF(k,n): X~X} is the zero set of all such (k+1)x

(k+1) minor determinants. Since determinants are continuous,
it follows that E is closed, and by lemma 2.2 that G(k,n) 1is

Hausdorff.

Exercise: Show that the guotient projection p:F(k,n)

G(k,n) 1is cpen and thus that G(k,n) has a countable basis.

Exercise: Show that G(k,n) is a manifold of dimension (n-k)k.
Hint. Let XeF(k,n) and consider the kxk submatrix X. Let U be

the open set of F(k,n) consisting of kxn matrices X such that

lent to a kxn matrix X such that the kxk submatrix is the ideg

tity. Define a map ¢:U ——> Mk(n—k); Rk(n_k) by deleting

the first k columns of the representative X for Y . Show

X 1s nonsingular. Put U = p(ﬁ). Show that every YeU is equiva-

2.12



that ¢ is a homeomorphism.

n

Remark: G(1,n) = P (R)

Exercise: Show that G(k,n) = G(n-k,n).
Hint. Consider the map which sends a k-plane into its orthogo-

nal complement.

Example 2.9: One-sheeted hyperboloid Hi

Hi = {§€R3: xi + xg-xg = 1}. We constrgct a global homeo-
' X
morphism f:H2 > SlXRl defined by f(xl,xz,x3) = [ L
1+x3
%2 r Xg J . Here we consider SlXRl = {(xl,xz,x3)éR3: xi+x§==l}.

It is easy to see that f is 1-1 and continuous. The inverse

function f-l is also continuous. (show it). Thus Hi is homeo-

mdrphic to SIXRl and is thus a manifold since SlXRl is.

Exercise: Construct a global homeomorphism between S™XR™ and

R — {o0}.

Example 2.10: The two-sheeted hyperboloids Hg

g n - n+1l 2 = 2 2
Define H_ = = {xeR" ~: x_ 3 1+x] +...+ X/ }
Hg is not connected -since there are two ranges for X . name
+
ly x_21 or x_xg-1. The component HE =
n n n
{xeRn+1: x2 = l+x2 e rat x2 , X 21} is connected since it is
D4l 1 n n

globally homeomorphic to R™. This follows since projection map

f:H§’+ > R® defined by

elel, ... %™, + 1+xf S Xi }

.13



is a homeomorphism. (Check this!). Moreover, the map pan+l
+ -
> " L restricted to H2’+ > Hg’ defined by
. . Ny~
p(xl,...,xn) = (xl,...,-xn) is a homeomorphism so Hn’ is co-

nnected and homeomorphic to R™. Thus Hg has two connected
components each homeomorphic to R".
We can easily generalize to hyperboloids of the form

n _ n¥l_ 2. 2 _ L2_ R |
Hm = {xeR : xn+i...+ B X =..."X] = 1Ps

Exercise: Show following example 2.9 that the general one-

2 are homeomorphic to st~ l.gl, Why does

not an argument similar to that of example 2.10 work?

sheeted hyperboloids H

- . . . n n L
Considering spaces like S and Hm we make a definition.

Let £ be an algebraic -function f: Rn —> R the set f-l(O) is called

an algebraic variety , V = f-l(O). That is, V is just the set

zeros of an algebraic function. (Actually all we need is that £
. . . . n

be a polynomial in Cartesian-Coordinates) Clearly s™ and H" are

algebraric varieties. But all algebraic varieties are not mani-

folds. A familiar example is

Example 2.11: The cone Cn’l: n<2
n,1 _ n+l 2 2 _ .2
C = {xeR poX] Feet X=X 0}

Clearly, Cn’%s an algebraic variety. It is not a manifold,

! n
however. There is no nbd of 0 an’l homeomorphic to R°. To see

- containing zero must be of

. , +1
is open in R" . So we can re-

this notice that open sets of G

the form V, = c®1n u_ where v

0 0

n
duce our considerations to spherical nbds of 0eR . Now I



! that is that c™l-{o}

>0
n+1l<o

claim that {0} is a cut point of e

is disconnected. Define C, = {xscn’l:x

\

} . Clearly,

c?rlofo1 = C,UC_. Moreover C_ NC_ = {0} . Thus c™ 1o (o0} is

disconnected. Let VO be nbd of Oscn’l

connected. Now suppose that f:VO > R” is a homeomorphism.

then (VO—{O}) is dis-

Then by a theorem we proved f(VO-{O}) must be disconnected. But
it is not difficult to show that & — {point} is connected

for n2 2. (See Hocking and Young). Contradiction.

Exercise: Construct a global homeomorphism between

R® — {0} and s™¥xm

We can use this result to show that s? is connected, knowing

that Rn+l-{0} is for n> 0. .

We had mentioned earlier the need to generalize our de-
finition of manifold to include boundaries. We now do this.

Consider the half-space

g” = {xeR™: x_ » 0} : oy
n ) / Lt / .
/ A T SN

\ “vin vVivnacaenCL v/

n | . n . .
Now H 1is not homeomorphic to R since considered as a

subspace of ]" it is closed. We define a manifold with bound-

ary of dimension n to be an Hausdorff space with a countable
basis satisfying.

i) Every point-xeM has a neighborhood VX that is



o o LV

homeomorphic to either R" or g

It can be shown using invariance of the domain that for
each xeM Ux 1s either homeomorphic to Rn or H" but not
both. The set of points locally homeomorphic to R" is called
the interior of M, while the sét homeomorphic to #" is called
boundary of M, denoted 3M. Intuitively, oM has dimension n-1.
But we do not prove this, here. Now we can write m" ={xeRn:xn>O}
U {stn:xn=0}. The first is globally hpmeomorphic to R while

the second is globally homeomorphic to 'Rn—l. Thus up to homeo
n-1 n-1 :

morphism g = R"TUR and 3 H'= R

Example 2.12: The closed ball B (0,r)= {xeRn:yi+...+yi L%

is a manifold with boundary. Clearly the interior B°(0,r)is a

spherical neighborhood and is thus globally homeomorphic to R™.

The boundary 33(0,r) = Sn-l which is locally homeomorphic to

Rg-l= 38", We now show that every point pedB3(0,r) has a nbd.
homeomofphic to Hn. First, we can construct a homeomorphism
between S(0,r) and the cubical neighborhoods Cn(O,l)={xe rR":

ixii < 1 for all i=1,...,n}. This is done by composing the
homeomorphism of proposition 2.1 with the homeomorphism x:Cn(O,l)
——>5 R" defined by

- C zi

l—(zi)2

Then vy: Sn(O,r) ——— Cn(O,l) is given by

i
B a2 wn vl
L .
i R e el
3 e T

It is straightforward to check that this map extends to a well-



defined cantinuous map on the closures, i.e. ¥ : s"(o,r)=B(o,r)
——— c”(0,1). Furthermore y is a homeomorphism. Clearly,
every point on acn(o,l) with the possible exceptions of the
corners has a neighborhood homeomorphic to H'. But the points

of B(o,r) corresponding to the corners of c™(0,1) can be handled

by rotating 8(0,r) with respect to Cn(O,l).
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