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depending on the way we insert a given manifold into another

given manifold. Indeed this is the case.

Exercise: Show that the one-sheeted and two-sheeted hyperbo-
1oids are C®- manifolds. See examples 2.9 and 2.10.
The following exercise will show that two atlases which

are not C® - compatible can be diffeomorphic.

Exercise. Consider the real line R and the usual atlas (R,9)
where ¢ is the identity map. Now consider R with the atlas of
one chart (R,y) where U(t) = t3. Show that (R,¢) and (R,V) are

not C® - compatible. However construct a diffeomorphism between

(R,¢) and (R,V¥) showing that they are diffeomorphic.



3.2 Partitions of Unity

In this section we will develop some important concepts
wnica will be needed later on for proving certain existence theorens.
This section may be skipped until neecded. First some topological

<

prelinminaries. Let S be a top space. A family of subsets {u,} of

S 1s called locally finite if every peS has a neighborhood which

intersects finitely nany of the Ua's. Let {v,} and {UR} be two

covers of S. {V } 1is called a refinement of {VB} if for every
a

\Y there is a UB sachthats ¥:2C UB' A hausdorff space 5 is
a o

sald to be paracompact 1if every open cover of S has a locally

finite refinement of open sets.

Proposition 3.5: Let S be a locally commact Hausdorff space with

a countable basis, then S 1is paracompact.

Proof: Let {Ui} be a countable basis for S. Since S is Hausdorff and

locally compact we can take this basis such that L-Jl. 1s campact. We now cons~

truct a sequence {Wj} of open sets. such that
i) Wj is compact

ii W
: J



Take W, = U., and suppose that ¥, = Ul J.,..U U, . Let jk+l

be the smallest integer greater than jk such that

7. CcuU. U...vu,
k 1 Jg+1

then define

—."‘]k"’l = Ul Uo ° o U Ujk+l

Now let {Va} pe any open cover of S. For j > 2, the open set

W, o = W, contains the compact set W, ,- W;. The family

(v N (4...,-W. . )} is an open cover of W, .4 ~ Wi, SO for

each j > 2 we can choose a finite subcover {Ui}j

= {vdi N (%j+2 - Vil )}. For j =1 cover W, with a finite
number of Va's and call this cover {Ui}l. The family
B = L§=1 {Bi}j is an open cover of S since it covers

\ ;
= ‘j" i- - = ’ . . e o £ v
W, U S22 S+1 Nj] s', it is clearly a refinement 9 { a}'

and for every P € s, p'e Wj for some 3j, with ﬁj intersecting

only a £finite nunber of the sets of B since

3.15



Hence § 1is paracompact. QED.

Corollary: A topological manifold M is paracompact.

Proof: Every manifold is a locally compact Hausdorff space with a

countable basis.

Paracompactness will allow as to construct partitions

of unity on M. Let M be a C° manifold and let £ e ¢ (i), the

suooort of £, denoted by supp £, is defined to be the closure
of the set of points p ¢ M such that f(p) # 0. A partition of

@

unity on I 1is a collection {¢i} of ¢ functions on M such

that
i) the family of supports {supp ¢i} is locallyv finite
i. e every point has a nbd. which intersects only

a finite number of the sets supp o, .

ii) ? ¢i(p) =1, ¢i(p) > 0 for all D € M;

We will assume that 1 runs over a countable index set. A partition

of unity {¢i} (countable) is said to be subordinate to the cover

{Ua} if for each 1 there is an o such that supp @i c Va'

N

Proposition 3.6: Let M be C° manifold and u=A{U_}
' &

an open cover o M, then there exists on ¥ a partition of unity

{¢i} subordinate to U.



We will first prove some lemmas, the first of which

refines proposition 3.5 for differeniable manifolds.

Lemma 3.2: Let M be a ¢ manifold and U an open cover of

M, then there is an atlas A = {(Vi,¢i)} of M such that
i) A is a locally finite refinemnent of U

ii) If (v, ¢) 1is a chart of A, then
p(v) = Sn(x, 3) where Sn(x, r) = {xéRn,(xl)2+...

+(Xn)2 < r2} is a.spherical nbd of the origin in

iii) The family of sets V. = voo(s (%, 1)) for all Vs

covers Ii.

Proof: Let us go back to the proof of proposition 3.5 Since the

ﬁi are open, there 1is for each p ¢ Bi a coordinate nbd Vp i"C U
' ’

n 3 ’
apd charts wp,i such that S (x, 3) = wp,i(vp,i)' Put Vp,i

=1 n -
= ini veesr V .
yoo. (8T(x 1)) € U,. A finite number { Vpl’il’ / pr’lr}

P/l

covers the compact set Wj+l - Wj. For each J the above family

has a finite number soO the total set {Vi} is countable and covers

M. Moreover, we renumber +he countable sets {VD i} and the charts

4

i
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by, 5 @S (V;,0,). Both ({Vv.,} and {Vi} are locally finite

refinements of U and have the required properties. Q.Z,D.

emma  3.3: Let (U, V) Dbe a coordinate chart on a coo manifold M.
@

here are an open set V with compact closure V C U and a C

function h on ! such that

0 .
Consider the function f: IR >R of example 3.1,

Proof
. n 1
perine g: IR >R bv
gix) = g(|x|) = 2L ])
f(2-]|x)+E(|x[-1)
- -
where |[x| = [z® (xt) %1172, g is ¢ on R® which is 0 on
i=1
n n - 1 -0
R = 8S"{x, z) and 1 on 57(x, 1l). Horeover on .
.n, : ., '
5°(x, 2) = S (x, 1), g > 0. We can always choose  so that
) _ &N -1 .n .
w(U) = S (x, 2). Set V =y (87 (x, 1)) and h = g o ¥ to give the

desired result.

Proof of proposition 3.6: By lemma 3.2 there is a cover ({V_}

-~

- e



0f coordinate neighborhoods which is a locally finite refinement
of U. We can always choose Vi = w;l(sn(x,B». Horeover, the

- 1
sets {Vi T Wi*(Sn(x, 1))} cover M. Then by lemma 3.3 there are

Cm funtions hi on M which are 1 on v apd vanish outside

-1 n

w;:l(Sn(X, 2))- Thus Supphl = wl (Sn(X,Z)) C JJTl(S

(x, 3) = Vi

which is locally finite. Hence, suoo by is locally finite and covers

M since {Vi}C {supp h;} does. Thus the sum h(p)=I h;(p) is

finite for each peX. Define

hi (P)
¢. (D) 3
it® n(p)
Then ¢i(P) > 0 since ha(p) >0 and I ¢i(p) = 1. And for every
i
i there is an o such that supp ¢, v, Cwv,s SO {¢i} is a
- partition of unity suboordinate to the cover L. QED.

Renarks. the Hausdorff requirement is absolutely necessary for partitions
of unity. All of the above goes through egually as well in the

¢t category for any r =0, 1,..., =.

3.
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3.3 Differential Maps, Immersions, Submanifolds.

First we recall the definition of the rank of a matrix.
lGiven an nxm matrix A, its rank is defined by the dimension of
the subspace spanned by the rows of A or equivalently by the

dimension of the subspace spanned by the columns of A. Clearly

rahk A §& min(m,n).

Definition 3.7: Let UCI¥? and F:U —> R" be a C'- map (r:l).

The rank of F at xeU is the rank of its Jacobian matrix,

[ st . sl |
axl ax“
JF = . ’
) S AR - ¢ o
Bxl an )

at x e U. The generic rank of F is Sup rankXF.
xXeU

A point x€U is called generic or regqular if the rankK of F at

X equals the generic rank of F. A point xeU which is not gene-
ric is called critical, and then F(x) is called a critical value of F,

,x%) = [(xl)2 + (x5 %, 2x1x?

2 N RZ

Example 3.9: Consider the map F(xl

F:R




2X 2X X b4
JF = = 2
x2~ xl
2x2 2x1
rank F = Dim (xl,xz) , thus
J 0 xT = x% =0 ( .
— 20 1 . X (1,
rankxF = X = * X since rows areL .'L'Xl(l
t 2 otherwise

Exercise: Find rankxF for the following:

i) F:lR2 > R2 :' F(xl,xz) = (xz,xl)
i) miR? — B2 ¢ F(xb,xd) = (4, (xD)7)
1ii) F:R s &3 ratxd) = (xh 2 2, e
iv) F:iRS — {(o,o')'} eads g F(xt) = [X_l. aeix2 ) ﬁ]
b

r r

r= /b2 s A7 )2
You can use the following result of linear algebra.

Lemma: The rank of an nxm matrix A is egual to the maximum oOr-=
der of any nonvanishing minor determinant.
In the study of critical points there is an important
theorem whic. we mention without proof (cf. Sternberg) . First, a
subset 3 of r”  is said to have measure zero if for evervy
e > 0 there is a covering of S by a countable number oZ

. . B 5 n . ;
sopherical neighborhords Si(x, ;) sGéhothaenslky vokyls e
. i -

where vol. = volume of S, (x, §.). Then



Qe Ll

T (S < - .
6] > WY bhe a C .iap where U Is

ltj

Theore:n (Sard): Let

bl

Then the set of critical values of T =

fv
m

S _.n
an open set of R
. m
measure zero 1n R .
Let us now recall the inverse function theorem of advanc-
ed calculus (See Spivak (Cal. on manifolds) or Loomis and

Sternbergqg).

n

Theorem (Inverse Function): Let W be an open subset of R and

W > R? a cF map whose Jacobian JF(a) ¥ 0 at acW. Then

there are a neighborhood (dpen) U of b = F(a) and a ct map

G:U > W such that FoG(x) = x fcr all xeU.

Remark: We denote G by F_l. Notice that this says that F is a
ol diffeomorphism on some open set -of aeW.
The following theorem is essentially eguivalent to the

implicit function theorem of advanced calculus.

Cxercise: Obtain the implicit function theorem from the follow-

ing theoremn.

Theorem 3.3: (Rank theorem). Let AQCRI1 and BOCRH1 and suppo-
se F:Ap > By 1s a Cr—map (r2l) whose rank on Ap 1s a cons
tant k. IZ ac Ay and F(aj = beBp, then there exists open sets

ACAy and B<:BO with aeA , beB , and et diffeomorphisms
1

G:A SIgGRT seEB > VvCR™ such that HeFeG ~(U) CV and
HoFoG L(xl...,x™ = (x¥...,x° , 0,...,0)
= n m
Proof: We can assume a = (0,...,0)eR" and b = (0,...,0) € R

™

since we can always translate to arbitrary points. Since F

has constant rank k, we can permute coordinates such that its
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Jacobian has a kxk minor of the form

\
ael L. agl
Bul Buk

Y Y

| Bul Buk J

n

with det ® 0. Now we define the Cr~map G:Ro > R by
G(ul,...,un) = (fl,...,fk,uk+l,...un). Then its Jacobian has
the form
Y Y )
Sul Buk
* *
2 g% 5 £K
aul Ju
\ © : ln—k* '

whose det ¥ 0 at u = a. Thus by the inverse function theorem

there is an open set Al containing a on which G is a diffeomor-

phism onto an open set Ul = G(Al). Composing our two maps, Wwe
have
- k zk+1 *m
FoG l(xl, ,xk , Xk+l,' Xn) L (Xl'.. ) E U
~ j j - - . -
where X¥3 = X3 ¢l (x) , 5= 1,... mk, £k+3 ig the k + 3

. . -1 .
entry of F. The Jacobian matrix of FoG is



( lk 0 \
J(FeG 1) = sgk+l o skl
8xk+l axn
*
3E™ . . . E%
L axk+l 3x? j

which is nonsingular on Ul' But since JG—l is nonsingular on

-1
= CcC
Ul and G (Ul) Al Ao , we have

1 rank (JFe JG 1) = k

rank J(FeG 1)

since rank F = k, and rank G 1is . k. But this says that
the lower-right block must be the zero matrix. That is'fk+]

depend only on xl,...,xk. Now we define the map

H—l:V by

T By, L v™)

k

We choose 2 such that y = (yl,...,ynﬂev and that Ek+J(y%...,y )

1 (po) GB L soame havernT L

1 0 (0) =0 a#d

are defined with H
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Thus H + is a C'-diffeomorphism of a nbd V of 0ev, onto an

open set B c g™ by the inverse function theorem. Now choose a nbd

' - -1 -1
U C Ul of a e.EF such that TeG l(U) CBand let A =G (U). Then HoFoG (1)CVv

and
HoFo G T(xl, ..., x™) = (x%,...,x%, 0,...0)
since H(xl,...,xk , %k+l,...,5m) =‘(xl,...,xk, 0,...,0) . Q.E.D.

Now let F:N M be a C* mapping of cf manifolds and

let (U,¢) and (V,V) be charts for peN and F(¢) M respectively

with F(U) CV, then the coordinate representative of F 1is

F = lL'OF0¢_l : rR® m.

Definition 3.8: The rank of F at peN is defined to be the rank

of F at o (p) .

Ayl n,

Thus” i€ P = Yebad, medgnymeidasonta di & 50 Shes

rank at ¢ (p) is_the rank of its Jacobian matrix

rafl afl\
"_TI"'I'—-
ox~ ax™
m m
3f of
R - A L
ox ox

\

For our definition 3.8 to make sease it must be shown t©o be in-
dependent of the coordinate representative. Indeed, let (U',0")

and (V',¥') be charts C® -compatible with (U,¢) and (V',v'),



respectively, with peUMU' , F(U') C V', coordinate F(p) ¢ V' N V.

We then have two corresponding coordinate representatives,

~

F = U F, ¢_l and F = ¢ﬂ°F°¢'-l. Thus in UNU' we have F =
(w'ow_l)oFo(wo¢'_l). But rank ¥ = rank F since (w'ow—l) and

¢°¢,—l are diffeomorphisms.
Exercise: Verify in detail this last statement.

Exercise: More, generally show that if F:N — M is nonsingular
on N, then rank F = min(n,m) where n=dim N, m = dim M.
We now restate theorem 3.3 for manifolds:

Theorem 3.4: Let F:N——>M be a Coo map of Coo manifolds N,M,

with constant rank k. Then there exist charts (U,¢) and (V,y)
of p and F(p) respectively with F(U)CV such that ¢(p)= (0,...,0),
W(F(p)) = (0,...,0) and F = gereo t(x},...,x") = (x%,...,%5,

O'.-.'O)-

Corollary : Tf F is a diffecmorphism, then rank F = n = m,.

Proof: If F 1is 1-1, frcom the above theorem we must have k = n.

applying the thecrem to F L we get k=m.

Now we suppose that n«m and F:N —> M a C“ -map,then

Definition 3.9: F is called an immersion at peN if rank F = n.

F is called an immersion if rank F - n for all peN. If F is an

immersicn and injective (1-1) then the pair (i,F) is called an

immersed submanifold (or just submanifold) of M. The topology

and C® -structure on 7 = F(N) CM is that whiéh makes F:N

a diffeomorphism,

We now consider some examples:

-> N
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Example 3.9 : F: R——> R2 given by
F(X) =.(cos£ , sinX) is an immerson since
Jgr = | 7838 x has rank 1 for all
cos %

feR. It is not an immersed submanifold since F is not 1-1.

Clearly F(R) = Sl.
Example 3.10: The helix : B asiR > R3 given by
F(t) = (cost , sin% , t). F(R) is the helix.
-sin %
JF = + has rank 1 for all teR.
cos 4 _
1

So F is an immersion. Moreover, it is an immersed submanifold
since it is injective. Clearly (cost , sint ,t)==(cost',sini',t')
b

implies t = Z'.

> R® given by F(%) =

Example 3.11: The spiral: F : (1,*)

(% cost , % sint). JF has rank 1 for all te (1,®). Show it.

Moreover, F(1l,®) is 1-1 so i1t is an immersed submanifold. Show it

Example 3.12: the figure eight: F:(0,2m) > R2 given by
¢_l of example 3.8; i.e. F(t) = (sin2%t , sin%). Clearly, rank
F =1 for all tc(0,27). Moreover, as seen previously F dsab=i

and so it is an immersed submanifold.



> R2

Example 3.13: The figure eight again: but now F : R

with the same F as above. But now F is not 1-1 and so is not

an immersed submanifold. It is, of cocurse an immersion.

1

> R2 given

Example 3.14 : The figﬁre eight again: but F : S
by FP(x,y) = (2xy,y). Here since thére is no atlas of a single
chart which covers Sl we must check the rank of F for two dif-
ferent charts. First consider the chart (U,$) with U = Sl-[qu)},
$ (cost , sint) = £ . We have ¢(U) = (0,27) , so Fo¢—l =

(sin2% , sint) which is precisely the map of example 3.12. Thus

rank F = 1 on U. We need to check that rank F = 1 on Uu' =
st - {(-1,0)} with ¢'(cost, sint) = ¢ , -w<t<m . This is left
as an exercise. Thus F(Sl) is an immersion. It is, not, however

an immersed submanifold since it is not 1-1. F(1,0) = F(-1,0) =

=(0,0).

> T2 = Sl XSl. It is useful'to consider

Example 2.15: F: R

the circle Sl as a subset of the complex plane. Putting
z = x+iy then st = {zecC :iz[2 = 1} or eguivalent st ={zs¢:z=elt,

ZeR}. Then T2 = (eizl ; elzz). Now F above is given by F (L) =

'(elZ i elat), a = irrational. Clearly, rank F = 1 since elt
% 0. So F is an immersion. Moreover, F is 1-1 since (eL(, elat)

e .
= eLt A elat) implies that &' -t = 27k, «a(f'=%)

= 2wk2 for

two integers kl ' k2 . But this implies that k2 = akl whose only

solution 1is kl= k2= 0 since a is irrational. Thus, F(R) i1s an



immersed submanifold. The interesting £fact about F(R) is that
it is dense in T2! It is also nof locally connected at any
point. This example illustfates vividly that the topology on
F(R) is not the relative topolegy. With our other examples, the
topology on the image of F coincided with relative topology on
all but possibly one or two points. Here they coincide at no
point. This is also an example of a noncompact submanifold of

a compact manifold, but this is notso strange.

Exercise: Show that Sl is a Lie group, 1i.e. that it is a top.
group such that the composition map £: st x Sl > gt , £(x,¥)=
X y“l is C¥ . Thus‘T2 - ¢tx sl is a Lie group.

The above example gives an example of a noncompact Lie
subgroup of a compact Lie group which is dense and nowhere 1lo-

cally connected.

The following proposition will be very useful lateXr on.

Proposition 3.1 : Let i:NQ > M" be a immersed submanifold

and-let £:M' > M be C® such that £(M') Ci(N)'. Then the

5 N such that the diagram

there is a map f':M'

M! > M

commutes. Moreover, 1if f' is continuous it is C%.

Proof: The existence of f£f' is clear since £(M') C1i(N).



Now i is injective and f' = i-l f. Assume f' is continuous,
and dim N = k, dim M = n. By theorem 3.4, if p'eM' there are
coordinate charts (U,¢) and (V,y) about £'(p)eN and f(p)eM

respectively such that i(U) €V and

. N 7 N
i(xl',,..,xkl) = Yo io(b-l(xl,...,XK) = (xll"'lxkl 0,...,0)
Now f£' = i—lof is continuous, SO f-loi(U) is an open set U' of
M' and £(U') = i(Uu) CV . Thus on U' f' has coordinate represen-
tative
A 8 1 "
£' = ¢oi “ef(q) = (x7,...,x") , q'eU’
Thus f' is C® . 0.2.B.

Remark: It should be mentioned within the above context that
for £ = iof' , f' is not necessarily continuous even when £ and
i are C® . But the proposition says that if f' is continuous

then it is C® . Thus all that can go wrong is that f£' be not

continuous. This is illustrated by

,M'

— T
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Oxercise: Discuss for examples 3.9-3.14 whether the topology

on F(') differs from the relative topology.

3.4 Imbeddings

Definition 3.10: Let F :N > M be an immersed submanifold.

Then (F,N) is called an imbedding (or an imbedded submanifold)

if F is a homeomorphism onto its image K = F(N) with the rela-

tive topology.

The distinction between an immersed submanifold and an

imbedded submanifold is a global one. Indeed

> M be an immersion. Then every

Proposition 3.2: Let F: N

peN has a nbd Up such that F|U,is an imbedding of Up in M.

(F!U,denotes F restricted to U)

Proof: Let VCM and such that VNF(N) % {¢} suppose F(p) eV NF(N).

Since F is continuous r"1(v) is open in W and contains p. Put

Up = F_l (V) CU\CL use \}/{\,Q /\Cl,ﬂé J"\EW‘&-’V\ ,

Thus locally (in N) every submanifold is an imbedding.
Let's see what this says with pictures for example 3.15 where
globally the induced topology is not the relative topology for

any nbd in M.

We remark that an imbedded submanifold is also called a

regular submanifold. We will now prove a theorem which tells us
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when we can turn a variety as discussed previously into an
imbecdded submanifold. First, it will be convenient in our dis-
cussion to use instead of the spherical.-neighborhoods S(x,r)

as a basis for the Euclidean topology, the cubical neighborhoods

defined by C2 (x) = {yeR®: |x%-y|<e , i =1,...,n}. It is left
as aﬁ exercise to show that such neighborhoods form a basis for
the Euclidean topology on R™ and are completely equivalent to
the spherical neighborhoods. We mention that we can always
choose our neighborhoods in ®? and R™ in theorem 3.4 to be cu-

bical neighborhoods, i.e. . ¢(U) = C?(O) and Y (V) = C?(O).

Theorem 3.5: Let N and M be C* manifolds of dimensions n and

> M be a C* map. Suppose that

m, respectively, and let F : N
F has constant rank k on N and that geF(N). Then F-l(q) is a

closed, imbedded submanifold of N of dimension n-k.

First we prove a lemma.

Lemma 3.1: Let A be a subset of a C*¥ manifold M such that each

peA has a coordinate chart (U,¢) on M with local coordinates

v

(xl,...)xm) such that
i) ¢(p) = (0,...,0)
ii) ¢(U) = Cg(0)
111) 6(uNA) = {xec®(0): x"Tt=... =x"=0)

(Such an A is said to have the n-submanifold property). Then

A with the relative topology is a top. manifold of dimension n
and the above charts (U,¢) induce a C* atlas on A such that

> M is an imbedding.

the inclusion i:A
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Proof: Let A be as above and give it the relative topology.
Consider coordinate charts (U,¢)-satisfying i)-iii) above.
We define an atlas by the charts (VC&) where V = UNA and

5 =Wo¢‘v where TRY >Rn is the projection map. By iii) &is a

homeomorphism. We must show that two such charts are Cm-cqmpatible. Ve
assume that VNV' = UUU' NA ¥ {f}. Since we have given A the

relative topology 5'05'1 is a homeomorphism. Define S:Rn ———>lRm

such that 7.6 = identity by e(xl,...,xn) = (xl,f..,xn "
0,...,0). Clearly 6 is C*® , £0o -\e CQ(O) G5} C % = Sq R
é‘ 0 ;_l . ®® — s ®’® is a homeomorphism. Furthermore,
o' 0 é—l = mod"0 ¢-l ¢ § Wwhich 1is clearly c” since 7, 9,
and ¢'o 371 are. Thus, é' 0 $-1 is ¢~ on

its domain &(VNV'). Since ¢ and ¢' are arbitrary $od '

is also C*. Thus (V,$) and (V,$') are C®- compatible. But by
hypothesis each peA has such charts and their totality forms a

Cc® atlas for A, making A a C® -manifold. Now consider the in-

clusion map i:A —> M. Its coordinate representative on vCa
is just '
txt,oox®) = ™, 0,000

So i is clearly an immersion. But since A was given the rela-
tive topology i is a homeomorphism onto its image i(A), so i

is an imbedding. Q.E.D.

Proof of theorem 3.5: Let A = F_l(q). Then A is a closed subset
of N since it is the inverse image of a point under a continuous

map. Let peA, since F has constant rank, by the rank theorem



(3.4) we can find charts (U,¢) and (V,y) for P and g respecti-

vely such that ¢(p) = 10}eR® and v(g) = {0}eR™ with

FlxT08 o) % Rt Wy, e aamn i va s 5g,

i
0
mg
S

and we can take ¢ (U) =.C2(0) and Y (V)

Thus we have

1 k

Ly lio) = txecB(0): ! =...= xX = 0}

P l0) = ooF”

- -1 =1 =
But since A =T 1(q) we have,restricting to U, ANU =9 "(¢F Sy

-6 P

¢(a00) = (xecl(0): x* =,...x"= o}

and A satisfies the hypothesis of lemma 3.1 with n repliaced by

n-X. Hence A = F-l(q) is a closed, imbedded submanifold of

dimensicon n-k. Q.E.D.

~ =1
Zxerc.:ze: Construct explicitly the map ¢'ey - in the proof

of lemma 3.1.

X

We will now apply thecrem 3.5 to many e:ramples.

sxample 3.16: The sphere sh. let F:Rn+l-{u} —> R by

o] n+1l ntl 02 .

(X", .. 5% ) = ] (x1)“. Clearly F has rani 1 and is C® on
= L no_ -1 ‘
@zl of R7'"- {0} which contains s" = F " (1). Thus by theorem 3.5

. . . ) n+1 . )
57 1s a closed, imbedded submanifold of R cf dimension
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More generally we have

> R given

Example 3.17: The hyperboloids H; with F:Rn+l—{0}
n+l

l y 2 /
by F(Xy...,x") = ] Ei(xl) WRETE nel s SeEapeRbonty Bl 1T -1,
i=1
a1 T o T Fper T 1, are closed imbedded submanifolds since F
has rank 1 on BR®T1-{0} and H; =r ).

Notice that the cone of example 2.11 fails to satisfy the

hypothesis of theorem 3.5 since the rank of F vanishes at the

origin.

Example 3.18: The torus T2 as an imbedded submanifold of R3. The
C® map F:R> —— R defined by F(xl,xz,x3) = (O-a)2+(x3)2 v

_ 2 2 3 .

px/(x,) " + (%) , has rank one on R -{p=a , X3 = 0}. The lo-

cus of points (p—a)2 + x§ = b2 is the torus, thus T2 = F-l(bz)

for 0<b<a. Thus T2 is a closed imbedded submanifold of dimension

3-1 = 2.

Exercise: Show that T2 defined in example 3.18 is homeomorphic

to Slxsl Moreover, show that the usual C®-structure on Sl xsl

and the C®-structure given by the above imbedding are C®-compa-

tible.
Exercise: Show that the ellipsoid ERds {x emp+l
x2 x2 x2
—% - —% +...+ g+1 =1 , a. c EZ} is a closed imbedded subma-
a a a *
1 2 n+1l

nifold of ROTL.

3.
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The Mobius strip considered in example 2.4 is an example
of an imbedding which is not of the type considered by theoram

3.5. Here is another

Example 3.19: The projective plane PZ(EN as an imbedding 1n.R%

Consider the C% map F:S2 ——— R4 defined by F(x,y,z) = (yz,xz,

xy, x2+2y2+3z%). Clearly F(p) = F(-p) sO r:p2(R) —> RrY is

well defined. To see that F is injective suppose F(x,y,2z) =

F{x',y',z" . Then yz =y 2"/ "x2"= x'z'" , xy = x'y'. Assume
%' % 0. Then we have v' = xy , z' = x2z giving y'z'= i:{ \Ayz.
x" X" ~x'J
But this implies [_§_J2 =1 if y'z' % 0 so x' = tx. Similarly
X [
assuming again y' ¥ 0 , z' % 0 then y' =ty , 2z2' = *tz. S0 F is

1-1 restricted to X = PZ(HH - {x=0}U{y=0}U{z=0} , and we have

only used the first three coordinates. Thus we have a 1-1 map

4 > R3 given by F(x,v,z) = (yz,xz,xXy). Moreover, it is easy
~ 2

to check that ¥ is C® of constant rank 2 on all of P (IR) . Now

suppose that x' = 0. Then'if x % 0 then we must have z =y = 0

and y'z' = 0. But then (x,y,2) = (il,0,0f (x',y',z2'y = (0,£1,0)

5 7 ~ :
or (0,0,%1) and this contradicts the equation x2+2y'+324 = x'2

1“4 2 = 1. From
the first and last of these eguations we find the roots y’2= yz,

+ 2y'2+ 32'2. Thus we must have x = 0. Our equations are then
2

: 2
vz =y'z' , 2y2+3z" = 2y2-+ 3#2 , Yyt 22 =y

. 2

(l-yz) , 2'2= Z (1—22). The middle eguation eliminates the
2

roots (l1-y~) ., (l—zz). By similar computations for the case

y' = 0 and z' = 0 we conclude that ?:Pz(ﬂU > IR™ is an 1im-

2

4
mersion which is not 1-1, but F:P" (IR) > IR~ is a 1-1 immer-

sion. Furthermore, we can check that sets of the form F(PZ(R))m



S(x,r) are open in F(PZ(EU) where S(x,r) is a spherical neigh-

borhood in JR4 . (Show it). Thus F:PZ(IR) ———>IR4 is an imbedding.

Theorem 3.6: Let N1 and Nz be imbedded submanifolds.of M1 and

M respectively. Then N1 XNZ is an imbedded submanifold of

2’

Ml><M2.

Theorem 3.7: Let F:N > M and G:M >P be imbeddings. Then

G°F:N > P is an imbedding.

Exercises: Prove theorems 3.6 and 3.7.

Before ending this subsection, I will mention an important

theorem on imbeddings due to H. Whitney.

Theorem (Whitney Imbedding theorem): Let M be a c®-manifold of

> JRan' such that

dimension n, then there is a C® map i:M

(M,i) is an imbedded submanifold of R?n+l.

The proof of this theorem 1is beyond the scope of these
notes. We refer the reader to (Auslander and Mackenzie) or

(Sternberg). For a much weaker imbédding theorem (and much ea-

sier proof) see Boothby.

3.5 Lie Groups. Lie groups provide many interesting examples of

differentiable Manifolds and we will see them often although

the general theory is left until Chapter 8.

Definition 3.11: Let G be a group and a differentiable manifold

> G defined by

Then G is called a Lie group if ¢:GxG

¢ (x,y) = xy-l is C® for all x,yecG. Here y-l denotes the
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inverse element of y.

Example 3.20: R® with group multiplication given by vector ad-

dition is a Lie group since (x,y) =+ x-y is C%.

Example 3.21: GL(n,R) of example 3.4 is a Lie group since the

maps (A,B) > AB and A —> a™1 are c® maps, or just that

(A,B) —> AB T is c®.

Theorem 3.8: If Gl and G2 are Lie groups, then the direct pro-

duct G, G, with the C® structure of the Cartesian product of

manifolds is a Lie group.

Proof: Exercise

In order to prove our next theorem we will need some le-

mmas. The first is the converse to lemma 3.1.

Lemma 3.2: Let F:N ——> M be an imbedding of C® manifolds of
dimensions n and m respectively. Then N has the n-submanifold

property, i.e. F(N)CM satisfies the hypothesis of lemma 3.1.

'

Procf: Let peN and g = F(p)e F(N). By the rank theorem 3.4;
there are charts (U,¢) and (V,y) of p and g such that i) ¢(p)
(0,...,0), i1) ¥(q) = (0,...,0),1iii) F(U)CV and iv) F(x) =
woFo¢fl(x}...,xn) = (x}...,x? 0...0). Moreover, we can always
take ¢ (U)=C2(O). But since F is an imbedding F(Uu) is open soO
there is a WCM such that F(U) = WNF(N) and geW CV. Furthermore
we can choose)bﬂﬂ=cg(0) , so the chart (W,y) satisfies condi-

tions i)-iii) of the hypothesis of lemma 3.1 and thus N has

the n-submanifold property. 0.E.D

3
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3:30 -

The following is a weaker version (i.e. stronger hypothesis) of
proportion 3.1.. In fact it says that situation as shown in the
illustration following proposition 3.1 do not occur for imbedd-

ings.

> M be a C® mapping of C® manifolds and

Lemma 3.3:: Let F:A
suppose F(AXN where N is an imbedded submanifold of M. Then F

is C® as a mapping into N. (dim N=n, dim M=m) .

Proof: Since N is an imbedding F 1is continuous as a mapping into

N. Thus F is c” by proposition 3.1.

A Lie subgroup H of a Lie group G is a subgroup H of G which

is also a submanifold of G (not necessarily, regular), and a Lie

group with respect to its c”-structure

We are now ready for '

Theorem 3.9: Let G be a Lie group and H a subgroup which is also

an imbedded submanifold of G. Then H is a Lie group.

Proof: It follows from theorem 3.6 that the inclusion map

F:HxH —> GXG is an imbedding. Let F2:G><G —> G be defined

1

= N = ° : > G. Now the image
by Fz(gl,gz) 9,9, - Put F F, F HxH. g

of F is in H since H is a subgroup and F is C® as a mapping
into G. It follows from lemma .3.3 that F is C® as a mapping intn

E. Thus it is a Lie group.



We will now make use of theorems 3.5 and 3.9 to identify
some subgroups of the Lie group GL(n,R). We will show that all
of the groups to be considered are Lie groups. Indeed these are

Lie groups given as matrix groups. Such groups are known as

classical groups. There is an important theorem which we will
not prove which says that any Lié group is locally isomorphic

to a subgroup of GL(n,R) for some n. (Ado's theorem) .

As with matrices given an element g of a Lie group G,

we can consider two ways of multiplication: left multiplication

La or right multiplication Ra for a<G. We have

g9 = ag whereas R g = ga

By definition both of these are C® maps and have C%® inverses
1

1

L,” = L;-1 and R = = Raf; .

e will now consider a useful lemma

Lemma 3.4: Let XeGL(n,R), M a C*° manifold and F:GL(n,R)—*> M

a C® mapping. Then rank F(X) = rank F(1).
Proof: Clearly for any X&GL(n,R) , LX1= X1 = X.'
Thus rank F(X) = rank F° Ly (1) . But since L, is a diffeomor-

phism of ‘GL(n,R) onto itself, it follows from the corollaryvto

theorem 3.4 that LX has rank n2, Moreover we know that rank

F < n2. Thus rank F(X) = rank F(1). Q.E.D.
Example 3.22: The special linear group, SL(n,R) = {AeGL(n,R):
det A = 1}. Then det : GL(n,R) > R is clearly C* and SL(n,R)

= det-l(l) is closed. We need to show that det has rank 1 on



GL(n,R). But by lemma 3.4 it suffices to show that det has rank

1 at 1eGL(n,R). We know that det X = Z(-l)i'”x M_. above M.
i 13 231 ij

is the cofactor of Xij in X. But rank det (1) = rank J det (1)

= 1 since the first term 3 det X (1) = 9X11 M7 (1) = 1.
%1 9Xqy

" Thus by theorem 3.5 SL(n,R) is a closed imbedded submanifold
of GL(n,R) of dimension n2-l. Moreover, for A,B e SL{(n,R), det
AB-1 = det A det B"1 = det A det B =1, so it is a group and

by thoerem 3.9 a Lie group.

Example 3.23: The orthogonal group, o(n) = {AeGL(n,R) :tAA==1}

where 2 denotes the transpose of A. Let F: GL(n,R)

be defined by F(X) = tXX , XeGL(n,R). Notice that F(X) 1is a
symmetric matrix, i.e; tF = F since tF = t(tXX) = tXX = F.2:The

subset S(n,R) of symmetric matrices has dimension n(n+l) and
2

is, moreover, a C* imbedded submanifold of GL(n,R) (check this,
it is not difficult). Now O(n) = F-l(IL We check that rank F(1)
- dim S(n,R). Clearly, since F is symmetric rank F < dimS(n,R) .

L ]

We compute the Jacobian of F

[
(JF) (1) = 8] X, X:p = 1 |8, Opg Xgp + Xy 8 . 8
5 rs £ “ikTqk £ [Cir ks Tjk ik "r4 sk (1)
9x
rs
= |6, x.+5.x.](1)=6. S. + &_. 8.
ilr Js rj 1s ilr Js rj 1S

There are thus n(n+l) independent rows. So O(n) is a closed
2 * 7
imbedded submanifold of dimension nz—n(n+l) = n(n-1) . Moreover,
2 2

> GL (n,R)
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3
it is a Lie group since “(aB™Y) aB™! = g7l fpaptl o tpmlptl =1
for A,BeO(n).

Example 3.24 The special orthogonal group SO(n):

SO(n) = {AeO(n) : det A = 1}. Notice that for AcO(n) we have

det ®an = det 1 = 1. Moreover, det °aA = det A , so (det a)é =1,
So for Ae0(n) det A = t1, Since det 1is a continuous map this
implies that O(n) is disconnected with at least two components
given by OI(n) = {AeO(n): det A = 1} . In fact it can be shown that

these two components are connected. O+(n) = SO(n) and it is a
group (show it). Clearly its dimension is equal to that of O(n).
It is also a closed imbedded submanifold of GL(n,R) since O(n)

is. O (n) is not a group since it does not contain the identity.

Example 3.25: The unitary group U(n):

U(n) = {AeGL(n,C): tﬁA = 1}, where A means complex conjugate.

Now our discussion of real C®”-manifolds has an analogue in the
complex case. We just have lbcal homeomorphisms onto €? instead

of R"® and we demand that in overlapping neighberhoods' the func-

tions wo¢—l be complex analytickdiffeomorphisms.-Tkﬂﬂ C;A("/L> 1S A
CﬁMHC/)( open S"ul()M(erL/\fﬁZ(( Of (En cw»ct we can also always
consider Enkas a real manifold namely RZn% Then following thé

same feasoning as in example 3.21 , U(n) = F-l(l) where F (X) %

- Mea
E¥x for XeGL(n,C), .is a closedAsubmanifold of GL(n,C). Notice

that U(l) is just the circle group Sl considered previocusly. We

define the special unitary group by SU(n) = {AeU(n) :det A = 1}.

Notice that for AeU(n) det tiA = 1 so |det Alz = 1. Now consider
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et®0...0)
the subset of U(n) of matrices of the form B(¢) = |0 1

0
Such matrices from a subgroup of U(n) isomorphic to U(1l) = Sl.

If A is any matrix of U(n) with determinant ei¢ then there is

a unigue C € SU(n) such that A = B(¢)C. It folloﬁs that the map
f: Sl><SU(n) ——> U(n) defined by f(¢;C) = B(¢)C is a C*® dif-
feomorphism and by lemma 3.1 SU(n) is a closed imbedded subma-
nifold of U(n) and thus of GL(n,C) by theorem 3.7. Notice that

f is not a group homomorphism.

Theorem 3.10: The groups O(n), SO(n), U(n), SU(n) are compact.

Proof: Since these are all closed subgroups of GL(2n,R), we need

only check that they are bounded. But we have
n ‘ n _ .
Bk Ayx T 1,5 in the real case and 2_ Bix Byx =134 10 the
k=1 k=1
complex case. We consider only the latter since the former is

easily obtained by restricting A to be real. Then we have-
n

n
2 = = 2 . .
kzl R Byp =1 = k£1 |A; |© which is clearly bounded.

Example 3.26: Of special importance‘in physics are the groups

sO(3) and SU(2), and we will see that they are locally isomorphic.
- We study now some properties of SU(2). The group SU(2) is the.

group of matrices of the form

A = a,B e C

with det A = |a - 1. To see this check that A"~ = "A .
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Thus SU(2) is homeomorphic to {a,8 € C :Ial2 + !BI2 =1} ,

that is to the sphere 53.‘To see the connection with SO(3), we

cohsider the Hermitian matrix H(i.e. "B = H) defined by

xl,xz,x3sznz and are to be identified with the components of a
E 3

vector x = (x,X ,x3)€R . Now let ueSU(2) and consider the

transformation Tu defined by

w5 - ol G

: o . t = t=t- I .
T H is Hermitian since (uH*d) = u H u = uH u . But since

-

t3 ady L T JH == uHu * and T,H has 0 trace since H does. Thus

Thus TuH can be written as

' 1 ' )
x3 xl+ix2 a B x3 L 2

£
+
-
»
1
1
™

~
e
|
Wl
>3]
<
]
i
b
[N
[}
b
wl
Q

'1.0820083 A
X'=ixX =X J

1
It follows that xl is a linear combination of the xl, that is

associated with u there is a 3 x 3 matrix A;(u) . Now since

%92 2 (x3)

(x )2 + (x%) 2k

TuH = uHu_l we have det TuH = det H = -

Hence Tu preserves determinants and A?(u) preserves the quadra-
tic form (xl)2 + (xz)2 + (x3)2}. But this means that A(u) must

be orthogonal, i.e. A(u) €0(3). However, since Tu is a continuous



map containing the identity transformation on the xT s , A(u)

must be connected to the identity. Thus A(u)eSO(3). We have

thus established a map A:SU(2) > 80(3), and it is easy to

check that this is a group homomorphism (i.e. T =~ 4T = ithus
u,u u, v
172 1 2
. A(uluz) = A(ul)A(uz)). We now show that the map A is surjective.:
. : 1 22 3,2
Since SO(3) acts as rotations on the sphere (x7) +(x7)"+(x7) " =
1

= = , we consider this action and the stereographic projection
4

of example 2.2. Define

g = yl + iy2 = xl *oix? (here radius of sphere is
1 3 1 . :
5 T X 5 instead of 1)
and similarly
wo= oy 4 iy = %%+ ix
. |
2

Now every rotation ge SO(3) can be written as g¢,gég¢ where
5@Ag¢ are - rotations about the z-axis, and g4 is a rotation

I¢

about the x-axis. Thus it suffices to show that Jg and g¢ have

an inverse image in SU(2) under A. The rotation g¢ is given by

1 ] ) 1

xl = xl coscb-—x2 sin¢ x2 = xl sind + x2 coso x3 = x3
Therefore,

7' o= 1, ix® = elq’(xl + ix") = el$ L




Similarly for gg Wwe have

w= 1z + 1 w' = iz' +1
E.=1 ' -1
Thus
T L cos & + i sin 8
5 = 2 2
' 2
iCSin-z—'i'COSg

Thus, every rotation g¢SO(3) corresponds to a transformation of

the form

az + B
YZ + ¢

1

cn the .«complex plane. The transformation corresponding to 95 is

a matrix

cos 8§ 1'sin§__1
2 2
ug =
i1sinf cos8
\ ¢ ) J

and we see that Ug € SU(2) . Moreover, corresponding to gy we

nhave the matrix



.
Nj-e-

and u.e SU(2). So A is surjective. Notice, however, that the

¢ ,
choice of u, , u is not unigue. So let us compute ker A.

6 ¢

Going back to the equation Hx =T H , we put x' = x and doing

u X
2
a

the matrix multiplication we find B =Ra =o0af =8 =0

2_ 2 _ _ _ 10 -1 0
|la|= o = 1. Thus ker A = 2, , Z, = {[O 1} A [0 -l]} .
To every rotation g there corresponds two unitary matrices

(with det = 1) u and -u. Moreover, the matrix -1 sendsu = to

-u, thus @, =+ =-a,-8 . If we write o = zl + iz2 and

g = 23 + iz% , then [alz |2 = 1 corresponds to (zl)2 +

22)2 + (23)2 + (24)2 = 1, i.e. the sphere S3. Furthermore,

under 22 zl -+ -zl. So

+ |B
(

SO (3) = SU(Z)/Z2 = P (R)

that is, the group SO(3) is diffeomorphic with the projective

plane PB(IU. In qguantum mechanics representations (unitary) of

SU(2) which are not representationsof SO(3) (or are "double-

valued") are associated with particles of half-odd integer spin

e.g. the electron.

Exercise: Show that g = g¢,geg¢ can be written in terms of

{ N 5
u = _'B‘ & as
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_ -2 : - -2 - |
%[a2+ a -Sz-sz %[uz—a“+-82—ezj -aB-ab |
- i[ 2 L2292 =2) 1 5o 2 =2} . —=
g = | 5l-a"+ o +pE-8 ) Slat+a® + 8748 i(aB-aB)
L af + oB i (aB+aRB) aa-R8 |

Example 3.27: pPseudo-orthogonal group, O(p,q): Let G denote

the diagonal nxn matrix whose first p diagonal entrees are 1
and whose remaining g diagonal entrees are -1, p+tg = n. Ve

define the pseudo-orthogonal group as

o(p,gq) = {Ae GL(n,R) : tAGA = G}

1 t

and the group property is easily checked. Now G =G=G, so

as in example 3.21, we define the C® map F: GL(n,R) > S(n,R)
by F(A) = “aga, and we see that O(p,q) = F-l(G) and rank

F = %(n+l). It follows that O(p,g) is a C*® manifold of dimension
n(n-1). It is thus a Lie group. As with O(n) , O(p,g) is not
coniected; however, in this case neither 1is SO(p,q) = {Ae:O(p,q):
det A = l} . Of special interest in physics is the Lorentz group

0(3{1). It has four connected components and we will show this
in a later chapter. Moreover, SO(3,1) has two connected compo-
nents. The component connected to the identity is denoted by
sO.(3,1). We mention without proof that a relation similar to

0
the relation between SO(2) and SO(3) exists between SL(2,C) and



500(3,1). Namely, the map A:SL(2,C) — SOO(3,1) is a Lie

group epimorphism (homomorphism onto) with kernel 22;
Exercise: Show that the groups defined by

Ulp,gq) = {AEGL(n,m) tica = G}

are Lie groups. (G defined as in the previous example).

Exercise: Consider the 2nx2n matrix

‘where 1 is the nxn identity matrix. Show that the real

symplectic group Sp(n,IR) defined by

Sp(n,R) = {AEGL({,?IR) . taga = J} .

is a Lie group.

Exercise: Define the unitary symplectic group

ﬁSp(n) = Sp(n,R) N U(2n). Prove that USp{n) is a compact Lie

group. (USp(n) is sometimes denoted by Sp(n)).

a nonsiagalan Mt
- Exercise: Show that4A e O(p,qg) if and only if it leaves the

2 2 2 2

quadratic form xJ7+...+X_ - X R invariant, xieﬂa, g= n-p.

1 je) p+l
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3.6 Submersions and Quotient Manifolds.

A C-map F:M > N is a called a submersion if rank

F = dimN for every p e Dom F.

Example 3.28: The C® map F:R°T1-{0} > g% defined by
n+l .
F(xl,...,xn+l) = {gi,..w,xn+l\ ’ {x{z = Z (xl)2 ’
. R i=1
| %] | x|

. n : : ‘ L
is onto S and is easily seen to have rank n. Thus ¢ 1is a
submersion.

Example 3.29: The projective plane of example 3.7 (and 2.5) is

defined by the projection p:Rn+l-{O} > P?(R) which assigns
J

to each point of Rn+l—{0} its line through {0}. For the chart

(Ui,¢i) on Pn(HU -the projection

It is easy to check that this has rank n on UT. Thus p 1is

r

a submersion.

Let F:M

of F is a cantinuous map

> M such that Fo o = 1id Dom G

Lemma 3.5 : Let F:M > N be a submersion. Then for every

pedom FCM there are a neighborhood V' of F(p)and a C® section

¢ such that peo (V).

> N be a continuous map. A (local) section
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