4. The Tangent Bundle

In order to prbceed fufther in‘éuf study of differential
geometry, we will need the very important concept of tangent
vector. There are several definitions of tangent vector in the
literature, all more or less equivalent. The definition that I
will give is short and very convenient; however, it is less ge-
ometric than othe;s. We will, therefore, then tie our definition
to the more intuitive idea of a tangent to a curve and see that

it really is the same thing.

4.1. Tangent vectors and the tangent space.

To motivate our definition we consider a curve in an

open set UCM parameterized by a real parameter <%

c(t)

“What we really mean by this is a function on U, f, whose coor-
dinate representative depends on a parameter Z. That is

M




Now what we mean by c(L) is c:R > R® 2nd if the chart

{U,¢) assigns the local coordinates xY to U then we hav:

M
.
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commutes and &(2) = (xtec(z),...x"ec(2).

The tangent to a curve at a point in rR% is given by its deriva-

~

tive at the point, 1i.e.
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So on the manifold M we can think of taking derivatives with

- respect to £
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We can think of the curve ¢ 1in R® in terms of the coordinates

(x1

: n .
,no.lx ) ¥4 l-e-

S(E) = (XT(2) e, x7(2))

Thus if f:M > R is a C® function which depends on the curve

c(?) we have in local coordinate:z
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and this satisfies the classical Leibnitz formula

v(fg) = (vf)g + f(vg)

Now we denote by C®(U) the set of C® functions on UCM.

-~

Likewise for peM C%(p) is the set of C® functions on M whose

domain is a neighborhood of peM.

Proposition 4.1: The set C%¥(U) forms an associative commutative

algebra with unit.

Proof: An algebra is a vector space with an additional multipli-
cation operation. We show that C®(U) is a vector space. Let
f,geC®(U) then for o,BeR of+Bg is a C¥ function on U. Thus
af+B8geC®(U). Clearly, there is a unique function Oy which is
zero on U, and OUeC“(U). Moreover, the function -feC¥(U) (take
a=-1, B=0 above) and f +(-f) = OU.SO C®(U) is a vector space.

Tt is also an algebra since multiplication of functions fg can
be defined and fgeC®(U) if f,g are. Clearly this algebra is
associ;tive f(gh) = (fg)h = fgh and commutative fg'= gf. . Far=

thermore, the algebra has a unit, the function lU satisfying

lU = f. Q.E.D.

However, the set 5“(p) does not fair so well. For example,
there is a unigue zero function, namely the 0 function on all M.

However if feé“(p) with domain Up then surely - feC®(p) with

U
P

but this is not necessarily the zero function on M ., 0 above.

domain Up , but f+(-f) =0 +hat is the zero function on Ep'



That is, 0 £ 0, =C. (Thus C*®(p) is not even a vector space) .
To see this explicitly, just consider the functions of example
3.1. Fortunately we can reccify this situation. Indeed, we shall
use an algebra something like ¢®(p) to give the definition of

tangent vector.

To circumvent the above problem we introduce the concept
of the ' germ of a function. Let f£f,geC”(p) and introduce an egui-
valence relatinn f-3 if and only if f = g on some neighborhood
containing p. (You should show that ~ indeed defines an egquiva-

~

sence relation on C®(p)). The set of all functions in C¥(p) e

guivalent to a given function feC®(p) is called the germ of f.

The set of all germs of C* functions at peM is c®(p) = C=(p)/~.

We will use the same notation, i.e. £ to denote a germ, and when

we talk about C® functions at peM we will always mean germs

unless stated otherwise.

Proposition 4.2: The set c®(p) of germs of C¥ functions at

peM forms an associative commutative algebra with unit.
Proof: Exercise: Now, the zero function on M is equivalent to

all functions which vanish on any open set of M.

Definition 4.1: The tangent space TP{M) to M at psM is the set

> R which satisfy

of all C® mappings % C (D)

P
1) X (af ¥B3) = a(X £) + s(Xg) (linear)
11) X_(fg) = (X_£ ;£ eibni
i1) X (fg) (X5 ) g (p) (p) (X 9) (Leibnitz)

for all a,8eR and £,geC”(p).



More generally for any algebra A any mapping as defined

above is called a derivation of A. We will see later that the

set of all derivations of an algebra A forms itself an algebra.

Definition 4.1 does not give the'correct idea of tangent space
in the Ck case for k finite. There 1is another definition of

tangent space for the Ck case which for k = = is eguivalent to

def. 4.1. (see Sternberg). We prefer definition 4.1. here be-

cause it is intrinsic and algebraically simple.

We must verify that TP(M) is in fact a vector space. We

define as addition and scalar multiplication

for feC®(p) , «eR, and Xp,Ype:T?(M). Then, axp + SYP € Tp(M)

as an easy computation shows. Moreover, OETP(M), fhatiiisisatis=

fi i 4 11), d =X T (M ith X +(-X = 0.
ies i) an 1;):.an ps: p( ) w p ( p)

Lemma 4.1: If Xpe Tp(M) and f is the constant function (germ)

~in C®(p). Then pr = 0.
Proof: Since f is constant it is Jjust a real number thus

X _ ™ . &
( pf) f(Xpl) by i). But by 1ii)

Xp(l'l) (Xpl)l + 1(Xpl) = ZXP(l)

t
’
O

X_(1 2X = X (1) =0 . :
p( ) p(1) p( ) Q



Now if (U,4) is a chart at peM with ¢ = (x7,...,x"), the

function (a ] . c®(p) —> R defined by (a ] £ = g_v[fofle
Tl - P

3x 3xt axt
(P

is a derivation. This is easy to check, and is left as an exer-

. clse.

We will need

Lemma 4.2: Let (U}&) be a chart of M such that
_ 1 n 1 n =)
b= (x",...,x) , ¢(p) = (a~,...,a), peU. If £feC¥(p) then there
exist functions hiE:C“(p) i=1,...,n and an open set VCU con-
taining p such that
£=£(p) + J(x"-al)h,
i

on V.

Proof: Let ¢' be the chart on M defined by the coordinates

- = xT-at. Let S(0,r) denote the spherical neighborhood with

-

senter {0} in R". For any z € S(0,r) we have

.[f°¢('1(zl,...,zn) - f°¢"l(o,...,0)]

Js(o,r)
1 '
= d__ fo¢ l(tzl,- !tzn) azt
dzt
0 S(o,r.)
1 -1 1 , | 1 -
< 7 ( 3fc ¢ (£2 ,...,t2%) %5 d% < ) H (z7, 2zt
i JO 3Yl =
|S(0,r)

wnere y- = tz



'—
Put hi = Hio¢' and V = ¢ l(S(O,r).

Since f,¢'eC®(p) so is hi'

Remark: Notice, however, this lemma is not true in the Ck case

1 k-1

since the integrand of H S is only c*"1 making H; only C* ~.

Theorem 4.1: Let (U,¢) ¢ = (xl,...,xn) be a chart on M with

form a basis for T_(M), i.e. any

0
e p
P

Bxi
XpE:TP(M) can be written as

.
*p T E x5 |

p eU , then the vectors

'

X

[

Q

P
Moreover, Dim Tp(M) = Dim M = n.
Proof: Let o¢(p) = a and let Xp € Tp € TP(M) and f e C®(p). Then

by lemma 4.2

_ v, i 1
pr = Xp(f(p) + %(x a )hi)

= %, [(x*-al)n, by lemma 4.1
i

I _1 i__1i
Z[Xp(xl_al)] hi(p)'+ ;(x -a )aXp hi

1

I
z(xpx ) h;(p)

using again lemma 4.1 and the definition of Tp(M). In particular,

if X = [8 , then
p R

Bxi}p

4.7
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Thus -

and hence {a } span TP(M). We must show that they are also
1)P

ox
linearly independent. Consider

7ot {a ] £ @~ € R
1 axl/p
and take f = xJ then
) al{a } £ = 7 al{axJ\ = 0
l ax1/P + Bxlj¢(p)
implies J aléd =c¥=0. s0 3 ) is= l1,...,n is a basis
) laxi'}p

and so Dim Tp(M) = n.

4.2 Pullbacks and Differentials.

>N 1is a C®” map uf C® manifolds.

Now suppose F:M
What happens to functions in C®(p)? Let £ ¢ C®{q) where g =
F(p) eN, peM. Then £(g) = fo F(p), so foF is a function on M
and it is clearly C® since f and F are, i.e. fF ¢ C®(p). Thus

> C®(p) defined by

we have a C® map F*:C®(q)



‘ A

F*x(f) = focF , F* 1is called the Eullback map.

Proposition 4.3: Let F:M > N be a C® map of C% manifolds

M,N. Then
i) F* is an algebra.homomorphism

ii) If G:N —> L 1is c® where L is a C% manifold'and if

H = GoF then H* = F*o G*

Proof: 1) Let £f,geC (g) on N. Then

F*(£g) = (£g)oF = (£F)geF) = F*(f) F*{g), and

F* (af + Bg) = (af + Bg)oF = afoeF + Bgo F oF* (£) + BF*(g),c,BeR

ii) Let fecC® (G(q)) = CZ(GeF(p)) = C“(H(p)f
Then H*(f)=foH=foGoF=G*(f)oF=
= F*(G*(f)) = F*o G* (f). Q0.E.D.

The maps F and F* determine a map on tangent spaces. AS

before F:M > N is c® , £eC®(g), and let Xpe:Tp(M). Define
the map F,:T_(M) —> T_(N) by F (X £ =X (F*(f)). F, 1is
P F, p( ) q( ) by F,l P) p( (£)) .

called the differential map. We must show that F*(Xé) is,

in fact, in Tq(N). This will follow from



Proposition 4.4: Let F, G, H, M, N, and L be as in proposition

4.3. Then i) F*:TP(M) —— TF(p)(N)

i1s a vector space homomorphism
ii) H, = G, ° F,

Proof: 1linearity: F*(Xp)(af +5Bg)

XP(F*(af + Bg)) = XP(GF*(f) + BF*(g)) by Prop. 4.3

axp(F*(f)) + SXP(F*(g)) = aE;(xp)f +'BF*(Xp)g

Leibnitz: F*(XP)(fg) = XP(F*(fg))-= Xp(F*(f)F*(g))

Xp(F*(f))F*(g)(p) * F*(f)(p)Xp(F*(g))

]

F*(Xp)(f) g(Ffp)l) + f(F(p))F*(XP)(g).

h hism: i) F X + BY )f = X_+ BY F*(f
omcmorphism: i) F, (a B B p) (a p p)( (£))

aXp(F*(f)) + BYP(F*(f))= aF*(Xp) (£) + BF*(YP) (£)

[a F*(Xp) - BF*(YP)]f

i1 , = * - * , G*
1) Hy(X)f = X (H*(£)) X, (F* o G*(£))

= F (X ) (G*(£)) = G,oF aldes) fur. Q.E.D.
P P
Remark: If (U,¢) isa chart on M and ¢ = (xl,...,xn)
then [8 = ¢:l 3 - Now suppose (V,¥) is another chart
8xi P Bxi

@ M with UNV % 4 and vy = (yl,...,ynj. The change cf

«dlU



coordinates is given by the diffeomorphism wo¢-l(xl,...,xn) =

(yl,...,yn). Then for peUNV we have

- -1
e, - el SRR I I A
ay> 1P 3y ax /P ax™
and on R": 0 _ T ayj d
el L T 7.3
X j  ox oy~
- - v - 3
ox X j sx~ 3y~ j 3x Ay
That is,
3 dyJ -1 3
—_ = - &, o —_—
(4.1) axl]p g Tl w*[ayl D

" More gerierally, we have

>N with (U,¢) and (V,y) as

Theorem 4.2: Given a C® map F:M

charts for M and N respec;ively, with F(U)C V. Suppose that in

the "local coordinates: o = (xl,...,xm) and w=(yl,...,yn) the

map F has the form (m =dim M, n = dimN)

i A1 -1

i o= et ., x™ = [VeFoo ot oh. , x5 htei 85 Ligsan

Then

e - e (5
ijp 4ZI4 syt ¢ (p) ayj F(p)

.11



Furthermcre, the rank of F at p is exactly the dimension of

the image P*(TP(M)), and F, isamonomorphism (1-1) if and only

if rank F = m, and 7, is an epimorphism (onto) if and only if

rankx r© = n.

are bases for

Proof: By theorem 4.1 (3 ) and (a ]
JF(p)

axiJP ayi

, L) e T, .y(N)
Tp(M) and TF(p)(N)’ resp. Moreover, by Prop. 4.4,F*[——IJ F(p)

X P
and since (&8 ) 1s a basis for T, (N), we have
—1,F(p) T (p)
3y JE(p
F*{S ] ) a 33 } '

for some aij € R. In particular, arplving +his to e C*/7(p))

: i
functions y~ we have

¢ j = F*[B .} v = [F*o¢:l 3 .Jyj =3 v (Foo™ 1)
axt/P axt ax*
=3 = (éij
axt ax* ¢(p)
For the second part, we notice that [SXjJ i1s precisely the
3
0X

Jacobian matrix of the map woFow-l and thus the Jacobian hatrix

of F. Q.E.D.



Remarks: The conditions on the rank of F that we used so fre-
guently in the previous chapter now appear in terms of the map
F,. In fact, F is an immersion if and only if F, is a monomor-
phism for all peM, and F 1is a submersion if and, only if F, is
an epimorphism for all peM. Furthermore,'F is a lqcal diffeomor-

phism if and only if F, is an isomorphism for all peM. (Recall

local diffeomorphism means that each peM has a neighborhood U

such that F is a diffeomorphism).
U

Exercise: Find a counterexample to show that this last statement

is not true globally.

Notice that our formula (4.1) for a change of coordinates
appears as a special case of theorem 4.2 by taking M = N and F
the identity map on UNV. We can also compute from theorem 4.2

how the components of any two vectors with respect to the cano-

nical bases (3 } and [3 ] transform. Indeed, if
a?{l P Byj g
x_ =) xl(a ] Y = ) Yj[a ]
P 3 2yt P Y ayj)F(P)
then if
y =rF,x_ =) X" F,[3 ] =77 xl{ayj\ {a )
P P i 1P 17 SN anyp




So
(4.2) v = 7 xE(ayd)
1 {axijd’(}?)

> M be a C® map, show that for peN

Exercise: Prove the converse to lemma 3.5, i.e..

Let F:M > N be C® and suppose that for every pedom F there

are a neighborhood U of F(p)and a C® section ¢ f F such that

pco(U). Then F is a submersion.

Now consider the product manifold Mlx M2 of two C® mani-

fclds My and M,. Charts of My X M, are of i&he

i , : T | mp

form (Ul)(UZ, ¢l X¢2) with local coordinates vy = (xID, siug s ))
mo 1 m m

3—) = (er..-ly ) ¢l X ¢2 = (X ,...,X l] yl,o-c,y 2) Where

M, = dim Mi , 1 =1,2. Let pieMi (1 = 1,2). There is a natural

identification of T MZ) with Tp (Ml) + Tp (MZ)' To

i BR
(BipPadi iy 1 2

see this we notice by theorem 4.1 that every tanéent vector

Xp € Tp(Ml=<M2) , P = (pl, pz) can be written as
' m 1 mz

—a—-—.-\ + Z Yi [3——]
llp ~ jZ; P {4,4p

But if we define the natural projection maps ’,T:.L:MlXMZ-——-> Mi

)
b T.(p) = 7. (p,,P4) = P. , 1 =1,2, then [— = |[—
y i'P i'P17P; Pi [aXlJp [aleﬂ(p)



and similarly for 2 ) . Thus mn.,X T (M) , and
lep i i |

] P Py
| LN P LW T R N
14 % - — T o
1772 p TiL el ey g2 Plyylley Rt Py 2

It is easy to check that (ﬂl,ﬂz)* is an isomorphism. Notice

(my o) My My > My XM is the identity map.

Moreover, it follows from the change of coordinate formulae
in-

(4.1) and (4.2) that this identification 1is natural (i.e.

dependent of coordinates).

Now let F:M, *M, —> N be a C° map of C® manifolds

and N. Identify Z_€T_(M,xM,) with (X_ ,¥ e T_(M,) +
entify 2, p( 1 5) ( D p2) oM

M. X M
1

1 2

+ l.e. ' = , 1 F.:M, —N
TPZ(MZ) , 1.e (my n?)* Zp (Xpl, sz) and define F, :M;
by Fi = foji where ji:Mi —_— M1><M2 is the natural injection.

Fy is clearly C® . Moreover, we have

(4.4) F*(ZP) = Fl*(xpl)'+ Fz*(sz)

To see this we write the identity on M, XM, as (jl’jz)’ Then

Py P,
= ((jl,jz)o(nl,nzn* 2= zp , and F*Zp =
F*(jl'jZ)*(xpl,sz) = (Fl*,FZ*)(Xpl, sz) =
= Fl*(Ypl) + FZ*(XPZ).

.15



Remark: Notice that in a trivial way the maps ni:Mlx M2 —_— Mi
are submersions and the maps yi:Mi _ Ml><M2 are global sec-

tions of ﬂi.

Example 4.1: Curve in M: Let C:R —> MbecC® in an open set

(a,b) CR. Let t be the coordinate on R, then [é‘]z is a
dat ’ o

tangent vector at &, e (a,b). If c is an immersion at c(tb)s M,

then

c*(g;] is tangent to the curve «c¢(t) in M. If (xi) are
at) %o

local coordinates for the chart (U,¢) in M, then we have

s, 1
at IO i 3x* c(to)

We can think of the coordinates on c(a,b)C M as functions of

Z, i.e.

E(2) = gocll) = (x:(L),...,x0(2))

so we have

R s
az) %y at) %o at /%o at 1%
fd} 1 n i{a ] 1 n 1 n
= |— (X™,cvc,x ) = %) @ it (X, ceanX )= {07 00aslt)
laz) % i sxt) € (%q)

So we have

.16



R M
e >
to 26 c
Example 4.2: Surface in R3: Let F:M —> R3 be an immersion

with dim M = 2. If (U,¢) is a chart of M with ¢ = (u,v). On R3

we have the identity chart (R3,w) ¢ = (x,y,2). So the coordi-

nate representative of F is
f(u,v) = Foo f(u,v) = (£(u,v),g(u,v),h(u,v))

with

x = £(u,v) y = g(u,v) z = h(u,v)

Then the tangent vectors to F(M) at a point F(p) are

(X)) =F*B}=§_x_?_] ‘rizL?’_] + [az] (2
u'F(p) g /P - [Bx F(p) 3u Loy F(p) 3u SZ}F(P)
R R 7 P
viEE) ) {av}P v ax F(p) av’/ ‘3y F(p) [EV‘J Lax i

.17



Since F is an immetsion it has rank = 2 at each point of M.

3

Thus the tangent space to the surface F(M) C R”at F(p) is

spanned by (Xu)F(p) and (AV)F(p).

Exercise: Consider the sphere F: S2 e R3.'Construct an atlas of
spherical coordinates using four charts. Hint,with (x,y,z) being
Cartesian coordinates of R3, write x = sin 6 sin ¢, y = sin 6 cos ¢,

zZ = cos 6 with 0<¢<2m, =-7<8<m . This'gives one chart. Another

chart is obtained by changing the range of ¢ to =-mw<¢<m. ToO

(<]

obtain the remaining charts rotate the coordinates by 90 about
the x or y axis and consider the above two ranges for ¢ in the

new coordinates. Show that these four charts define an atlas on S

(XB)F(p) and (x¢)F(p)' Show that this atlas

is C® compatible with the stereogra@hic atlas of example 3.6.

Exercise: Consider the cross product X:TP(R3)X TP(R3)

and compute explicity

—_— TP(R3) defined on the basis vectors (ax,ay,az) by

ax x By = 32, BY x 82 = Bx, 82 x ax = ay. Show thaF the

C® -map F:M——— R3 (dim M = 2) is an immersion at peM if and only .

if (Xu)F(p) X (xv)F (p) does not vanish.

Exercise: (Enneper's surface, E). Show ﬁhat F:E —— R3 is an

immersion where F(u,v) = (u- 33 + uvz, v-zi + u2v, u-=-v). Is
3 3

(E,F) a submanifold? an imbedding?



4.3 The Cotangent Space

We will now consider another important vector space Ire-

lated to T (M). In general, for any vector space V over IR (or

C) we can consider its dual space V*=z {¢:V

_map}

Exercise: Prove the following theorem of linear algebra: If V

is a vector space of dimension n, then V* is also a vector space

of dimension n.

In the proof of this result one chooses a basis Ei for Vv
and proves that the elements E*%V* defined by E*i(Ej) = é;
(Kronecker delta) form a basis for V*. This basis is called the

dual basis to Ei. Let us now apply these ideas to the tangent

space T_(M).
j p( )

We define the cotangent space T;(M) at pcM to be the

vector space dual to Tp(M), that is, the space of all linear

functions from TP(M) to R. We define dx; to be the dual basis

for T;(M) of {a ] , i.e.
3¢ 1P ‘
(4.5) ax* -3-—] = &t
Plyyd)P 3

This definition is given, of course, relative to the coordinate
chart ¢ = (xl,...,xn) at peM, the definition of TE(M), how-
ever, is independent of coordinates since the definition of

' . 1 . : ,
T . d b for T*(M) an eT* (M) can be
p(M) was. Since xp is a basis o ) 3% ®p B

written as

>R , ¢ a linear



(4.6) o = [ ¢ x

where o¢. = ¢ 3—? . ¢ _ 1is called a differential l1-form at
1 xt/P P

peM (or Pfaffian form at p). In our subsequent study of differ-

ential manifolds we will find both Tp(M)léﬁd T;(M) extremely
useful.

>

Now suppose F:M —> N is a C* map then F*:TD(M)

TF(p)(N) is a vector space homomorphism-What happens to T;(M)?

We define F*: T_* . (N).

*
F (p) > Tp(M) to be

(4.7) (F*¢) (V) = ¢ (F,V)

for VETP(M) and ¢5TF7p)(N). F* is the pullback map on l-forms
and is quite similar to the pullback map on functions introduced
previously. In fact we can think of functions as O-forms on M,

thus the same notation F* is used. We just have to keep in mind

whether it acts on functions or l-forms.

It is clear that the definition of F* given by (4.7) de-

pends only on the vector space property of TP(M). That is it

> W of vector spacss,

could have been defined for any map F,:V
Here is another result which only depends on vector space mor-

phisms and their duals once we have proposition 4.4.

Proposition 4.5: Using the notation of proposition 4.4 and F*,

*, H* defined by (4.7), we have

@.cVU



N

i) F*:TF?P)(N) > T;(M) is a vector space homomorphism.

ii) 1f F, is a monomorphism (epimorphism). Then F* is an

epimorphism (monomorphism) .

lll) H* = F* o G*

Procf: We prove only ii) and leave the proof of i) and iii) for
an exercise. Suppose F, is 1-1, then given vsTp(M), F,v corres-
ponds to a unigue such v. So defining U(F,v) = ¢(u) we see
that Y is well-defined. Thus ¢ = F*y and so F* is onto. Now

suppose F, 13 onto, then every weTF(p)(N) is the image of 2

veT (M), i.e. w = F,v. Let ¢,v ¢ TF?p)(N) with F*¢ (v) = Fry(vi.

Then ¢ (F,v) = V(F,v) implying o(w) = yY(w) for all weTF(p)(N).

Thus o = ¢y and F* is 1-1.

Exercise: Prove parts i) and iii) of Proposition 4.5.

——

Similarly to theorem 4.2 we have

Theorem 4.3: Under the hypothesis of theorem 4.2, the map

*
* . \ —_— . .
F 'TF(p)‘h) > TP(M) satisfies
. n i .
F*d_: = ] A 5 )dxj
L (‘7) ]=l axj P p

Proof: A simple Computation using theorem 4.2 is



. ; - | ) (mor ( 3
* 0 _ i o _ i | 9 )
F}'dyl —_— = dy F [ } = dy | Z l __..]
P axJJP p(* 53 3 Plr=1lsyd ¢(P>{3yk o)
ko1 laxd) 9 @ R KEIP T 42y 3@t = (5,36

and the result follows since —E—Jp is a basis of Tp(M)-

oxX

4.4 Vector Bundles. The tangent and cotangent Bundles.

Many books study Tp(M) in much detail before introducing
TE(M), but I believe it is useful to study them more on equal
footings, since that is the way they appear in practice. It is
frequently useful to make one computation in terms of TP(M)
while another in terms of T;(M). In fact, the use of differential
forms, as we shall see later, simplifies many calculations,

whereas T_(M) is usually more geometrically intuitive to visualize
P

In actual practice the spaces TP(M) and T;(M) are too
restrictive since they are attached to a fixed point peM. We

thus define

(4.8a) T = Yy T (0
(4.8b) THH) =y T* (M)

T(1) is called the tangent bundle and T* (M) the cotangent bundle
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cs M. We will see shortly a few generalities concerning bundles.
For now it sufiices to think of T(M) and T*(M) as topological
spaces in the following way: concentrating on T (M) only we notice

> M defined by (V) =Ap where

a projection map 7:T (M)
vsTp(M) , peM. The topology on T(M) should make T con-
tinuous, i.e. if UCM is open then +~1(y) € v(M) is open. No-
tice that for all veTp(M) 7(v) = P , SO ﬂ_l(p) = Tp(M). ﬂ—l(p)
is called the fibre at p, and here we see that each fibre has
the structure of a vector space. We will see that T (M) is-an

example of a vector pundle. Notice that the topology On T(M ) has not

heen defined uniguely vet. :
Definition 4.2: A real C® vector bundle ¢ over a c® manifold

M is a triple £ = (M, E, m) where:

1) E is a C® manifold called the total space of the bundle. .

> M is a C* surjective supmersion with dom T = E.tne projection map-.

2) T:E
3) For each peM, n_l(p) has the structure of a real vector space.

It is called the fibre at p.

4) For each peM there exist a nbd, UCM, an integer k30, and

> ﬁ-l(U) such that for each fixed

a diffeomorphism h:U><Rk

peM the map hpiRk > ﬂ-l(p) defined bY'hp(V) = h{(p.V)
k

veR ", 1s a vector space isomorphism.

Remarks. Of course, this definition can be stated in the ct cate-

gory, in particular r = 0. Condition 4) is known &S local trivial-
ity and if it 1s possible to choose ﬁ - M then the bundle £ 1s
called trivial. We will use interchangibly the notation § for a
vector bundle (usually not writing & = (E, M, 7)) and the notation

iy M ‘e called the base space.



comimutes, alid

2) for each fixed peMl (f)p:w-i(p) ———»'n;l(f(p)) is a vector

space homomorphism.

Proposition 4.6: Suppose Fidl —=> N s a C* map of (° manifolds.

Then F*:T(M) — i) {5 C* and (F*,r\) is 3 bundle nap, I ¥

L
O g

8 U T T 0 T

morphic as vector bundles.

Proof: Let (U,$) and (V,V) be standard charts of T(M) and T(N)

respectively with F(U) €V and ¢ = (xl ..... xm, vl ..... v") and

@ ot (yl ..... yn, ul ..... u') (m=dim M, n = dim N). Then by Egqg.

M)

where F,v = u. But {ay is just the Jacobian matrix of

i
;;'J’]cb (p)



