I- Topological Preliminaries.

In this chapter we colleét some basic notions and re-
sults of topology. It is suggested that the reader review a

standard book like Hocking and Young.

Definition 1.1:

A topological space is a set S, together with a family

of subsets, called open seis of S, satisfying:

(1) The union of an arbitrary number of open sets is open.
(ii) The intersection of any finite number of open sets is
open.

(iii) Both S and ¢ are open, where ¢ denotes the empty set.

From now on, for topological space'we will write
top space, or r-space if anexplicit reference to the topolo-
gy ¢ 1s needed. If S is a Z-space and peS , any open set (i.e.

any member of r) , that contains p will be called a neighborhood

of p, and will be denoted by Up 'Vp' etc.

Example 1.1:

a) In any set S, we can define the discrete topology, in which

every subset is open, and the indiscrete topology, in which the
only open sets are S and ¢ .

b) The set with twb eléments {0,1} , with the discrete topolo-
gy is called Zi With the topology {¢,{0},{0,1}} is called the

Sierpinsky Space.




Is clear from these examples, that in a given set may
be defiped different topologies, Now, in order to define a
topology there is no need to specify all the open sets from
the beginning, but only a "sufficient" number of them. More

precisely:

Theorem 1%.1:

Let S be a sét, and {B,} any family of subsets of S
that satisfies: : .
U -
(i) 5 Ba S
(ii) If pEBanBB » then there exists By such that peBy and

- N
BY BO‘B

g
Then, the family £ consisting of all the unions of members of

{Ba} , (including empty unions), Is a topology féf S.

Exarcise:Prove this theorem.

In any g-space, a family of open sets satisfying the
conditions stated in this theorem is called a basis for g.
Given two topologies £y r Gy On the same space S with basis
{04} and {Rqg} respectively, the topology Gy v is said to be

smaller or finer than ) i1f every‘Ra can be expressed as a

union of the Oa's' We write this as ;2 p Cl . (It is also

said that &y is larger than cl). If also Sy 2 cz we say that

G and §, are equivalent The discrete and indiscrete topolo-

gies are respactively the smallest and largest topologies that

can be defined on a given set.



. ExXample 1.2:

a) ¢ itself is a basis for 7 in any Z-space.
b) In R" the family of subsets {B(x;r)|xeR", r> 0}

n . . 1

with B(x;r)= {xeR" | (] (x‘-yl)z)é <r} is a basis for the usual
i=1

Euclidean topology in r" . (see theorem 1.6 and an exercise

below).

Definition 1.2 :

Let S be a space and XCS.

(1) X is called closed if $-X is open.
(ii) The closure X of X is the intersection of all closed
sets which contain X.
(iii) X is called dense in § if X = s.
(iv) The interior X° of X is the union of all open sets
contained in X.
(v) The boundary 98X of X is defined as 3X = X - X°
(vi) A point peS is said to be a limit point of X, if every
neighborhood of p contains at least one point in X dis~

tinct from p. The set of limit points of X is denoted
by X', A it poiat 15 alsp Cd///t(/ # @cCamylutieg ﬁﬂm/.
* Mode: The deominolyy s net S*W";(/M( Tn Some bpobs. [/ #
peint 05 defired U slight by deqfeceatyy "

Exercise : Show that

(a) The intersection (union) of an arbitrary (finite) number

of clocsed sete ie cloged (hint: De Morcan's laws).



(b) X is closed (open) if and only if X = X (X =X°)

(c) X is open if and only if every peX has a neighborhood U CX.

Note that open and closed are not exclusive, nor ex-
haustive concepts. In any space S, both S and ¢ are open and
closed, and in IR" a subset of the form {xeIR'| 0sx<1l} is neither

AY

open mor closed.

Theorem 1.2:

If S is a space and XCS, then X = XU X'
proof:

a) XCXUX': We consider only the case peX , p“X .

Suppose that p$X', then there exists a neigborhood Up of p such
that UpX = ¢, so we have a closed set (c-Up) containing X and
p$(c-Up) contradicting that p€X.

b) XUX'CX: If peX ﬁhen peX . If peX', let C be a closed set
containing X and suppose p$C. Then $S-C is a neighborhood of p

nct intersecting X. This is absurd since peX'.

Examnle 1.3:

a) In Sierpinsky space, {1}= {1} ,{1}°= ¢ , {0} = {0,1} {0}°=

{0} , {0}' = 1. Note that {0} is dense.

. b) In IR!, the set @ of rationals is a dense subset. In fact,

a numerable dense subset (see a book of analysis).

If S is a space and XCS , we can construct a topology




on X by defining a subset UCX to be open if it is of the form
U = ANX with A open in S. This topology on X is called the

subspace or relative topology. Note that "U open in "X" does not

=

imply "U open in 3S".

Now let SI,S

are--15p be a finite number of topological

spaces. We can define a topology in the cartesian product
SIXSZX...xSn by taking the family of subsets of the form
U1XUZX...XUn s With Ui open in Si as a basis. The topology ge-
nerated by this basis in SIXSZX...Sn is called the product to-

pology.

Finally, let S be a space and let ~ be an equivalence
relation on S. We can turn the set S/~ of equivalence classes

into a topological space as follows: Let

p:S+ S/~: p =+ [p] = {qges | p~q}

be the natural projection. We define a subset UCS/~ to be open,
if p-l(U) is open in S. S/~ With this topology is called the

guotiént gspace and the topology is called the guotient topology.

The third case illustrates a general procedure to cons
truct topologies out of given ones. Through the action of map-
pings. As will be seen, the other two cases (subspace and pro-

duct), can also be discussed from a similar point of view.

Definition 1.3:

Let S and .S' be spaces, and f£:S —S' a map. £ is said




(1) Continuous, if for every open set U'C S', the inverse

image £ '(U) ={pesS | £(p)eU'} is open in S.

(1ii) Open, (closed), if the image of each open (closed) set in

S, is open (closed)in S'. .
- bijechr on -1
(iii) Homeomorphism,if it is an égégggian, and both f and £

are continuous.

Exercise: Prove that in the definition of continuous map, the
word "open" may be replacéd by "closed". show that the composition

of continuous maps (of homeomorphisms) is continuous (a homeomor-

phism) .

Note that continuous, open, and closed are independent
notions. We also call the reader's atiention to the fact that
whenever we talk about a mapping f£:X + Y between two sets X
and Y, it must be considered into Y , unless we explicitiv

call it a surjection or onto. In particular, wéfg;ve defined an
homeomorphism to be an injection and not a bijection. If S and

§' are spaces, and a bijective homeomorphism h:S+S' exists, we

will say that S and S' are homeomorphic and write S =S'.

Now, let S be a space, Q anrarbitrary set and consider
a surjection f:S + Q. We define a topology in Q by choosing a
subset ¥ €CQ to be open, when ever £ (v) is open in S. This to-

pology is called the identification topology in @ determined by

f. It is the largest topology for which the map £ is continuous.

As an example of the jidentification topology we have the

guotient topology discussed before. The subspace and product



topologies can also be defined by mappings but in a different

way:

Tf S is a space and XC S, consider the inclusion map ;

u:X+S: p~u(p) pe X. The subspace topology is the smallest to=-

pology toxr which the inclusion map is continuous.

In the cartesian product Slx...xsn of the n spaces
Si’ ke . nap ﬂkzslx...xsn -+ Sk:(pl;...,pn)‘* Pk , is called

tre projection onto the k-th factor. The product topology is

the smallest topology for which the n preojections T, are con-

tinuous.

To discuss otner topologies between the two extremes,
discrete and indiscrete,we need to impose additional conditions on
Jdefinition 1.1. For the developments in the following chapters
we are interested in the invariance properties of the resulting

tcpologies; this means that sometimes we will ask:

(1) If the additional properties are inherited by subspaces, or
if they are transmitted to cartesian products (finite) and

to guotient spaces.

(’) Under what kind of mappings these new properties are inva-
riaat::. In this context, the most important properties are

those which are preserved under bijective homeomorphisms,

called topological invariants.

Definition 1.4:

A g-space is said to have countable hasis (or to be 2°

countable), if 7 has a basis with countably many elements.

l.7



It is easy to show that 2° countability is invariant’
under continuous open surjections, that every subspace of a 2°
countable space is 2°countable and that a finite cartesian pro-

duct is 2°countable if and only if each factor is 2° countable.

If S 1s a space, a family {VaT of‘subsets of S is said.

to be a cover of s, if s = YVg - A subfamily of {Va} that
is also a cover of- 'S is called a . subcover. If each mem-
ber of a cover is open then it is said to be an open cover

pvefinition 1.5:

A space is called Lindelof, if each open cover con-

tains a countable subcover.

We are now ready to state the main property of 2°

countable spaces:

Theorem 1.3:

Every 2° countable space is Lindelof.

Proof: Let {Bi} be a countable basis for the space S, and
{Ua} an open cover. of S. Each Uy , being open, is a union
of Bi's , so that, choosing for each i one Uai such that Uai

u 2 B; the result follows, since a basis is a cover,

i

With respect to the invariance properties of the Lin-

delof property we have:

Theorem 1.4.

Tha L.indelof provertv is invariant under continuous .
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surjections.

Proof: let £:S +S' be a continuous surjection, and {U,} an
open cover of S'. Then {f-l(Ua)} is an open covering of S
and if S is Lindelof there exists a countable subcover {f-l(Uaﬁ}

then {U,.} is a countable subcover of {U,}.

It follows from this that if a cartesian product is
Lindelof, then each factor must be Lindelof, but the converse

is false in general.

Show that if S is Lindelof, and XCSs is closed, then,
(as a subspace), X is Lindelof. (This result is false in gene-

ral fof open subsets).

Another property closely related to 2° countability 'is

~_separability. -

Definition 1.6:

A space is said to be separable if it contains a coun-

table dense subset.

It is easy to show that if £:5 + S' is continuous,
and peS is a limit point of X CS, then f(r) is a limit point
of £(X). From this it follows that if X is darse in S, then f£(X)
is dense in £(S), because f£(S)= F(X) = £(X)U f(X') € F(X). Hen-

ce, separability is invariant under continuous surjections.

The reader can also show that if GCS is open , and



HCS is dense, then (XNG) is dense in G. (there are counter-
examples which show that this is not true in general if G is

closed), so separability is inherited by open subspaces.

Finally we mention that separability of a finite carte-

sian product is equivalent to separability of each factor.

The relation of separability and 2° countability is:

Theorem 1.5: If S is 2°countable, then every subspace of S is

separable.

éfoof: As 2°countability is inherited by every subspace, we

need consider only the case in which thé subspace is S itself:
Take a point of each member of a countable basis to form a couné-
able subset X. Every open set is a union of members of the basis,

so X is dense.

The converse of this theorem is false in general, except

for metric spaces: .

Definition 1.7:

A metric on a set M is a function d:MxM - ;R with the

properties, X,¥,2 €M:

(1) d(x,y) » O.
(ii) d(x,y) = 0 if and only if x =y
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. (iii) d(x,y) = d(y,x)
(iv) d(x,z) ¢ d(x,y) + d(y,z)

Associated with this metric, we can define a topology

(a metric topologyl on M in a natural way. First we define a

Spherical nejighborhoaxd . B(x;r) with center xeM and radius r >0
to be the set of all points yeM with d(x,y) < r.

Theorem 1.6:The family of spherical neighborhoods {B(x;r)|xeM,r>0}

forms a basis for a topology on M.

Proof: Ié is'clear that de B(x;r) =M . Now let xeB(x,;r )
ﬁ_B(xz;rz) and r = min {rl=<’i(x,x1), rz=d(x,x2)} . Then r >0,
since the statements aceB(f;r ) and d(§,a) <r are egquivalent
so xeB(x;r). Now, if yeB(x;r) then d(y,x,) € d(y,x) + d(x,x,)<r
+ d(x,x;) & (r;-d(x,xl)) + d(x,x;,)=r , tﬁat is, yeB(xl,rl)

and similarly yeB(x,;r,) so that y'eB(xI;rl)ﬁ B(x,;r,).

The topology_ generatéd by this basis is called the to-

pology induced by the given metric.

Exercise: In IRn, the set of all orderéd n-tuples of real numbers

(x;0+..,%x ), show that

d(x,y) = (lg (x, - ¥ )2)1/2
. =3 + 1
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is a metric. This is called the Euclidean metric and the result-

ing topology is called the Euclidean or usual topology in m? .

‘Two metrics 4,d' in the same spaca M are szid to be
equivalent , if the topologies Z,;' induced by each one are

equivalent.

‘Exercise. Show that in a metric space, the properties of 2°count-

ability, separability and Lindelof are all equivalent.

In mgtric spaces, topological concepts can be phrased
in the €,6 , terms of classical analysis. For example, if M
and M' are metric spaces with metrics 4 and 4' respectively, a
map £:M + M' 1s continuous if and 6nly‘i xeM, e>0 , §>0

such that d(x,y)< § implies d'(f(x),£f(y))< €.

With respect to invariance properties we have:

(1) Metrizability is a topological invariant.
(2) Every subspace of a metric space is a metric space.
(3) A finite cartesian product is metriable if and only if each

factor is metrizable.

In everv set X we can define a metric by

d(x,y) = x,veX.
1 if x+ vy

The topology induced by this metric is the discrete topoloéy.

On the other hand, the reader ~an verify that no metric can
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induce the topology in the Sierpinsky space. It is then of in-

terest to ask when a given topology can be induced by a metric.

One of the mosi_dseful resﬁ;fs‘iﬁ“this context (Urysohn) ,sta-

tes that a 2° countable space is metrizable if and only if we

can "separate" points and closed sets by means of disjoint open

sets. (In the 2°countable Sierpinsky space, the point 0 and the

"peiat {1} , cannot be so separated). This property, called re-

gularity, belongs to the list of the called separation axioms.

Definition 1.8: A topological space is said to be:

|

If for each pair of distinct points, at least one of

them has a neighborhood not containing the other.

If for each pair of distinct points, each one of them

has a neighborhood not containing the other.

13

Or Haugdoggg , If eachvpair of distinct points have

non intersectihg neighborhoods.

Or reqular . If it is T, and for every closed set
A, and every point p¢A, there exists a neighborhood Up

of p and an open set VOA , such that Upﬂi7= ¢ .

Or normal, If it is T, and for every pair A,B of
disjoint closed sets, there are open sets U2 A and V2B

such that UNV =¢ .




or

Tyt and ° ( °> ) . e :=sgeint

T, @ @ (Hauscorff) .

Ty: (Regula-)
Ty (Normai)

In the following, we will seldom encounter -spaces which
satisfy separation axioms weaker than Hausdorff, but as examples
consider first the Sierpinsky space,.which is T, but not T,,and
second, any infinite set X with topology z ={¢} U{ACX|X-A is fi=

nite}, is a T, space which is not Hausdorff.

Hausdorff topologies have, among others, the following

important features:
(1) Every finite set is ~losed.

(2) If p is a limit point of a set X, then anv neighborhood of-

p contains infinitely many points of X.

E xercise: Prove these properties.
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A topological praperty is called hereditary if it

holds for every subsp#ce of a top space. The property of being
Tl, Tzor T, are all hereditary. To see this we first notice
that the T, condition can be rephrased as: a space is T1 if and
only if all its single point sets are closed. For fixing g
every p # q has a neighborhood Up C T containing p such that

q ¢ UPQ Thus T- {q}=‘Up Up is open; hence {q} is closed. The
converse statement is trivial. So if A C T is a subset in a

T, space with q € A, then {g} is closed in A since A-{q)=A"T-{q}
is open in A;

Lemma l.1: The T, condiﬁion is hereditary.

Proof: Let T be regular and X C T a subspace. Suppose A is closed in X with
_pe X-A. There is a closed subspace B C T such that B N X=A.

But p £ B, so there are neighborhoods Up CTof pand V of B
which do not intersect. But then 6p = Up N X and V= v Nx

[] ’ ]
satisfy V 2 A and Up nv =@. Q. E. D.

Exercise. Show that Hausdorff is an hereditary property, and

that the product of Hausdorff spaces is Hausdorff.
Exercise: Sbow that Ti implies Ti-l' i=1l,...,4.
Exercise: Show that a metric space is regular.

Definition 1.9: A topological space .is said to be compact if

every open cover has a finite subcover. A top space is locally
compact if every point has a neighborhood whose closure is

compact.

Theorem l1.6: (Heine -Borel) A subset of R" is compact if ani

only if it is closed and bounded.

Exercise: Review the proof of this theorem.



Remark .Boundedness is a metric space concept.

Theorem 1.7: R is locally compact. ' .

Proof: Every point x ¢ Rn, has a spherical neighborhood S(x,r)

and S(x,r) is compact by the Heine-Borel theorem.

Theorem 1.8: If S is compact and £: § —» T is a continuous

surjection, then T is compéct.'If S is locally compact and

£: 8 —> T is a homeomorphism onto T, then T is locally éompaég.'
Proof: To prove the first statement, let {c,} be an open.cover
for T, then {f-l(ca)} is. an open cover for S since f is a contin~-
uous surjection. Moreover, {f-l(ca)}has-a finite subcover {Va.}
and {£(v_ )} is a finite subcover for T. For the second state-l

i
ment, we have ‘that every p ¢ § has a neighborhood U such that

U is compact. Since f is a homeomorphism £(U) is open in T and
contains £(p). By the first statement £(U)is compact. But by

the surjectivity of £, £(p) is an arbitrary point of T.

Remark. In the second statement we need the condition that £
be a homeomorphism and not just continuous. (See Hocking and

Young for a counterexample).

We give an example of a bijective continuous map which

is not a homeomorphism.

Example 1.4: Let S be the nonnegative reals and define f: § —> sl

(unit circle) by

. _ 2
9 = f(x) = 271 X -

1+ x

f is a bijection and continuous; however, it is not a homeomorphism .

, -1 . . , . .
since £ is not continuous. For if it were we would violate




theorem 1.8 since S' is campact and the nonnegative reals 1is
1/2

not. Ihdeed for ¢ » 0 small 5 {271~ €) is very large.

€

Exercise: Show that the product of two compact spaces is compact.
Exercise: Show that a compact Hausdorff space is regular.

We will strengthen this last exercise to

Theorem 1.9: A locally compact Hausdorff space is regular.

We will need a definition: Let T be a top space with
* .
topology r. Define the set T = T U{»} where « is a "point" not

in T. On T* we putAthe topology z* defined as follows: the members

of t* are all sets which are either

(1) Open sets of
(ii) T* - C where C is a compact subset of T.

T* is called the one-point compactification of. T.

Exercise: Show that z* defines a topology on T*.

Lemma 1.2: Let T be a locally compact Hausdorff space (which is

not compact) then T* is a compact Hausdorff space. Moreover, T

is a subspace of T*, T* - T is a single point, and T* = T.

Proof: T is é'subspace of T*, since for any open set ﬁ of T*,

U N T is open. ﬁbreover, since T is not compact T* - C contains
«© and intersects T nontriviaily. Thus «® is a limit point of T
and T* = T. T* is Hausdorff since if p € T and g= « then we.can
find a neighborhood U of p such that U is compact and does not
contain g. Then U and T* - V are disjoint neighborhoods of v

and q respectively. To show that T* is campact, Let U be an open cCOver.

U contains a open set of the form T - C. Let 'FU&}beall members of U -



different from T* - C, Put Vq = U& nT, {Va} is an qQpen cover
which covers C, i. e. C C nava' Since C is compact there is
a finite subcover {Va } and U Vo UT* - C is a finite subcover .

i i
for U. Q. E. D.

\

Proof of' theorem 1.9: If T is a locally compact Hausdorff space,
T* is a compact Hausdorff space and by alprevious exercise is
regular. But then T being a subspace of a regular space is regu

lar, by lemma 1.1.- Q. E. D.

‘Example 1.5: The one-point compactification of the real line

R 1s homeomorphic to the circle st. Similarly the one-point
compactification of R2 is homeomorphic to the two sphere Sz.
The explicit homeomorphisms will be given in the next chapter-

Stereographic projections.

Definition 1.10: Let T be a top space and p and g any points

of T. Let Ia,b be the closed interval [a,b]C R. A path from

p tog 1is a continuous map f: I —> T such that £(a) = p

a,b
and £(b) = gq. T is said to be path connected if for every pair

of points p, g, of T there is a path from p to q.

Remark. Without loss of generality we can take a=0, b=1l, so

that I 1s the unit interval. Why?.

Definition 1.11: A top space T 1is connected if it cannot be

written as the union of two disjoint (nonempty) open sets.

Proposition 1l.1l: If T is path connected, then T is connected.
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Exercise: Prove this proposition.

Remark. The converse statement is not true (see a topclogy

book for a counter example).

Example 1.6: g® is path connected and thus connected.

Proof: Let x and y be any points of rR" and define £f;: I —= R
by
f(t) = ty + (1-t) x

which is easily seen to be continuous,

Theorem 1.10: The continuous image of a path connected (connec—

ted) space is path connected (connected).

Proof: Let F: § —a» T be continuous with F(S)= T, If S is
path connected there is an continuous map £f: I = IO,l -—3>» S
with £(0)= x, £(1l)=y for any two points x, y € S. But. then

Fo £f: I —>» T 1is continuous with I'e f(0o) = F(x) and Fe£f(1)=F(y).
So T is path connected since F is surjective, If S is cbnnected,
assume that T is not. Then there are nonempty open sets U and

V of T such that U N v= g . But then by thé surjectivity and
continuity of £, f'l(U) and ffl(V) are'nonempty open sets of

S. Moreover, they are disjoint, which contradicts the connecti-

vity of S. Q.E.D.

Example 1.7: R™ - {Q}), n > 1,is path connected and thus

connected. Consider example 1.6. If x,y are any points of .

R"- {0} such that £(t) # 0 for all t € I, then £ is a path in

R® - {0} to y. If there is a t, € I such that f(t°)=0 consi-

der another z ¢ R™ - {0} which is not on the path in R" which



joins x and y. Then if g(t)=tz+(1l-t) x we must hawe g(t)#0 for all teI, for if not
it is easy tc see that x, y, 2 would be collinear. Similarly, .
h(t) = ty +(l1-t)z never vanishes. Thus heg(t) never vanishes

and is a path in ®" - {0} from x to y.

Exercise: Show that the unit sphere s%= {xe Rn+l: x|= 1, where
|x] = d(x,0} (d is the usual matric on &) is path connected.

Let C be a subset of S. Then C is called a path component

(component) if C is path connected (connected) and is not a

proper subset of another path connected (connected) subset of

S.

Definition 1.12: Let £, g: S —=> T be continuous maps of the

top space S into the top space T. f is said to be homotopic to

g if there is a continuous map H: S xXI -—» T which satisfies

H (p,0) = £(p)

H (p,1) g(p)
for every p ¢ S. The map H is called a homotopy between f and

g. A space S is said to be contractible to a point po(or just

contractible ) if the identity map id: S —> S defined by
id(p) = p for all p e S 1is homotopic to the constant map

c: § —=» S defined by c(p) = Py -

Example 1.8: R™ is contractible to a point, say 0 ¢ R". Consider

the identity map id(x) = x, X € R” and the zero map 0(x) = 0.




Define H: R®: x I —» R by H(x,t) = (l-t)x, We have H(x,0)l= x
= id(x) and H(x,1) = 0 = 0(x). It is easy to verify that H is

continuous. Thus H is a homotopy between id and 0.

Remark: A contractible space is clearly path connected since
Hp: I - S defined by Hp(t) = H(p,t) = homotopy between the

identity and constant maps is a path from p to Pye

Definition 1.13: Let £, g: I —» S be two paths in S. f is said

to be path homotopic to g if £(0)=g(0)= Py’ f(1)=g(l)=p1, and
there is a continuous map H: I xI --- S such that H(§,0)=£(S),
H(s,1)= g(s) and H(o,t)= Por H(l,t) = P,- H is then called a

path homotopy between £ and g. .

Remark. The first two conditions on H say that f and g are
“homotopic. The second two conditions say that for each t ¢ I,
the map s » F(s,t) is a path from Po to Py- Thus péth homo~-

topy is a strbnger condition than homotopy.

Let ¢° (5,T) be the set of continuous maps from S into
T. For any £, g e ¢® (S,T) we write £ g if £ is homotopic
to g. Similarly, let PO(S) denote the set of paths in S. For
any £, g ¢ P°(S) we write £ p g if £ is path homotopic to

g.

Lemma 1.3: The relations n and Np are equivalence relations

on -.c°(s,T) and P°(S) respectively.

Proof: We verify the transitivity property only. The remainder

is left as an exercise. Suppose £ v g and g v h. We show that



f ~v h.

Let F and G be homotopies for £, g and g, h respectively. Define .

H: S x I —> T by

F( p, 2t) " for teto, 3
( p, 2t-1) for . t e [f, 1]

It is easy to check that H is well-defined. Now H is continuos
on the closed subsets S x [0,% ] and Srt[% 1] of 8§ x I. That
H is continuoué follows from lemma 1.3 given below. Now suppose
F and G are path homotopies, then H(0,t)= p_ for all t e (0,1 ]

and H(i.t)= p; for all t € [0,1]. So H is a path homotopy.

- Exercise: Finish the proof of this lemma.

Lemma 1.4:(the pasting lemma). Let S= A U B where A and B are
closed subsets of S. Let £f: A —>» T and g: B —> T be continuous,
and suppose that f(x) = g(x) for all x £ -A N B,
Defiﬁe h: § —> T by

£(x) for x € A

hix) = g(x) for x € B

Then h is continuous.

Proof: Since f(x) = g(x) for x ¢ A N B, h is well-defined. .Let

-1 1

U be open in T, then h-l(U) = £ "(U) U g ~(U) is open in S. Q.E.D.

Let £ £ ¢ (s,T) or P°(s), then we denote by [£] the
corresponding homotopy or path homotopy class. We denote by

[CO(S,T)] the set of homotopy classes of maps from $ to T, and

by [P°(S)] the set of path homotopy classes of paths in S.
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Exercise: Show that if T is contractihle [C° (8,7T)] consists
of a single element. Show that if T is path connected and S

is contractible then [c°(5,T)] consists of a single element.

on [P°(S)] we define a composition as follows: Let £
be a path from Po to Py and g a path from P, to Py, We define

the composition f * g of £ and g to be the path

% (2t) for t ¢ [ 0, 3]
£Ergle) = g(2t-1) for t e [ %, 1]

That £ * g is a path from Pg to Py follows from lemma 1.3. Now
we must show that * makes sense on classes [ f] so that we can
define [ £] * [g]Q [£+g] . Suppose that £ Np f' and g Np g' and

let F and G be the corresponding path homotopies. Define H by

gkaS,t) for s ¢ [0,%]

H(s,t) = G(2s-1,t) for s ¢ [%,1]

H is well-defined since F(1l,t)= P, = G(o0,t) for all t, and
continuous by lemma 1.3. Moreover, H(s,0) = F(2s,0)=£f(2s),
H(s,1)= £Y2s) for s ¢ [0,%]andri[s,0] = G(2s-1,0)= g(2s-1),
H(s,l)f g'(2s-1) for s ¢ [% ,11. Thus £ * g~ £' * g'. But
also H(g,t)= F(o,t)= P, and H(1,t) = G(1,t) = P, + SO £ * g~

2
£' % g'.

Theorem 1.11: The operation * on [P°(8)] satisfies the following

1) (Associativity) If [£] * ([gl*[h]) is defined, then so is

(L£] * [g]l) * [h ] and they are equal.



2) (Right and left identities) For p ¢ S let ep:

I —>» S be the constant path defined by e (t) = p for
. P
all t € I. If £ is a path from Py to Py then [f]*[ep 1=[1]
1
and [e_]*[1]=[1]. e. and e_ are called the right and
Po P P2
‘left identities respectively.

3) (Inverse) Let f be a path from P, to p;. Define F(t)=£f(1-t).

It is the reverse path of £f. Then [f]l* [ £f] = e, and
. o

[£]1* [£f]= epl-

The proof of this theorem is involved but not difficult
and can be found in any book covering homotopy theory (e.g-

Munkres) .

Remark. The properties of this theorem define on [P°(S)] the

structure of a groupoid. (See MacLane and Birkhoff).

nefinition 1.14: A path f ¢ P°(S) such that £(0)=£(1)=P_ is

called a loop at Pg- Denotenby Q(s, po) the set of loops at Poe
The set of path homotopy classes of loops at Py with the opera

tion * is called the fundamental group of S at Pg* It is denoted

by wl(s,po).

Remark. The operation * indeed defines ﬂl(S,po) as a group. For
the properties of theorem 1.1 now become that for a group, since
for every £, g e Q (S,po) , £(0) = £(1)=g(0)= g(l1l). We recall
the definition of a group. A set G is called a group if it has

an operation (called group multiplicatioﬁ) G X G —s» G such that
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1) (Associatiyity) £(gh) = (fg)h for all £, g, h e G

2) (Identity) There is an element e ¢ G such that ge=eg=g

for all g e G.

3) (Inverse) For every g € G, there is an element g-1 e G

such that gg-1 = g lg = e.

Notice that the identity element in wl(s,po) is identified with

the path homotopy class of the constant loop.

T, is also called the first homotbpy group, implying that there

are "higher order" homotopy groups.

Lemma 1.5: Let a: I ——» S be a path from P, to P;. The map

Aps Ty (S,po).é——iv .ﬂl(S,pl) defined by

a, ([ £]) [al* [£ 1% [a ]

is a group isomorphism.

Proof: First we show that o, 1is well-defined. Indeed, since
£(1) = a(l) = Py we can compoﬁe to get

£(2t) for t ¢ [o,§]
£ * a(t) =

a(2t-1)for t € [%,1]

Moreover, £ * a (0)= £(0) = Pq and £ * a(l) = a(l) P, SO by
the pasting lemma £ * o is a path from Po to Py - But since

a (1) = a(0)= P, and £ * a (0) = £(0)= p_  we can compose again
to get a continuous map ¢ * £ * a € & (S, p;) since a * £ *a(0)

=a(0) =a(l)=p, anda * £ * a(l)= a(l)= p,. Now a, is a group



homomorphism since a, ([£]) * a([gl)= [al* [£] *ia]*[a]*[g]*[a]‘

={a ] * ([£ 1*[g 1) * (al= a,([£] *[gl).
Furthermore, a, is a bijection since if a is the reverse path
of o then a, (a,[£1) = [al* a, ([£1)* [a]

= [al* [al*[£]*[a)*[a]=_ [f£]
similarly, ay °d, [hl=[h] for h e 2 (S,p,).
Corollary: If S is path connected, then for any two points

Por Pr E S Wl (s, po) is isomorphic to nl(S,pl). Thus if S is

patih connected we can refer to the fundamental group nl(S).

Remark. Clearly, for any top space S we can refer to the funda-

mental group ¢f any path component 6f S.

Definition 1.15: A top space S is called simply connected if

it is path connected and m,(8,p,) is the trivial one-element
group for some Py € S and hence for every p € Sl’ i. e

nl(S) = {e}.

Example 1.9: R? is simply connected. If f € Q (Rn, xo), then

/

the straight line homotopy

H(s,t) = t X5 + (1-t) £(s)

is a path homotopy between £ and the constant loop C defined by

C(x)= X for all x ¢ R". Thus nl(Rn) has only one element, e.

More generally we have

Theorem 1.12: If S is contractible, S is simply connected.




Proof: S is path connected hy the carellazy to lemma 1,2. Now
let f, ge Q (S, po) be arbitrary There is homotopy H:S *I-=——» S
between id and the constant map c¢. Define the map G:I x I —=» S

by
H (£(s), 2t). for te [Q, %-1

G(s,t) =
H (g(s), 2-2t) for ¢t ¢ [%-, 1]

G is well-defined since H(f(s), 1) = ¢ = H(g(s),1l), and conti-

. nuous by lemma 1.3. Moreover, G(s,0) = H(f(s),0) = ide f(s)=£f(s),
G(s,1l)= H(g(s), 0) = g(s). So G is a homotopy between f and g.
But G(O,t)= G(1,t), so for each fixed t,G(s,t)e @ (S,p,). How-
ever, we do not know'that G(0,t)= Py SO G is not a path homo-
topy. Define h(t) by h(t)= G(0,1-t), i. e. h(t) is the reverse
loop of G(0,t). Now consider h*f*h. We first show that

h*f*h vy 9 Define the map F: I x I —=> S by

i1-r
h(2:) - Jo <t < _7__
t-2r- ~T
H(t,r) G( - x) —2—<t%—1—-—-
3r+ 1
R(dt-3) Ezi<t<1

This is well defined and continuous since o(l-r)= G(o,r)= G(1,r)=
h(r). Moreover, you can check that H(t,Q)=h*f*h(t), H(t,1l)=g(t),
and H(0,r)= G(0,1)= g(0)= p_= H(0,1) . Now without loss of genera
lity we can take g to be the constant loop g(t)= Po at P, with

[g] = e. But by lemma 1.4 h,: Wl(S, po.) -—‘7“1(Srpo) is a group

isomorphism. So it sends e into e, i. e. [ £l Np h,(e)=e. Q.E.D.



Now let G be a group and a topological space, then

G is called a topological group if the group multiplication

$ : GxG === G 1is continuous in the tOpoloéy on G, 1. e.
¢{(g,h) = gh-.l is continuous. By taking g=e this implies that

-1 ., . , .
h—h is continuous so ¢ is a homeomorphism.

Example: 1.10: Let S be a bounded metiic space, i. e.

sup(d(x,y) < « . Examples would be compact metric spaces or
ﬁéggged subspaces of R". Denote by H the set of all homeomor-
phisms f: S -——> S. Put a netric on H by defining a distapnce
function p(f,qg) = sup d(f(%), g(x)). Thus H is a m€tric space.
Define group multigiication on H as composition. It is easy

to check that this turns H into a topological group.

Exercise: Show that the reals (usual topology) under addition
and the positive reals under multiplication are topological

groups.




2. Topological Manifolds.

I will first .give .a definition of a manifold which is
common in the literature and then give a more easily understood
definition. Actually the two definitions are completely equiva-

lent, although this will not be proved here.

Definition 2.1: A manifold M of dimension n is a top space

which satisfies the following:

i) M is Hausdorff
ii) M ha§ a.countable basis of open sets.
iii) Every point pteM has a neighborhood U which is homeomor
phic to a spherical neighborhood of Rn, i.e. M is loca-

lly Euclidean.

Actually there are more general definitions of a manifold. OF
particular interest is the generalization to the infinite di-
mensional situation (See Lang). We can also drop the Hausdorff
requirement 1) in thé aefinition and talk about non Hausdorff
manifolds. These will appear briefly later oﬁ. Unless explicit-
ly stated as not necessarily Hausdorff, a manifold will be as-
sumed to be Hausdorff, | |

It follows from iii) and the facts that R is locally compact
and local compactness is invariant undér homeomorphisms, that
M is locally compact. But it is known (Hocking and Young) that
every‘locaily compact Hausdorff space with a countable basis is

metrizable. Thus we can repléce definition 2.1 by:



[N
.
w

Thus we will use iii) of definition 2.1 interchangebly
with 1) and 2) above. In fact 1) above is the most convenient.

Another easy consequence of the definition is

Proposition 2.2: An open subset U of a manifold is a manifold.

Proof: For peUCM there is a V containing p homeomorphic to an
open subset of R by ¢. Then ¢&UNV) is open in &" and contains
a spherical neighborhood whose inverse image under ¢ is open

contained in U and contains p.

Such open subsets are called open submanifolds.

Theorem 2.1:

If M' is homeomorphic to a manifold M, then M' is a manifold.

Proof: Let U CM, U' CM' and consider the cammtative diagram

U £ >, U
\\\\\N z////{t'// ¢o £ is homeomorphism
po £
RD

This shows that M' is locally Euclidean. We need to show that

M' is Hausdorff and has a countable basis. Let f:M > M' be
a homeomorphism onto and let x,yeM with x %, Y, then there exists

neigborhoods Ux’Uy’ of x,y, respectively with Q;ﬁUy = {¢} .



Now f(Ux) and f(Uy) are open and contain f(x) and f(y), respec-

tively. Moreover f(Ux)ﬂf(Uy) = {¢} , since if it were not, it's .

members would necessarily be the image of members of antB’.But
this is empty. We leave as an exercise to show that M' also
has a countable basis.

Let's now look at some nontrivial examples of manifolds:

Example 2.1 circle,sl: The map £:(0,27)

> st defined by

~-£(8) = (cosf , sinB) is a homeomorphism of the open-interval

(0,2m) onto S!-(1,0). Also the map g:(-m,T) > sl is a home
omorphism of the open interval (-w,T) onto Sl—(—l,O), where
g(8) = (cos8 , sin®). Thus all points of S! have neighborhoods
which are homeomorphic to Rl. sl is then a manifold, since it

inherits a natural metric from RZ. The figure below illustrates

the missing points.

(-||o) I; “’o)

Notice that intervals on the circle -e+8,<8<8,4 + € are open in
the metric topology induced from R2 since the ball S(pg,r)
where py = (cosbop , sinby), r = sine 1is an open set of Rz. Such
intervals form a basis for the metric topology on Sl.

There is another set of homeomorphisms which generalizes easily

to spheres, given by the stereographic projections.

Example 2.2: Spheres , Sn: We know that



= {§:Rn+I: x2 +...+ x2

n+l = 1}

S

We define the mappings (stereographic projectién)

1) vy: st > R® by yi(E) = Xy
1-Xn+1
2) y':s” > R" by yi(g) = *i

Notice that the domain of 1) is s“-(o,.,.,l) whereas that of
2) is s™-(0,...,-1). It is not difficult to show that these

are indeed homeomorphisms.

Exercise: Show it!
Thus S is locally homeomorphic to R™. In a way exactly analo-
gous to the circle, s® with its relative topology from Rn+l

becomes a separable metric space. .Thus s® is a manifold.

Example 2.3: Torus: T2 = S1 x S1 or more generally " =
Slx..acsl.'Clearly from the definition of manifold if M1 and
M., are manifolds then M.*X M_, is a manifold.

2 1 2
Example 2.4: The Mdbius strip: Consider the half open rectan-

gle 8 = {(X,Y)E:RZ: 0£xg£1l, -1<y<l}. Introduce an equivalence

relations on R by saving that (x,v) and (x',y') are equivalent



if (x,y) = (x',y') or (x,y) = (x'+1,-y").

What we are really doing is identifying the points (0,y) with

the points (1,-y). The resulting space S/~ = M2 is the Mobius

> RS

strip. It can be described analytically by the map £:8
defined.by

£(x,y) = (2cos2mx + y coswxcos2mx, 25in2mx + y cosmxsin2mx, y sinmx)

Notice that £(0,y) = (2+y,0,0) = £(1,-y). The image of f in

&> is the MBbius strip. The map £ on the interior s® of S given

2: 0<x<1l, =-1<y<l} provides us with a homeomor-

by 8% = {(x,y)eR
phism onto MZ-(2+y,0,O). A similar construction with the inter-
val 0<x<1l replaced by -L§<x<%@ provides for the homeomorphism

onto a neighborhood of (2+y,0,0).

Lxercise: Go through this construction.

Almost everybody has made a Mobius strip with a strip of paper
by giving it a half twist and glueing the ends together. This
is not quite M2 constructed above, but it would be if Qe would

have started with § instead of S, i.e. § = {(x,y)e R . 0sxsl,

-1€y%1l}. The result then is the Mdbius strip with boundary.
This is not quite a manifold as we have defined, but rather a
manifold with boundary. We will give -the formal definition
shortly. Anyway the M2 constructed above 1s a manifold. The me
tric topology being the subspace topology of R3.
Another example somewhat more difficult to visualize is the

projective plane. First we discuss some ideas on quotient spaces.

Consider a top. space §, an equivalence relation ~ on S, and the
/



quotiené space S/~ with the gquotient topology. Now in general

the projection p:S > 8§/~ 1is not open, but in many cases

it is and this leads to

Lemma 2.1.: Let p:S

> S/~ be the projection map of a top'

space é to its gquotient S/~ and let S/~ have the guotient topo-
logy. Furthermore, suppose that p is open, then’if S has a coun
table basis {Uo} so does S/~ .
Proof: Let WCS/~, then p'l(W) = g Ua. for some subfamily

' i

{Ua } of {U}) and W = U p(U. ) where each p(U_ ) is open .

Thus {p(Ua )} 1is a countable basis for S/~ . (Check this).

> S/~ be the natural brojection and

Lemma 2.2: Let p:S
suppose it is open. Define EC SxS as E={(x,y)eSxS:x~y}. If

ﬁ is a closed subspace of Sx§, then s/; is Hausdorff.

- Proof: Let E be closed and p(x), po(y) be.distinct points of S/-~.
Then (x,y)eSxS-E, which is open. There is thus an open set

UXV CSxS with (UXV)VE = {g} . But this says that p(UNo(V) = {g},

and S/~ is Hausdorff since p(U) and p(V) are open.

Remark: We need the condition that E above be closed to conclu-
de that S/~ is Hausdorff There are known counter examples.

In fact the converse of lemma 2.2 is true. (Prove it!).

Example 2.5: The projective plane - P(R) = (Rn+1-{0})/~

where x~y if and only if y = tx for some t # 0. The equivalence
classes [x] are just the lines the through the origin {0}, and
we have also PP(R) = s® ./~ where x,yesn are equivalent if

'y = tx. (Show this').



If we show that D:Rn+l-{0} > P?(R) is open, then P"(R)

will have a countable basis by the first lemma since Rn-l—{O}

does. Call X = Rn+l-{0} , and define ¢t:X > X by ¢t(x) = tx
for t = 0. ¢t is a homeomorphism with ¢;1 = ¢l° If UCX, then
t
[Ul = U¢_(U) is open since each ¢ (V) is open. But this says
tekﬁﬁ} - t n
that for each open U,p(U) ‘- : 1is open. Thus P (R) has a count

able basis by the first Lemma.
Next let's show that for Pn(R) the set E defined in the

> R de-

second lemma is closed. Consider the function f:XxX

fined as

. 2
f(le---:Xn+l:Y1,-..:Yn+l) = z (lej‘xjyl)
ixy

Clearly, £ is continuous. Moreover, if Yy tx; . then £ = 0.

Conversely, assume f = 0 then (xiyj-xjyi) = 0, assuming Xi’yj k
o=~§‘,;=ii=>y.=tx.,téso.Thatis,f=01fandon1yif
i y] 1 1
-1

f-l(R-O) is open,

I
i

y~X. S0 E {(x,y):x~y}= £ “(0). But XxX = E

sincé f is continuous; thus E is closed. Hence, by the second

lemma Pn(R) is Hausdorff.

2.8



We need to show that Pn(R) is locally Euclidean. To do '
this we define the following open sets of x:ﬁi = {xeX: x %0},

that is we remove from X = R T1-{0} , the n-plane x* = 0. Let

U = D(ﬁi). These are open since we saw that p:X > P (R)
is open. We define the functions ¢i:Ui > &" by
¢l([x]) = x—ll"'lf-ii.-l I'_i-l:-ﬂl"'l f_ri;-_}
X, X Xy X
where x is such that p(x) = [x]e:Ui. Clearly, ¢i is continuous.
Moreover, an easy argument as above shows that ¢i(x) = ¢i(y)

if and only if y~x. Thus ¢i is a bijection, that is 1-1 onto.

-1 n . . -l -
Now ¢i iR > U; is given py ¢, (zl,...,zn) = p(zl,...,zi 17
1, zi,...,zn). To see this consider
Y.
s i > X

\ /

NYA
PR (R)
" where wi(zl,...,zn) = (zl,...,zi_1 , 1, zi,...,zn) , and we i-
. . , ; X
dentify (2,,.../2;_4/2.)...,2_) = f_,...,xl-l ’ Xi+1 yee._ntl
Thus ¢-l is continuous,’ and thus a homeomorphism. Then Pn(R)

is a manifold since {Ua} cover P (R).

We now return to some simpler examples, before giving

a generalization of Pn(R).

Example 2.6: nxm matrices, ymm, obviously MM 5 homeomorphic

to RO, a global homeomorphism is £ RO given by



£(a) = ( where

all""'alm ’ azl,...,azm ,...,anm)

r’
all,...,alm

. .

A . . . Thus M™ can be considered

a . 0 a
| “nl’ "“nm |

as a metric space with the metric induced by that of R™. Thus
" is a manifold. The square matrices MP? will be written as

2
Mo (homeomorphic to rR™) .

egxample 2.7: The general linear group. GL(n,R) =z

> R

GL(n,R) = { AEMn: det A#0 } . Note that det: Mn

is continucus, and R - {0} is open, so GL(n,R) = det_}(R - {o})
is open in M®., It is thus a manifold. It is also a group with
group ccmposition given by matrix multiplication. Clearly, this
composition is continuous in the metric topology on GL(n,R).

Thus GL{(n,R) is not only a top group, but also a group manifold,

.e, a top. group whose underlying top.space is a manifold and

Wwhose composition 1s continuous in the metric toplogy.

Example 2.8: Grassman manifolds G(k,n). Consider the manifold

Mkn of all kxn real matrices and recall the definition of the
rank of AaMkn. This is the dimension of the subspace spanned by
the rows of A (or equivalently the columns). Denote by F(k,n)
the subset of Mkn of all matrices of rank k. F(k,n) is an open

Mkn

submanifold of . Any linear independent set of k-elements of

&® is called a k-frame in R®. Thus a k~frame is just a kxn




1
(}.{i\
matrix (xl,...,xk) where xi = l én } . There is a natural
i K
L . .
action of GL(k,R) on F(k,n) given by X, = ] Agixj. Since A is

j=1
nonsingular xi defines another k-frame. The set of all k-planes
through the origin of RD ig denoted by G(k,n) and is called a
Grassman manifold. A k-frame thus determines a k—plane: More-—
over, two k-frames X; and Xi determine the same k-plane if and
only if there is an A e GL(k,R) such that X; = X Ai X,. It is

easy to check that this defines an equivalence relation ~ on

F(k,n) and we have G(k,n) = F(k,n)/~. Let p:F(k,n) > G(k,n)

denote the projection. We leave as an exercise to show that p

"is open. We show here that G(k,n) is Hausdorff (assuming p 1is

open). Consider the nx2k matrix Me F(k,n)x F(k,n) (k<n)

(.1 k '1 'k )
X7 ... XJ X ... X7
M = ) )
1 k 1 'k
L xn LB N ] xn Xk - & & Xk

and all (k+1)x(k+1l) minor determinants consisting of k unprimed

columns and one primed column. A typical example is

1 k o1
Xl ...Xl Xl
Xl ...Xk Xl

k+1 k+1 k+1

A well known theorem from linear algebra says that such a de-

terminant vanishes if and only one of the columns (or rows) is



k

a linear combination of the others. But since the xi,...,xa

are linearly independent the only possibility is

Qo =‘1¢}..,k+1

B

k .
1 _ 1,3
L) A X

t
X
= 3

Running through all such possibilities we find

x = 7 alx] i=1,...,k a=1,...,n
o j=1 j o

Moreover, since (ii,...,ii) are themselves linearly independent
(A%) must be nonsingular, i.e. (A?)eGL(k,R). It follows that
X,ieF(k,n) are equivalent if and only if all such minor deter-
minants vanish. Thus the set ECF(k,n)xF(k,n) defined by E =
{(X,i)eF(k,n)XF(k,n): x~k} 1s the zero set of all such (k+1)x
(k+1) minor determinants. Since determinants are continuous,

it follows that E is closed, and by lemma 2.2 that G(k,n) is

Hausdorff.

Exercise: Show that the guotient projection p:F(k,n)

G(k,n) is open and *hus that G(k,n) has a countable basis.

ExXercise: Show that G(k,n) is a manifold of dimension (n-k)k.
Hint. Let XeF(k,n) and consider the kxk submatrix X. Let U be

the open set of F(k,n) consisting of kxn matrices X such that

~

X is nonsingular. Put U = p(U). Show that aevery YeU is equiva-

lent to a kxn matrix X such that the kxk submatrix is the iden

tity. Define a map ¢:U —> uk (n=k) Rk(n’k) by deleting

+ha Fi1re+r ¥ craliimne oafF +he ramryoacantarive ¥ fAar V - Qhow



that ¢ is a homeomorphism.

Remark: G(1,n) = PP(R)
Exerc;se: Show that G(k,n) = G(n~k,n).

Hint. Consider the map which sends a k-plane into its orthogo-

nal complement.

Example 2.9: One-sheeted hyperboloid Hi :

2
1

morphism f:H2 > Slle defined by f(xl'x2’x3) = [7%L=?. ’
+x
3

3 2 2_.2

HTY = {ger”: X] + X5-X5 = 1}. We construct a global homeo-

2,2

1.1

X2 X } . Here we consider S xR~ = {(xl,xz,x3)€R3: x1+x2==l

;l+x§ C e

It is easy to see that f is 1-1 and continuous. The inverse

function f_l is also continuous. (show it). Thus Hi is homeo-

1 .1 1.1

mdrphic to S xR™ and is thus a manifold since S™XR™ is.

1

Exercise: Construct a global homeomorphism between slxm and

R — {0}.

Example 2.10: The two-sheeted hyperboloids Hg

. n n+l 2 _ 2 2
Define Hn {xeR . 1+xl oot X }

n . . ’
Hn is not connected since there are two ranges for X . name

n,+ _
ly xnzl or x < 1. The component Hn

n+l. 2 _ 2 2 | : .
{xeR PoXp 3 1+xl +ooot x , xnzl} is connected since it is

globally homeomorphic to Rn. This follows since projection map

f:H2'+ ——> R® defined by

£ xl,...,xn , + /{+xf +...+ xi

}.



is a homeomorphism. (Check this!). Moreover, the map pan+l

> Rn+1 restricted to H2’+ —— Hg" defined by
p(xl,...,xn) = (xl,...,-xn) 1s a homeomorphism so HE’— is co-

nnected and homeomorphic to R™. Thus Hg has two connected
components each homeomorphic to Rr".
We can easily generalize to hyperboloids of the form

n _ n+l 2. 2 - _J2 _
Hm = {xeR P et X ]

Exercise: Show following example 2.9 that the general one-

n-lx 1

1 R™. Why does

1
not an argument similar to that of example 2.10 work?

sheeted hyperboloids H are homeomorphic to S

- . . . n n e s
Considering spaces like S and Hm we make a definition.

Let f be an algebraic - -function f: R - > Rthe set f“l(O) is called

1

ar algebraic variety , V = £ ~(0). That is, V is just the set

zeros of an algebraic function. (Actually all we need is that £
be a polynomial in Cartesian-Coordinates) Clearly S" and H" af@
algebraric varieties. But all algebraic varieties are not mani-

folds. A familiar example is

n,l

Example 2.11: The cone C : n<2
n,1 _ n+1l 2 2 _ 2 -
o = {xeR IR SHRTETE I S 0}

Clearly, Cn’%s an algebraic variety. It is not a manifold,

n,l

. n
however. There is no nbd of 0€eC homeomorphic to R . To see

this notice that open sets of Cn’l containing zero must be of

1

. . +
n,1 is open in R™*. So we can re- .

where V

the form VO = C 0 0

' , n
duce our considerations to spherical nbds of 0eR . Now I

Nu



claim that {0} is a cut point of Cn'l, that is that c?’1-{0}
1 >0

:xn+1<o} . Clearly,

is disconnected. Define C, = {xecn’

c™r 1o} = Cc,UC_. Moreover C_ NC_ = {0} . Thus c®lo (o1 is

disconnected. Let V, be nbd of oechrl

connected. Now suppose that f:V0 > R™ is a homeomorphism.

then (VO—{O}) is dis-

Then by a theorem we proved f(V0~{Q}) must be disconnected. But
it is not difficult to show that rRY — {point} is connected

for nz2 2. (See Hocking and Young). Contradiction.

Exercise: Construct a global homeomorphism between

n--lX

R” pp~ {0} and s R.

We can use this result to show that S" is connected, knowing

n+l

that R -{0} is for n> 0. .

We had mentioned earlier the need to generalize our de-
finition of manifold to include boundaries. We now do this.

Consider the half-space

g#® = {xer": X, 3 0}

Now H® is not homeomorphic to RD "b%ivhbgﬁjaﬂ(( 0#,

%%&l (ﬁﬁwwa»d." o - We define a manifold with bound-
ary of dimension n to be an Bausdorff space with a countable
basis satisfying.

1) Every point-xeM has a neighborhood V_ that is

2.15



homeomorphic to either R" or B,
It can be shown using invariance of the domain that for

each xeM Ux is either homeomorphic to. Rn or H" but not

n

both. The set of points locally homeomorphic to R° is called

the interior of M, while the sét homeomorphic to " is called
boundary of M, denoted 3M. Intuitively, 3M has dimension n-1l.

Bﬁt we do not prove this, here. Now we can write a" ={xeRn:xn>0}
U {xaRn:xn=0}. The first is globally hpmeomorphic to R™ while

the second is globally homeomorphic to Rn_l. Thus up to homeo
n-1 n-1 '

morphism HT = RO UR' T and 3 H'= R

2

Example 2.12: The closed ball B (0,r)= {xeR%:y’+...+yZ < r?)

is a manifold with boundary. Clearly the interior B°(0,r)is a

spherical neighborhood and is thus globally homeomorphic to R".

Sn-l which is locally homeomorphic to

The boundary 38(0,r)
Rg—l= 3H". We now show that every point ped3(0,r) has a nbd.
homeomofphic to H. First, we can construct a homeomorphism

between S(0,r) and the cubical neighborhoods Cn(O,l)={xs Rn:

Jxl] < 1 for all i=l,...,n}. This is done by composing the

homeomorphism of proposition 2.1 with the homéomorphism x:Cn(O,l)
—— 5 R" defined by

. i

i_ _z

1_(zl)2

Then y: §°(0,r) ——> c™(0,1) is given by

(1 + 2 (zj)2_ /2
] (l—(zj)2

It is straightforward to check that this map extends to a well-
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defined cantinuousg map on the closures, i.e. Yy : s"{o,r)=B(o,r)
-_—> Cn(O,l). Furthermore y is a homeomorphism. Clearly,
every point on acn(o,l) with the possible exceptions of the
corners has a neighborhood homeomorphic to . But the points

of B{o,r) corresponding to the corners of ¢7(0,1) can be handled

by rotating 8(0,r) with respect to Cn(O,l).



