4.5 Sections of Vector Bundles. Vector Fields.

The existence of local C® sections of a C® vector bundle
follows immediately from lemma 3.5. A vector bundle also admits
global sections, e.g. the zero section which assigns the zero
.. vector to each peM. For more general fibre bundles (where the
fibre is not a vector space), global sectioﬁs do not always exist.
We have the following-intuitive picture of a local section o of

a vector bundle

. -1 .
fibres T o local section

X
A-

Thus a section of E is a function o which assigns a vector of
W-l(p) to each point pedomo. The set of global C*% sections of a
vector bundle E(M) will be denoted by E (M), whereas the set of
local C® sections with domain U will be denoted by E(U). A sec-
tion of a vector bundle is a generalization of the graph of a

product manifold M><Rk.

Exercise: Show that the set of”sections E(U) has a natural vector
space structure. Moreover, show that one can naturally define
multiplication by functions C®(U) on E(U), i.e. E(U) is a C®(U)

module.

For example a local section on T(M) is a map X:U

or in terms of local coordinates



1 n, 1

X: (X ,...,X) —_— (X ’.-.'xnlvl(x)’...lvn(x))

Notice mo X (xl,...,xn) = (xl,...,xn). When writing such a func-

1 n .
tion we usually suppress the first entrees (X ,.ee,X ) Since

at each point peM [3 ] is a basis for Tp(M) we see that the
ijp
oxX

section is just

The only added requirement is that we want the function X or
equivalently v’ to be differentiable of class C™. (We could ~1lso
consider a c* section on a C® manifold, but hereafter a section

will always mean a C* section unless stated explicitly to the

contrary).

D=finition 4.3: A C%® section of T(M) is called

a vector field on M.

A C® section of T*(M) is called a differential

l-form on M

Tre differential 1-forms then take the form
n
w = E w,.(x)dxl
L
i=1

In physics and classical mathematics one usually thints

Il ’.. p - . . - .
ol the components v (x) as defining a vector field. Rut this is



coordinate dependent and our definition above is coordinate

independent. We know how the coordinates on T(M) transform under

a change of chart and we will see that this easily induces a

> M is the

change of coordinates on sections. Indeed if F:M

identity map we have from theorem 4.2

), - f (2y) (2
3¢ 1) P i1 Lyxl ¢ (pP) Ly /P

for a change of coordinate chart around p. But this holds for

1 n 1 n)

any peM where ¢ = (x7,...,x") and ¥ = (Y ,...,Y are local

coordinates. Thus for a vector field or U NV we have

. n n '
x= Tvieo 1 () e = 1 vy &
i 5=1 laxt) 3yd i=1 3yt
where
li n i
(4.12) v (y) = ] [8\7] v (x)
j=1 '9x

Example 4.3: The Coulomb field. Let M = r3-{0} , and let ¢ be

the Cartesian chart on M, ¢ = (xl, x2, x3). Then
3 .
X = ) vi(x)3
i=1 ax "
and
vo(x) = xi
‘ 1,2 2,2 3 2]3/2

[(x7)° + (x°)7 + (x7)

4.
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Now let ¢ be the spherical chart on M-{x2==x3 =0, x> 0} then
b= (r, 8, &) = (v}, v%, v7). We have r = [(x}) 2+ (x%)2 + (x°)2 1%
2
tan ¢ = x1 ' tan 6 = [(xl)"+ (Xz).z]l/z then
3 )
X X

or _ _ §i ’ 36 _ x3 x° o = 1.2 28 __-[(Kl)z‘\"(xz)zll‘/2

— — S =1,2, <= =

axt r ax® r [(x1)2+ (x2)2]1/2 ! 8x3 r2

a¢, = xz 3¢ = -xl _3();_ 0

3xt (x4 xAH Y2 ax® (k2 D22 ]
We find

1 2 3

vi(y) = 1 vily) = vi(y) =0

2
r
so in spherical coordinates, we have X = 1 9 The same
—2 or
r

computation is valid on the open set M-{x% = x> = 0 ] x5 < 0}.

More generally we can ask what happens to vector fields
under an arbitrary C® map F:M —> N. Now by proposition 4.6 and
an exercise we know that F is C® if and only if F, is C* . Now
let X:U—> T(M) and Y:V —> T(N), with UCM, VCN, F(U)C V,
be local vector fields on M and N respectively. We say that X

and Y are F-related if the diagram

*
T (M) ————> T(N)

| A
(1.13) X Y



commutes, i.e. F,X = Yo F. We will often write this equatioh
with the domain F(U) of Y understood, that is, F,X = Y. We as-
sume that dom X = U, dom ¥ = U, so in the case U = M, V=N,

X and Y are global vector fields. If M = N and X is F - related
to itself, i.e. F, X = X, then we say that X is‘invariant un-

der F. In general we will be interested in when two vector fields

are F -related. We have

>M pbe a submanifold. A local vector

Theorem 4.6: Let 1i:N

field X with dom ¥ = UCM is tangent to N, i.e. for every i(ple

Uunii(l) o, Xi(p)e i, T_(N) if and only if there is a local vector
P

field Y on N which is i-related to X, i.e. 1,Y¥ = X.

Proof: (=) Suppose i,Y = Xo i and take a peN such that i(p)cC.

Then clearly Xi( = 1,Y

o) e i, T_(N).

P B

(=, Now suppose that X is tangent to N. Since (i,N) is a sub-

manifold, i is injective and i*:Tp(N) _— Ti(p)(M) is a mono-

morphism by theorem 4.2. Thus for every i(p) eUNi(N), there 1is

a unigue peN and a . unique vector (i*)_lx

-1
%i(p)°
il (U Ni(N)) and we have Y = (i,)

(yll"'lyn) and (W, ¢) , ¢ = (xl,...,xnﬂ are charts of N and

i(p)e Tp(N), and we put

Hence, Y is a section of T (W) with domain
-1

Yo o= (i)

X. Thus ) if (er) ’ \V =

M, respectively with n =dim N , m = dim M and i—l(W)CZV , then

using theorem 4.2

Y . - y m 4
viy) = viyhH = [ x)(x) {_x_



Thus Yi(y) is C™ since XJ(x) and [Bxl are. It follows

3XjJ ¢ (p)

that Y is a vector field i—l-related'to X. O.E.D.

Remarks. Theorem 4.6 is actually a global theorem as well. All
we do is take U = M. Notice that in the proof UNi(N) is not

necessarily open, so (i,N) is not necessarily an embedding.

We can obtain a similar result for quotient manifolds.
In particular, we consider the case where the quotient manifold
is given by the action of a discontinuous transformation group.

> M/~ a gquotient projection

More generally suppose LM
map and that M/~ is a quotient manifold. A vector field X on

M is called projectable if it is invariant under the equivalence

relation ~ , i.e. 1f X p = Uy X q wherever p~q , p,deM.

Proposition 4.7: Let u:M —> M/~ be a submersion defined by

an equivalence relation ~ on M, so that M/~ is a quotient ma-
nifold. Then X e T(M) 1is projectable if and only if there is an

X'e T(M/~) which is m-related to X. We say that X is projectable to X .

Proof: Now u, X:M > T(M/~) satisfies X D = WX q for
all p~q and thus only depends on the class [p] = u(p). Hence,
we can define a section X':M/~ > T(M/~) by XL(P) U X D’

i.e. p,X = X'ou. We need only show that X' is C™. By the rank

theorem 3.4, the cocidinate representative 0 of 1y takes the

~, 1 i
form p(x ....,xm) = (yl,...,ym ) , dimM=m2 m' = dim M/~ and

i i .
x~ and y~ are local coordinates on M and M/~ respectively. We

thus have as in the proof of theorem 4.6 (using theorem 4.2)
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" and this is c~.Conversely, 1f we have a vector field X':M/~

"T(M/~) such that u,X = X'ou , then for all eguivalent p and g

"

HaX p = X'ou(p)

X'toul = . X _. Q.E.D.

o q) - % q

Remarks. All of the above goes through even when M/~ 1s ncnHaus-
dorff. It is not difficult to show that if M/~ 1s nonHausdorfz

then T(M/~) 1is &also nonHausdorff.

Now let's specialize to the case when M/~ comes from the

action of a discontinuous transformation group G. A vector field

> M of G if for

X on M is invariant under the action Ia:M

all a:3, 1, X =Xo 1 .
a ad

Theorem 4.7: Let G be a discontinuous transformation group acting

freely on M. Then a vector field X on M is projectabkle to the

:qﬁotient manifold M/G if and only if it is invariant under G.

Proof: By theorem 3.1l M/G is a C® quotient manifold of dimen-
sion n = dim M. Since M/G is precisely the space of orbits,
Lx.50 1if X is invariant under ta then upon applying .,

Bx ° 'ta*

we get

L‘*XO ICL = li*o ta*X = ‘P'*X

for all acG. Thus X is invariant under the equivalence rela-

tion defined bv p v g if there is an ae@ such that €, (p) = Qi



hence, X is projectable.

Conversely, suppose that X 1is projéctable. Then for all

, i.e. i ,xo t = u,X. But

aeG and peM X £ (p) = d f X B

a‘t

j9)
Hy = Hyeo T 4 SO
u*Xo /ta = Hgo ta*X

- llowever, dim M = dim M/G = rank p. Thus by theorem 4.2 ¢, 1is an

isomorphism on each tangent space. So for all peM and aeG

"*Xta(p) = Ugo ta*xp implies Xta(p) = Ia*xp , or Xo t = £ X. QED

4.6 Integral Curves of Vector Fields.

We will now study the relation between a vector field on
M and systems of first order ordinary differential equations on

M.

Let c: R > M be a C® curve on M whose domain is an

open interval I of IR. Let t be the identity chart on R, then
a basis of T, (R) is {3_] and 3 is a C® vector field on RR.
0 3t to 3

It follows from proposition 4.6 that

e TR > T(M) is C®. Thus € 2 ¢, 5 is a C® curve in
T(M), i.e. the diagram ot
c*
T(R /;;’T(M)
3 |
3t & T
K > M




commutes since

=]
(o]
(9]
*
o
|Q)
|
=)

. J (dxi\[a ] 1 n)
L s el = == plogs g i =c(t)
i |dt J NTES
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where we have associated to c(t) the local chart (xl(t),...,xn(t)},

see example 4.1. Now let X be a vector field on M, 1.e. a sec-

tion cf T(M) then we can write the first order differential

equation on M

(4.12%) ¢ = XocC

\le consider the initial condition c(0) = peM. Then a so-

lution of (4.14) gives an integral curve c(t) starting at peM

of the vector field X. We call the curve ¢ in T(M) the canonical
1ift of ¢ into T(M). So every vector field on M should determine
an integral curve on M. To prove this we will need the existeﬁce
theorem for svstems of first order ordinary differential egua-
tions. First we consider some examples.

Example 4.4: X = xlB + x2 ‘Rr?

Bxl

3 _

sz

c(t) = (xl(t), xz(t)). Then (4.1i4) Lecomes

1 2
dc dx~ _ 1 ax” _ 2
-aE—XoC or a—E——X aE—,—X
. 1 _ 16 t
Integrating, we have dx_ = dt X~ = cont - e
Xl
_ 1 .2 1 .2 . 1,., -
Choose p = (xo,xo) then c(0) = (xo,xo) which says that x (%) =
xéet. Similarly, xz(t) = xget, so c’l) = (xé,xg)ez. Notice thet



if c(0) = (0,0) then c(t) = (0,0) for all t! This is due to

the fact that X(O 0) = 0. That is the origin is a zero of the

vector field. A zero of a vector field X is called a singularity

or better a critical point of . We draw the integral curves

for our X *3

|
o,

\ A 4 g

N> o

AN / / -
L
7 |
—_— - < - X

the arrows indicate the direction as t increases.
Notice that the critical point (0,0) is a fixed point. Also

c(*) is defined for all £ =R. This is not a general prcperty

as the next example shows

Example 4.5: M = R’ x = -(xh) % 1 + x%5 2
1 2
We have dx”~ _ _(xl)Z dx” _ 2
at at
0
If 2(0) = (xg,x5) . then b L = ——
t S0 ¥ ti+1l
X
0
2 t ‘
: 1 r X et , and ¢C (%) > o
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as t —> - JT so this 1is not defined for all t, but only for
%6
the open interval I = (- :% , ©). An example of this phenomenon
X
0

occurs in general relativity and its physical interpretation 1is
that there is a singularity in the finite past (big bang). We
call a vector field complete if the integral curves are-defined
" for all te R . Thus, in this example X is not complete. It
should be cautioned that in general the subset of complete vector
fields on a manifold cces not necessarily form a vector space. le
will show that on a compact manifold all vector fields are, how-
ever, complete. We also see that xl = x2 = 0 is critical point
of X (These two phenomenon have nothing to do with each other).

We draw the integral curves

1
reaches X = +®

A / in a finite negative
// time £

- . e e e o - e— - g e — - — = s e == = =

. -

2 _ L 2 oLl
/ e minm gD

The behavior of a vector field near a critical point can

/

be much more complicated than these simple examples show. Example

For linear

4.4 is known as a source , and 4.5 as a saddle point.

systems, i.e. when X1 (x) are linear functions of the xj, there 1is
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a classification of types. This amounts to considering the sys-
tem as an eigenvalue problem. Then the classification is given
by (in two dimensions) whether the real part of the eigenvalues
are ail positive (source), all negative (sink), one positive and
one negative (saddle point), or zero (center). We now consider

an example of a center. (A sink can be obtained from Example

4.4. by taking X > =X).
Example 4.6: X = xlaxz - xzaxl M= R2
ax? _ 1 axt 2
dt deav | o%
2 1
d§ O < > SR ae
X -X

This implies that xldxl + xzdx2 = 0 , or that r = constant

(Independent of t) , where r2 = (xl)2 + (x2)2 d 8o

2
dax dt

42_(x2)2

This integrates to

x2 = r sin tt{- to)

Similarly for xl we get

x1 =r cos (t - to)

the integral curves are defined for all te R so X is complete.
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In fact we see that the integral curves are compact and periodic.
There is of course a critical point at the origin r =.0. (xl,x2)=
(0,0). In fact it is a general feature of critical points of the
type "center" that the integral curves are periodic. The in:egral

curves are easily drawn

concentric circles

)

N

N7

We will now consider some examples on manifolds other
than R" . The theory of general differential equation on arbitra-

ry manifolds is much less well developed than on Rr" .

Example 4.7: M= S2 and consider the stereographic atlas of

example 3.6. Let U = §%-(0,0,1) and V = s2 - (0,0,-1). On U we

have

yi = xi i=1,2

l—x3

and a vector field

1 2 1 2
X = - 3 - + 3
U (y Y)yl (y y)yz

whereas on V we have



l+x3

and a vector field

n ) S )
X = - + drq + - 3"
v (y y") 1 (y Y')yz

Moreover on UNV we have

xu,unv = Xy lunv

which can be checked from the Jacobian

2,2 , 1.2 ' "2 3
Y - 5

réii} _ i fy (y™) - 2y°y")
2 2]2

3y ty52 + (v%)

)

' ’
_2Y1y2 «(yQ)z—(yl)ZJ

Thus we have a C_ vector fiel X on M. Iet us find the integral curves.

We have on U

1
Ay =yl
ac- e Aitqel ac

1 1

\

dy . Ay i i (l -1]

If we diagonalize A we can integrate the system. The condition

4.44

det(A- A1) = 0 gives X = 1l:i. The eigenvectors satisfy (A-Al)y= 0.

=

In the new svstem we have thus



azt 1 dz% _ ity
3t Ao b3iaid Stotnor a bt
So
2 _ .2t ~-it
zl(z) _ zéezelt z° (%) = zoe E

The eigenvectors are (1,-i) and (1,i) belonging to 1+i and 1-1,

respectively. The transformation matrix is thus

so
yI () il 1) [z, (2)
2 ;
y o (2£)) (-1 1 z, (2)
or
Yl(t) = zl + 22 = aet cos(t + b) zé + zg = a cos b
yz(t) = zl - 22 = aez sin(t + b) zé - zé =ia sin b
i

This holds on U which contains the point (0,0,-1), i.e. yl = y2 =

which is a critical point since this implies the initial data 1:is
given at zé =25 = 0. A similar analysis can be made on vl wherec
(0,0,1) is a critical point. Since our solution 1is defined for

all L e R , X is complete. The integral curves are

spiralsand are shown below:

.45
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Notice the these curves intersect any great circle from (0,0,1)
to (0,0,-1) at a constant angle m/4. This follows from the fact that
stereographic projection is a conformal transformation, i.e.

preserves angles as example 3.6. We have

1 1 i i
i . = . i=1,2
% y (xH2 + x3H2Y2 (yhH? + yH A2

where (xl)2 + (xz)2 + (x3)2 = 1.

2
Example 4.8: M = T2 = RZ/G , G = {tn m} where tn’m:(xl,x )

’

> (xl+n p x2+m) , n,me R. The vector field

X = (sin anl)a + (sin 2nx2)8
2

9X 93X

on IR‘2 is invariant under G and thus projectable by theorem 4.7.

Hence, by proposition 4.7 it is u-related to a vector field on TZ"
The system of equations on T2 is
1 2
dx _ . 1 dx” _ _.
g = sin 2mx Je- " sin 2TX
The integral curves are given by
1 095ileg -1~ 1, 2wt
x“(t) = = tan L(tannxo)e J
- - 2
xz(t) - ;]T; tan l‘[‘(tanwxg)e"ﬂtj
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You should verify the integration. Since X 1s defined for all
t, it is complete. There are critical points (%1{,%~€) , k,Lek
on Rz. There are 4 critical points on T2. This is shown in the

figure below. Remember on the torus the points marked with the

same number are identified.
2
X

Llj "
f

You can check that the arrows are going in the right direction
from the integral curves and which integral curves should be
identified. The integral curves are of course only given above
for onc chart, but the expression will hold when we change to

another chart (of the same type) as in example 3.5 on Sl.

Example 4.9: M =T = R2/G. The vector field

2 . . . :
on R is invariant under G and thus projectable to a vector field

X on T2. The integral curves are



X is complete and has no critical points. If a is rational we

can write a = p where p and g are relative prime integers.
2 q
Thus on T
' xl(q) = x1(0) and xz(q) = x2(0)

so the integral curves are periodic. However if a is irrational,
-then no such g exists and the integral curves cannot be perio-
2,

dic. In fact, each integral curve is dense in T To see this

we write the integral curves (elminating t) as

2 1 . 2 i 1 . -
X" = b + ax b = XO axO

Let quz and let peRz such that u(p) = g. In R2 we have the sphe-

rical nbd.of radius <about p, S(p,e). Let UCT2 be open and con-

tain g, we can choose € such that u_l(U)<:S(p,€). Now let

1 _ 1 2 ‘ 1.2 . 2
p- = (y  +n, y° + m) where (y ,y ) are coordinates at peR".
Then u(pl) = q¢ and there is a nbd. S (pl,el) such that S (pasl)
n,m n,m
C,fi(U). An integral curve on RZ is given by x2 = axl +- bi- SO

1

the distance of p~ from an integral curve will be

Iy + m - atyl + n)- b) |

But it follows from the following lemma, whose proof will be re-
lagated to an appendix, that this distance can be made -s small

as needed by a choice of m and n.

Temma: If a is.irrational and be R then given ¢ > 0 there are

integers n,m such tha*

jan = m - bl < ¢,



Trus any integral curve of X is dense in Tz.

1

2 2
10 M= c = H ,
Example 4.10: M R™/C G {t ) } where tn, (x7,x7)

>

(xl +n ,(-l)n % +m, i.e. M is the Klein bottle of example
3.31. Notice that example 4.8 transfers without changing the

"computations t+o the Kiein bottle. The vector field

X = sin wal 3 + sin 27rx2 3
3%t 3%
is invariant under G since sin 27r((-l)n x2 + m)o =
2 (-1)7 x°
2

sin 2mx" 3 . It thus projects to a vector field X on the Klein

2

oxX

bottle. The same analysis for example 4.8 now holds here. The
only difference in the drawing of the integral curves is that
now the vertical integral curve starting on the xz-axis just
above the origin is identified with the integral curve pointing

directly down from the upper right hand corner, etc.
Exercise: Let

X = Xl(xl

.

,xZ)a + Xz(xl,xz)a
=1

9X 9X

be a vector field on IR2 in the usual Cartesian coordinates. Find

necessary conditions on the functions Xl(xl,xz) , Xz(xl,xz) so

that X projects to a vector field on

4.49



1) the torus
2) the Mobius band

3) the Klein bottle

Exercise: Find the integral curves, critical points, the inter-
val of R on which the curves are well defined (i.e. are they

complete?), and draw the integral curves for the following vec-

tor fields .
2 i 2
1 M R = -
) = X X axl X sz
b §
2) M=gRr? X =e X2
3) M= R x = (xh% ,
, x
4) M= s? X = 3¢ in the spherical atlas with chart

xl = gin® sin¢ , x2 = gind cos¢ , x3 = cos6,0 < $ <2,

0 < 8 < 7. Use the atlas of charts obtained by a previous

exercise and check that X extends to a global vector

field on sz.

i b |

5) M=5" xRl X =cosxla;+ad, where x! is the lo-
X X ‘

the coordinate on Rl. Cons-

1 x R1 and check that X

o} 2

cal coordinate on S© and x

truct atlas which covers all S
defines a vector field globally.

6) M =M?, the Mébius band. (See Example 3.30)

X axl + X sz.
7) Does the vector field of 4) project to a vector field

on P2 = SZ/G where G = {t} consisting of 2 elements



+ > txl?

t:x

We will now pass to the study of more general properties
of vector fields. We will need the existence theorem for sys-
tems of ordinary differential equation which is stated without

proos.

-

Theorem 4.8: Let fl(xl,...,xn,t) be c¥ functions (i=1,...,n)

<+
defined in some neighborhood of the origin in R" l. Then there

are neighborhoods U of the origin in R? and I of 0 ¢ R such that

B n

for any (xa,...,xo) e U and all tcI , there are unique functions
él(t;xg,...,xg) i=1,...,n such that
i

de~ _ 1 n,

'a?"-f (¢I' -er It)
and

i 1 n, _ i
»~ (0, XO" .,xo) = X

Moreover, the functions ¢l are of class Cr+l in t and of class

r .
" in X.

Proofs can be found in Spivak ( a slightly more general
theorem is proved), Arnold, Sternberg, and many books on diffe-

rential eguations.

This important theorem leads to (with r = «).

Theorem 4.9: Let X be a vector field on a C*® manifold M. For

every peM there exist a neighborhood U of p , an ¢ > 0 , and

> M, defined for [t| < ¢

a unique family of C% maps ¢t: U

such that

4.51



1} the map %: I x U - > M defined by ¢(t,p)==¢t(p)

is C® where I (=€.£).
2) 1if t, s and t + s are all in I, and if geU and @t(qu
then

¢S+t(Q) = ¢s° ¢t(q) = ¢;(¢t(q))

> M defined by c(t) = ¢(t,p) holding

3) The curve c:1I

p fixed is an integral curve of X. Moreover, Xq is

tangent to c(t) at qeU.

Proof: Let (V,y) be a chart at PEM with ¢y = (xl,...,xn). Then

in V X has the form

By theorem 4.8, there exist I,CR and $(0,8;) C R” such that

this system has a unique solution ¢l(tl,xl,...,xn) with
#0055 .,x™ = x* andter, X €5(0,6,).We can choose ICT,and a
§ < 61 such that ¢l(t,xl,...,xn) eY(V) for teI and xeS(0,8).

> M defined by (in local coordi-

Now clearly the map ¢t:U

nates)

1 1 n)

i .
¢t(x I"‘Ixn) = ¢l(tlx '-0-,X

is C*® by the last statement of theorem 4.8., proving part 1).



4.53

N ~1 i 1 n
Moreover, the functions ¢1(t;x1,...,xn) = ¢l(s+t;x yesesX )

1

o ~1 n
satisfy *) and the initial contidions ¢l(0,x yeeerX ) =

1

¢l(s,x ,...,xn). Thus by uniqueness, we have

ot (svtsxnd, ..., x™) = ol (ered (sixt, LX)

or

i

l,...,xn) = ¢g5 o ¢t(x1,...,xn)

i

Poag (X

proving part 2). Now clearly *) is just the coordinate version
of (4.14), so for each fixed p,¢(t,p) is an integral curve of

X, and Xq is tangent to ¢(t,p) for each geU. Q.E.D.

Actually this theorem introduces a convenient concept.

> M satisfying con-

We call any family ¢, of C% maps ¢,:U

ditions 1) and 2) of theorem 4.9 a local one-parameter group

if in addition we have ¢o(p) =p , i.e. ¢0 is the identity
transformation. We can always make such a choice by an appro-
priate choice of initial conditions. Notice that this local
group is defined as a group of C*® transformations on M. It is
an example of a local Lie transformation group. Such a local

one-parameter group is also called a flow on M.

We have immediately from theorem 4.9,

Corollary: The integral curves of a C*® vector field X on M

form a local one-parameter group on M.

If I in theorem 4.9 can be taken as all of R, then ¢t

form a global one-parameter group , or just a one-parameter group.




It is a Lie group given as a transformation gfoup on M. We

have
Corollary: If X is complete, the integral curves ¢t form a

one-parameter Lie transformation group on M.

The following theorem tellsus that if M is compact then

every vector field X generates a one-parameter group.

Theorem 4.10: If M is compact, every C® vector field X on M

is complete.

Proof: By theorem 4.9, to every peM there corresponds an inter-

val 2 and a nbd. Vp of p such that ¢t is well defined. But
P
on M every open cover has a finite subcover, so we can cover

M by a finite number of such V. Moreover, on intersections

V. Ny ¢, is ﬁnique. If t,sand t + s, eI= (-¢,c), where
Py P %

"€ = Min {ep} then the composition law dgpp = o0 by holds. If
lt| 3 € we can define ¢ = ke/2 + r and compose ¢€/2 k +imes

with itself and once with ¢r (k integer , reR). Do the same

for -e to complete the proof.

The following proéosition guarantees among other things
that on quotient manifolds one obtains integral curves by pro-

jection.

Proposition 4.8: Let F:M > M' be a C® global

map (i.e. dom F = M) and Suppose that the vector fields X and
X' on M and M', respectively, are F-related (i.e. X' = F.X).
inien if ¢ is an integral curve of X, F o ¢ is an integral curve

of X'.



Proof: The map Fo iR — M' is a curve on M'. Moreover,

its 1ift to T(M') is just F, o C. But then by (4.14)

and this is just a system of differential equations of the form
(4.14). Soluticns exist by theorem 4.9 and are just the integral

curves Fo C.

Another useful and important result is the following lo-

cal thecrem originally due to S. Lie.

mheorem 4.11: Let X be a c® vector field on M with X(p) # O

(p is a regular point), then there 1s a coordinate chart (x,0)

about p with coordinate representative (xl,h..,xn) such that

X =0
o1

DS

P

Proof: We choose a chart v of U with cocrdinates (yl,...,yn)

and v (p) = 0. Moreover, we can choose Xp = [8 } by a linear transfor-
.

mation in T (D). ovTlp

Bv theorem 4.9, we have a local l—paraméter group ¢ generated

n

by X. We define a function x:R -——> M by
- 2
sal et = e wTho,at, .. ,a™h)
al
We computc for a = (al, ,an)» Rn, f-C )



7~ w
x*:;——i (£) = 35 £ . ¥
Yy ‘a Syl a
im 1o alin, a2, ... ,a™ - f(x(a))]
h-Q h
_ lim 1 (£, (v7h(0,a%,...,a%) - £(x(a)]
- h-0 a“+h :
h E
= l?m e [£(d, (x(a)) = £(x(a))] by 2) of thm. 4.9
h-+0 h h
= (Xf) (x(a)) by 3) of thm. 4.9
Sc we have
(,,[9 = X ox(a)
I 1
eyt oja
Moreover, for 1 -~ 1 we have
vz g = 3 £o X
layt 10 syt |0
lth
lim 1
= I = =
h_’o h AJ-( (OIOI "hl O ) f(X(O))]
lim -
hfg L [£ o0 ¥ l(o, .h,...0) - £(p)]' since ¢0(”_) is
" .
identity transf.
= afclb-l

“he

.56



or

X*ai = ‘a—'f 'i=2,...,n
Y% 0 VY™ ) p
Since [8 ] , i=1,...,n, is a basis for TP(M), it follows
sy’ )p

that x*:’I‘O('Rn)

> TP(M) is an isomorphism onto. Thus by the
inverse function theorem, there is a nbd. V of O sRn such that

x\ is a diffeomorphism. So we can take X = (x )_1 as a coor-

\Y Y
dinate chart. Now through any point g U= ¥ (V) there passes

an integral curve of X whose xl component is given by

t > x(a14-t, a2,...,an) = ¢t(w-l(a))
with x(g) = a. We have
(al+t, a2,...,an) = X ob o w—l(a)

and by 3) of thm. 4.9 and the above we have that at qA X =0

proving the theorem.

4.7 The Lie derivative

We will now develop some further conseguences of the fact
that Xq is tangent to ¢t(q) at t = 0, i.e. 3) of theorem 139
For functions we have

1im £(6,(P)) - £(p) = (X£)(P)
t-0

t



We define the right hand side to be the Lie derivative of

feC” (M) with respect to X. It is denoted as

lim £¢, (P) - f(p)
t-0 = Xf(p)
t

4.15 £ £
(4.15) (x ) (p)

or

Xf

3 )
a))
"

The point is that this is readily generalized to differential

forms and vector fields. We define the Lie derivative of a dif-

ferential 1-form as

lim (¢§unp - wp

t

(4.16) (f{ DI N

and for vector fields

lim Yp -(¢t*Y)

(4.17) (iYﬁp o R P
t
Recall that (F*X)p = F*YF'l(p) so
(cpt*Y)p = ¢t*Y¢E%p) = ¢t*¥&:(p)' We shpuld check that the

above definitions are well defined and C*, but this will be

clear from the coordinate expressions we shall give shortly.

First we have

Lemma 4.4 Let w,w' and Y,Y' be C*® differential 1-forms and

C® vector fields on a C® manifold M, and suppose that their



Lie derivatives exist, then

1) £ (Y+Y')= &Y + £Y'
X X X

2) & (w+w') = Eu + £
X X X

3) £ fy (XE)Y + ££ Y
X X

4) £ fuw = (Xflw + ££w

X X
5) £w (YY) = (Ew)(Y) + w(£Y
X X X

where f € C®(M).

Proof: 1) and 2) are trivia

3) (gfy) = ml

£y -
££0), = o L (Y

_ lim 1 _
= t-0 [£(p) Yy ¢px (£Y)
_ lim 1 -
= 50 ; [f(p)Yp flo_ (P

add and subtract 1 £(p)o, .Y

lim £(p) [Y_=6,_,Y
= 10 HB DTl o)

)

1 to verify.

(¢t*fY)p]

o_, ()]

)) b .Y 1
t*7o_. (P)

to give

¢_t(p)

] + lim [£(p) - £(o, (P)]1o Y
20 = t* ¢_, (P)

.59
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then changing t —> -t 1in the second texrm gives

= £(p) (2Y) (p) + (X£)(p) ¥
X P

Wwhere we have used 1lim ¢ = 1lim (q:t*Y)p = Y

v
g0 tF e (P £+0 P

This proves 3).

4) 1is proved similarly and is left as an execcise.

5) icu(Y)p - tfg i [w¢t(p)(y¢t(p)>j- wD(Yp)]
- o % [ (¢Ew)p((.¢-t*Yp) - u;wp)
= LML) (0, ,T) - (82w) _(Y) + (5%0)_(Y) = w_ (. )]
t>0 e™'p T-t*'p t7'p P t'p o P P
22 m(iY)p + iw(Y)p

We now give the Lie derivatives in coordinate form

1n

Theorem 4.12: Let o = ? wi(x)dxi , and Y = ) Yi{x)g__ '
i=1 i=1 Ayt
n .
<= Xl(x)i__ be a C¥ differential 1l-form and C® vector
i=1 3yt
fields, respectively, on M in the local coordinates (xl;...}xn).

Then we have



1) £w= ] {Xjawi + w.BXJ]
X i,J e —
9% axl
2) £y= ) [2 Y7 xi-axjyi}a
X 33kt axt ) ax?
Proof: 1) We first compute
e avl o 14 . .
PO B0 T lep e - )
t
= B Llaxt o ¢ - ax’]
t
. n ;'.' . . . :
_olm1 o F ot e 8 g3 gty = MLy 3(xTe &) siyax?
t>0 . .2 - t+0 t 3 3
= g J 9x
but
i 3 . ( . .
3 : .
9x 3% 9%
and
3(xYe 0.0 _ 3(xTe 0y 3 i i
lim 1 { ° Yt 0] 3 lim ((x7 o ¢.) = (Xx7o ¢4)
€0 ¢ ax7 3% J 9% €0 £
_ s xixh = xt
ax7 3%



The interchange of derivative and limit above is justified,

since xi ° ¢t = xi(¢t) is C® and the interchange just says
3(x7 o ) 3(x" e 0,)
= ———— . Putting all this together we get

3% 3t 3t 3xJ

£ dxi'é‘ ¥ axt dxj
X ] 8xj
then
g0 = J[(# mi(x))dxi +w, (x) (£ax") | by 4) of lemma 4.4
X i X X .

_ i S
= Z (X w)dx™ + w; Z 3% dx’]
i s I

=7 x3 %9 axt+ 7w, 3x

—_— 1l —

i,3 e i,]

which gives 1) by interchanging i and j in the last sum,

2) We use 5) of lemma 4.4:

This gives

. i ‘ :
aciff ) o [ ax}a) oy ax ax®(a_ ) _ _axt
& 3%



thus
g2 _ _ %o
X axj i=1 3x3 axl
Then
£Y=§£[Yla}='f{[£yl]a T T
X i X axl ii{X axl X axl
- Juxvyh a -y Jax)a ]
= 9x J axl 3xj
= 7 x3xts -1 vl ax3 3
1.3 axj Bxl 1.3 Bxl ij

interchanging i and j in the first sum gives 2).

Notice that this last expression is precisely

XY - ¥YX = ] X3
J

3 3

ij

since the an order derivatives cancel each other.

If we define the Lie bracket [x,Y] = XY - YX,

Then we have

We also have immediately from theorem 4.12,



: Corollarz:'The.Lie derivatives £: T (M) > T (M)

X

and £: T* (M)
X

> T*(M) are well defined C*® maps.

In a previous exercise it was seen that the Cf‘sections
E(M) of any vector bundle has a natural structure as a C® (M)
module. This is, of course, true in particular for T(M) . How=-
éver, the above corollary gives T(M) a more interesting alge-

braic structure not shared by the more general case E(M). Indeed

we have £ Y = [X,Y] € T(M) for any X,Y € T(M). Thus T(M) has
X
a natural multiplication [ ","]: T(M) x T(M) > T(M). This

leads to the following:

Definition 4.4: A (non-associative) algebra £ with the pro-

duct denoted by [x,yl, which satisfies for any X,¥,2 € £
l) [er] = -IYIX]

2) [x,0y,2]l + [y,lz,x]] + [z,[x,v]]] =0

is called a Lie algebra. Condition 2) is known as the Jacobi

identity.

Theorem 4.13: T (M) with the product given by the Lie bracket

(X,Y] is a Lie algebra.

Proof: We have already seen that T(M) is a vector space. We have
the product [X,Y] = XY - YX. Clearly [X,Y] = -[Y,X]. To see

<) of the definition, compute for f e C®(M)
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i) [x.[y,2]]f

X(Yz-ZY)f -

XYzf - XZYE

Similarly,

ii) [y,[z,x]]1f

and
iii) [z,[x,¥Y]]€E
Adding i) + ii)
and proving the

T(M) with this

and referred to

(x(y,2])f - ([X,2]X) €

(Yz=-2ZY) X£f

YZXf + ZYXE

YZXf - YXZf - ZXYEf + XZYE

ZXYEf - ZYXf - XYZf + YXZf

4+ iii) gives 0 , verifying the Jacobi identity
theorem.

Lie algebra structure will be denoted by ¥ (M),

as the Lie algebra of vector fields on M.

Exercise: Let U be any associative algebra. Define UL to be

the space with the new multiplication law [x,y] = xy-yx where

x,y € U. Show that UL is a Lie algebra.

Exercise: Let

Show that

£, ¢ C°(M) and X,Y € ¥(M).

[ £x,qY] = £glX,¥] - g(Yf)X + £(Xg)Y¥

This shows, in particular, that ¥ (M) is not C® (M)-linear.
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Exercise Let F:Ml——~> M, be a C” map. and let X.eT'M,),

[ (9]

Y. ¢ T(My)) "with .F,X, =Y, 6 i =1,2. Show that P.l¥ X1 =

(¥,,Y,]. This shows that F,:¥(M) > ¥(M,) is 2 Lie algekra

homomorphism.
Exercise: Show that ¥(M) is infinite dimensional.

Exercise: Let Xl"“'xn be a basis for a Lie algebra £ (finite
dimensional), whose product is the Lie bracket. Then [Xi’xﬁ]

must be a linear comhination of the X's, namely

n
[xi,xj] = E CTi Xy

Find conditions on the "structure constants" ng which follow

from the definition of Lie algebra.
Exercise: Prove part 4) of lemma 4.4.

In a subsequent chapter we will extend £ to a map on tensor

fietds.



