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Proof: Let pedom ¢ and m = dim , n = dim N. By theorem 3.4
there are charts (U,¢) and (V,y) of p and F(p) respectively

with F(U) €V and ¢(p) = (0,...,0) , ¢(F(p)) = (0,...,0) and

?‘-’ wﬂ FO ¢-l(xl,...,xm) = (xl,...,xn ’ 0100010)

(in U ¢ = (xl,...,xm)). Let £:R" > R™ be defined by

f(xl,...,xn) = (xl,...,xn, 0,...,0) which is clearly C®. Put

g = ¢-lo fo V. Then by definition o:N > M 1is C® . Moreover,

FoO'=idv,

Proposition 3.2: A submersion F is- an open map.

Proof: Let F: M - N be a submersion and UcM be open. Suppose

X € F(U), then by lemma 3.5 there are a neighborhood V of x and

n

a C* section o : V - M such that Foo idv. Since ¢ is contin-
uous G_l(U) is an open set containing x. We show that o-l(U)C F(U)
which implies F(U) is open since x is arbitrary. Let yc¢ o T (U).
Then o(y)e U, soy = F o oly)e F(U). QED.

Let ~ be an eguivalence relation on a C* manifold M, and
let p:M —> M/~ denote the quotient projection, M/~ is called a guotient
manifold (not necessarily Hausdorff) if it is given a differentiable
structure which makes o avsubmersion. Notice that since p is a sub-
mersion it is open by prop.3.2. and thus M/~ with the gquotient to-
pology has a countable basis by lemma 2.1. But a priori we do not
know that the topology induced by the differential structure is
the same as the gquotient topology. In fact they are the same and

this follows since p is both open and continuous. We emphasize again



that a quotient manifecld is not necessarily Hausdorff. We will

however, be mainly concerned with those which are Hausdorff.

We have seen how a quotient manifold structure makes the

s N 1s a sub-

projection a submersion. Conversely, if F:M

mersion, then we can define on M an equivalence relation =~ by
p~q if F(p) = F(q). This clearly defines an equivalence rela-
tion; moreover, F can be considered as the projection mag.
Thus N has the differential structure of a quotient manifold,

and every submersion gives rise naturally to a guotient manifold.

3.7 Discontinuous Tranformation Groups

Here we will introduce scome ideas about transformation

groups acting on a manifold, in.particular discrete transfor-
mation groups. The reason for introducing these here 15 that
thev provide a rich supply of differentiable manifoclds. We will

study more general Lie transformation groups in a latar chanter.

A group G is said to act on M(or be a transformation

group on M if

i) there is a global function ¢ :GxM > M such that the func-

tion ¢a:M > M for fixed geG defined by ag(p) = ¢lg,P)

peM, is a diffeomorphism.

ii) if g,heG , then ¢g°¢h = ¢gh

The function ¢ 1is called the action. Hotice that 1if

ecG 1is the identity then ¢e is the identity diffeomorphism
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on M since putting p' = 4 _“(p) , ©peM , we get

¢e(p) = ¢e(¢e(p')) = ¢eo¢e(p') = aee(p') = oe(p') = p.

The group G is said to act effectively on M if e is the

only element of G which satisfies ¢g(p) =p fer all peM. It
is said to act freelv cn M if e is the only element of G which
satisfies ¢g(p) = p for .., peM. Note that if ¢g(p) = p for

all g€G then p is a fixed point wunder the action of G. Thus,

a free action means that there are no fixed points under G or

any subgroup of G save the identityv. The orbit OD of peM 1is

the set Op,= {p' = ¢_(p): for all geGl. If for any p,qeM there

is a geG such that g = ¢g(p) then G is said to act transitive.y
on M. In this- case for any peM Op = M, there is just one orbit.
Notice that the orbits can be used to define equivalence

relation on M , i.e p~g if there is g¢CG such that g = §oh PR

¢

g
It is easy to check that ~ is eguivalence relation (check it:).
In fact the equivalence classes are just the orbits. The set of

equivalence classes M/G is called the orbit space. The gquotient .

projection u:M > M/G sends peM to its orbit Oo' The. topo-

logy on M/G is the guotient topology. However, M/G may not have
a manifold structure, i.e. it may not be a guotient manifold since u is
not necessarily a submersion. Notice that if M is a group, the

orbit space is just the space of cosets (lefc cr right).

— n . : ...
Example 3.30: GL(n,IR) acts cn R as matrices acting On co.lumn

vectoers.



Given anv x=(xl,...,xn) ¥ 0 we can obtain an arbitrary ; by
varying‘ai . But if x = 0 then x = 0 so the origin (0,...,0)
is a fixed point of GL(n,R) . Thus there are two orbits {0} =
(0,...,0) and R® = {0} . The later hes-. dimension n while the
former hﬁs dimension 0. Thus u:R® —==> ®R"/GL(n,R)' does not
have constant ;ank; it is not a submersicn. on R®-{0} GL(n,R)
acts transitively. A morc interesting example is found consi-
dering the subgroup O0(n)CGL(nIR). Here the norm x| = f%l(xi)zﬁ/z
is left invariant, so the orbits under O0(n) are sphecres of ra-
dius |x|. The projecrion u:R" ws =382 7010) again does not have
ccnstant rank since the orbit {0} has dimensior 0 whereas all
other orbits have dimension n-1. However, restricting to Rn-{OL
i 1s a submersion and the orbit spacs R7-{0}/0(n) is diffeomor-
phiccto Rl.

We will now consider certain discrete transformation

groups such that the orbit space will always be a C® manifold

(Bausdorff). By a discrete group [ we mean a group with at

most a countable number of elements and whose topclogy is the
aiscrete topoloqy..Thus ' is a C*® manifold since it has a
countable basis, and is Hausdorff (discrete topology is Hausdorff)
and is locally diffeomorphic to a zero dimensicnal Euclidean

space, i.e. to a point. Thus a discrete group is a zero dimen-

sional Lie groun.

Let G be a transformation group which acts freely on M,

then G is said to act discontinuously on M if each point peM

has a neighborhood U such that UNgU= {g} for all ¢eG gHxe.
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(Here and hereafter we write gU instead of ¢g(U) similarly gp

instead of ¢g(p)). This action is said to be properly discon-
tinuous 1if in addition every pair of noneguivalent points
P,QeM (i.e. p,q lie on different G-orbits) have neighborhoods

Up”and Uq , respectively, such that UhWqu = g for all geG.

Theorem 3.11: Let G be a proper discontinuous transformation

group acting freely on M. Then the guotient space M/G is a C®-
manifcld with n = dim M = dim M/G. Moreover, if u is the quo-
tient projection map, then rank u = n, and M/G is a guotient

manifold (Hausdorff).

g 1is a diffeomorphism, [U] -g\éJGgU is

Procf: Since each ¢g
Epen, so p is open. Thus, M/G has a countable basis by lemma
2.1. The condition that G acts properly is precisely the con-
dition that M/G be Hausdorff. The condition that G acts dis-
continuously and freely says that there is a neighborhood U of

P in M such that u|y is injective. We choose U such that (U,¢)

is a chart of M. Let v = (u{U)-l , then ¢ = ¢ov 1is 1-1 (in-
e

jection) and continuous. Moreover, v~ = v-lo¢-l = y|Usd ~ is
continuous. So guﬁo,w) is a chart for M/G. Doing this at every
point of M/G gives us an atlas for M/G. We now show that this

is a C® atlas. Let 9uﬁﬁ,w) and gﬂﬂf),W') be two such charts
Of G/M. Then ¥'o¥ % = ¢'ov'ov Yo~ % on g % {g}. Let
P, €V VWpy]Mﬁﬁb and p, = v'ov-l(pl)= v'ou]U(pl) = v'([pl]) =
(ulU.)-l([pl]) which says u(p,) = [pl] , that is that p, and p,

are equivalent. Thus there is a geG such that P, = gP;- Hence,



g" = Ung'lU' is open in M and contains p,. But since u(g-lu')=

’-

u(u') , g"Cv( "N: ). Now let peU" be arbitrary.
Since u(p)sﬁgjﬁaqp} . We have for the unigque p'e U' such that
u(p') = u(p) that v'ov-l(p) = v'oulu(p) = v’([pL) = (u[U,)-l
k[p}) = p'. But then there 1is a geG such that p' = gpP. Hence

en u'ev-l =Lg which is a diffeomorphism. Thus M/G is a C®
manifold. Moreover, the charts ((r),v) locally ccme from (U,9)
so dim M/G = dim M. Mcreover on f(U) A= ﬁ°auo¢'l is a diffe-
omorphism, in fact it is the identity function so rank u=dimM

= dim M/G , u is a submersion and M/G is a Bausdroff quotient

manifold.

Remark: If we drop the condition that G acts properly, then M/G

is a non Hausdorff quotient manifold.

We shall now prove a theorem which will provide us with

groups acting properly discontinuously. First, we prove

Lemma 3.6: Let G be a Lie group and I subgroup of G having the

property that there exists a neighborhood U of e (identity) eG

such that UMl = {e}. Then I is a countable closed subset of G and

is’ discrete as a subspace of G. (Such a I' is called a discrete
subgroup) . . o

Proof: Let U be a neighborhood of eeG. Since the map (gl,gz)

=g

>¢83 95 is continuous and sends (e, e) > e, there 1is

a neighborhood V of e such that vwoiCU . Let {hn} e I be a se-
quence and g its limit point, then there is an integer N>( such

~Hat.fornall.n>N hne:Vg. Now let Vn,vme:V be chosen by hn=vng
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h = v g for n,m>N. Then hnh;l = vnv;1 eU. éut unNr = {el so
hnh;l =e or hn = h_ for all n,m>N . Thus hn=hm= g for all
n,m>N , so gel'; hence T is closed. Moreover, for hel' hU is a
neigborhooed of h with hUNT = {h} . Thus, T i§ discrete. To
see that T is countable we first hotice that the family of sets

{hVv , hel'} is indexed by I' . Furthermore, if hlVIWhZV ¥ g then

N b -1 _
there are v;fvze‘v such that hlvl = h2v2 which implies h2 hl -
Vzvzle'vv-l‘:U implying h, = h, since UNT = {e}. So the sets

{hVthn are disjoint open sets of G. But G has countable basis,

so the family {hV, hel'} must be countable; hence T is countable.

Q.E.D.

Theorem 3.12: A discrete subgroup T of a Lie group.G acts

freely and properly discontinuously on G by left (of right)

translations.

Proof: The action is clearly free since if gh = g for hel ,

geG , then we must have h = e. To see that the action is dis-
continuous we choose neighborhoods U,V of e as above with
vwlcy anda unr = (e} . Suppose v' e VNhV , exhel , then there
is a veV such that v' = hv. Thus h = v'v - evw 1 CU implying
h=e. Contradiction so VNhV = {g}. By left translations the
'argument applies to any point geG with neighborhood Vg. To see
that the action is proper we consider two distinct T'-orbits in
in G, I, and T . Then x:er and since T is closed and left.
translation 1is a homeomorphism TY is closed. But since a ma-
nifold is regular by thecrem 1.9 there are neighborhoods U of x and 6 of Ty

-~

such that UNQT = . But every nbd U can be written as U = [V



where V is a neighborhcod of y. Thus UNTrv = g. Q.E.D.

The following follows immediately from theor=ms 3.11

and 3.12:

Corollary: If I is a discrete subgroup of a Lie group G, then
the space cf right (or left) cosets G/T is a Cc=-manifold and

SSeT Is*a’CH submersion.

the quotient map u:G

Example 3.31: Acccrding to example 3.%6, ®R® is a Lie group.

Let T be the subgroup of R® whicn acts on R as xi —_— xHani
where ki are integers and (xi) is the Cartesian chart. Consi-
der the neighborhood U of e= (0,...,0) € R"? defined by U =
s(0,e) , where &<l. Now r = g as a set (z® = 2zx...x2 , n times,
Zz = integers). So [ 1is the set of all points of the form
2w(kl,...,kn) k; €Z. Clearly unr={e}, so I 1s discrete. it
follows that Rn/F is a C® manifcld. Let us s&e what this is.
If n= . then R/Z = Sl. But rR" = Rl X...X Rl and is commutative
as a group'(Abelian), i.e. x+y = y+x. So :Rn/zn = Rl/ZX...le/Z
= Slx...xsl b A ™ (n dimensional Torus) as sets. It
remains to check that this holds as C* manifolds. Consider the

case rY/z = s'. on R' take neighborhoods Uy = (21k, 27(k+1)),

k=0,z1,.... The projection M:R > R/Z_restricted to U, is

a bijection far each k. Moreover, [Uk]=_(Uk) = u(U,) for all

k,e 2, ard [Uk] is open since u is ogen and a representative
1

is (0,2m). Then the map £:(0,27) —>» §° — (L,0) of example

. 1
3.5 provides a chart on R/Z. Now cecnsider neighborhocds ”k on

!
Rt of the form (-m+2mk, 7M+2TK). Again on U M is a bijection
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1
with u(Uk) = u(éz). A representative is (-m,m). The map £f£':

(=T, T) — sl-(-l,O) provides another chart for'Sl

. These are
precisely the.two charts of example 3.2. Moreover, u(Ukuék) =
R/Z . Doing the same thing for each dimension provides an iden-
tification R%/2® = T as Cc® manifolds. Notice that what we
have done above is just consider a certain subset F of R” which
contains just one point from each eguivalence class. The clo-

sure F of such a subset is called a fundamental domain. Here

we draw F in the case of R2/Zz.

(0,27 (2m,2m)

36
>

(0,00 ¢ (2m,0)

We identify all points denoted with @ , or Xx.

Example 3.32: Consider the discrete group I'=Z acting on R2 by sending
k

(x,y)—>(x + k, {-1)"y), k e Z. One can check that this action is free

and properly discontinuous (left as an exercise). Thus R2/T IBRICT

5 | 0 < x <1} the only non-trivial

manifold. In fact, since in {(x,y) € R
relations are (0, y) ~ (1, -y), RZ/T is the infinite Mobuis strip. The

fundamental domain is given by




For the next example we need to recall the "twisted" or
semidirect product G R H of two groups G and H. Suppose there

is a representation of the group G in the group of automorphisms

of H, i.e. a group homomorphism p: G—>Aut H. Then we can define
a group structure on the set G x H by

(g',h') * (g,h) = (g'g, (ol(g')h) " h').

Example 3.33: The discrete group r =Z ® Z acts on RZ by sending

(x,y)—>(x+k, (-l)ky + 2). Again it is left as an exercise to check

that this action is ¢®, free, and properly discontinuous. Thus RZ/F

is a ¢® manifold. The fundamental domain is

= (0,y) (0., 13y

(x,y)~ (x+1,-y+1)
(0,y)~(l,1-y)

P tl,l

dere RZ/T is known as the Klein bottle.

Exercise: Show that the Ffs of examples 3.32 and 3.33

aet freely and properly discontinuously.

Exercise: Consider the rotation group SO(3) and a regular m-
polygon in the x-y plane with center at the origin in 323.
Show L

that the set of rotations Zn of angle 2m/m abonut the z-
axis is a discrete subgroup of SO(3). It is called the cyclic

group of order mi Now drawa line L from one of the vertices of
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the m-polygon through the origin until it meets an edge or
vertex of the polygon. A rotation R about L of angle 7 is a
symmetry of the polygon. Show that the set {Zm , R} is a dis-

crete subgroup of SO0(3). It is called the dihedral group of

order 2m.

Exercise: Using methods of this section show that P(R) is a
C® manifold.
Exercise: Show that the infinite M8bius strip of example 3.37

and the M&bius strip of example 2.4 are diffeomorphic.

Theorem 3.13: Let I be a discrete group acting freely and properly
discontinuously on a C® manifold M. Then M/T is compact if and only if
there is a compact subset K © M such that 7K = M.

Proof: Suppose M/T 1is compact and p:M = M/G is the quotient map. For
each x € M/T choose a point x ¢ o'l(i) M, and let K denote the set of
such points. Then TK =M. Let {Ua} be an open cover of M. Then {p(Ua)}
is an open cover for M/T . Let {D(Ua.>} be a finite subcover. Then
{U, } is a finite subcover for K. :

Sonverse]y, let K be a compact subset of M such that 'K = M. Since p is
continuous p(K) is a compact subset of M/T . But if X € M/T and x € M,
there are yeTl and k € K such that x = vyk. So X = p(x) = o(yk) = o(k) e o(K),

' i.e. p(K) = M/T . So M/T is compact.

It follows easily from this theorem that the torus and Klein bottle are

compact.
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Theorem 3.14: Any finite group T acting freely on a manifold

M acts properly discontinuously.

Proof: Let T = {Yo =€, Yyr eeev Yn} . Since M is Hausdorff and

I acts freely, if we choose any X € M, there are neighborhoods

Uj’ j =0, ... nnof ij such that UO N Uj = ¢ for all j =1, ..., n.
Now define U = ‘QoyglUj, then x ¢ U and UNYy U = § for all vy # e.
Moreover if X aga y lie in distinct [I-orbits there is a neighbor-

hood Uy of y such that Uyr\ Uj = ¢ for all j =0, ..., n. Thus

U U = since y.U<C U..
yrw P Y5 3

Example 3.34: Lens spaces: Consider
2 112 1Z2|2

62 = [z 2 E c? | |2 + = 1} . Fix a prime p. The

cyclic group Zp of order’p acts on 53 as follows: Fix any g

relatively prime to p and consider the transformation

211 2mig

(zl, zz)h———e(e P zl, e P 22)
call this transformation h. The cyclic group Zp ={e, h, h2, ceey
nP~1y acts freely on s3 since if (hrzl, ndT 2%) = (zl, 2%) for

r =0, ..., p~1, then €ither n= 1 or h9f = 1 implying r = 0.
Thus by theorem 3.14 Zp acts properly discontinuously on S3 and
by theorem 3.11 the quotient space L(q,p) (called a lens space)
is a C° manifold of dimension 3. Since S3 is compact, so is
Lig,p). Note that L(1,2) = P3(EU. This construction can be

generalized to any odd dimensional sphere.



