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2. Topologicai lr{anlfolds.

f wilL f,irst .give

contrnon tn the llterature
definition. Actually the

lent, although thls w111

Definition 2.L:

which satisfies

.a deflnltlon of a rnanlfold which is
and then give a more easily undrsrstood

two deflnltlons are completely equiva-

not be proved here.

A rnanifold M of dimension n is a top spilce

the following:

i) M is Hausdorff

ii) Itl has a countable basrs of open sets.

iii) Every point peM has a peighborhood U which is homeomor

phic ro .("nirdii"!i 'lJrn orhood or Rn, i. € . tt is roca-T
llv Euclidean.

Actually there are more general definitions of a manifold. OF

particular interest i.s the generalization to the infinite di-
menslonal situation (See Lang). We can also drop the Hausdorff

requirement i) in the definition and talk about non Hausdorff

manifolds. These will appear briefly later on. Unless explicit-
ly stated as not necessarily Hauedorff, a manifold wlll be as-

sumed to be Hausdorff.

It follows from iil) and the facts that Rn is locally compact

and local compactness ls lnvariant under homeomorphi.sms, that
M is locally iompact. But lC is knorrn (Hocklng and Young) that
every'localIy compact Hausdorff space wlth a countable basis is
metrizable. Thus we can replace deflnltlon 2.1 b1z:
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Dgfinition 2.22 An n-dimensional manifold is a separable metric
space which i.s locaIly Euclidean.
^"' Furthermore, every locally compact Hausdorff space with a

countable basis is normal: hence regular (Hocking and young).

Thus manifold,s are both normal and reguLar.

There is actually a problem with these definitions concerning

the uniqueness of the dimension n. ft ls in fact uniquer but

we must use the fact that Rn is homeomorphic to Rm if and only

if n = m. This innocent looking fact i.s very difficult to prove.

It follows from a deep theorem, whose proof uses algebrai.c to-
pology, known as the theorem of the invariance of the domain.

(cf. Hocking and Young).

One finds several variations of iii) of definition 2.L

in the lj.terature which are all eguivalen!. We have

Proposition 2.1: The following are equivalent to iii) of defj.-

nition 2.L:

1) Every pornt psM has a neighborhood which is homeo-

morphic to an open subset of Rn.

2) Every point peM has a neighborhood which is homeomor-

phic to n1

Proof: That iii) implies 1) is trivial. That 1) implies iii) is
easy since there is always a spherical neighborhood contained

within any open subset of Ln. That iii) and 2) are eguivalent

follows by checking that y:Rn >

irxirrny , l*12 = I (xi)2, is ahomeomorphismcnto
t r+ 1 *lzfz i;l
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Thus we will use iii) of definition 2.t lnterchangebly

with 1) and 2l above. In fact 1) above is the most convenient.

Another easy conseguence of the definition is

Prgposition 2.2: An open subset U of a manifold is a manifold.

Proof: For pEU CM there is a V containing p homeomorphi.c to an

open subset of Rn by O. Then O(UfiV) is open in Rn and contains

a spherical neighborhood whose inverse i.mage under 0 is open

contained in U and contaj.ns p.

Such open subsets are called open submanifoLds.

Theorem 2.Lt

If MI

Proof:

is homeomorphic

Let U C.M, Ur CUI

to a manifold M, then Mr is a manj'fold.

ard constder tlre ccnnrtatlrre dlagran

f

0" f is homeomorPhism

0of

This shows that Mr is Iocally Euclidean. We need to show that

M, is Hausdorff and has a countable basis. Let f:M 

-> 

M'be

a homeomorphism onto and let xrYEM with x *, y, then there exists

neigborhoods U*rUy, of x,y, respectively with U*nuy = {O}
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Now 6(Ux) and f(Uy) are open and contaln f(x) and f(y) ' respec-

tively. Moreover f(Ux)nf(Uy) = i0] , since if it were not, itrs
members would necessarily be the image of members of U*nUy.But

this is empty. We leave as an exercise to show that Mr also

has a count,able basis.

Letfs nohr look at some nontrivial examples of manifolds:

Exarnple 2.1 circle, 51: The map f : (0 ,Ztl-> S1 def ined by

..f (0) = (cosO r sinO) is a homeomorphism of the open interval
(0,2r) ontb s1-(1,0). Also the map g: (-n,n) >

omorphism of the open interval (-r,r) onto 51-(-1r0), where

g(0) = (cosO , sin0). Thus all points of 51 have neighborhoods

which are homeomorphic to n,1. 51 is then a manifold, since it

inheri.ts a natural metri.c from R2. The f rgure below illustrates

the missing points

Notice that j.ntervals on the circle -e*0s<e<0s * e are oPen in

the metric topology induced from R2 since the ball S(Porr)

where po = (cosg0 r sinQs)., r = sine is an open set of R2- Such

intervals form a basis for the metric topology on 51.

There is another set of homeomorphisms which generalizes easily

to spheres, given by the stereographic projections.

Example 2.2: Spheres , Str: trie knorv that
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sD = {xeRn+l , *? *...* *3*r = 1}

We define the mappings

1) y3 gn 

-> 

Rn by

(stereographic projection)

xivi t5) =

1-xn+1

2) y':sn >
xi

1*x.lr*1

Notj.ce that the domain of 1) is Sn- (0'...r1) whereas that of

2) is Sn-(0,...,-1). It i.s not difficult to show that these

are indeed homeomorphisms.

Exercise: Show it:

Thus Sn is locally homeomorphic to Rn. In a way exactly analo-

gous to the circle, SD wj.th lts relative topology from Rn+l

becomes a separable metric space.,.{!hus Sn is a manlfold.

Example 2.3: Torus z T2 = s1 x

Slx...x sl. clearly from the

M2 are manj.folds then Flrx Mz

Example 2.4: The lliSbius strip: Consi.der the half oPen rectan-

gle S = t(xry) en2: 0(x(1, -1<y<1). Introduce an equivalence

relations on R by saying that (xry) and (x'rY') are equivalent

^-^-^ r 1.. mn -S- or more generally 1 :
definiti.on of manifold if 1,11 and

is a manifold.
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if (xry) = (x' ,y') or (xry) = (x,+1r-y') .

what we are rea11y doing is identifying the poi.nts (0,y) with
the points (1,-y) , The resulting space S/- = M2 is the tUllbius

strip. It can be described analytically by the map f :S 

-r 

613

defined by

f (x, y) = (Zcos2nx + y co$rx cos2rx, 2sin2nx + y qcsfixsin2rTx, y sinnx)

Notice that f (0,y) = (2+y,0,0) = f(t,-y). The image of f in
R3 is the M6bius strip. The map t on the interior So of S gi.ven

by s0 = { (xry) e n2 : 0<x<1 , -! <y<1} provides us wi.th a homeomor-

phism onto U2-( 2*y,0r0). A similar constructj.on with the inter-
val 0<x<1 repraced by -Vzr.*rlz provides for the homeomorphism

ont,o a neighborhood of (2+y,0,0) .

Exercise: Go through this construction.

Almost everybody has made a l4fjbius strip with a strip of paper

by giving it a half twist and gluei.ng the ends together. This
j-s not guite lA2 constructed above, but it would be if we would

have started with 3 instead of S, i.e. S = { (xry) e n2 . 0(x(1,

-1<y<1). The result then is the Mbbius strip with boundary.

This is not quite a manifold as v/e have defined, but rather a

manj.fold with boundary. I,[e will give the formal definition
shortly. Anlnuay the t't2 constructed above 1s a manifold. The me

tric topology being the subspace topology of R3.

Another example somewhat more difficult to visualj.ze is the

projective p1ane. Firert we discuss some ideas on guotient spaces.

Consi.der a top. space I-i, an eguivalence relation - on S, and the
i

I
I
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- quotient space S/- with the guotient topology. Now in general

the projectS.on p:S 

-> 

S/'is not open, but in many cases

it 1s and this leadE to

Lenna 2.t.: Let g:S 

-> 
S/- be the projection map of a toP

space S to lts guotienB S/- and LeE S/- have the quotlent topo-

logy. Furthermore, .suppose that p is- open, then if S has a coun

table basj.s {uo} so does S/-

Proof : Let WCS/-, lhen p-l (W) = Y Uo_. for some sr:bfarnily
II

tuor) of {uo} and l{ = Y o,uor) where each p(uo.) is oPen

Thus {O(Uo ) } is a countable basls for S/- . (Check this).

Lenuna 2.2:. Let p:$ 

-> 

$/- be the natural projeetion and

suppose it is bpen. Define Ec SxS ." 1= {(xry)eSxs:x-y}. If
E is a closed subspace of SxSr then S/- is Hausdorff.

Proof : Let E be ctosed and p(x), p(y) be distinct poi.nts of S/-.

Then (xry) eSxS-E, whlch ls open. There is thus an oPen set

uxvcsxs with (uxv)fis = {g}. But thls says that p(unpvl={Q},

and S/- is Baugdorff eince p(U) and p(v) are open
..

Remark: We need tlre conditlon that E above be cLosed to conclu-

de.that S/- is Hairsdorff. There are known counter examples.

In faet the cenverse of lernma 2.2 j.s true. (prove 1t:).

Exampre 2.5: The proJectlve plane pt(n) = (gn+l- rc\) /-
where x-y lf and only lf y = tx for some E f 0. The eguivalence

classes [x] are just the lines she through the origin i0]., and'

we have also pn(n) - sD '/ - where xryesn are egulvarent if

y = tx. (Shou thlg! ) .
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rf we show that p,nn+l-{oi >

wilt have a countable basis by the f irst lemma since rnn-l-{ o i
,ioes. Call x = tRn*l-io] , and def ine 9a:X >

for t * 0. 0t is a homeomorphism with O;t = Ot. If Ucx, then
l-

F(u t)= uO*-(u) is open since each Or(u) is op.f;. But this says{ \ r reFlo} -

tirat for each open u, p(u) =r\uli i= open. Thus pn(n) has a count

able basis by the first Lemma.

Next let's show that for pn(n) the set E defined in the

second lemr,a is closed, Consrder the function f:XxX >

fined as

t(xt,...,xn+1 iy1t...,yr.*1) = [ (xrvi-*rY12
r+ j.

Clearly, f is continuous. Moreover, if Yi = txlr then f = 0.

Conversely, assume f = 0 then (*iYj-xrYr) = O. assumj-n$ x1rY3 +

o+ xi=xi- o, E 
+ yi=t*i,t\0.ThatiS,f =0ifandonlyif

y*x. So E = {(x,y):x-y}= f-l(O). But XxX - E = t-1 (n-O) is oPen,

Since f is continuous; thus E is closed. Hence, bY the second

lemma Pn(n) is Hausdorff .
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We need to show that pn(n) is locally Euclidean.

thi-s we define the folIo..ring open sets of X:fr, = {xaX:

that is we remove from X = nt+1-{o} , the n-plane *i =

Ui = p(fri). These are open since we saw that ps)( 

-1is open. We define the functions OirUi >

To do

*i + o],

0. Let
pn (n)

0-.([xJ ) = [*r,...,*i€'1 ,I t*,. *i
x..- x ',I

^i+1 ,..., ^n+1 
|

x. x- )'-i "i

where x j-s such that p(x) = lxl r Ui. Clearly, 0i is continuous.

Ivloreover, an easy argumerrt as above shows that 0r(x) = 0r(V)

if and only if y-x. Thus 0i is a bijection, that is 1-1 onto.

Now Oitrgln 

-, 
Lri is given by O-rtf zL,...,rn) o(2r,...,lL_L,

1., 2i,...,"n) . To see this consider

qri
>X

where Qr(zr,... rzn) = (2r,...,2i_1 , 1, zi,...,zn) , and we i-

dentify (21,...rri-'"L,...,l-n) = [ +,...,*i-]- , *i*1 ,... xn*1
g \^i xi xi x1

Thus O-1 is continuous,'and thus a homeomorphism. Then pn(n)

is a manifold since iuo) cover pn(n).

we now return to some simpler examples, before giving

a generalj-zation of pn(R) .

E:<ample 2.5: nxm matrices, ,1,1m: obviously l.{nm j.s homeomorphic

to Rnm. A global homeomorphism is f : iUnm > Rnm given by

I

I
I
Ilo

I'
I

I
\\L

pn rnl

\

Rtn



f(A) = ("tt,...ra1m , dzL,... ,dzm r...rurr*) where

Thus Mm can be considered

a metric space with the metric induced by that of Rnm. Thus

is a manifold,. The square matrices Mnn will be written as

(homeomorphic to Rt2).

Example 2.7: The general linear group. GL (n,n)

GL(n,R) = i Aer'/n: det Al

u1t'"'

"rrr' ' ' '

'"1'

,a'nm

as

#n

,tln

Note that det: 1,1n 

-> 

g1

is contj.nuous, and R - {0} is open, so GL(nrR) = det-l(rn - io})

is open in Mn. It is thus a manj.fold. It is also a group with

group composition given by matrix multiplication'. Clearly, this
composi.tion is continuous j.n the metric topology on GL(nrtR).

Thus GL(n,R) is not only a top group, but also a group manj.fold,

j..e. a top. group whose underlying top. space is a manifold and

'rhose composition is continuousin the metric toplogy.

Example 2.8: Grassman manj-folds G(krn). consider the manifold

,{,{kn of all kxn real matrices and recall the definition of the

rank of Rert/kn. This is the dimension of the subspace spanned by

the rows of A (or eguivalently the columns)- Denote by F(k,n)

the subset of Mkt of all matrices of rank k. f (k,n) is an open

subrnanif old of illkn. Any linear lndepend.ent set of k-elements of

Rn is ca11ed a k-frame in Rn. Thus a k-frame is just a kxn

0I
)
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A well known theorem from

terminant vanishes if and

linear algebra

only one of the

a natural

Since A is

says that such a de-

columns (or rows) is

matrix (Xj_,... rXk) where X, =

(

action of GL (k,rR) on F (k,n) given

1x; .r

oI I

: l. Thereisxl)r.k
bv x. = I el x..

ri-laJ
J-J.

nonsi.ngular Xi defines another k-frame. The set of all k-p.lanes

through the origin of Rn is denoted by G(krn) and is called a

Grassman manifold. A k-frame thus determines a k-plane.. llore-

over, two k-frames X: and X-. determine the same k-plane if and
L1

only if there is an AeGL(k,R) such that x: = i oj x*. rt is--r- j t 
-1

easy to check that this defines an equivalence relation - on

F(k,n) and we have G(k,n) = F(k,n)/-. Let p:F(k,n) >

denote the projection. We leave as an exercj.se to show that p

is open. We show here that C(krn) is llausdorff (assuming p is

open). Consider the nx2k matrix M e F(k,n) x F(k'n) (lccn)

Ti r,1

::
xk i.1 .nn

M

v1"f-

X1n

Lk..2\1

.',k
It)

and all (k+t) x (k+1) minor determinants consisting of k unprimed

columns and one primed column. A typical example is

..1
^1
:

__kx1

:

xk

,11

i1;1
k+1 k+l- k+L
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a linear combination of the others. But since the xl,... rxl
are linearly independent the only possibility is

A1 xj
1CI,

such

. g = Ir...rk+1

possibilities we find

i = Lr...rk c = 1r...rn

Running through all

t-.
Xt=

o

r.r k
x^t= I

I

l=t

kIa1jlr l xj
ct

Moreover, since ,i],...,i|, are themselves linearly ind,ependent

(A1) must be nonsingular, i.e. (A1)ecl,(k,R). rt follows that
J-)

x,*ef (krn) are equivalent if .rrq only if all such minor deter-

rninants vanish. Thus the set ECF(krn)xF(krn) defined by E =
tt

{(x,X)eF(k,n)xF(k,n): .x-x} is the zero set of all such (k+11x

(k+t) minor determinants. Since determinants are continuous,

it follows that E is closed, and by lemma 2.2 that G(k,n) is
Hausdorff.

Exereise: Show that the quotient projection p:F(k,n) >

that C(k'n) has a countable basis.G(krn) is open and +-hus

Exercise: Show that C(krn) is a manifold of dimension (n-k)k-

Hint. Let XeF(k,n) and consi.der the kxk submatrix X. Let U be

the open set of F(krn) consisting of kxn matrices X such that
:--x t-s nonsr.ngular. Put U = p(6). Show that every Yed is equiva-

lent to a kxn matrix X such that the kxk submatrix is the i.den

0:u 

-, 

Mk(n-k).= Rk(n-k) by deletingtity. Define a map

the first k columns of the representative x for Y . Show
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that 0 is a homeomorphism.

Remark: G(1,n) = Pn(n)

Exercise: Show that G(krn) =

Hint. Consider the map whlch

nal complement.

{xeq.n+1' "3*T t*"i +...+ -i
gJ.obally homeomorphic to Rn.

f:Hl'+ 

-> 
Rn defined byn

-t 1 nf lx-ro.orX , +
t

G(n-krn).

send.s a k-plane into its orthogo-

, x >1] is connected since it is'n
This follows since projecti.on map

Example 2.9: One-slreeted hyperboLoid Hl

Hi = {xen3 t *? + "3-*3 = 1}. we construct a slobal homeo-

morphism f zHz-, S1,,R1 defined by f (x, ,xr,xr\ = [ 
*1

,c{ f

x2 . x^ I . Here we consider s1*n1 = { (x, ,x2,x3)€n3 t "2r**}= 
1}.

-:r^"1/ I r)
t^'^3

It is easy to see that f is 1-1 and continuous. lhe inverse

function f-l is also continuous. (show it). Thus H? is homeo-
.1

morphic to s-"ut1 and is thus a manifold sj.nce s1*R,1 is.

Exercise: Construct a global homeomorphism between Sl"tR1 and
ttR' {O}.

Exapple 2.10: The two-sheeted hyperboloids Hl

Define Hl = ixenn+l, "2rr*i t+x2, +...+ *2^ ]

Hl is not connected .since there are two ranges for xrr,. narne

Iv x >1 or x (-1. The component Hl'* =-1 --n- - --n -

2xn
't*"1
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is a homeomorphism. (Check thisl). Moreover, the map p,:Rn+l

p(xrr... rxrr) = (x1, .. r-*r) is a homeomorphism so Hl'- is co-

nnected, and homeomorphic to Rn. Thus Hl has two connected

components each homeomorphic to Rn.

We can easily generalize to hyperboloids of the form.

Hl = {xeRn+l 2. 2 2 2 irt xrr+I...* xm+1 x*-...-x1 = rJ.

Exercise: Show following example 2.9 that the general one-

sheeted hyperboloids Hl are homeomorphic to Sn-1trR1. Why does

not an argument similar to that of example 2.L0 work?

Considering spaces like sn and Hfi we make a definition.

I€t f be an algebraic.function f : Rn 

-2 

R' the set e-1 (O) is called

an algebraic variety , v = f-1(O). That is, v is just the set

zeros of an alge.lcraic function. (Actually all we need is that f

be a polynomial in Cartesian-Coordinates) Clearly Sn and Hn are

algsbraric varieties. But all algebraic varieties are not mani-

folds. A familiar example is

E>:ample 2.1l-: The cone Cn'1z n12

cn,1 = {renn+l. 
"?- 

+...+ "1 "i*, = o}

C1early, Cn'ls an algebraic variety. It is not a manifold,

however. There is no nbd, of 0 e Cn'1 homeomorphic to R'n. To See

this notice that open sets of Cn'1 containing zero must be of

the form VO = Cn'lnU0 where VO is open in Rn+l. So we can re-

d.uce our considerations to spherical nbds of OeR'n- Now I
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claj.m that {0} is a cut point of Cn'1, that is that cn'1-{o}
is disconnected. Def ine c, = {*rc"'t,*rr*r?3} . clearty,

ct'1-{o} = c*Uc -. roreover c*nc - = {o} . Thus ct'l- {o} is
d,isconnected. Let VO be nbd of 0ecn' 1 then (vO-{ 0 } ) is d.is-

connected. Now suppose that f:VO >

Then by a theorem we proved f(VO-{0}) must be disconnected. But

it i.s not difficult to show that g1n 

- 
{point} is connected

for n > 2. (See Hocking and Young) . Contradiction.

Exercise: Construct a global homeomorphism between

1gn 

- 
{0} and sn-1 ' R.

we can use this result to show that Sn is connected, knowir:g

that et+l-{o} is for n > o.

We had ment:Loned earlier the need to generalize our de-

finition of manifold to incl,ude boundaries. We now do this.
Consi.der the half-space

tID - {xeRnr *r, > o}

Now Hn is not horneomorphic to Rn

subspace of En it is closed. we define

ary of dimension n to be an Hausdorff

basis satisfying

i) Every point.xeM has a neighborhood V-_ that isx

since considered as a

a manifold with bound-

space with a iountable



homeomorphic to either Rn or FIn.

It can be shown using invarlance of the domai.n that for
each xaM U* is either homeomorphic to. Eln or I{n but not

both. The set of points locally homeomorphic to r.Rn i's called

the interior of M, while the sdt homeomorphic to EIn is called

boundary of 14, denoted aM. Intuitively, 0lt has dimension n-L.

But we do not prove this, here. Now we can write EID ={xeRn:xrr>0}

u ixegn:x,.=O). The first ls globally llomeomorphic to ,R.n while

the second is globally homeomorphic to Rn-l. Thus up to hom'eo

morphism fiItr = Rn u Rn-l and E lHn= ,Rn-l.

Exampie 2.12: The closed ball i3 (0,r)= {xeRn ,V?*...+y? < t2i
II

is a manifold with boundary. Clearly the interior 6"(0rr)ls a

spherical neighborhood and is thus globally homeomorphic to Rn.

The boundary 3E(0,r) = Sn-l which is locally homeomorphic to

R9-1= afin. We now show that every point.oeDB(O,r) has a nbd.

homeornorphic to Hn. First, we ,can construct a homeornorphj.sm

between S(0,r) and the cubical neigirborhoods cn(0,1)={xe Rn:

l*'l < 1 for all i=1,...,n]. This is done by contposing the

homeomorphism of proposition 2.L with the ironteomorphism x rCn (0,1)

--> 
Rn def ined by

iri.x =w
Then yz st(o,r) cn(o,L) is given by

iEZ
= i.2L-tz ) tr + t

j
(rj )2 I L/z

-.-
(t- (zt ) "

tirat this map extends to a well-

I

It is strai.ghtfonvarci io check
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defined cqntinuqqs map on the clesures, t.€. t l Sn'(orl)=B(orr)

---# Cn(0,1). Furthermore t is a homeomorphism. Clearly,

every point on acn(0,1) with the possible exceptions of the

corners has a neighborhood homeomorphic to Hn. But the points

of B (o , r) corresponding to the corners of J[0-, t ) can be handled

by rotating 8(0,r) with respect to a"t0;l .




