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'will deal with ordinary manifolds, 1i.e.
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3. Differential Manifolds

3.1 General Definition and Examples.

T will assume that everyone ig familiar with the theory

of differentiable functions in Rn. Unless otherwise stated we

not manifolds with

poundary. Now consider a top manifold M. Each point peM has as-

SEghe

sociated with it a nbd. Up and a homeomorphism ¢:Up

Now in R" we have the natural coordinates xl, thus we can cons-
truct ¢ so that it assigns to each qup the coordinates xl(q),

that is the image of g under o 1is xl(q). (Remember ¢ has 1its

values in Rn). We refer to xl as local coordinates for UpCbﬁ,

and the pair (Up,¢) is called a chart at peM. In fact, we used

this procedure many times in the last section. Now weé would 1li-

ke to be able +o define the notion of a differentiable function

> R.

on M. Suppose f is a continuous function on M, £:M

> R is con-

We know what this means, namely, that fo¢-l: R

tinuous for 'a cover of charts for M. Now suppose that fo 0 is

differentiable and let (V,y) be another chart for M such that

> R 1s differenti-

ch—l is since % B

UNviEg . We do not know that fow_l: )"

able. In fact it is so if

foo Looeut = (£a6" 1) o (007 T).

— 0
N
~G

C\




Thus in order define differentiable functions on M we must de-

mand more from our homeomorphisms ¢ and . This leads to

> v , where u, Ve R

Definition 3.1: A homeomorphism f£:U

are open subsets of Rn, is called a'diffeomorphism of class

ct (r=l,...,w) if both £ and f—l are differentiable +o order r.

We can also extend this to the class c® of analytic diffeomor

. R =i . .
phisms, i.e. f and £ are both reguired to have power seriles

expansions. We will mainly be concerned with the case r = *.

Frxample: Let £:R ——> R Dbe defined by £(x) = x3. f is a

function (it 1s analytic), but £

= y1/3 which is not C

homeomorphism and fain.a L

is not a diffeomorphism since f_l(y)

% > R, is a diffeomorphism.

at y = 0. However; Fa R

By the way, the following inclusions areclear from the defini-

tions

W e gPiC @hic §Et e . CC C 0.

shortly we will give examples to show that C® = C% e

Cmipt
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Definition 3.2: Two charts (U,¢) and (v,¢) are C compatible

if whenever UNV =X . ¢ow—l is a diffeomorphism of class ct.

-1-

-1 1 -
_Notice that 1if oV lis a cf-aiffeomorphism then (¢?¢ ) = Yo 0 .

Definition 3.3: A collection A of cf-compatible charts (Ua'¢u)

such that {Ua} covers M is called a ct atlas for M.

X

)

Lemma 3.1: Let ¢ and UV be diffeomorphisms (C

> W U,v,Ww open in Rn, then UYo® 1s &




g'

diffeomorphism.

proof: By the chain rule Yoo is C*. Both Ue¢ and (bod) 1= ¢ Loyt
are homeomorphisms. Moreover, ¢-low_l is class c* by the chain
rule for the ct maps s” % and w_l. Thus Yo ¢ is a diffeomor-
phism.

If an atlas A is not contained in any other atlas,

A is called maximal.

Theorem 3.1: If A is any atlas of Cr compatible charts, then

A is contained in a unigue maximal atlas At

proof: Define A' to be the set of all charts (U',¢') which

are CT-compatible witﬁ all charts (U,0) of A. Since A' contains
A it clearly covers M. The collection A' is clearly unigue and
Amaximal. We need to show'that all charts of A' are Cr—compatible.
Let (U',¢') and (V',V') be any charts of A'. We can assume
y'nv' ¥ {@g}. By definition of A', if y'nu s {@g} then ¢'o¢—l is
a diffeomorphism for any two charts of A' and A. Thus with
vinux {g}, w'c¢-l is a diffeomorphism. In u'nv'nu ¥ {g} we

~-d -1
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Rave ('eg "o (000 ) = bleo is a diffeomorphism by lemma

3.1 above. Thus A' is an atlas.

Definition 3.4: A differentiable oI c¥-manifold is a pair

(M,A) where M 1s a top manifold and A is a maximal atlas.

Remark . In order to show that a given top. manifold M is a
cf—-manifold, theorem 3.1 tells us we need only find any atlas
of c¥-compatible charts. We will usually just refer to M as a
differentiable manifold and not write the pair (M,A). In the

future the word manifold will always mean differentiable manifold




of class C* unless stated otherwise.

Definition 3.5: Let M, and M' be cf-manifolds and £:M > M!

a continuous map. We say that f is differentiable of class CT

if for every point p in the domain of f, the coordinate repre-

- 1
sentative ¢ ofo0 L R" > R® is c¥, where ¢ and ¢' are

any charts for M and M' at p and f(p), respectively.

¢|°f°¢-l S an

Remark. Notice that this definition is actually independent of
the coordinate representative. This emphasizes the distinction
between the modern and classical approaches to differential ge
ometry. In the modern approach almost all definitions are in-
dependent of coordinates. After all a sphere, for example, 1is
something intrinsic which does not depend on coordinates in the
saﬁe way that one studies Euclidean spaces in high school geo-

metry with no notion of coordinates.

> M' is an injec-

Definition 3.6: A diffeomorphism f: M

tion (1-1) such that both f and £ are class C¢'. Two manifolds
are said to be diffeomorphic if there exists a global diffeomor-
phism between them, i.e. £ is a bijection and dom £ = M.

Notice that the same top manifold may be given different
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Example 3.1:

1)

to convince you that C*

differentiable structures. For example, if M = R" we can ask whether
it can have inequivalent smooth structures (say of class C*°). The an-
swer is quite surprising. There is a unique differentiable structure on
R™ for all n # 4. When n = 4 it follows from the work of M. Freedman
and S. Donaldson in the mid 1980s that there are uncountably many
inequivalent smooth structures on R*! Distinct differentiable structures
on manifolds are often called diffeomorphism types. A new branch of
mathematics called differential topology was created when J. Milnor in
1956 showed that there are inequivalent differentiable structure on ST,
Later Kervaire and Milnor treated differential structures on spheres of
all dimensions. In particular, they showed that there are precisely 28
oriented differentiable structures on S7, the standard one and 27 ez-
otic structures. Today the study of differential topology is a vibrant
one, and determining the distinct diffeomorphism types that occur on
a given topological manifold is both interesting and important. Again
dimension 4 behaves very differently than other dimensions. See the
book: “The Wild World of 4-Manifolds” by A. Scorpan, AMS 2005.
Note that there are topological manifolds that do not admit any dif-
ferentiable structure.

Before considering many examples of c®-manifolds,

The following functions are b
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I want

and c¥ are indeed different classes.

at not analytic:

—)
eX x > 0
£f(x) =
0 x< O
1 <
1 s R
That £ is C® at x = 0 follows from the fact (well-known
fyom calculus) that e " > 0 as ¥ > » for any n. (check
But f is not analytic at X = 0.

this) .




g

2) g:
[ 1
) e—- (XZ_aE) —a<x < a
g(x) = j
i 0 ¥za and xga
{

Agalh X )T G atixis v 45 fact g(x) has compact Ssupport,

Iasl fojuse 0 cnly in a bounded region. Clearly g is not ana-
lytic 8t ¥ = %a.s The only analytic function which vanishes on

an open set is the zero function.

Example 3.2: gﬁ : since R" is covered by an atlas which con-

Sists of one chart, the identity chart, it is a c” manifold, in

fact analytic.

Theorem 3.2: an open Subset A of a C®-manifold M is a C® -pa-

nifold.

Bvaef:lLetsA he an atlas on M with charts (Ua,¢a). Then va =

AﬂUa are open in A and b, = %, are hameororphism onto open sets
A

of R'. Check that the required atlas is the collection of Charts (Vé'wa)'
We will now consider examples of C“—manifolds. In parti
cular, the top manifolds of the previous section can be given

a C”-structure.

-Example 3.3 : MNP ;g a C®- manifolg since it is homeomorphic

to RO and we give R™M™ the identity atlas consisting of one

Chart, the identity chart.

Example 3.4: GL(n,R) is a C”- manifold by Theorem 3.2. Group

—_—————




composition given by matrix multiplication is thus seen to be

a C*® - mapping of GL(n,R) xGL(n,R) > GL(n,R). The inverse
is also C®. This is our first example of a Lie group which we

will define later.

Example 3.5: The circle Sl. The homeomorphisms of example 1

> slo(1,0) an@ £': (-7, 7)

of section 2 are £:(0,2m) >

Sl—(-l,O) with £(8) = (cos®, sin®) = £'(8). We thus have an

atlas consisting of two charts (v,¢) and (U',¢') where U =

slo(1,0) , ' = 8'-(-1,0), ¢ = £ ana ¢' = £'71. clearly

Sl =UUU' and UNU' = Sl -(1,0)U(-1,0). We must show that the

two charts are C*- compatible, that is that ¢'o¢_l:R >R

is a C* diffeomorphism. But ¢'o¢—l = £'"1, £ and for 0<8<7m we
have £'-lo £ (8) = 6 , that is ¢'e$ = £'"1of is identity on

0<6<m . This is clearly a diffeomorphism. Now on m<@<2m , we

have that (x,y) starts at (-1,0) and ends at (1,0) through pe-

gative values of y, that is, traverses the lower semicircle N

(o,n
1 -1<x<1
N = {(x,y)eS™: }
(-1,0) (1,0) { Y 0<y<l
0,-1)
1

But ¢'(N) = £'"1(N) = {6e(-m,m): -w<E<0}. So b'od () = 6-2m.
This is clearly a C® dJdiffeomorphism. Thus with this atlas st

is a C® - manifold, in fact analytic.

Example 3.6: The sphere s®. The homecmorphisms from example

2.2 are

R R A

P —
i
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!

:
£
U S
:"I?\,r" = ~ X+
yoS posklpuds, k) > rY y (%) = —t—
1 Xn+l
y':s® T (0,...,-1) —> R vl = 2
o EEAGk .L+Xn+l
U'

We must show that y'oy“l is a ¢® diffeomorphism. The atlas

consists of the two charts (U,y) and (U',y'). This is called

the stereographic atlas. UNU' = st - (0,---,1)lJ(Or---r;l)

We have
n 2 L2
Yy 1-X, 41 and ) >i ,Z__Xi__ = %)
B s _ 2
1+ X 1 i=1 (1 Xn+l) (1 Xn+l)
= 1+ Xn+l
l—Xn+l
So
V.
y‘_ = - 3
~ n
Z 2
V.
1

Notice that y(UuNnu') = B -0k . =000, 0NT v % (0,...,0). Thus

I|,Rn rnl n N . . s
yi. - 10; > R'- {0} is a continuous bijection.

C®; moreover, the inverse map 1s

It is also

Ak e B



which is also C®. Thus the charts are C® compatible, and s is

a c® - manifold

Exercise: Show that for n = 1 the stereographic atlas is C® -

compatible with the atlas of Example 3.5.

Example 3.7: The projective plane Pn(R): We work with the charts
P

given in example 2.5. We have an atlas which consists of n+l

charts (Ui,¢i) where Uses p(ﬁi) , 6i B {stn+l--{O}:xl e Ol
and
X X3 X . X
= 1 i-1 i+l n+1l B
¢i({X]) ( 252 BLoREEER chamr o cel 0T TE ) (zl,...,zn)
i i i &

We consider two such maps ¢i . ¢y on UiﬁtJ..

J
We have
X X X
z,. =__1 ... z = i1 z. = *i+1 2laiZars n+l
1 X. : } 1=l x. ! X. ' =8 X,
1 1 1 1
and
e ul L %5-1 o %5+1 . o el
Zl . }—‘:'_' ) ...}Z_;_l = % . 7 Zj = <. J e oo zn - % .
J - J 3 J

so that for j>1

3.9




zl = ii— Z: = ii:é 2zt = . 2 = ii——
1z AR 2 d i~z ro%i+l Z.
j-1 j-1 i- j-1 :
i
3
. _ Z._n , _ 2 , _ 2 .
vee Z._1 — < zZ. = J - , 2. T n
j-1 -—3—-—z o - n o~z
gzl -1 -1
This is & continuous pijection from Rn—{zj-l = 0} onto R~

{z1 = 0}. It is also clearly C” there. The inverse mapping has

a similar form and is Cc® . Thus PP (R) is 2 differentiable mani

Exercise: show that the atlas of two charts for the Mobius

strip of example Pk s T compatible and thus the M&bius strip

is a € manifold.

Exercise: show that +he Grassman manifold G(k,n) is a c® mani-

£01d. (Use the same chart as the exercise of the previous chap-

ter) .

proposition 3.5 Let the top space S pe compact and be given

PropoSit-— ——

an eguivalence relation . Then S/~ 18 compact.

proof: since p:S > s/~ 1is a continuous surjection, this

follow immediately from theorem 1.7.
Corollary: PP (R) is compact

1t is clear that any compact manifold cannot have an

atlas of oneé chart only. cince then it would have +o be globa-

lly nomeomorphic to r".

proposition 3.3: Y c® manifold M has a countable atlas.

proof: This follows immediately from the Lindelof property




.10

that for any top spacewith a countable basis for its topology,

every open cover has a countable subcover. (See a topology book).

Eproposition 3.3: Any C®-compact manifold has a finite atlas.

Proof: clear from the definitions.

Proposition 3.4: Pn(R) is connected

> P (R)

) p n
- Proof: The sphere st 1s connected and the map p:S

is continuous. But we saw in section 1 that the continuous ima-

ge of a connected space is connected.

Exercise: Prove that the Cartesian product of two C - manifolds

is a C® manifold.

Exercise: Construct an atlas of two charts for R2 using polar
coordinates. The two charts should cover R°- {(x>0,0)} and

RZ—{(x<O,O)} respectively. Show that this atlas is C”-compati-
2

ble with the standard Cartesian atlas for R

Example 3.8: The figure 8: This is defined by

{(x,y)sRZ:(x,y)=(sin2t, sint) }

The injection ¢:E ——> R defined by

¢(sin2t,sint) = t for O0<t<27 ey Lx0 7y
1s a chart whose domain is all of E and whose range is an open
interval of R. However, ¢ is not continuous if we give E the

relative topology. For clearly in the relative topology (0,0)

and (sin2esine) are close for ¢ small,that is we have




il
i

sin € <—%— <6 and sin 2¢€ < (2cose) % < & Dbut
‘ GEago VISVE

L i o e

|6 (sin2e, sine)- $(0,0)] = Je-nl
) CTroaond

We can, however, define E to be the inverse image ¢-l(t) for

0<t<2m and the topology on £ is that which makes ¢ and ¢

continuous. In this topology (sin2 sine) and (0,0) are far away.

The picture for this 1is: g
In fact ¢ and ¢_l are now C® and this P .
defines an atlas of 1 chart for E and

E is globally homeomorphic to R. Thus E is‘noncompact. § s "
gimilarly,., we can give E the topology induced from the map. @ ~ o B #i

¢’(sin2t,sint) = ¢t for -mw<E<T

This corresponds to the picture: (:;>

This map also converts E into a c®-mani-

fold. (E,®') is homeomorphic +o R. Thus

(E, d) and (E,¢') are homeomorphic.

pat]

They are not, however, € = compatible since

e > R is

T RE o<t<m

and this 1s not even continuous.

The previous discussion leads us +o believe that tae

important concept of "submanifold" may have sutle distinctions

gt e O e R i e S R R v




depending on the way we insert a given manifold into another

given manifold. Indeed this is the case.

Exercise: Show that the one-sheeted and two-sheeted hyperbo-
loids are C®- manifolds. See examples 2.9 and 2.10.
The following exercise will show that two atlases which

are not C* - compatible can be diffeomorphic.

Fxercise. Consider the real line R and the usual atlas (R,9)
where ¢ is the identity map. Now consider R with the atlas of
one chart (R,Vy) where y(t) = t3. Show that (R,¢) and (R,y) are

not C® - compatible. However construct a diffeomorphism between

(R,$) and (R,¥) showing that they are diffeomorphic.

Jatd






