cs M. We will see shortly a few generalities concerning bundles.
For now it sufiices toO think of T(M) and T* (M) as topological
spaces in the following way: concentrating on T (M) only we notice

> M defined by (V) =bp where

a projection map T:T (M)
VETP(M) , PpeM. The topology on T(M) should make T cons=
tinuous, i.e. 1if UuCM is open then W-l(U) C T(M) is open. No-
tice that for all veTp(M) T(v) = P , SO n'l(p) = TP(M). w-l(p)
is called the fibre at P, and here we see that each fibre has
the structure of a vector space. We will see that T (M) is>an

example of a vector pundle. Notice that the topology on T(M) has not

neen defined uniguely vet.
Definition 4.2: A real C® vector bundle ¢ over a c® manifold

M is a triple & = (M, E, 7) where:

1) E is a C® manifold called the total space of the bundle. .

2) T:E ——>M1is a C* surjective summersion with dom T = E.tne projection map.

3) For each peM, ﬂ—l(p) has the structure of a real vector space.
It 1is called the fibre at D.

4) For each peM there exist a nbd, UCM, an integer k20, and

> ﬁ-l(U) such that for each fixed

a diffeomorphism h:U><Rk
» 1~} (p) defined by h,(v) = h(p/V) »

peM the map hpiRk

k . . :
veR~, is a vector space isomorphism.

. S r
Remarks. Of course, this definition can be statea 1in the C~ cate-

gory, in particular r = 0. Condition 4) 1is xnown as local trivial-
ity and if it is possible to choose U = M then’ the pundle £ 1s
called trivial. We will use interchangibly the notation £ for a

vector bundle (usually not writing & = (E, M, 7)) and the notation

v s 4+e ~alled the base space.



Two vector bundles 51 = (El, Ml, wl) and g2==(Ez, MZ’ wz)

are saild to be isomorphic if there is a diffeomorphism

F:El > E2 of the total spaces which maps each vector space
ﬁ{l(p) isomorphically onto f?(F(p)). Thhus a vector bundle

E(M) is trivial if and only if is isomorphic to the product

bundle M><Rk. Thus a vector bundle is a generalization of the

direct product of a manifold with IRk .

Now let us see what coordinates look like on a,vector

bundle E(M). Let (U,¢) be a coordinate chart on M, then w-l(U)

is an open set of E since 7 is continuous. Moreover, condition

1 k

A D) > U x®K,

4) says that there is a diffeomorphism g = h~

Thus we define the standard coordinate chart (n-lan,5) of E by

the commutative diagram

() g > uxRE

~

-~

2 ¢ x id

(4.9) ~
\-mnxmk

Clearly, ¢ is a homeamorphisn and thus defines a coordinate chart of

E. We will usually write (U, instead of (W-l(U),g)o

Let us define coordinates on T(M). Although we do not vet
know that T(M) is a vector bundle we will define the standard

coordinate chart on T(M) as in (4.9). Let (U,¢) be a coordinate

1

chart of M with ¢ = (x ,...,xn) and let peU. Now on T (M) we have

a projection map m:T (M) > M defined by u(vp) =p, vp.eTp(M).
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Moreover, for every peU we can write by theorem 4.1

where vic ®. The set @ “(U) 1is clearlv just Y TP(M)CT(M)

oeU

-

anc we can cefine a topology oOn T(4) as follows: Define a mavd

g:n—l(u) 5 u xR by g(v) = (p,v™). It is easy to check

that g is bijective. -Je choose the topology on T () to be

that which makes g & homeomorphismn. Clearly T 1is continuous

-~ -1

n n o Ea
in this topology. Moreover, ¢ + m ~(U) > X E? as cefi

-1 < :
ned bv (4.9) 1is a homeomorphism and (m ~ W), ¢) defines a

. standard chart for T(M). In local coordinates W€ have

(4.10) § = (¢xid) o g = (x5, ..., x", v, v

Thus T (M) is locally Euclidean and we are ready for

Theorem 4.4: T(M) is a C* vector bundle over M.

Proof: We need to show that T(M) is a c® manifold, 7 is a C® map
and that the condition of local triviality is satisfied.

i) T(M) 1is Hausdorff: Let Vl'VZ e T(M) be distinct. If ﬂ(vl) #

-1

m(v,) , they admit disjoint nbds U;,U, and w1 (u,) and 7TH(U,)

7

are disjoint since T 1is continuous and the continuous image of

a connected space is connected. If n(vl) = w(vz), then g(vl) =

(m(v,), vi) and g(vz) = (w(vz), v;) and since vi v; are distinct

1
vectors of &®" they admit disjoint nbds and thus so do vy and ¥s

since g is continuous.

ii) T(M) has a countable basis: Let {Ui} be a countable basis



for M then T(M) = U w-l(Ui). Moreover, 1if ve T(M) with m(v) =

1

‘P LU

. -1
N t i Cu, Nu, ! . S . NU.,
ps:Ui Uj then there is a Uk Ul UJ'w1tH pe:Uk Thus ve T (Ul UJ)

_ -1 -1 -1 -1 A =1 : -1
=7 (Ui)ﬂ s (Uj) and 7w (Uk)C m (Ui) L (Uj) with ve 7 (Uk)

since Tw(v) ¢ Uk'

iii) T(M) is a C® manifold. Let (7 1(U) , §) and (7~ (V),i) be

two standard charts on T(M) with w-l(U)ﬂ w-l(V) # g , we must

show that &a 5-1 is a diffeomorphism. Let ¢ ='(xl,...,xn) and

Y = (yl,...,yn) then VYo ¢-l is a diffeomorphism. Moreover, if

=1 5§

veE T T(U)N m T (V) then for every peUNV if we write

v =] vi[é——} = J Ji[i—e} then we saw that
i P 3 ay*/ P
y

vi = I Vi[BLjJ

pee ¢ (p)
and this is a C® diffeomorphism. So Vo $-l(xl,...,xn ,
vl,...,vn)‘= (yl,...,yn, Jl,...,vh) is a C* diffeomorphism.
iv) m is C® , Its coordinate representative is ﬁ(xl,...,xn ’
vl,...,vn) = (xl,...,xn).

v) local triviality, g is a diffeomorphism since its coordinate
representative § is the identity map. It remains to show that g is a vecter

space isomorphism. This is easy. Let v,ue Tp(M) then for fixed

" .. 3
> R is bijective. Moreover, g(av + fu)

P/g -1

T_ (M)
mt(p) P

(p,avi + Bui) e (p,avi) + (p,Sui). Q.E.D.



A similar contruction can be made for T*(!M). As with T (M)

we have a C* map m:T* (M) > M. An arbitrary (covector) l-form

at gesM has the form

T i
@q = ) P dx
i=1
where P; elR. Again we can consider a vector (pl,...,pn)eﬂgl and
this holds for any ¢ sTp(M) --"1(U). so we have a C® map
g:n T (U) > uxR" defined by
9(¢q) = (q,pi)

The standard chart on T*(M) then has the form

(4.11)  F(q,p;) = xt o, x, s

y . : n . r.
where ¢ is related to the chart ¢ = (x,...,Xx ) on UCM. Ue
use here pi as coordinates on T* (M) since T*(M) is the general-

ization of phase space to arbitrary manifolds.

Theorem 4.5: T*{(M) is a C® vector bundle over M.

Proof: Exercise (similar to theorem 4.4)

> N of mani-

In section 4.2 we saw that a C™ map F:M
folds induces a map F,: TP(M) _— TF(p)(N) of tangent spaces.
Now by varying peM we can consider F, as a map on tanagent bun-

> T(N), such that for each peM F, maps

dles, i.e. F,:T(M)
the fibre at p into the fibre at F(p)eN, and is a homomorphism

of vector spaces. This leads to the following definition: Lert



El = (El, Ml’ wl) and 52 = (Ez, Mz, 72) be C” vector bundles.
A bundle map (f,f) is a pair of C* maps E:El > E, and
f:Ml. > M2 such that
1) the diagram
£
1 > B
T T2

W £ J

| g .
commutes, and
2) for each fixed peM1 (E)p:w i(p) ———4>w;l(f(p)) is a vectoer

space homomorphism.

Proposition 4.6: Suppose F:M

Then F_:T (M) >Ny i C

is a gleobal diffeomorphism so

morphic as vector bundles.

Proof: Let (U,$) and (V,@) be

respectively with F(U) CV and

1
S ul,.. .

~

p = <ru) (m
(4.2)
SR vj{zﬁ}
] 3x31¢ (P)

B

where F,v = u. But [Byi}
23/ ¢ (P)

>N 1is a C*® map of C® manifolds.

s\
and (F*;§> is a bundle map. If F
and T(N) are iso-

is F,; hence T (M)

standard charts of T(M) and T(N)

AP 1 m 1 m

PO AXE BV L,V )tand
= dim M, n = dim N). Then by Egq.
is just the Jacobian matrix of



yi =[¢oFo ¢-l]i (xl,...,xn) and this is C® since F 1is. So F,
is C® . Also by proposition 4.4 (P FPYis sa bundle map. Now
suppose F is a global diffeomorphism, then by theorem 4,2 each

fibre Tp(M) is mapped isomorphically onto TF(p)(N) and the co-

> T (N) is a bijection. Moreover,

<
rrespondence TP(M) F(P)

the Jacobian matrix JF; = [Bzi is an invertible sguare

J

ox ¢ (p)

matrix whose inverse (JF)-l = (-l)l+] cof (JF)Y4 is C®. It

det JF

follows that F, is a global diffeomorphism. (cof = cofactor).

Remark: Notice from the proof above that the coordinate re-

presentative of F, is just
(4.12) F, = (F , JF)

The converse of proposition 4.6 also holds. In fact this
can be done more generally as the following exercise shows.
Exercise: Suppose the pair (£,f) is a bundle map of vector bun-

1
that F is C®. Show that £ is in fact C®. Now suppose that FUie

dies El = (El, Ml,Aw ) and 52 = (Ez, Mz, ﬂz) but only suppose

a élobal diffeomorphism, show +hat £ is also a global diffeomorphism.

For general vector bundles proposition 4.6 is not true,

.but we do have

Lemma 4.3: Let El(M) and EZ(M) be vector bundles over the same
base space M and consider the bundle map (£,id) where id is the

identity map on M. Then if (E)p is an isomorphism. of fibres onto
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fibres, then f is a diffeomorphism.

Proof: Let (U,5) and (V,@) be standard charts for El and E2
respectively with UNV # 4. wWe must show that Vo fo 5-1 is
a diffeomorphism. Let Pe UNV then by hypothesis (f)p:n-l(p%—e w;lq»

is an isomorphism of vector spaces and thus takes the form

. . n . :
L = T i .
u | fp(v ) jgl b j(p)v

o some invertible matrix f;(p) where ul,vl are the components
of the vectors u€‘n;l(p) and VE'WIl(p), respectively. But since

f is a bundle map it is C* as functions of P as well as v. But

since f;(p) is invertible we see easily that the inverse matrix

(81 a (c0yIor 5t
J J
' det f
exists and is c*® , Q.E.D.

Exercise: "State and prove the analog of proposition 4.6 for co-

tangent bundles. Find the coordinate representative F*,

Zxercise: Consider the product manifold Ml X ﬁz with the natural

projections p.: , x i, —> M;» 1 =1,2. Sshow that (p;7 Py*):

T(Ml X M2 > T(Ml) X T(Hé) defines a vector bundle isomorphism,




