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ABSTRACT. This article is based on a talk at the RIEMain in
Contact conference in Cagliari, Italy in honor of the 78th birthday
of David Blair one of the founders of modern Riemannian con-
tact geometry. The present article is a survey of a special type of
Riemannian contact structure known as Sasakian geometry. An
ultimate goal of this survey is to understand the moduli of classes
of Sasakian structures as well as the moduli of extremal and con-
stant scalar curvature Sasaki metrics, and in particular the moduli
of Sasaki-Einstein metrics.
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1. INTRODUCTION

It is the purpose of this paper to survey much of what is known
about a special type of contact structure, namely, a Sasakian structure.
I concentrate on results obtained since the publication of the book
[BGO8]. Moreover, results in the book are placed in the context of
Sasaki moduli spaces.

Roughly, Sasakian geometry is to contact geometry what Kéhlerian
geometry is to symplectic geometry. A contact structure D is said to
be of Sasaki type if there is a Sasakian structure S whose contact 1-
form n satisfies D = kern. Equivalently, the foliation Fz described
by the Reeb vector field R is Kédhlerian and R lies in aut(S), the Lie
algebra of the group of Sasaki automorphisms. Moreover, the affine
cone (C'(M), I) associated to a Sasaki manifold M has a natural exact
Kéahlerian structure. Thus, Sasaki geometry, sandwiched naturally be-
tween two Kéahler geometries, is considered to be the odd dimensional
sister to Kéhler geometry. There are, however, substantial differences.
The fiducial example of a compact Kéhler manifold is CP™ with its
unique, up to biholomorphism, Kahlerian complex structure. In con-
trast there are exotic contact structures of Sasaki type on the sphere
527t when n > 2. So the standard fiducial Sasakian structure on S?7*!
is one of many, in fact infinitely many. The category of Sasaki man-
ifolds SM is more closely related to the category of Kahler orbifolds,
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not just manifolds. Moreover, there is a multiplication in SM mimick-
ing the product of Kahler orbifolds, but much more complicated. The
multiplication in SM is the Sasaki join operation.

From the existence of the affine cone (C'(M),I) and a theorem of
Rossi, c¢f. Theorem 5.60 of [CE12] in dimension > 3 and Marinescu
and Yeganefar [MY07] in dimension 3, it follows [BMvK16] that a con-
tact structure of Sasaki type is holomorphically fillable (likewise, a K-
contact structure is symplectically fillable). So in both cases we have
a special type of contact metric structure as described in the lectures
of David Blair and in more detail in his books [Bla76, Bla02, Blal10].

We note also that a Sasakian structure is a strictly pseudoconvex
CR structure whose Levi form is Kahlerian. We give a list of some
fundamental open problems concerning contact structures of Sasaki
type in order to motivate our discussion.

(1) Given a smooth manifold M determine how many inequivalent
contact structures D of Sasaki type there are:
e with distinct first Chern class ¢;(D).
e with the same first Chern class ¢;(D).
(2) Given a contact structure or isotopy class of contact structures:
e Determine the space of compatible Sasakian structures.
e Determine the (pre)-moduli space of Sasaki classes.
e Determine the (pre)-moduli space of extremal Sasakian
structures.
e Determine the (pre)-moduli space of Sasaki-Einstein or 7-
Einstein structures.
e Determine the (pre)-moduli space of Sasakian structures
with the same underlying CR structure.
e Determine those having distinct underlying CR structures
within the same isotopy class of contact structures.

A complete answer to all of these questions is probably intractible;
nevertheless, it seems judicious to have answering such problems as an
ultimate goal.

Acknowledgments . This survey is based on recent joint work with
various colleagues: Hongnian Huang, Eveline Legendre, Leonardo Macarini,
Justin Pati, Christina Tonnesen-Friedman, Craig van Coevering, and
Otto van Koert, to whom I owe a large dept of gratitude. I also want to
thank Miguel Abreu, Dieter Kotschick, Leonardo Macarini, and Otto
van Koert for correspondence on certain pertinant issues presented
here. Finally, I thank the organizers, Gianluca Bande, Beniamino Cap-
pelletti Montano and Paola Piu, for a wonderful conference as well as

the many participants with whom I enjoyed numerous conversations.
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2. BASICS OF SASAKI GEOMETRY

Here we give only a brief description of Sasakian structures, and refer
to [BGOS] for details and further description. A contact structure on a
2n-+1 dimensional manifold M is a codimension one distribution D that
is maximally non-integrable in the sense that there is a 1-form n on M
such that n A (dn)™ # 0 everywhere on M. We shall always assume that
our contact manifolds M are compact without boundary (closed). A
contact manifold M with contact bundle D will be denoted by (M, D).
When we choose a contact 1-form 7 we have a strict contact manifold
(M,n). We shall at times refer to the vector bundle D as a contact
structure and the 1-form 7n as a strict contact structure. We denote
by €(M) the set of all oriented and co-oriented contact structures on
M, and by &€(M, D) the subset of all strict contact structures n such
that n = ker D. This subset splits non-canonically into two connected
components S&(M, D)* given by fixing 1, € SE(M, D) and defining

if f > 0 everywhere;
Se(M, D) = {fn, | fe (M), I |
( ) {fno | f (M) { if f < 0 everywhere.

The map 7, — —n, reverses orientation when n is even, but preserves
the orientation when n is odd. A choice of component defines a co-
orientation on (M,D). We assume in what follows that a contact
structure D on M is both oriented and co-oriented.

Given a strict contact structure n € SE€(M, D), it is well known
that there exists a unique vector field R on M, called the Reeb vector
field, that satisfies n(R) = 1 and R Jdn = 0. On the 2n-dimensional
vector bundle D we can choose a complex structure J which gives M a
strictly pseudo-convex almost CR structure, denoted by (D,.J). Here
we assume that J is integrable, so (D, J) is a CR structure on M. We
can extend J to a section ® of the endomorphism bundle End(M) by
setting

(1) PR=0, Plp=1

We can now choose a compatible Riemannian metric g on M by re-
quiring

(2) 9(2X, YY) = g(X,Y) — n(X)n(Y)

holds for all vector fields X, Y. Then the quadruple (R,n, ®, g) is called

a contact metric structure on M. We make note of the relation o ® =
—1+ R ®n and that we can write g as

g=dno(®®1)+n®mn.
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We can extend the co-orientation involution ¢ : S€(M, D)t —&E(M, D)~
to the space of contact metric structures by sending the contact metric

structure S = (R, n, @, g) to its conjugate structure S¢ = (=R, —n, —P, g).
We have

Question 1. When is the involution ¢ induced by a diffeomorphism of
M?

Little appears to be known about this question at this stage, cf.
Exercise 7.2 of [BGOS§].

Definition 2.1. A Sasakian structure S is a contact metric structure
such that (D, J) is an integrable CR structure, and the Reeb field R
is an infinitesimal isometry. In fact the transverse metric g¢ = dn o
(® @ 1) implies that the CR structure is strictly pseudoconvex. If J is
not necessarily integrable but R is still an infinitesimal isometry, the
quadruple S is called a K-contact structure.

Note that if S is Sasaki (K-contact) so is S¢. Recently, as discussed
in the talk of A. Tralle, there has been much success in finding exam-
ples of K-contact manifolds that admit no Sasakian structure [HT14,
CMDNMY14, CMDNY15, MT15, BFMT16, CMDNMY16]. This in-
volves formality which also provides obstructions in the 3-Sasakian
case [FIM15] as discussed in the talk of M. Ferndndez. 3-Sasakian
structures are automatically Sasaki-Einstein and there are deforma-
tions of 3-Sasakian manifolds to Sasaki-Einstein structures that are
not 3-Sasakian [vC13, vC17]. Here I concentrate mainly on the Sasaki
case.

Definition 2.2. A contact structure D on M is said to be of Sasaki type
if there exists a Sasakian structure S = (R, n, ®, g) such that D = kern.

In particular, if D is of Sasaki type, then D admits a compatible
complex structure J such that (D, J) gives M a strictly pseudo-convex
CR structure.

For a general contact metric structure S the dynamics of the Reeb
vector field R can be quite complicated; however, if S is K-contact it
is well understood. In particular, for K-contact structures the foliation
Fr is a Riemannian foliation. The structure S or the foliation Fy is
said to be quasi-reqular if there is a positive integer k£ such that each
point of M has a foliated coordinate neighborhood U such that each
leaf of Fg passes through U at most k times. If £k = 1 Fp is called
reqular, and if there is no such k it is called irregular. Quasi-regularity
implies K-contact in which case the Reeb field R generates a locally free
St action of isometries. For irregular K-contact structures the foliation
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Fr generates an irrational flow on a torus in the automorphism group
2ut(S). The closure of the foliation Fg gives a singular foliation Fg.

2.1. The Transverse Holomorphic Structure. The transverse ge-
ometry of the Reeb foliation Fg generated by R is of great interest. In
particular, we have [BGO8|[Proposition 6.4.8]

Proposition 2.3. A contact metric structure S = (R,n,®,g) is K-
contact if and only if the foliation Fr is Riemannian, that is admits a
transverse Riemannian structure.

In the Sasaki case the foliation Fr is Kéahlerian (i.e. has a trans-
verse Kahler structure). Let & be a Sasakian (K-contact) structure
on M. From the viewpoint the Reeb foliation Fr we denote the com-
plex structure on the quotient v(Fz) = TM/JFr by J and call it the
transverse holomorphic structure which we also denote by the pair
(v(Fr),J). The triple (v(Fg), J,dn) gives v(Fr) a natural transverse
Kahler structure. Indeed, this means that the Riemannian foliation
Fr of a Sasakian (K-contact) structure (R,7n,®,g) has a transverse
Kéhler (almost Kéhler) structure given by the non-degenerate basic
(1,1)-form dn which represents a non-trivial element [dn]p in the basic
cohomology group H}B’l(? r). Another important element of H}g’l(ff R)
is the basic first Chern class ¢1(Fg) (see 7.5.17 of [BGOS] for the precise
definition). 2wy (Fr) can be represented by the transverse Ricci form
of any Sasakian structure & whose Reeb vector field is R and trans-

verse complex structure is J. We recall the type of a Sasakian structure
[BGOS].

Definition 2.4. A Sasakian structure S = (R,n,®,g) is positive
(negative) if the basic first Chern class ¢1(Fr) is represented by a
positive (negative) definite (1,1)-form. It is null if ¢;(Fr) = 0, and
indefinite if ¢;(Fr) is otherwise.

When S is quasiregular so there is a S* orbibundle whose quotient is
a projective algebraic orbifold (Z, A) where Z is a projective algebraic
variety with cyclic quotient singularities and A is a branch divisor,
c1(Fg) is the pullback of the orbifold first Chern class ¢{"°(Z,A). In
particular, a quasiregular Sasakian structure S is positive if and only
if its quotient orbifold (Z, A) is log Fano.

There is an exact sequence
®) 6 |

0——R— H2(Fp) —— HA(M,R) —2 HL(Fp)—— - --

where d(a) = aldn]p, t. is the map induced by forgetting that a ba-
sic closed 2-form is basic, and js is the map RJ composed with the
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isomorphism H'(M,R) ~ H5(Fr). In particular, we have v.c;(Fg) =
c1(D) € H*(M,Z) C H*(M,R), and we note that ¢;(D) is a contact
invariant.

We remark that a choice of contact metric structure structure S,
not only chooses a co-orientation, but also chooses an isomorphism
(TM/Fg,, J)—(D, J) of complex vector bundles on M.

2.2. The Affine Cone. For any contact manifold M we consider the
cone C(M) = M x R*. Choosing a 1-form 7 in the contact structure
of M we form an exact symplectic structure on C' (M) by defining w =
d(r*n) where r € RT. The pair (C(M),w) is called the symplectization
of the (strict) contact structure (M, n). Using the Liouville vector field
U = 10, we define a natural almost complex structure I on C'(M) by

IX =X +n(X)¥, IU=-R

where X is a vector field on M, and R is understood to be lifted
to C(M). Without further ado we shall identify M with M x {r =
1} € C(M). By adding the cone point we obtain an affine variety
Y = C(M) U {0} which is invariant under a certain complex torus
action as described in the next section.

We have the well known [BG08, CS18]

Theorem 2.5. The quadruple S = (R,n, ®, g) is Sasakian if and only
if (C(M),w,I,g) is Kdihlerian with the cone metric § = dr® + r?g.
Moreover, in the Sasaki case the Sasakian structure S corresponds to
a polarized affine variety (Y, 1, R) polarized by the Reeb vector field R.
Moreover, (Y,I) is invariant under an effective action of a complex
torus ']I‘(’é with 1 < k < n+1, and the Reeb vector field R lies in the
real Lie algebra t, of T*.

Such varieties have recently come under close scrutiny under the
name of T-varieties, especially their close relationship with polyhedral
divisors [AH06, ATPT12] . Of course the toric case (k = n+1) has been
well studied [Oda88, Ful93, CLS11]; but also the complexity one (k =
n) case has proven to be quite accessible [Tim97, AH06, AHS08, LS13].
Choosing a Reeb vector field on the variety (Y, I) fixes the Ké&hler form
w and its metric g. Of particular interest is the QQ-Gorenstein case
and its relation with the existence of Sasaki-Einstein metrics [FOW09,
CFO08, CS15, Siis18].

Remark 2.6. The variety Y plays two important roles for us. First,
under certain circumstances from Y we can obtain a filling W that
distinguishes contact structures of Sasaki type on M. Second, the po-
larized variety (Y, R) can be used to obtain stability theorems (in the
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sense of geometric invariant theory). This gives rise to obstructions
to the existence of extremal and constant scalar curvature Sasaki met-
rics.

2.3. The Einstein Condition. Our study of Sasaki geometry, which
began in the early 90’s, was originally motivated by the search for
Einstein metrics on compact manifolds. In that time it was unknown
whether Einstein metrics were scarce or plentiful on compact mani-
folds. Indeed we eventually discovered a plethora of examples with
huge moduli spaces, cf. [BG08| and references therein.

Of course, the condition for a Riemannian metric g to be Einstein
is that its Ricci curvature Ricy is proportional to the metric g. Since
when g is Sasaki we have the relation Ric, (X, R) = 2nn(X), any Sasaki-
Einstein (SE) metric satisfies

(4) Ric, = 2ng.

It follows that any SE structure is positive. This condition implies an
equation in the basic cohomology group H?(Fr), namely,

(5) c1(Fr) = aldn)s, a € R.

From the exact sequence (3) this implies that ¢;(D) = 0 as a real
cohomology class, or equivalently ¢;(D) is a torsion class. We are
interested in finding solutions to Equation (5) of the form

(6) Ricy, = ag+ (2n —a)n @, a € R.

Sasakian structures satisfying this equation are called Sasaki-eta-FEinstein.
Such metrics have constant scalar curvature. The existence of Sasaki-
eta-Einstein metrics comes from finding solutions to the Monge-Ampere
equation which in a local foliate coordinate chart takes the form

_ 4 0%
det <gl] + 82i85j>
det(g;)
for some smooth function f. It follows by the transverse Aubin-Yau
Theorem of El Kacimi-Alaoui [EKA90] that such solutions exist in the
negative (@ < —2) and null (a = —2) cases. However, for positive

Sasakian structures, as in the Kéhler case, there are well known ob-
structions to the existence of such metrics.

:ef

(7)

2.4. Symmetries and Moment Maps. There are various symmetry
groups and algebras of interest to us [Boyl3|. First on the level of
contact structures we have the contactomorphism group €on(M, D) =
{¢ € Diff(M) | D C D}. Choosing a contact 1-form 7 representing
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D chooses a co-orientation for D and the component of €on(M, D)
connected to the identity, viz.

(8) Con(M, D)" = {¢ € Diff(M) | 6"y = /n}

where f € C*(M). For each such n we have the closed subgroup
Con(M, D) of strict contact transformations

(9) Con(M,n) = {¢ € Diff(M) | ¢*n = n}.

We denote the Lie algebras of €on(M, D)™ and Con(M,n) by con(M, D)
and con(M, n), respectively.

Fixing a strictly pseudo-convex CR structure (D,.J) we have the
(almost) CR automorphism group

ER(D, J) = {¢ € Con(M, D) | ¢.J = Jo,}

and its subgroup Aut(S) = {¢ € CR(D,J) | p.R = R, ¢*g = g}
of K-contact or Sasakian automorphisms depending on whether J is
integrable or not. The group 2Aut(S) is a compact Lie group and hence
has a maximal torus T* of dimension 1 < k < n + 1 which is unique
up to conjugacy in Aut(S).

From the point of view of the Reeb foliation Fr we have the group
(R, J) of transverse holomorphic transformations [BGS08] defined by

H(R,J) ={¢ € Fol(Tg) | po J = Joo}.

where Fol(Fz) is subgroup of Diff(M) that leaves Ty invariant, and ¢
is the projection of the differential ¢, onto v(Fg). The group H(R, J) is
an infinite dimensional Fréchet Lie group, since the one parameter sub-
group generated by any smooth section of the line bundle Lg generated
by R is an element of $(R,.J). For this reason it is more convenient
to use the approach in [FOW09, CFO08, NS12]. In particular, follow-
ing [NS12] we define 2ut(.J) of group of transverse biholomorphisms to
be the group of complex automorphisms of (C(M), ) that commute
with U — ¢R. This group desends to an action on (M,S) commuting
with R, and its Lie algebra by aut(J) coincides with the ‘Hamiltonian
holomorphic vector fields’ employed in [FOW09, CFOO08]. Note that
the connected component 2ut(J)y of the group 2Aut(J) contains the
complexification Tf of the maximal torus T*.

In the remainder of this section for simplicity we assume that our
Sasaki manifold M?" ™! satisfies H'(M,R) = 0. We fix a Sasakian
structure S = (R,n,®,g) on M?**1. There is a moment map pu :
M ——con(M,n)* with respect to the Fréchet Lie group €Con(M,n) de-

fined by
(10) {u(z), X) = n(X).
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Since X € con(M,n) the function n(X) is basic, and C'y has Lie algebra
structure defined by the Jacobi-Poisson bracket defined by

(11) {f.9} = n([grad f, grad g]).

The evaluation map X +— 7(X) is a Lie algebra isomorphism
con(M,n)——CF

and it follows, from the fact that the only element of con(M,D) that
is a section of D is the zero vector field, that the subalgebra RR is an
ideal in the center of con(M,n). One then gets an isomorphism of the
quotient algebras con(M,D)/RR ~ C¥ /R where R denotes the ideal
of constant functions. As in [BGS08] we define 33, as the subspace of
C% that are solutions of the fourth-order differential equation

(12) (00%)*00% o =0,

where 0%y is the (1,0) component of the gradient vector field, i.e
g(0%,-) = Op. This gives a Lie algebra isomorphism

(13) oF : H /R—bhT (R, J)/T(Lg).

The Lie algebra hT(R, J)/T(Lg) contains the Lie algebra of a k — 1
dimensional torus subgroup T*~! of €on(M,n) with 1 < k < n + 1.
This together with the group generated by the Reeb vector field gives
a k dimensional maximal torus T* acting effectively on M. We then
have a T-equivariant moment map pu : M ——t* defined by

(14) (u(z), ¢) = n(X*)

where X¢ if the vector field corresponding to ¢ € t under the action
of T. We define the & dimensional Abelian subalgebra HE C C%¥ of
Killing potentials by

(15) Hp = {n(X) [ ¢ et

which is a & dimensional maximal Abelian subalgebra t of the Lie alge-
bra C*(M)p of smooth basic functions on M. Note that H% contains
the constants R defined by n(aR) = a corresponding to positive multi-
ples of the Reeb vector field R.

Remark 2.7. The symmetries of a contact structure of Sasaki type
discussed here have lifts to symmetries of the affine variety (Y, R) which
we make use of from time to time.
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2.5. The Sasaki Cone. The space of Sasakian structures belonging
to a fixed strictly pseudoconvex CR structure (D, J) has an important
subspace called the unreduced Sasaki cone and defined as follows. Fix a
maximal torus 7" in the CR automorphism group €t(D, J) of a Sasaki
manifold (M, n) and let t,(D, J) denote the Lie algebra of 7" where k
is the dimension of T'. Then the unreduced Sasaki cone is defined by

(16) £(D,J) = {R € 4(D,J) | n(R) > 0}.

It is easy to see that t} (D, J) is a convex cone in t;, = R*. Tt is also well
known that 1 < k < n+ 1 with k£ = n 4+ 1 being the toric case. Then
the reduced Sasaki cone is defined by k(D,J) = (D, J)/W(D, )
where W(D, J) is the Weyl group of €¢(D, J). The reduced Sasaki cone
k(D, J) can be thought of as the moduli space of Sasakian structures
whose underlying CR structure is (D, J). We shall often suppress the
CR notation (D, J) when it is understood from the context. We also
refer to a Sasakian structure S as an element of t/ (D, J). We view
the Sasaki cone t} (D, J) as a k-dimensional smooth family of Sasakian
structures. It is often convenient to use the complexity n+1—k in lieu
of the dimt (D, J) = k. Then the complexity is an integer from 0 to
n with 0 being the toric case.

We can lift the Sasaki cone to the affine variety Y [CS18] in which
case the torus action gives the ring $) of holomorphic functions on Y
the weight space decomposition

ﬁ:@ﬁa

where W C t is the set of weights. In this case the Sasaki cone takes
the form

(17) tt ={Ret|VaeW,a+#0 we have a(R) > 0}.

2.6. Positive Sasakian Structures. The type of Sasaki structure as
defined in Definition 2.4 is an important invariant. It is well known
[BGOS] that if dimtt > 1 then & must be of positive or indefinite
type. We let pT denote the subset of positive Sasakian structures in the
Sasaki cone t*. The subset p™ is conical in the sense that if S € p* so is
S,; however, it is still open whether p™ is connected generally. Positive
Sasakian structures are important since they give rise to Sasaki metrics
with positive Ricci curvature [EKA90, BGO8]. Moreover, it turns out
that the space p™ is related to the total transverse scalar curvature Sg
defined in Equation (36) below. In fact we have [BHL18]
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Proposition 2.8. Let (M,S) be a Sasaki manifold with dimtt > 1.
Suppose also that the total transverse scalar curvature Sg of S is non-
positive. Then pt = ().

Equivalently, p* = () means that all Sasakian structures in t* are
indefinite. See also Theorem 5.12 below. The other extreme is that
pT = t*, and this occurs when ¢;(D) can be represented by positive
definite (1,1) form which we denote by ¢;(D) > 0. It also occurs when
c1(D) = 0 and t* contains any positive Sasakian structure. This is
called the monotone case. This gives rise to the important

Question 2. For which contact manifolds of Sasaki type does t™ = p*?

Clearly, aside from those mentioned above, when dim t* = 1 if there
exists one positive Sasakian structure, then t* = p*. In [BTF18a] the
authors described an invariant that answers this question in the case
of certain S2, joins (cf. Section 3.2 below). This invariant depends
on a primitive class v in H%(M,Z). Given a non-zero first Chern class
c1(D) € H*(M,Z) assume that there exists a non-negative real number
B’ and a primitive class v € H?(M,Z) such that c;(D) + B’y > 0. We
define B by

(18) B,y = mf{B' € RZO | Cl(D) + B/’}/ > O}

Note that if H*(M,Z) = 0 there is no such invariant. When H*(M,Z) #
0, p™ # 0 and dim t* > 1, but still no such B, exists, we can have the
phenomenon of type changing in t% [BTF18a] in which case p™ is a
proper subset of t*.

3. CONSTRUCTIONS OF SASAKI MANIFOLDS

In this section we describe methods for the explicit construction of
Sasaki manifolds. These are divided up into 5 different constructions.
The first is general, up to deformations, and is used throughout. The
second construction is used at times, but is not fully developed in this
paper. We concentrate here on the third and fourth constructions,
while the fifth is currently a work in progress [BTF18¢| and will not be
described here.

(1) the total space M of an S'-orbibundle over a projective alge-
braic orbifold;

(2) Sasakian manifolds with many symmetries, e.g. toric contact
structures of Reeb type, or more generally those induced by
T-varieties;

(3) links of weighted homogeneous polynomials, e.g. Brieskorn
manifolds;
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(4) the Sasaki join construction;
(5) Yamazaki’s fiber join construction [Yam99].

Item (1) is foundational and general (up to deformations), whereas
item (2)-(5) are quite specialized. In this paper we make use of items
(3) and (4), so we describe these below in some detail. First we shall
often use item (1) in the form:

Theorem 3.1. Let (Z,h) be a compact Hodge orbifold with Kdihler
form w. Let m: M—Z be the S* orbibundle whose first Chern class is
[w], and let n be a connection 1-form in M whose curvature is dn = 7w,
then M with the metric ™ h+n®n is a Sasaki orbifold. Furthermore,
if all the local uniformizing groups inject into the group of the bundle
S, the total space M is a smooth Sasaki manifold. Furthermore, all
quasi-reqular Sasaki manifolds are obtained this way.

The fiducial example of a Sasaki manifold is the standard round
sphere S?"*! constructed as the total space of the Hopf fibration over
the complex projective space CP". This example is regular. We obtain
a weighted quasi-regular version whose quotient is a weighed projec-
tive space S?" 1 —CP[wy, . . ., w,] using the weighted S* action on the
sphere induced by (19) below. We refer to the sphere with this action
as the weighted sphere, denoted by S+,

3.1. Hypersurfaces of Weighted Homogeneous Polynomials.
These are constructed as the links of isolated hypersurface singularities
of weighted homogeneous polynomials, in particular links of Brieskorn
manifolds and their deformations. We define a weighted C* action on
Cn—i-l by

(19) z= (20, " ,2n) = (A2, ;A" 2z,),

where A € C* and which we denote by C*(w) where w = (wq, - -+, w,,) €
(Z*T)"*1 is the weight vector and the monomial z; is said to have weight
w;. This induces an action of C*(w) on the space of polynomials

Clzo, - - -, zn) whose eigenspaces are weighted homogeneous polynomials
of degree d defined by
(20) FO™ 20, A 2,) = XN (20, -y 20) -

We want to make two assumptions about f. First, f should have
only an isolated singularity at the origin in C"*!, and second, f does
not contain monomials of the form z; for any ¢ = 0,...,n. This last
condition eliminates the standard constant curvature metric sphere.
Here we are concerned with Brieskorn-Pham polynomials of the form

(21) f2) = 2"+ -+ 2
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and their perturbations obtained by adding to f monomials of the

form 20 - - - 28 where 0 < b; < a; and Zj bjw; = d. Here the exponent
vector a = (ag, ay, ..., a,) € (ZT)"isrelated to the weights by a;w; =
d for allt=0---,n. The link

(22) L(a) = {f(z) = 0} n 5"

associated to the polynomial (21) is called a Brieskorn manifold. The
link obtained from perturbations of a Brieskorn manifold obtained by
adding a polynomial p(z,...,z2,) is denoted by L(a,p). Both L(a)
and L(a,p) have natural contact structures of Sasaki type. We denote
the affine cone with associated L(a) and L(a,p) by Y(a) and Y (a, p),
respectively. The condition, which we call GC [BGKO05], that is needed
on the polynomial p is that the intersections of Y (a, p) with any number
of hyperplanes z; = 0 are smooth outside the origin. The following is
essentially due to Takahashi [Tak78§]

Theorem 3.2. The links L(a) and L(a,p) have a natural Sasakian
structure which is the restriction of the weighted Sasakian structure
Sw = (R, Nw, Pw, gw) on SZTL

Such a theorem and similar results also hold for links of complete
intersections of weighted homogeneous polyomials which for simplicity
we do not discuss. In any case these all are Q-Gorenstein in the sense
that ¢;(D) vanishes in de Rham cohomology. Again for simplicity we
restrict our attention to the simply connected case. The existence
proofs for Sasaki-Einstein metrics are treated in detail in our book
[BGO8] and as well appear in our survey of over 10 years ago [Boy08]
we do not discuss further here.

3.2. The S2 Join Construction. The join construction is the Sasaki
analogue for products in Kahler geometry. It was first described in the
context of Sasaki-Einstein manifolds [BG00], but then developed more
generally in [BGOOT7], see also Section 7.6.2. of [BGO0S8]. Its relation
to the de Rham decomposition Theorem and reducibility questions
[HS15] are studied in [BHLTF18]. We consider the set SO(SM) of
all Sasaki orbifolds (manifolds), respectively. SO is the object set of
a groupoid whose morphisms are orbifold diffeomorphisms. Moreover,
S0 is graded by dimension and has an additional multiplicative struc-
ture described in Section 2.4 of [BHLTF18] which we call the Sasaki
[-monoid. The positive irreducible generators in dimension 3 are of the
form %, 5,52 where the weight vector w = (wy, wo) has relatively prime
components w; € Z* that are ordered as w; > wy. We apply this to

the submodule SM which is not an ideal in general. However, %, 1,55,
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does give a map SM—SM if the condition
(23) ged(la, hwywy) = 1)

holds in which case we say that (1,03, w) are admissible. In this case
the join is then constructed from the following commutative diagram

M x S
N\ L
(24) lm M v
!
N x CP!|w]

where the 75 is the product of the projections of the standard Sasakian
projections my; : M—N and S2 —CP'[w] given by Theorem 3.1.
The circle projection 7y, is generated by the vector field

1 1

(25) Ll,w - 2[1 Rl 2[2 Rwa

and its quotient manifold M, which is called the (ly,3)-join of M
and SS’V and denoted by My = M %, 4, SS’V, has a naturally induced
quasi-regular Sasakian structure Sy, with contact 1-form n, j, w. It
is reducible in the sense that both the transverse metric ¢! and the
contact bundle Dy, ;, w = kerm, i, w split as direct sums. Since the
CR-structure (Dy, 1, w, J) is the horizontal lift of the complex structure
on N x CP'[w], this splits as well. The choice of w determines the
transverse complex structure J. This construction provides a family
of contact structures of Sasaki type on a family of smooth manifolds
whose cohomology ring can, in principle, be computed. The Sasakian
structures that are most accessible through this construction are the
elements of the 2-dimensional subcone t{, of the Sasaki cone t* known
as the w subcone. If N has no Hamiltonian symmetries then t© = t.
Note that *;, 1,55 induces addition of the Lie algebras ty; and ty, and

w
hence addition of the Sasaki cones,

26 ) =t + .
M *w M W

An important property of the S3 join construction is that one can
apply the admissible construction of Apostolov, Calderbank, Gaudu-
chon, and Tgnnesen-Friedman [ACG06, ACGTF04, ACGTFO08] to give
explicit constructions of existence theorems for extremal and constant
scalar curvature Sasakian structures. Since this was presented in a re-
cent survey [BTF15] as well ss our original papers [BTF14a, BTF16],
we do not give a description of this construction here.
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4. DEFORMATION CLASSES AND MODULI

We denote by $(M) the space of all Sasakian structures on M and
give it the C*> Fréchet topology as sections of vector bundles, and de-
note by 8(M, R, J) the subset of Sasakian structures with Reeb vector
field R, with transverse holomorphic structure .J, and the same complex
structure on the cone C(M). We give §(M, R, J) the subspace topol-
ogy. A Sasakian structure chooses a preferred basic cohomology class
[dn)p € Hg'(FR), and if &' = (R,n/, &', ¢') is another Sasakian struc-
ture in 8(M, R, J), then we have [dn]p = [dn]p. Using the transverse
00 lemma [EKA90] we can identify 8§(M, R, J) with the contractible

space
(27) {6 € CF | (n+dp¢) A (dn+i0p05¢)" # 0, /M ¢ nA(dn)" = 0},

where d§, = £(0 — 0). For each such ¢ we have a Sasakian struc-
ture S¢ = (R, 77¢,(I)¢,g¢) with N = 1N + dCB¢, (I)¢ =®-R® dCB(b,
and g, = dny o (Py ® 1) + ny ® ny with the same Reeb vector field
R, the same transverse holomorphic structure J and the same holo-
morphic structure on the cone. The class [dn]p € Hy' (Tr) is called
a transverse Kdhler class or Sasaki class. Here the contact struc-
ture D changes but in a continuous way giving an equivalent con-
tact structure by Gray’s Theorem [Gra59]. The isotopy class D of
contact structures is unchanged. This type of deformation is used
to find extremal and constant scalar curvature Sasakian structures.
The space 8(M, R,.J) described above is clearly infinite dimensional,
so we want to factor this part out to get a finite dimensional mod-
uli space. So we consider the identification space §(M)/8(M, R, J).
It is a pre-moduli space of Sasaki classes which we denote by PINZ.
The Sasaki class of a Sasakian structure S = (R, n, ®, g) is denoted by
S. The diffeomorphism group Diff(M) acts on §(M) by sending S =
(R,n,®,9) to S¥ = (p.R, (¢~ 1) n, 0, ., (p~1)*g) for v € Diff(M).
Then the transformed structure Sf; belongs to the transformed space
S(M, p.R, o7 Jp.). So Diff(M) acts on PME to define the moduli
space of Sasaki isotopy classes ME(M). There is another equivalence
of importance to us, namely, transverse scaling or transverse homoth-
ety. It is defined by sending S = (R,n,®,g) to S, = (a7 R, an, ®, g,)
for a € R™ and g, = a(g + (a — 1)n ® n). One easily checks that if S
is Sasaki (K-contact) then so is S,. Thus, 9MZ(M) is a conical space
which is generally not connected, that is, for each element S € IMZ(M)
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one has the ray ts = {S, | a € RT}. In the sequel we shall study lo-
cal conical subspaces namely, the Sasaki cones and Sasaki bouquets
described in Section 4.1.

Generally very little is known about the space ME(M). In par-
ticular, mo(9ML(M)) is of much interest. But 9MMZ(M) can be non-
Hausdorft. Locally it is determined by the deformation theory of the
transverse holomorphic structure of the foliation Fz. So we fix the con-
tact structure and deform the transverse holomorphic structure using
Kodaira-Spencer theory. However, as shown in [Noz14] deforming the
transversely holomorphic foliation of a Sasakian structure may not stay
Sasakian. The obstruction for remaining Sasakian is the (0,2) compo-
nent of the basic Euler class in the basic cohomology group Hz(Fg).
Fortunately, for those that we are most interested in, namely positive
Sasakian structures there is a vanishing theorem! Hy?(Fz) = 0.

For any contact structure D the first Chern class ¢;(D) is classical
invariant. We have

Proposition 4.1. Let D and D’ be two contact structures on M such
that ¢1(D) = mvy and ¢ (D') = m'y for some m,m’ € Z and some
primitive class v € H*(M,Z). Then if m' # m, the contact structures
D and D' are inequivalent.

For a fixed contact structure D of Sasaki type we denote by 9 (M)
the subspace of ME (M) such that ¢;(D) = v € H*(M,Z). We also
want to distinguish Sasakian structures by their type per Definition 2.4,
so we define the corresponding subspaces < (M), M (M), M5, (M) of,
respectively positive, negative, null Sasakian structures and 9% (M)
the moduli of indefinite Sasaki classes. The exact sequence (3) gives
relations between these subspaces. It is easy to see that [BTF18a]

Proposition 4.2. The following hold:
(1) Mg (M) < ML (M) LML (M) UG, (M)
(2) If~ is represented by a positive definite (1,1)-form, then imff(M) C
(3) If~ is represented by a negative definite (1,1)-form, then I (M) C
ML(M) and dimt™ = 1.

We denote the moduli space of positive (negative) Sasaki classes with
¢1(D) =~ by ML _ (M) where v € H*(M,Z). Generally, this space is
not connected, so m(9MS(M)) is an important invariant as we shall
see. For null Sasakian structures we must have ¢;(D) = 0, so the

!This vanishing theorem was first proved for quasi-regular Sasakian structures
in [BGNO3] and recently proved in full generality by Nozawa [Noz14].
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moduli space is denoted by 9%. We are also interested in the ques-
tion of whether a class in ‘Jﬁcilv(M ) has an extremal representative
or not as described in Section 5 below. Within the class of extremal
Sasakian structures perhaps the most important representatives are
those with constant scalar curvature (CSC). Accordingly, we denote
the moduli space of Sasakian structures with constant scalar curvature
by MS5C(M). Note that by [EKA90] when ¢1(D) = 0 the negative and
null Sasakian structures in M (M) always admit a CSC Sasaki met-
ric. These are all the negative and null Sasaki-eta-Einstein metrics. In
particular, for null Sasakian structures every class in 9 has a CSC
representative.

We shall be interested in local moduli spaces of Sasaki-Einstein met-
rics and Sasaki-eta-Einstein metrics. To this end we let SE(M) denote
the subspace of Sasaki-Einstein metrics in §(M, R, J), and Sné&(M)
the subspace of Sasaki-eta-Einstein metrics in 8(M, R, J). We make
note of the fact that when ¢;(D) = 0 a CSC Sasaki metric is auto-
matically Sasaki-eta-Einstein. Then we define the local moduli space of
Sasaki- Finstein metrics by

IMSE (M) = SE(M) /Aut(J]),
and the local moduli space of Sasaki-eta-FEinstein metrics by
MY (M) = Sye(M)/Aut( T)o.

A well known result of Tanno says that MM (M) ~ IMF (M) x R*.

Since Sasaki-Einstein structures are positive, elements of 95Z (M)
are representatives of elements of DﬁiO(M ) and it is well known that
not all classes in MM ((M) have a representative in 95 (M). There is
anatural map ¢ : 9 (M) —IMY (M) which sends an SE structure to
its Sasaki class. By a theorem of Nitta and Sekiya [NS12] if ¢(S) = ¢(S’)
then there is a ¢ in the connected component 2(ut(J), of the group of
transverse holomorphic automorphisms such that &’ = ¢(S). Hence,
there is an injective map M5 (M)——IN< ((M).

By a theorem of Girbau, Haefliger, and Sundararaman (Theorem
8.2.2 in [BGOS8]) when H?*(M, Oy, ) = 0 the Kuranishi space of defor-
mations is identified with an open neighborhood of 0 in H'(M, ©g,)
where ©g, is the sheaf of germs of transverse holomorphic vectors
of a Sasakian structure S = (R,7n,®,¢g). In this case assuming that
S = (R,n,P,g) is quasiregular with quotient orbifold Z Proposition
8.2.6 of [BG08] gives an exact sequence

0——HY(Z,0z)——H'(M,05,)——H"(Z,0z)——H*(Z,0z)——0
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where Oz is the sheaf of germs of holomorphic vector fields of the
orbifold Z. Here we consider two types of deformations, those given by
the injection of the second arrow, and those coming from global sections
of the toral subsheaf ¥ C ©z. The latter are deformations within the
Sasaki cone described in Section 4.1. Later we describe in more detail
deformations of the transverse complex structure in the special case
of Brieskorn manifolds. More generally deformations of the transverse
complex structure have also been studied in [vC15, Noz14].

Example 4.3. Let us consider the standard contact structure on an
odd dimensional sphere (S***1 D,) which is “standard” in many ways.
It is of Sasaki type and there is a complex structure J, on D, giving
the standard CR structure (D, J,) on S**1. Within this contact CR
structure there is a 1-form 7, whose corresponding Sasakian structure
S, is Sasaki-Einstein and the metric g, is the standard Riemannian
metric g, on S*"*! with sectional curvature 1. Moreover, the S* action
on S*"*1 gives the well known Hopf fibration S***!'——CP" which is
a Riemannian submersion with the Fubini-Study metric on CP". It
is well known that the connected component of the Sasaki automor-
phism group 2lut(S,) is U(n) x S!, so there is a maximal torus T"*! of
dimension n + 1 showing that the contact structure D, is toric.

Of course any deformation of D, of the form 7, — ns = 1, + d3¢,
where ¢ satisfies (27) is contactomorphic to D, by Gray’s Theorem
[Gra59]. So we shall often refer to the isotopy class D, as the stan-
dard contact structure as well. Note that not all representatives of
the isotopy class D, are toric since ¢ is not necessarily invariant under
T"*+!. Nevertheless, we consider such structures to be toric since they
are deformation equivalent to a toric structure.

We know, however, that we can also deform the Reeb vector field R,
giving a family of Sasakian structures whose underlying CR structure
is (D,, J,), namely, the Sasaki cone t,|,(D,, J,) of dimension n+1, and
we can identify the moduli space MM of standard Sasakian structures
with the reduced Sasaki cone k(D,, J,).

A contact structure on S?**! that is not contactomorphic to the
standard one D, is called an ezotic contact structure on S?"*!. As
explained by Kwon and van Koert [KvK16] the following proposition
is a consequence of the work of Eliashberg, Gromov and McDuff, cf.
[E1i91]:

Proposition 4.4. Let L(a) be a Brieskorn manifold that is diffeomor-
phic to S**1 such that all a; > 2. Then the natural contact structure
on L(a) is exotic.
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4.1. Deformations of the Transverse Complex Structure and
the Sasaki Bouquet. A deformation of the transverse complex struc-
ture induces a deformation of the CR structure which by Gray’s Theo-
rem preserves the contact structure D. For each strictly pseudoconvex
CR structure (D, J) there is a unique conjugacy class of maximal tori
in €¢(D,J). This in turn defines a conjugacy class Cr(D) of tori in
the contactomorphism group €on(D) which may or may not be maxi-
mal. We thus recall [Boy13] the map £ that associates to any trans-
verse almost complex structure J that is compatible with the contact
structure D, a conjugacy class of tori in Con(D), namely the unique
conjugacy class of maximal tori in €R(D,J) C Con(D). Then two
compatible transverse almost complex structures J, J" are T-equivalent
if Q(J)=9Q(J"). A Sasaki bouquet is defined by

(28) By (D) = |J t7(D, Ja)

acA

where the union is taken over one representative of each T-equivalence
class in a preassigned subset A of T-equivalence classes of transverse
(almost) complex structures. Here |A| denotes the cardinality of A.
Since we are considering only deformations of the transverse complex
structure, we restrict ourselves to the case that .J, is integrable.

We can apply deformation theory to the two constructions of Section
3

(1) hypersurfaces of weighted homogeneous polynomials;
(2) the S2 join construction.

Deforming a weighted homogeneous polynomial f of degree d (only
through weighted homogeneous polynomials) gives a smooth local mod-
uli space MW" at f satisfying

dime MY > 10 (CP(w Z hY(CP(w), w;) + dim Aut(L(a))

where h° = dim¢ HY is the complex dimension of the corresponding
space of sections. In many cases these give rise to a local moduli space
IMME of Sasaki-Einstein metrics, cf. [BGKO05]. In this case |[A| =

so there is a T-equivalent family of Sasaki cones t7(D, J;) in a small
enough neighborhood of f in 9" such that the Sasaki cones belong
to inequivalent underlying CR structures. So in this case the bouquet
consists of a single T-equivalence class of Sasaki cones, and we say that
the bouquet is trivial. We emphasize that a trivial bouquet does not
mean that the moduli space is trivial. On the other hand deforming the
transverse complex structure of an S2 join manifold M, can give a
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non-Hausdorff local moduli space in the form of a non-trivial bouquet.
We give examples of both of these deformations later in Section 6.

4.2. Distinguishing Contact Structures of Sasaki Type. A fun-
damental theorem due to John Gray, known as the Gray Stability The-
orem, says that there are no local invariants, that is, all deformations
of a contact structure D are trivial. Thus, one looks for discrete invari-
ants. Clearly, we have the classical invariant, namely, the first Chern
class ¢1(D). Two methods for distinguishing contact structures with
the same first Chern class is (1) the contact homology of Eliashberg,
Giventhal, and Hofer when the transversality issues have been resolved;
(2) the Sl-equivariant symplectic homology of an appropriate filling in-
troduced by Viterbo [Vit99] and developed further by Bourgeois and
Oancea [BO13]. In this survey we concentrate mainly on (2). Here we
give a brief review referring to [BMvK16, BO13] for details.

As mentioned previously a contact manifold of Sasaki type is holo-
morphically fillable; however, to compute our invariants we need a
stronger condition on the filling. A holomorphic filling of a compact,
coorientable contact manifold (M, D) consists of a compact complex
manifold with boundary (W, J) such that

e the boundary of W is diffeomorphic to M;
e the boundary of W is J-convex and D =TM N JT M.

A Stein filling of a contact manifold (M, D) is a holomorphic filling of
(M, D) that is biholomorphic to a Stein domain. As mentioned in the
introduction

Proposition 4.5. A contact manifold of Sasaki type is holomorphically
fillable.

In this case we can resolve the singularity of the affine variety Y
and cut off the cone at » = 1 so that the boundary of the filling is M.
This gives a holomorphic filling W of M with M = 0W. However, to
effectively compute invariants we need a stronger condition on W, for
example, when W is a Stein manifold. This happens for hypersurfaces
of weighted singularities, in particular for Brieskorn manifolds, since
we can smooth the singularity at 0 € Y to give a Stein manifold W°.
In this case the Liouville vector field ¥ is globally defined on W*. We
then obtain a Stein filling W by cutting off W at r = 1 and identifying
M with W n{r =1} =oW.

The invariants are constructed from Floer theory on the free loop
space AW parameterized by the sphere S?*! by considering the
action functional

An W™ x S2NHL_SR
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defined by

(29) An(7,2) = —/Sl YN —/0 H(t,~(t), 2)dt

where v : S'—W® is a loop and H(t,(t), 2) is a time dependent S*
invariant Hamiltonian on W x S2N*1 The critical points of Ay are
periodic solutions to the parameterized Hamilton’s equations

(30) i = Xp(x), A%ﬂmﬁam@ﬁ_o

where X is the Hamiltonian vector field associated to the Hamilton H.
From the negative gradient flow of Ay one obtains the parameterized
Floer equations for @ = (u, z) : R x S*'—=W> x S?V*1 given by

(31) —%—/VHtMO(»ﬁ:O

where I(t,u, ) is a complex structure on the Stein manifold W and
S, are Sl-orbits of critical points of Ay. Suffice it to say (see Section
4.2 of [BMvK16] for details) that from this data one obtains an S* equi-
variant Floer chain complex SCS"Y and from this its S equivariant
homology SHS"N(W). However, this homology depends on the choice
of Hamiltonian as well as on N. The dependence on N can be removed
by taking the direct limit as N—00. To remove the dependence on
the choice of Hamiltonian we use Lemma 5.6 of [BO13] to give a smooth
homotopy of Hamiltonians. This gives the S equivariant symplectic
homology SHS' (W). Then, truncating the action A to its positive part
gives SH"+(W). We have a theorem of Gutt [Gut14, Gut17]

Theorem 4.6 (Gutt). Let M be a deformation of a Brieskorn man-
ifold. Then SHSI7+(W) s invariant under deformations of the sym-
plectic structure.

There is a more general result in [Gutl7]. By a deformation of a
Brieskorn manifold we mean by adding monomials of deg f to the
Brieskorn-Pham polynomial representing M. The Betti numbers of
the positive part of S! equivariant symplectic homology SH Sl’+(W)

are sb; = rank SHfl’Jr(W). We define the mean Euler characteristic



Charles P. Boyer 23

of W as
(32)
1 1 N . 1 N .
Yo (W) = 3 <1ﬁ1£fﬁi;N(—l) sb;(W) + hgl—folipﬁz.;]v(_l) Sbi(W)>

if it exists. The following corollary, which follows from Proposition 4.21
of [BMvK16], was suggested by Otto van Koert

Corollary 4.7. Suppose that M 1is the link of a weighted homogeneous
polynomial f with an isolated singularity at 0, and denote the smoothing
F7H1) by W. Assume that dim(M) > 1. If the quotient orbifold Q =
M/S" is Fano or of general type, then X,,(W) is a contact invariant.

For details regarding the invariance and computation of the mean Eu-
ler characteristic we refer to Lemma 5.15 and Appendix C in [KvK16].

In Example 5.1 and Lemma 5.2 of [BMvK16] an example of contact
manifolds that cannot be distinguished by x,,(W) but can by their
homology groups SHS"+ is given.

A special case of much interest is when ¢;1(D) = 0. We note that
any smooth link of a complete intersection by weighted homogeneous
polynomials of dimension 2n + 1 is n — 1-connected and has ¢;(D) = 0.

5. EXTREMAL SASAKI GEOMETRY

The notion of extremal Kahler metrics was introduced as a vari-
ational problem by Calabi in [Cal56] and studied in greater depth in
[Cal82]. The most effective functional is probably the L?-norm of scalar
curvature, viz.

(33) B(w) = /M s*dp,

where s is the scalar curvature and dy is the volume form of the Kahler
metric corresponding to the Kahler form w. The variation is taken
over the set of all Kéhler metrics within a fixed Kéhler class [w]. Cal-
abi showed that the critical points of the functional E are precisely
the Kéhler metrics such that the gradient vector field Jgrad s is holo-
morphic. Recent detailed accounts of Kahler geometry are given in
[Gaul0, Szé14].

On the Sasaki level extremal metrics were developed in [BGSO08].
The procedure is quite analogous again using the L2 -norm of scalar
curvature s, of the Sasaki metric g, viz.

(34) Blo) = | siiu,
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where now the variation is taken over the space 8(M, R, J). Actually
by the Sasaki version of a theorem of Calabi [Cal85] extremal Sasaki
metrics have maximal symmetry, so we can take the variation over the
subspace of T-invariant functions §(M, R, J)T.

Again the critical points are precisely those Sasaki metrics such that
the (1,0) component of the gradient vector field 0%s, is transversely
holomorphic. Since the scalar curvature s, is related to the transverse
scalar curvature s] of the transverse Kahler metric by s, = s} — 2n,
a Sasaki metric is extremal (CSC) if and only if its transverse Kahler
metric is extremal (CSC). It is often more convenient to deal with the
transverse scalar curvature s’

Remark 5.1. In the case of negative or null type the connected com-
ponent of the automorphism group 2dut(S) is the circle group S gen-
erated by the Reeb vector field. So any extremal Sasaki metric of
negative or null type has constant scalar curvature. The existence of
constant scalar curvature metrics on such negative Sasaki manifolds is
generally still an open question. However, it is known when ¢;(D) = 0
by the transverse Aubin-Yau theorem [EKA90] that constant scalar
curvature Sasaki metrics do exist. They are called Sasaki-eta-Einstein.
Moreover, for null Sasakian structures we have

Proposition 5.2. Every class in 9MS has a constant scalar curvature
representative g which s eta-FEinstein satisfying

Ricy, = 29 +2(n+1)n®@n.

Thus, we shall focus on Sasakian structures of positive or indefinite
type. We recall that hT (R, J) denotes the Lie algebra of transversely
holomorphic vector fields which is infinite dimensional owing to arbi-
trary sections of the line bundle Ly generated by R. We have the
following equivalent characterizations

Theorem 5.3. Let (M,S) be a Sasaki manifold. Then the following
are equivalent

(1) S is extremal;

(2) The gradient vector field 0% s, of the scalar curvature s, is trans-
versely holomorphic;

(3) s4 is a solution to Equation (12);

(4) s, € HE;

(5) there is a mazimal k-dimensional torus T in Con(M,n) such
that s, € HF,.

In Kahler geometry there is an important invariant that obstructs
CSC Kahler metrics, the Futaki invariant which is a character on the
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Lie algebra of holomorphic vector fields. The search for canonical
Kahler metrics either extremal or when possible CSC Kéahler metrics
has led to the geometric invariant theory notion of K-stability intro-
duced by Tian [Tia97] and developed further by Donaldson [Don02]
and his school, cf. [Szé14] and references therein. Further, a func-
tional whose critical points are CSC Kahler metrics was introduced and
studied by Mabuchi [Mab86]. Extremal Kéhler metrics are related to
the notion of relative stability described by Székelyhidi [Szé06, Szé07].
There are analogous notions in Sasaki geometry which we now explore.

5.1. The Sasaki-Futaki Invariant and K-Stability. Recall from
[BGS08] that the Sasaki-Futaki invariant of the Reeb vector field R on
M, is the map

Fr:h(R,J) — C
defined by

(35) Fr(X) = / Xpyduvy,
M
where 1), is the unique basic function of average value 0 that satisfies
ph = ij; + i@&/@

where pl; is Ap-harmonic. However, since Fr(R) = 0 we can con-
sider Fp as a character on the finite dimensional Lie algebra h(R, J) =
h(R,J)/T(Lg). We also mention that Fp is independent of the repre-
sentative in Sas(R,.J) and that Fz([X,Y]) = 0, see [BGS08, FOW09).
As with the Futaki invariant in Kéhler geometry [Fut83], Fr is an ob-
struction to the existence of constant scalar curvature Sasaki metrics
(cscS).

The stability properties for quasi-regular Sasaki metrics are equiv-
alent to the stability properties of certain Kéhler orbifolds which was
investigated in detail in [RT11]. However, to treat the general Sasaki
metrics one needs to work on the affine cone as described in Section
2.2. This was done by Collins and Székelyhidi [CS18] and it is this
approach that we follow here. We begin by defining two important

functionals, the total volume and the total transverse scalar curvature,
Viz.

(36) VR:/ dvy, SR:/ s dv,
M M

where s7 denotes the transverse scalar curvature of the Sasakian struc-
ture S = (R, n, ®, g). We define the Donaldson-Futaki invariant on the
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polarized affine cone (Y, R) by
Ve, (E) SrDaVr
n  “\ Vg n(n+1)Vg’
A straigthforward computation [vCT15, Lemma 2.15] shows that there
exists a constant ¢, > 0 depending only on the dimension n such that

(38) Fut(Y,R,a) = c,Fr(P(a)).

To proceed further we need the definition of a special type of degen-
eration known as a test configuration due to Donaldson in the Kahler
case and Collins-Székelyhidi in the Sasaki case:

Definition 5.4. Let (Y, R) be a polarized affine variety with an ac-
tion of a torus TC for which the Lie algebra t of a mazimal compact
subtorus T® contains the Reeb vector field R. A TC-equivariant test
configuration for (Y, R) is given by a set of k T®-homogeneous genera-
tors f1,..., fx of the coordinate ring H of Y and k integers wyq, ..., wy
(weights). The functions fi,. .., fi are used to embed Y in C*¥ on which
the weights wy, . .., wy determine a C* action. By taking the flat limit
of the orbits of Y to 0 € C we get a family of affine schemesy — C.
There is then an action of C* on the ‘central fiber’ Yy, generated by
a € t', the Lie algebra of some torus T'° C GL(k,C) containing T°.

(37) Fut(Y, R, a) :=

See [Szél14] for more details including the precise definition of flat
limit. Note that the Reeb vector field R for Y is also a Reeb vector
field for the central fiber Y;. We now can obtain the correct notion of
stability.

Definition 5.5. We say that the polarized affine variety (Y, R) is K-
semistable if for each T® such that R € t the Lie algebra of T® and any
TC-equivariant test configuration we have

Fut(Y,R,a) >0

where a € t is the infinitesimal generator of the induced S* action
on the central fiber Yy. The polarized variety (Y, R) is said to be K-
polystable if equality holds only for the product configurationy =Y x C.

We now have a result of Collins and Székelyhidi

Theorem 5.6 ([CS18]). Let (M,S) be a Sasaki manifold of constant
scalar curvature. Then its polarized affine cone (Y, R) is K-semistable.

The proof of this theorem makes use of a certain Hilbert series,
namely the index character

(39) F(R,t)=> e "™ dim K,

aEt*
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introduced in [MSYO08] and developed further in [CS18]. In the latter

it was shown that F'(R,t) has the meromorphic extension

F(R,t) = n!ffff% L 12:“(]%) +

where ag(R) = Vg and a;(R) = Sg up to constants which are irrelevant
to the argument. The author and his colleagues [BHLTF17] studied the
stability problem through the use of the Einstein-Hilbert functional
which I discuss in the next section.

The Yau-Tian-Donaldson conjecture in the Sasaki case is:

Conjecture 5.7. A Sasaki manifold (M,S) has constant scalar cur-
vature if and only if its polarized affine cone (Y, R) is K-semistable.

Theorem 5.6 proves one direction. The other direction is still open
in general, but is known to hold in certain special cases. It has been
proven in the Q-Gorenstein case ¢;(D)" = 0 for some r < n + 1 by
Collins and Székelyhidi [CS15]. A case when ¢1(D) # 0 is given below
in Corollary 5.11.

5.2. The Einstein-Hilbert Functional. We define the Einstein-Hilbert
functional
S%Jrl
40 H(R) =
(40) (B) =

as a functional on the Sasaki cone. Note that H is homogeneous since
the rescaling R — a~' R gives dvy — a"*'dvy and s — a™'s]. So H is
only a function of the ray in t. Moreover, it follows from the invariance
of Vg [BGO8] and Si [FOWO09] that

Lemma 5.8. The Finstein-Hilbert functional H only depends on the
isotopy class in BIML.

The lemma allows us to consider extremality as a property of the
isotopy class, that is S has an extremal representative. Similar con-
siderations hold for constant scalar curvature Sasaki metrics. We are
interested in the critical points of the functional H. A main result of
[BHLTF17] is the variational formula

Lemma 5.9. Given a € Trt}, we have

n(n + 1)S%F

dHp(a) = =<7
R

r(®(a)).

If SR =0 then dSg = nFr(P(a)).
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Actually, it is more convenient to work with the ‘signed’ version
‘SR|n+1

\4

In either case the set of critical points is the union of the zeroes of
Sk and the zeroes of Sasaki-Futaki invariant Fg. Thus, if the Sasakian
structure given by R is extremal any critical point with Sg # 0 must

have constant scalar curvature [Fut83, BGS08]. Using Lemma 5.9,
Equation (38) and the linearity of Equation (37) in a gives

Theorem 5.10 ([BHLTF17]). Let (M,S) be a Sasaki manifold such
that its polarized affine cone (Y, R) is K-semistable. Then Fg vanishes
and R is a critical point of Hy. So if S is extremal, then it has constant
scalar curvature.

From this and Theorem 1.2 of [BTF16] we have

Corollary 5.11. Let My, = M % S2 be an S3 join with a reqular
Sasaki manifold with constant transverse scalar curvature s* > 0 and
no transverse Hamiltonian vector fields. Then a Sasakian structure S
in the family {Miw} has constant scalar curvature if and only if its
polarized affine cone (Y, R) is K-semistable.

(41) H,(R) = sign(Sg)

Theorem 5.10 implies that if R is not a critical point of H; then it
is not K-semistable, hence it is K-unstable. We now discuss further
properties of H;. This functional was first studied in the Q-Gorenstein
case [MSYO08] (¢1(D)" = 0) where it was shown to be proportional to
the volume functional Vg, and that the volume Vi is globally convex.
This is certainly not true generally when ¢;(D) # 0 [Leglla, BTF16]
as we give explicit examples later.

Nevertheless, applying the well known Duistermaat-Heckman theo-
rem to Sasaki geometry, the authors [BHL18] proved

Theorem 5.12 ([BHL18]). Let (N, D) be a contact manifold of Sasaki
type with the action of a torus T of Reeb type. Then
(1) Sk, Vg, H(R) are rational functions® of R;
(2) Vg,S,,H, Hi(R) all tend to +00 as R approaches the boundary
of the Sasaki cone t+ (away from 0);
(3) there exists a ray tpmy C T that minimizes Hy;
(4) if AimT > 1 and Hy(tmin) < 0, all Sasakian structures in t*
are indefinite;
(5) if Hy(Ryin) # 0 and the corresponding Sasaki metric is ex-
tremal, it must have constant scalar curvature.

2This result can also be obtained from the Hilbert series of the index character
as explained to us by Tristan Collins in a private communication.
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5.3. Relative K-stability. Relative stability in the Sasaki case [BvC18|
follows closely the Kahler case [Szé06, Szé07, SS11] with the caveat that
one makes use of the index character F'(R,t) (39) in the relevant proofs.
For the relative version of Definition 5.5 we need the transverse Futaki-
Mabuchi vector field x [FM95] with its bilinear form (-,-),. We then
define the Donaldson-Futak: invariant relative to T of a test configura-
tion

Futx(%,g,C) = FUt<YE)>€7C) - <C7X>

We now have

Definition 5.13. A polarized affine variety (Y,§) with a unique sin-
gular point is K-semistable relative to T if for every T-equivariant test
configuration

Fut, (Yp, R, a) > 0.

From the Sasaki version [CS18] of the Donaldson Lower Bound The-
orem one obtains

Theorem 5.14 ([BvC18|). Let S be an extremal Sasaki structure on
M. Then the polarized affine variety (Y, R) is K-semistable relative to
a mazimal torus T.

So relative K-semistability provides an obstruction to the extremality
of a Sasakian structure. Examples in the Gorenstein case can be easily
obtained from Brieskorn manifolds and their perturbations. Consider
the Brieskorn link (22) associated to the polynomial

(42) f(Zo,...,Zn):fl(zo,...,zk)—|-,z]3+14_..._|_Z721

with n — k > 2 and all weights w; with ¢« = 0,..., k satisfy 2w; < d,
the degree of f;. In this case the connected component of the Sasaki
automorphism group is U(1) x SO(n — k), so the Sasaki cone t* has

dimension r + 1 with 7 = [25* |, and is given by
- dby dby
(43) tt = {b()Rw + ijCj et ‘ bo > O, —T < b]’ < T}

j=1
where Ry, is the standard Reeb field on L;. Defining variables u; =
2y T 125441 and v = 24— 124541 We can write the quadratic part of
(42) as 377, ujvy if n — K is even, and Y7 wjv; + 25 if n — k is odd.
The point being that vector field ¢; has weight (1, —1) with respect to
(uj,v;) and 0 elsewhere. It follows [BvC18]| that the well known Lich-
nerowicz obstruction of Gauntlett, Martelli, Sparks, and Yau [GMSY07]
obstruction of SE metrics for R,, gives obstructions to the existence of
extremal Sasaki metrics for every R € t*. This gives a large class
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of Sasakian structures on the links of some Brieskorn-Pham hypersur-
faces, shown in Table 1, where extremality is obstructed.

Diffeo-(homeo)-morphism Type f dim t*

S i Gl g, nl>1 n+1

S i Gl yiintl 2422 =0,n>1,01>0 | n+1

Unit tangent bundle of S?"! 2P 28, > 11> 1 n+1

Homotopy sphere 3" 222 > 1Lk >1 n+1
Homotopy sphere 3" Rt 2422 n>2k>1 n
Rat. homology sphere Hs, ~ Z3 e+ 22 nk>1 n

k(ST x §2042) D (k) | 22PRTD g 2 2 2oy Mk >1| n+1
#m(S* x S*),m = ged(p, q) — 1 W+ +2 423, p>2qorg>2p 2

TABLE 1. Manifolds having Sasaki Cones with no Ex-
tremal Metrics

6. EXAMPLES OF MODULI SPACES FOR DIMENSION 5

In this section we consider examples of our various associated moduli
spaces for 5-dimensional Sasaki manifolds. A first question may be:
what is mo(9M<)? For example we have the following from [BMvK16]
giving examples of 5-manifolds whose moduli space of positive Sasaki
classes have an infinite number of components:

Theorem 6.1. For each k = 1,2,... we have [mo(IMT o(k(S?x.5%)))| =
No. Moreover, for the rational homology 5-spheres

M = My, M, M5, 2Ms, 4M>
we have |mo(IMF o(M))] = Rq.

We shall consider the moduli spaces for £ = 0,1 in much more de-
tail below. Theorem 6.1 can be contrasted with the following simply
connected rational homology spheres whose moduli have a single com-
ponent:

Theorem 6.2 (Kollar [Kol05, Kol09]). Let IM), denote the l-fold con-
nected sum of the simply connected rational homology sphere My with
(1) ML(2M;5) = M (2M;5) x R where M F(2M5) has dimg = 6
parameterized by the moduli space of genus 2 curves.
(2) ML(4M;3) = ME(AM;3) x R where M F(4M3) has dimg =
14 parameterized by the moduli space of hyperelliptic genus 4
curves.
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Although generally the complexity is not a contact invariant [Boy13],
it is convenient in dimension five for matters of discussion to decompose
imff into pieces according to complexity.

6.1. Moduli of Sasakian structures on S°. Since every contact
structure on S® satisfies ¢;(D) = 0 we are dealing with ¢ so we can
drop the subscript 0. Furthermore, since there are no null Sasakian
structures on S® ([BG08], Corollary 10.3.9), we have

M (S7) = ML (S®) UM (S?).

Although there are infinitely many distinct Sasakian classes in 91¢(S%),
we only treat the space S)ﬁfﬁ(S %) here. We do not yet have a complete
picture of M (S®), but x, (W) and SHS" (W) allow us to determine
infinitely many components. Moreover, we know from Example 4.3
that 91, (S°) contains the subspace of standard Sasakian structures
M (S®) = k3(D,, J,). We view this as the local moduli space obtained
from deformations.

Theorem 6.3. The moduli space M (S®) has a unique toric compo-
nent consisting of M (S®). Moreover, all complexity 1 components are
exotic and are represented by the link of the Brieskorn-Pham polyno-
mial fp, =25+ 2% + 25 + 23 with p,q > 1 and ged(p, q) = 1, and there
are infinitely many such components. Furthermore, there are infinitely
many exotic complexity 2 components that are not contactomorphic to
any complexity 1 component.

Proof. The only toric contact structure of Reeb type on S° is the stan-
dard contact structure. A result of Liendo and Siiss [LS13, Siis18|
says that every complexity 1 component is represented by the link of
the Brieskorn-Pham polynomial f,, given in the hypothesis, and by
Proposition 4.4 these are all exotic. Furthermore, by [BMvK16] the
mean Euler characteristic of these links is given by

pqg+1

2(p+aq)

So there are infinitely many non-contactomorphic components of com-
plexity 1. For the complexity 2 components it is known from [Ust99,

KvK16, Gut17]that there is a countable infinity of complexity two com-
ponents of MY ,(S®). Explicitly consider the Brieskorn-Pham link of

2gT3% 425 4 23 4+ 22 which has mean Euler characteristic [BMvK16]

31+ 270k
Xm = 60 + 60k -

m —
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Moreover, we claim that there are infinitely many complexity 2 compo-
nents that are non-contactomorphic to any complexity 1 component.
To see this we note that equality of the two mean Euler characteristics
implies
31(pg +1—p—q) = —30k(pg + 1 — 9p — 9g).

This equation has no positive integer solutions for k£ when p,q > 18
and for 1 < p,q < 18 there are at most a finite number of solutions.
This concludes the proof. 0

Remark 6.4. We do not know all complexity 2 components on S°.
There are many that can be represented by hypersurface singularities
as well as complete intersection singularities [Inb13].

Turning to the moduli space MF(S®) of Sasaki-Einstein metrics
on S° we have combining results in [BGK05, LS13, BMvK16, BvC18,
CS15, Siis1§|

Theorem 6.5. The moduli space MM E(S°) satisfies

(1) the moduli space M F(S®), of toric SE metrics in MM (S®) con-
sists of one point;

(2) There are an infinite number of inequivalent components of
complexity 1 SE moduli spaces consisting of a single point. All
components are given by the link of the Brieskorn-Pham poly-
nomial f, of Theorem 6.3 which satisfy the inequalities 2p > q
and 2q > p. Furthermore, if these inequalities are not satisfied
then there are no such SE metrics nor are there any extremal
Sasaki metrics in the corresponding Sasaki cone, and all of these
components are distinct from I E(S%),;

(3) For complexity 2 there are at least 55 components of ML with
dimg = 0, 18 components with dimg M F = 2, 4 components
with dimg MF = 4, one component with dimg MF = 6, 2
components with dimg MMF = 8, one component with dimg I
10, and one with dimg MSF = 20.

Remark 6.6. A recent result of Siiss says that there are no irregular
SE metrics on S® [Siis18§].

6.2. Moduli of toric Sasakian Structures on S* Bundles over S2.
It is well known that there are precisely two (linear) S* bundles over S,
namely the trivial bundle S? x $? with vanishing second Stiefel-Whitney
class ws, and the non-trivial bundle S$?x.S% with non-vanishing ws. In
this case we can have ¢;(D) # 0, but again there are no null Sasakian
structures on S? x S% or 2% S3. There are, however, negative Sasakian
structures, in particular on S? x S? with ¢;(D) = 0, but it still appears
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to be open whether or not there are infinitely many. Here we concen-
trate on the positive cases
M (5% x $%) and MY (5?%5%).

It follows from contact reduction theory [BGO8] that all toric contact
structures D on S?% x S or the non-trivial bundle S?xS? are obtained
by a circle action on the standard S7. We refer to [BP14] for details. If
we let v denote the positive generator in H?(S? x S3) and H?(S5?x.53),
we see that ¢;(D) = (p1 + p2 — p3 — pa)y where p; € Z. We denote
these toric contact structures as Dp,. In sharp contrast with S° there
are infinitely many toric contact structures on S? x S3. We can also
contrast this with the symplectic case [KKPO7].

The following theorem is a composite of results in [BGS08, BP14,
BTF16, BHL18S|.

Theorem 6.7. Let (M,D,) be a toric contact structure on the S*
bundle over S? with total space M. Then

(1) there is a 4-parameter family of toric contact structures on S% x
S3 and S?x S® depending on whether p; + pa — p3 — pa s even
or odd;

(2) for each such toric contact structure Dy the set of positive
Sasakian structures p is a non-empty open subset in tT, and
for every R € t7 we have Sk > 0;

(3) for each such toric contact structure Dy the w subcone t{, is
saturated by extremal Sasaki metrics; hence, the extremal subset
¢ is an open subset of t© containing tg,.

The question as to which toric contact structures are inequivalent as
contact structures is in general a very difficult one. Of course, distinct
values of p;+ps—ps—p4, up to sign, give inequivalent contact structures.
In [BP14] inequivalence of a subclass of these contact structures with
the same p; +ps —p3 — ps was shown under the assumption that contact
homology is well defined. Unfortunately, in general this is still open;
however, there is a recent proof by Abreu and Macarini [AM18] when
p1 + p2 — ps — p4a = 0 which we briefly discuss later.

When ¢;(Dp) # 0 the preferred metrics are those of constant scalar
curvature (CSC). These come in rays in t7. The toric case was exten-
sively studied by Legendre [Legllb, Leglla] where it is proven that
there are at most a finite number of CSC rays in the Sasaki cone t*
of any S® bundle over S%. Furthermore, she gives explicit examples of
more than one CSC ray. Summarizing

Theorem 6.8 (Legendre). A co-oriented toric contact manifold admits
at least one ray with vanishing Sasaki-Futaki invariant. Moreover, for
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a co-oriented toric contact structure on an S® bundle over S? admits
at least one CSC ray and at most 7 CSC rays.

Remarks 6.9.

(1) Recall that generally the vanishing of the Sasaki-Futaki invari-
ant does not imply CSC. It does imply CSC if a priori the ray
is extremal.

(2) There are many examples of 2 inequivalent CSC rays.

(3) It should be possible to lower the bound from 7.

We now turn to the monotone case when ¢;(Dp) = 0. In this case
we have the trivial bundle S? x S3. Clearly, the 4-parameter family
reduces to a 3-parameter family of toric contact structures on S? x S3.
Furthermore, it was shown in [CLPP05, MS05] that for every such toric
(Dp, J) satisfying p; +p2 —ps — ps = 0 there is a unique SE metric. We
have a much better understanding of the moduli spaces for a subclass
of the toric contact structures, denoted by Y74 where ged(p, q) = 1 and
1 < g < p, of these SE metrics which were discovered earlier [GMSWO04]
and are more amenable to further study. In [BTF16] it was shown that
the YP7 can be obtained as an S2 join with the standard S3, and that
the SE metric lies in the tJ, subcone of t". Writing Y77 = S3 x;, ;, S3
we see that

1

Lhi=gedlp+qg,p—q), b=p, W gcd(ijq’p_q)(vaq?p q)-
In [BP14] it was shown that although Y?? and Y?¢ are inequivalent as
toric contact structures, they are equivalent as T2 equivariant contact
structures, see also the survey [Boy11] for more details specific to Y?4.
The fact that Y77 and Y77 are T? equivariantly equivalent, but not T
equivariantly equivalent is related to the fact that their maximal tori
belong to different conjugacy classes in the contactomorphism group
Con(M, D).

In [AM12] as well as in [BP14] it was shown that Y?¢ and Y7 are
contact inequivalent if p’ # p whenever the contact homology is well
defined. Unfortunately, the well definedness of contact homology is
still generally unknown; however, fortunately, as mentioned previously,
Abreu and Macarini [AM18] have recently given a proof implying that
Y?4 and YP9 are contact inequivalent when p’ # p using a certain
crepant toric symplectic filling. In particular, they show that such
fillings exist in dimension five, and that its equivariant symplectic ho-
mology is a contact invariant which essentially coincides with linearized
contact homology. In the following ¢ denotes the Euler phi-function.
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Theorem 6.10. The contact structures Y?4 and Y?-¢ on S? x S% are
inequivalent if and only if p' # p. Furthermore, the isotopy class of
the contact structure defined by YP' admits a ¢(p)-bouquet By (YP9)
such that each of the ¢(p) Sasaki cones admits a unique Sasaki-Einstein
metric, up to transverse biholomorphism. Moreover, these Einstein
metrics are non-isometric as Riemannian metrics.

We view the bouquet B4, (Y??) as representing a component of the
moduli space whose underlying toric contact structure is D,,.

6.3. Complexity 1 Sasakian Structures on Connected Sums of
S? x 83, Next we consider contact structures on the connected sums
M = k(5% x 5%) with complexity 1, that is there is an effective action
of a 2-dimensional torus on (M,D), but no effective T action. The
analysis is similar to the case of S® treated above, but without a com-
plete classification for complexity 1. These are given on the link L, , »
of the Brieskorn-Pham polynomial z} + 27 + 23 + 23 with ged(p, ¢) = k
and p, ¢ > 2 where both® p, ¢ are not both 2. The link L, is diffeo-
morphic to the (k—1)-fold connected sum (k—1)(S? x S?) where k = 1
means S°. The main result is that of Collins and Székelyhidi [CS15]
which says that L, admits an SE metric if and only if 2p > ¢ and
2q > p. In [BvC18] it was shown that if either of these inequalities is
not satisfied, then the entire Sasaki cone can admit no extremal Sasaki
metric, and in [BMvK16] it was shown that in either case there are
infinitely many components in the corresponding moduli space. We
have

Theorem 6.11. The moduli space MG, | (k(S? x S?)) of positive com-
plezity 1 Sasakian classes on k(S* x S*) with ¢1(Dyqx) = 0 satisfies
for each k> 1

(1) Mg (k(S? x S%)) has an infinite number of components;

(2) there are an infinite number of components that do not intersect
a toric contact structure;

(3) there is a Reeb vector field in the Sasaki cone of the link L, ,
that gives an SE metric if and only if 2p > q and 2q > p;

(4) if either of these inequalities is violated the entire Sasaki cone
admits no extremal Sasaki metric.

3When p = ¢ = 2 we have the link of a quadric which is a homogeneous space,
and hence, toric.
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Proof. The mean Euler characteristic for L,, , , was computed in [BMvK16]
to be

pq + k?
44 Xm(Lpgk) = =

which proves (1). To prove (2) we note that Abreu and Macarini
[AM18] prove that the mean Euler characteristic of a Gorenstein toric
contact structure on k(S? x S3) is one half an integer which comparing
with Equation (44) proves (2). As mentioned above item (3) is a result
in [CS15] and item (4) a result in [BvC18]. O

In [Siis18] Siiss uses the theory of polyhedral divisors on the affine
variety Y to prove the existence of moduli of irregular SE metrics on
the connected sums (2k + 1)(5? x S3) for k > 1. In this case there is a
continuous family of T-equivalent Sasaki cones belonging to inequiva-
lent CR structures.

Finally, we refer to [BGO8] and references therein for the existence of
complexity 2 Sasakian structures as well as the moduli of SE metrics
on the connected sums k(S? x S3). Of course, complexity 2 Sasaki
CR structures have a 1-dimensional Sasaki cone and are necessarily
quasiregular.

6.4. Moduli of Sasakian Structures on S° Bundles over Rie-
mann Surfaces of genus g > 0. It is well known that topologically
there are precisely two S% over a Riemann surface X, with structure
group O(4). They are the trivial bundle X,x S? and the non-trivial bun-
dle X,x 53, and they are distinguished by their second Stiefel-Whitney
class. In each case we fix an orientation. In this section I give a brief
discussion, without proofs, of the results found in [BTF13, BTF14a,
BHLTF18]. We should note that more complete results concerning
the contact equivalence problem have been obtained only in the case
of the trivial bundle. For it is only in that case that we show can,
by using equivariant Gromov-Witten invariants [Bugl0], that there are
complex structures {J,,} with m = 0,--- ,k — 1 on Dy whose image
under £ are different, that is, they map to nonconjugate maximal tori
in €on(X, x S3 D). Thus, although (Dy, J,,) and (Dy, J,) are S*
equivariantly equivalent, they are T? equivariantly inequivalent. The
contact inequivalence is determined by the classical invariant c¢i(Dy,)
for both the trivial and non-trival S* bundles, which is 2 — 2g — 2k
for ¥, x S and 2 — 29 — 2k — 1 for ¥,xS5?. In what follows we con-
sider T? equivariant contact structures Dy on S bundles over ¥, and
for simplicity we consider ¢ > 2. On each D, we have a family of
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complex structures {.J; ,,,} where 7 € M, the moduli space of com-
plex structures on Y, p € Pic’(X,) ~ T% the Jacobian torus, and
m =0,--+,k—1 coming from reducible representation of (M) which
give 2-dimensional Sasaki cones k(Dy, J., ). We also have complex
structures coming from the irreducible representations which are pa-
rameterized by the smooth part R”"(%,) of the character variety R(%,)
which by Narasimhan and Seshadri [NS65] correspond to stable rank
2 holomorphic vector bundles on ¥,. These give 1-dimensional Sasaki
cones £(Dg, Jr o). However, it is only in the case of ¥, x S* that
we have proved the existence of bouquets. Note that the Sasaki cones
are 1-dimensional for irreducible representations and 2-dimensional for
reducible representation. These spaces could be non-Hausdorff owing
to jumping phenomenon. A similar bouquet can be given in the genus
one case. Summarizing we have

Theorem 6.12. The manifolds ¥, x S* and $,xS% admit a countably
infinite number of contact inequivalent T? equivariant contact struc-
tures {Dy}3°, of Sasaki type. Moreover, every T? equivariant contact
structure on X, x S* and X,xS% is contactomorphic to one of the
Drs. The contact structure Dy also has a 1-dimensional Sasaki cone
k(D Jr o) for each T € M, and each irreducible representation p' of
7 (M). When M =3, x S* we can write the moduli space* M (D),
where ¢1(Dy) =~ = (2 — 29 — 2k)~y, in terms of Sasaki bouquets as

k—1
MmO =) J KDk Jrpm) U k(D Tt 0)-

m=0 TEmg,pETQQ Tefmg,p/GfRiW(Eg)

We are interested in when the moduli spaces have extremal repre-
sentatives, and in particular those of constant scalar curvature (CSC).
It is well known that the stable case with the 1-dimensional Sasaki
cones k(Dy, J; ) have CSC Sasaki representatives. So we focus our
attention on the T? equivariant case.

Theorem 6.13. Given any genus g > 0,7 € M,, p € T and non-
negative imteger Mmpaz,

(1) there exists a positive integer Kg,y,,... such that for all integers
k > Kympne. the two dimensional Sasaki cones k(Dy, J: pm)
in the contact structure Dy, are exhausted by extremal Sasaki
metrics for m = 0, ..., Myaz; In particular, if 0 < g < 4 the
2-dimensional Sasaki cones are erhausted by extremal Sasaki
metrics for all k € Z+;

4This was incorrectly stated as the bouquet in [BTF16, BHLTF18]. The bouquet
is just B(Dy) = UL k(Dy, Jr pm) for each 7 and p.

m=0
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(2) the 2-dimensional Sasaki cones k(Dy,J:,m) admit a unique
CSC Sasaki metric;

(3) in the case of the trivial bundle ¥, x S* when 2 < g < 4 the
entire moduli space Wtfyl,(@k) is erhausted by extremal Sasaki
metrics.

On the other hand if we let the genus grow, we can lose extremality.

Proposition 6.14. For any choice of genus g > 20 there exist at least
one choice of (k,m) withm =1,... k — 1 such that the reqular ray in
the Sasaki cone K(Dy, J;pm) admits no extremal representative.

In this case the regular ray is relatively K-unstable.

7. SASAKI MODULI SPACES IN HIGHER DIMENSION

Much less is known about the Sasaki moduli spaces for dimension
greater than 5. There are some rather sporatic results depending on
the construction used. For example in the case of Brieskorn mani-
folds, or even more generally complete interesections of hypersurfaces
of weighted homogeneous singularities many results can be obtained.
However, for the sake of time as well as convenience we limit the dis-
cussion to several examples. Results for the cases not treated can be
found in [BG08, BTF15, BMvK16, BTF16] and references therein.

7.1. Sasaki Moduli on Homotopy Spheres. Here we restrict our
discussion to homotopy spheres that bound parellelizable manifolds. It
is known, cf. Theorem 9.5.10 in [BGO08], that for any homotopy sphere
2?21 that bounds a parallelizable manifold |mo(9M<(Z#))] = No.
When n is odd the components belong to inequivalent almost contact
structures, and when n is even the result is due to Ustilovsky [Ust99]
using contact homology. The well definedness of the contact homology
in this case has recently been established by Gutt [Gut17]. For further
discussion of this result see Section 6.1 of [KvK16]. In particular the
moduli space mﬁ(z%ﬂ) of the homotopy spheres given in Table 1
have an infinite number of components.

We now consider the SE moduli on homotopy spheres. These moduli
spaces cannot belong to the classes Dﬁfﬁ described by the homotopy
spheres of Table 1 since the latter admit no extremal metrics at all
in its Sasaki cone. So the former belong to different components than
those of Table 1. From [BGKO05, BGKT05, BMvK16] we have

Theorem 7.1. Let X*"*! be a homotopy sphere bounding a parelleliz-
able manifold. Then
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sig| N |pairs | sig| N | pairs
0 |353 0 14| 390 1
1 376 0 15409 0
2 |336 2 16 | 352 3
3 |260 1) 17| 226 1
4 | 294 1] 181260 0
5 | 231 41 19| 243 0
6 | 284 2 20309 1
T 322 1 21292 1
8 402 2 22425 1
9 |317 11 231|307 2
10 | 309 D 24| 298 0
11 | 252 21 251230 1
12 1304 0| 26| 307 2
13 | 258 0| 27| 264 0

TABLE 2. Oriented Homotopy 7-spheres with SE metrics

(1) the number of components of IME (L) grows doubly expo-
nentially with dimension;

(2) for the standard diffeomorphism type on S° we have |mo(IME(S%))| >

983 and for the exotic ¥2° we have |mo(IMSE(X%))| > 494. More-
over, the components belong to distinct components of
ML (S?) and ML(Z?), respectively.

For homotopy spheres of dimension 4n + 3 we only consider the
case of homotopy 7-spheres. We present our results in Table 2 from
[BMvK16]. In the table, ‘sig’ is the Hirzebruch signature of the Stein
filling W, which indicates the exotic nature of ¥ and N is the number
of Brieskorn homotopy 7-spheres with the indicated signature. The
third column gives the number of pairs of Brieskorn spheres of the
indicated signature with the same mean FEuler characteristic. There
is also one case of a triple which occurs with signature 15. From
this one easily obtains lower bounds on |m(9M5F(X7))|. The table is
based on an Excel file that can be found at Otto van Koert’s webpage
http://www.math.snu.ac.kr/~okoert /.

7.2. Sasaki Moduli on Lens Space Bundles over Hodge Mani-
folds. It follows from Proposition 7.6.7 of [BGO08] that any Sasaki join
of the form My = M % S3 where M is a regular Sasaki manifold over
a compact Hodge manifold N is the total space of a 3-dimensional lens
space bundle over N with fiber S%/Z;,. The integers 1 = (I,l5) and



40 Contact Structures of Sasaki Type

w = (wy, ws) satisfy the conditions of Section 3.2. Clearly this case is
a generalization of the previous cases treated in Sections 6.2 and 6.4.

Question 3. What can one say about the topology of the manifolds
M ?

Question 4. What can one say about the set of contact structures of
Sasaki type on the manifolds M ¢

The first question is much more accessible than the second. For
as was seen in [BTF16] if one knows the differentials for the Serre
spectral sequence of the fibration S'—M— N one can, in principal,
compute the cohomology ring of the manifold M. As for the second
question the answer appears to depend strongly on the Hodge manifold
N. In particular, we are interested in the cardinality |m(9%(Miw))|-
We have an answer in a particular case [BTF14b] which generalizes
previous work of Wang and Ziller [WZ90]. This is the homogeneous
case w = (1, 1) in our notation.

Theorem 7.2. Let S'——S*T1—CPP be the standard reqular Sasaki
circle bundle. The join My, 1, w = S* %y, 1, S5 has integral cohomology
ring

H*(Mll,lz,wa Z) ~ Z[l’, y]/(wleZ%:LQa xp+1’ 3323/7 y2)

where x,y are classes of degree 2 and 2p—+ 1, respectively. Furthermore,
for each homotopy type there is a finite number of diffeomorphism types;
hence, for some diffeomorphism type there is a countable infinity of
toric contact structures {Dy} of Sasaki type which are inequivalent as
contact structures.

Outline of proof. The computation of the cohomology ring is standard
and appears in [BTF16, BTF14b]. The finiteness of the diffeomorphism
types is a result of the formality (in the sense of rational homotopy the-
ory) of the manifold S**1x; ;, S3 with details appearing in [BTF14b].
It follows that for for each Iy, w;,ws and some diffeomorphism type
there is a countably infinite number of toric contact structures {Dy} of
Sasaki type. The first Chern class of Dy, ;, w can easily be computed,
Viz.

(45) 1(Diy o) = (la(p+1) = Lilw|)y
which by varying [y implies that infinitely many {D} are contact in-
equivalent. O

Since CP? is Fano, there are infinitely many with positive Sasakian
structures, so we have |mo (O (S?H! x;, 4, S5,))| = Ng. More specific
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topological information about these structures in dimension 7 can be
found in [BTF14b).

Let us now turn to the moduli spaces of extremal, CSC, and SE
structures where M is any regular Sasaki manifold with constant scalar
curvature. The main results can be found in [BTF16]. It is straight-
forward to generalize this by replacing the regularity condition on M
by that of quasi-regularity. This is currently being pursued [BTF18b],
so here we present the regular case.

Theorem 7.3. Let Myy, = M x,;, S5, be the S5 -join with a requ-
lar Sasaki manifold M which is an S'-bundle over a compact Kihler
manifold N with constant scalar curvature sy. Then

(1) there ezists a Reeb vector field &, in the 2-dimensional w-Sasaki
cone on My such that the corresponding ray of Sasakian struc-
tures S, = (a™'&,, any, @, g,) has constant scalar curvature;

(2) if sy > 0, then the w-Sasaki cone ti, is exhausted by extremal
Sasaki metrics.

(3) if sy > 0 then for sufficiently large ly there are at least three
CSC rays in the w-Sasaki cone of the join My, 1, w.

For admissible (I1,lz, w) the map %, 1,52 on SM induces a map on
moduli spaces
(46) M (M) —— M (M *1, 4, S5).
Item (1) of Theorem 7.3 says that the set MY of all Sasaki classes
with a CSC representative is a submodule under *;, ;,53 .
To consider Sasaki-Einstein moduli from the S3, join operation we
need to choose

JN wy + wo
frnd , 12 — ,
ged(wy 4+ we, Iy) ged(wy + wa, Iy)

l

where Jy denotes the Fano index of N, which imposes the condition
c1(D) = 0. If we assume that N also has a positive Kéhler-Einstein
metric we can find an SE metric in the w Sasaki subcone tJ, of the
join My, 1, w = M %, S2 which gives rise to a nonempty moduli space
IS (M, 1, w). These are straightforward multidimensional genaral-
izations of Theorem 6.10, so we fully expect the bouquet phenomenon.
We can also mention that the every element of tf can be represented
by a Sasaki-Ricci soliton.
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