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THE K AHLER GEOMETRY OF BOTT MANIFOLDS

CHARLES P. BOYER, DAVID M. J. CALDERBANK,
AND CHRISTINA W. T NNESEN-FRIEDMAN

Abstract.  We study the Kahler geometry of stagen Bott manifolds, which can be
viewed asn-dimensional generalizations of Hirzebruch surfaces. We show, using a
simple induction argument and the generalized Calabi construction from [ACGTO04,
ACGT11], that any stage n Bott manifold M, admits an extremal Kahler metric. We
also give necessary conditions fov, to admit a constant scalar curvature Kahler met-
ric. We obtain more precise results for stage 3 Bott manifolds, including in particular
some interesting relations with c-projective geometry and some explicit examples of
almost Kahler structures.

To place these results in context, we review and develop the topology, complex
geometry and symplectic geometry of Bott manifolds. In particular, we study the
Kahler cone, the automorphism group and the Fano condition. We also relate the
number of conjugacy classes of maximal tori in the symplectomorphism group to the
number of biholomorphism classes compatible with the symplectic structure.
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INTRODUCTION

The purpose of this paper is to present and develop the Kéahler geometry of a class
of toric complex manifolds known as Bott manifolds, with one ultimate goal being to
understand their extremal Kéhler metrics.

The introduction to Grossberg’s PhD thesis [Gro91] describes a conjecture by Bott, in
a 1989 letter to Atiyah, that the well-studied Bott—Samelson manifolds [BS58] “should
be realizible as some kind of tower of projectivized vector bundles”. The thesis then
proved the conjecture, showing that each bundle in the tower is a CP'-bundle with
a circle action, and Grossberg named such iterated CP!-bundles Bott towers. Their
study was taken up by Grossberg and Karshon [GK94], who proved that isomorphism
classes of Bott towers of complex dimension n are in bijection with Z""~1/2, More
precisely, given an integer-valued n x n lower triangular unipotent matrix A = (A7),
they constructed a Bott tower M, (A) as quotient of (C2)" (with C2 = C?\ {0}) by the
action of a complex n-torus determined by A. Then they proved that there is a unique
such Bott tower M,,(A) in each isomorphism class.

A (stage n) Bott manifold M, is a complex n-manifold biholomorphic to the total
space of a Bott tower. Bott manifolds are natural generalizations of Hirzebruch surfaces:
as shown by Masuda and Panov [MPO8] they are precisely the toric complex manifolds
whose fan ! is the cone over an n-cross (i.e., combinatorially dual to an n-cube). Thus
the primitive generators of the rays of ! in the toric real Lie algebra ! come in opposite
pairs uj,v; : j € {1,...n}, and a subset of generators spans a cone of | i" it contains
no opposite pairs.

The close relation to Hirzebruch surfaces suggests that one may be able to system-
atically explore the existence of extremal Kéahler metrics, elegantly constructed by Cal-
abi [Cal82] when n = 2, for arbitrary Bott manifolds.

Generally, let K(M,,) be the Kéahler cone of a complex manifold M, and let £(M,,)
be the subset of Kahler classes which contain an extremal Kahler metric.

Problem. Describe the extremal Kdhler cone E(M,). In particular, (1) is E(M,)
nonempty, and if so, (2) is E(M,) = K(M,)?

By a well-known result of LeBrun and Simanca [LS93], £(M,,) is open in IC(M,), a
result which fails for the subclass of constant scalar curvature (CSC) Kéhler metrics.

Question (2) is known in the a# rmative for Hirzebruch surfaces [Cal82] (as already
noted), and question (1) is true for toric surfaces in general [WZ11]. In another di-
rection, Zhou and Zhu [ZZ08] proved that the existence of an extremal Ké&hler metric
in the class ¢;(L) implies the K-polystability of the polarized toric complex manifold
(M,, L), and this has been generalized to arbitrary polarized complex manifolds by
Stoppa and Székelyhidi [SS11] and Mabuchi [Mab14]. Now Donaldson [Don02] and
Wang and Zhou [WZ11] have given examples of K-unstable Kéhler classes on certain
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smooth toric surfaces, so they admit no extremal metrics, and hence question (2) is
false for toric surfaces in general. We refer to [WZ14| for a recent survey.
For Bott manifolds, our main general result is the following.

Theorem 1. Let M,(A) be the Bott tower corresponding to the matriz A.

(1) An invariant R-divisor D is ample if and only if its support function p satisfies

pls) +Un(os) > —vn - 3 A

i=j+1

for all opposite pairs v;,u; of generators of the fan. In particular, if A{ <0 for
all i > j > 1 then the ample cone A(M,), and hence the Kdihler cone K(M,,),
1s the entire first orthant with respect to the natural basis of toric semi-ample
divisors.

(2) The extremal Kdhler cone E(M,(A)) is a nonempty open cone in K(M,(A)),
i.e., M, (A) admits extremal Kdhler metrics.

(3) If the elements below the diagonal in any one row of the matriz A all have the
same sign and are not all zero (in particular, if AY # 0), then M,(A) does not
admit a CSC Kdhler metric.

The first part of this result follows from Batyrev’s theorem for toric varieties [Bat91,
CvR09] and the structure of the fan of M,,(A). This result has been well known since
Calabi [Cal82] for CP! and Hirzebruch surfaces. In particular, with respect to a natural
basis, the Kéahler cone of any Hirzebruch surface is the entire first quadrant; however,
this is not true generally for every Bott manifold. In fact, it breaks down at stage 3 as
we shall show. We also mention recent related papers [Chal7b, Chal7a] which study
the Mori cone, and toric degenerations, respectively.

For the second part, we apply a theorem of [ACGT11] obtained using the generalized
Calabi construction of [ACGT04].

The third part uses the generalization of Matsushima’s theorem by Lichnerowicz
[Lic58] that the existence of a constant scalar curvature Kéhler metric implies that
Aut(M,(A)) is reductive. The criterion then follows from a balancing condition due to
Demazure [Dem70] on the roots of the Lie algebra aut(M,,(A)) of Aut(M,(A)).

Theorem 1 does not produce explicit examples of extremal Kéhler metrics on Bott
manifolds; however, there are a few explicit examples known. These include:

(1) The product metrics on CP! x ... x CP!;

(2) Calabi’s extremal Kéahler metrics [Cal82] on Hirzebruch surfaces (stage 2 Bott
manifolds);

(3) Koiso and Sakane’s Kahler—Einstein metric [KS86] on P(1&O(—1,1)) — CP! x
CP!; and, more generally,

(4) admissible extremal Kéhler metrics on P(1O(ky, ..., ky 1)) — (CP')™ T whose
existence was proven by Hwang [Hwa94| and Guan [Gua95] (see also [ACGT08a,
Section 3] for a treatment using the admissible convention).

It is shown in [Hwa94] that for n = 3, if ki, ko in (4) above have opposite signs then
the corresponding twist < 1 Bott manifold M3 admits a CSC Kéahler metric; whereas,
if they have the same sign Mj cannot have a CSC Kéhler metric [ACGT08a].
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To organize and generalize such examples, we note that the number ¢t € {0,...,n—1}
of holomorphically nontrivial CP! bundles in a Bott tower M, (A) is a biholomorphism
invariant of the total space which we call the (holomorphic) twist. An analogous topo-
logical invariant (the number of topologically nontrivial CP* bundles in the tower),
which we call the topological twist, was introduced by Choi and Suh in [CS11]. As the
above examples are all CP! bundles over a product (CP!)™ !, they all have twist < 1.

There is a dual notion of (holomorphic or topological) cotwist t € {0,...,n — 1},
which is the number of bundles in the tower such that the inverse image of any CP!
fiber in M,,(A) is (holomorphically or topologically) trivial over the fiber. For example,
a stage 3 Bott manifold M3 may be considered as a bundle of Hirzebruch surfaces over
CP!, or as a CP! bundle over a Hirzebruch surface. If My has twist 1, it is a CP* bundle
over CP! x CP!, while if it has cotwist 1, it is a CP! x CP! bundle over CP!.

In Section 1, after reviewing Bott towers and the quotient construction, we present
the Bott manifolds of twist t = 0, 1,2, which we use as running examples throughout
the article. In particular, these values of t cover all stage 3 Bott manifolds, on which we
place much emphasis, n = 3 being the next dimension after Hirzebruch surfaces. We
also discuss when two stage n Bott manifolds M, (A) and M, (A") are biholomoprhic.

In addition to proving Theorem 1 and giving examples, we place them in context
in order to motivate further study. Bott towers can be studied as smooth manifolds,
complex manifolds, symplectic manifolds or Kéhler manifolds, and the rest of the article
explores these approaches. Along the journey, we obtain several results of independent
interest, as we now explain.

In Section 2 we consider the topology of Bott manifolds. In recent years, research on
Bott manifolds has centered around the cohomological rigidity problem [MP08, CMS11,
CM12, Chol5] which asks if the integral cohomology ring of a toric complex manifold
determines its di! eomorphism (or homeomorphism) type. This problem is still open
even for Bott manifolds, but has an a" rmative answer in important special cases: in
particular for n < 4 and for topological twist ¢ < 1, the cohomology ring determines the
di! eomorphism type [CMS10, CS11, CM12, Chol5]. Hence, in these cases the home-
omorphism classification coincides with the di! eomorphism classification. We review
these ideas and obtain a di! eomorphism classification of stage 3 Bott manifolds.

Theorem 2. The di' eomorphism type of a stage 3 Bott manifold Mz is determined
by its second Stiefel-Whitney class wo(Ms) and its first Pontrjagin class py(Ms), which
can be any integral multiple p of the primitive class 5¢1(O(1,1))%. Moreover:

(1) Each dit eomorphism type contains finitely many Bott manifolds with twist < 1,
determined by the prime decomposition of p.

(2) There are precisely three dil eomorphism types of stage 3 Bott manifolds Mz of
cotwist < 1 and each di' eomorphism type has an infinite number of inequivalent
toric Bott manifolds.

In Section 3, we study the automorphism group, the Kéhler cone, and the Fano
condition. For stage 3 Bott manifolds we can give specific information about £(M,,)
and CSC Kahler metrics according to the di! eomorphism type. For example, using the
results in [Hwa94, Gua95] we obtain:
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Theorem 3. A stage 3 Bott tower M3(A) admits a constant scalar curvature Kahler
metric if and only if Aut(M3(A)) is reductive, which holds if and only ifA} = 0 and
AlAZ< QorA=1.

We turn to the symplectic viewpoint in Section 4. In Proposition 4.2, we observe that
a result of McDu [McD11] implies that there are only Pnitely many biholomorphism
classes of complex structure compatible with a Pxed compact toric symplectic manifold.

Theorem 4. Let (M,!) be a symplectic2n-manifold. Then there are Pnitely many
biholomorphism classes of Bott manifolds compatible wifM, ! ), and their number is
bounded above by the number of conjugacy classea-tdri in the symplectomorphism

group Symp(M, ! ).

In Section 5, we use the generalized Calabi construction to prove Theorem 1 (2), and
study the admissible construction. Generally, Bott manifolds do not bt so well with
the admissible construction (cf. [ACGTO08a] and references therein) that has been so
successful in producing explicit examples of extremal Kahler metrics. Indeed only the
examples of twist< 1 use the admissible construction. Nevertheless, in Section 5.3 we
describe such examples in arbitrary dimension, and these"ste to show that for stage
3 Bott manifolds of twist < 1 there is an extremal Kahler metric in every Kahler class,
i.e.,, £(M3) = K(M3) in this case.

In Section 5.4 we touch briel3y on how admissible examples are related to c-projective
equivalence [CEMN16]. In particular we prove:

Theorem 5. On the total space ofP(1 & O(—1,1)) — CP! x CP! there exists an
inbnite number of pairs of c-projectively equivalent constant scalar curvature (CSC)
Kahler metrics which arenot affinely equivalent.

We end with some almost Kahler examples, in the spirit of [Don02, ACGT11, Lej10].

1. BOoTT MANIFOLDS

We begin by following Grossberg and KarshonOs description of Bott towers [GK94] as
well as [CM12]. We refer to the recent book [BP15] and references therein for further
developments.

1.1. Bott towers and their cohomology rings.

Debpnition 1.1. Givenn € N, we construct complex manifoldd , for k € {0,1,...,n}

inductively as follows. LetMg be a point pt, and for k > 1, assumeM,_; is already

debned and choose a holomorphic line bundly. on M,_;. Then M, is the compact

complex manifold arising as the total space of th€P* bundle" ,: P(1 ® L) — M,_1.
We call M, the stagek Bott manifold of the Bott tower of heightn:

M, ™ Mg == - -Mp =5 My = CP* ™5 pt.

At each stage we haveero and inPnity sections#°: M, _; — M, and#°: M1 — M,
which respectively identifyM,_; with P(1 @ 0) and P(0 ¢ £;). We consider these to be
part of the structure of the Bott tower (M, " ., #2, #2°)1_, .

Notice that the stage 2 Bott manifolds are nothing but the Hirzebruch surfaceR, :=
P(1 o O(a)) — CPL.
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Definition 1.2. A Bott tower isomorphism between Bott towers (Mk,wk,ag,ak )iy
and (My, 7y, 69, 53°)P_, is a sequence of blholomorphlsms Fr: My —> M, (for k €
{0,1,...,n}) which intertwine the maps 7, 09, o5° with the maps 7y, 5, 55°.

Isomorphism of Bott towers of height n is thus a stronger notion than biholomorphism
between the corresponding stage n Bott manifolds.

Remark 1.3. We can consider the more general case where we have a projectivization
P(E,) = P(E,—1) = - = P(Ey) — P(E;) — pt

where the rank 2 bundles F; do not necesarily split as they do in a Bott tower. Of
course, Fs splits by a famous theorem of Grothendieck. But this fails at the next stage
since a rank 2 bundle over a Hirzebruch surface need not split as the first Hirzebruch
surface H; shows. It would be interesting to investigate this further. However the
methods of the present paper rely in an essential way on the toric geometry of the split
case, which we introduce in the next section.

As the total space of a CP! bundle m: P(1 @ L) — My_1, My, has a fiberwise dual
tautological bundle O(1)14., whose first Chern class ¢;(O(1)1gL, ) is the Poincaré dual
PD(Dg?) to the infinity section Dg° := o°(Mg_1).

The vertical bundle V My, of My, — Mj._; has first Chern class PD (D} + D{°), as the
generator of the fiberwise C* action vanishes there. Since VM = O(2)141, ® 7Ly, it
follows that m; Ly has first Chern class PD(D)) — D;°), and we let ay be the pullback
of this class to M,,. We let z, be the pullback of PD(D;°) to M,; thus y, := x + oy is
the pullback of PD(DY) to M,,.

Proposition 1.4 ([CM12]). The map sending x; to X;+ T induces a ring isomorphism
(1) H*(M,,Z) 2 Z[X1, X, ..., X,)|/Z
where I is the ideal generated by

X?P+an(Xy,..., Xee) Xy for ke{l,...,n}
and &y, is the (unique) linear polynomial with ay(xy, ..., xp_1) = oy.
Proof. Since 1 and PD(Dg®) restrict to a basis for the cohomology of any CP! fiber of
M, over My_q, the Leray—Hirsch Theorem implies that the cohomology ring H*( My, Z)

is a free module over H*(My_y,7Z) with generators 1 and PD(Dg°). The result follows
by induction, using the fact that for all k € {1,... ,n}, xxyx =0 in H*(M,,Z). !

Note that the cohomology ring of M, is filtered by pullbacks of the cohomology rings
of M, for 0 < k <n.

1.2. The quotient construction and examples. A stage n Bott manifold M, can
be written as a quotient of n copies of C2? := C?\ {0} by a complex n-torus (C*)". To
see this, consider the action of (¢;)i; € (C*)" on (z;,w;)7_, € (C2)" by

| | np Ai# H
(2) (to)izr: (2, w5)j= = 525, ti' w; j=1°
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where A is a lower triangular unipotent integer-valued matrix

|
‘1 0 a0 0O
A1 a0 g

(3) A=n A oﬁ Al ez
HAL A2 aaa 1
A A% aqaaArt 1
Since the induced action of R* )" is transverse to §3)", where S® is the unit sphere in

C2, the orbits of this action are in bijection with orbits of the induced free §*)" action
on (S®)", and the geometric quotient is a compact complex-manifold M, (A).

Proposition 1.5 ([GK94, I1sh12]). There is a bijection between isomorphism classes of
height n. Bott towers and Z™™1/2 i e., matrices A as in (3): M,(A) is the unique Bott
tower for which the pullback of c1(Ly) to the total space is oy, = ?;11 Alx; for k €
{1,....n}. In particular the isomorphism class of a height n Bott tower is determined
by its filtered cohomology ring.

Proof. Observe that M, (A) be the quotient of (C2)* by the action (2) with n replaced
by k for 0 < k < n —1; then M,(A) = P(L @ L) — M;_1(A) for some line bundle
L. As shown in [GK94], a holomorphic line bundle oi/,(A) is determined by its brst
Chern class, and it follows inductively that)/,,(A) is a Bott tower with the given Chern
classes. Now the matrixA is determined by the bltered cohomology ring of the Bott
tower and the result follows [Ish12]. O

In this correspondence, it follows [CRO5, Prop. 3.5] that the height Bott tower
associated to the principalk x & submatrix of A given by removing the Prst; rows and
columns, and the lastn — j — k rows and columns is the bber af/;, ,(A) over M;(A).

We turn now to examples; it is useful to organize these using the following notions.

Definition 1.6. The (holomorphic) twist of a Bott tower M, (A) is the number¢ €
{0,...,n — 1} of holomorphically nontrivial CP* bundles in the tower, or equivalently
the number of nonzero rows im —1,,. Dually, we refer to the numbert’ € {0, ..., n—1}
of nonzero columns ind — 1, as the (holomorphic) cotwist. (The kth column of A—1,,
is zero if and only if M,,(A) — M(A) is a pullback from M,,_1(A).)

The only Bott manifold A, of twist (or cotwist) 0 is (CPY)" with cohomology ring
(4) H*(M,,2) = Z[Xy, ..., X,]/ X127~-7X2)

We now consider some examples of twist 1 and 2.
Example 1.1. Fork = (kq,...,ky) € ZV, let My+1 (k) denote the Bott tower M1 (A)
with
! L $
1 0 a44a0 O
«~ 0 1 aaao 00?

(5) A=': i Of
#0 0 aaal

ky k, dadadky 1
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which is the CP! bundle P(1 & O(ky,...,kx)) = (CP')YN. Hence it has twist 1 unless
k = 0, and its cohomology ring is

H* (My1(K),Z) = ZIX,. .., Xna1l/Z
= (X7, X3 Xno1(Xns1 + i Xy + -+ + kv Xw)).
The case N =1 and k; = a is the Hirzebruch surface H, = M, (A) with A= (19).

Example 1.2. Similarly for 1 = (I1,...,Ixy_1) € Z¥ Y and k = (ky,...,ky) € ZV, let
Mny11(1, k) denote the Bott tower Myq(A) with

1 0 - 00
0 1 -~ 0 0

(7) A= o 00
Loly - 10
/{51 k2 kN 1

This is a fiber bundle over (CP')¥~! whose fiber is the Hirzebruch surface Hy, , and
has twist 2 unless k = 0 or 1 = 0. Its cohomology ring is given by

H*(MN+1(k7 1)7 Z) = Z[Xla s aXNJrl]/I
(8) IT= (X7, . X3 Xn(Xy+ 0L X1+ + Iv_1 Xnyoa),
Xt ( Xy + ks X+ 4 kNXN>)-

Example 1.3. For stage 3 Bott towers, we follow the notation of [CMS10] and let
Ms(a, b, ¢) denote the Bott tower M3(A) with

) A=

This is the total space of CP! bundle over the Hirzebruch surface H,, and also a bundle
of Hirzebruch surfaces over CP! with fiber .. Thus it has twist < 1 if @ = 0 and
cotwist < 1 if ¢ = 0. Its cohomology ring is

(10) H*(Mg,Z) = Z[Xl,XQ,Xg}/(Xlz,XQ(CLXl -+ XQ),Xg(le + CX2 + X3)>,

which, as a Z-module, is freely generated by 1,1, 2o, x3, T129, Tox3, 377 and x1xoT3
(where z; is the image of X; in H?*(Ms,Z)).

1.3. Toric description of Bott manifolds. The quotient construction shows that
any Bott manifold is toric. For general descriptions of toric geometry we refer to [BP15,
CLS11, Dan78, Del88, LT97], but we summarize the main ideas here in order to declare
our conventions.

Definition 1.7. For a finite set S, let Zs and Cs = Zs ®z C be respectively the free
abelian group and complex vector space with basis e, : p € S, and let the complex
torus C3 := Zs @z C* act diagonally on Cg in the natural way, i.e., (¢,),es: (25)pes —
(tp2p)pes- A complex n-manifold (or orbifold) M is toric if it is a quotient of a Cj-
invariant open subset of Cs by a subgroup G¢ of C3 for some S.
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It follows that the quotient torus T¢ & C5/G ¢ acts onM with an open orbit. To
describe suciM up to equivariant biholomorphism, it is convenient to bxr¢= 1" ,C',
where! is a free abelian group of rank (the lattice of circle subgroups ofT¢), and
determineG¢ as the kernel of group homomorphisi@g # T€. Any such homomorphism
is determined by a homomorphisnu: Zs # !, hence by the images, $! of the basis
vectorse for all ! $ S. The Cj-orbits in Cs; may be parametrized by subsets 08,
whereR % S corresponds to the orbitCs g of rr €@ (thus,Cs, is the open orbit).
Hence anyC!S-invariant subset ofCs has the formCs, = ., Csr for some subset
of the power setP(S), and it is open if and only if" is a simplicial set i.e., R $ "
and R*% R implies that R*$ " . We also assume all singletond } are in" .

Any R % S debnes acone"r int := ! " 2z R as the convex hull of{u, |! $ R}.
We require that the cones'g : R $ " are distinct, strictly convex (they contain no
nontrivial linear subspace) and simplicial (dimi' g is the cardinality of R), are closed
under intersections, and have unioh. Then# := {"gr : R $ " } is acomplete simplicial
fan, and there is a bijection between the cones in the fan and the orbits ﬁfs in Cs, ,
hence the orbits ofT¢in M. Let #, denote ther-dimensional cones i it is convenient
to identify S with #,, the set of 1-dimensional cones, or rays, #; thenu, $ ! &!,
and is a multiple m, of the unique primitive vector of! in !, where Z/m, is the cone
angle of the orbifold singularity along the corresponding ©-orbit in M, whose closure
D, is a T¢invariant divisor in M. We refer tou, : ! $ S as thenormals of the fan: if
M is smooth (or has no orbifold singularities in codimension one), the fénhdetermines
(S,u,"), henceM; in general the normals are extra data.

Applying these methods to the Bott towerM,(A), we gow see that the role of the
matrix A in (2)D(3) is to debne an inclusion of lattices's : Z" & Z2", wherel, is the
n' nidentity matrix, and hence real and complex subtori$!)" ¢ (S')?" and (C' )" &
(C')?" respectively of the standard 8-torus and its complexibcation acting orC?". We
thus identify Zs with Z2", although it is convenient to takeS = {1,...,n,1%...,n" to
be the disjoint union of two copies of1,...,n} and debPnew; := z:, so that Cs Lo

with coordinates (zi,...,2Z,, Wy, .. .#w@.
Now the image of the inclusion 'y "~ is the kernel of the map ( A lp): Zn # 7",
The fan # therefore has normalsiy, ..., Uy, Vv, ..., Vq $ 1 with u; = ( ' i”:l Alv, and

V; = uj:; howevervy,...,v, is a Z-basis for! , which we may use to identify! with
Z". In particular the quotient torus T¢ £ (C' )" acts onM,(A) and the images of the
coordinate hyperplanes, = 0 or wx = 0 are TC-invariant divisors in M, (A).

We can describe these invariant divisors by noting that the quotient df(z, w;)L, $
(S®)" : z = 0} by the jth circle in (SH" is (since|w;| = 1) (S®)"*! with the jth
3-sphere removed, and similarly fof (z, wi)’; $ (S®)" :w; = 0}. The image ofz; =0
orw, =0in Mu(A) is thus the heightn ( 1 Bott tower obtained by removing thej th
row andj th column of A. In terms of the Bott tower structure, the T¢ action onM,(A)
is a lift of the the bPberwiseC' actions acting on each stag®1,(A) # Mys1(A), and
the invariant divisors in M, (A) given by z, = 0 and wi = 0 are the inverse image@ﬁ”’
and @8 in M,(A) of D® and D?, whose homology classes are Poincare dualipand

w
(11) Yk = Xk t+ O/Q = AJka .
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It will be convenient later to write this in vector notation y = AX.

There are 21 such divisors coming in opposite pairslﬁo,@,’() k!t {1...,n},
labelled by the Bott tower structure, and only opposite pairs have empty intersection.
The divisors thus have the structure of am-cross or cross-polytope(the dual of an
n-cube) and the cones of the fan are therefore cones over the faces ohamoss int
with vertex set S, the rays of the fan [Civ05].

The symmetry group of ann-cross (orn-cube) is the Coxeter grouBC,, = Sym,! Z%
acting on S, where theith generator of theZ) normal subgroup interchanges and i’
in S, while the quotient group Sym permutes the pairs (11),...,(n,n").

Remark 1.8. In [MP08, Theorem 3.4], it is shown that stagen Bott manifolds are the
only toric complex manifolds whose fan is (the cone over) ancross. A corresponding
result does not hold in the orbifold case, even far = 2.

1.4. Equivalences and the Bott tower groupoid. It is natural to ask when two

height n Bott towers determine the same staga Bott manifold, i.e., their total spaces
are biholomorphic. Since a Bott manifoldM, is a complete toric variety, its biholomor-
phism group Aut(M,) is a linear algebraic group, and so all maximal tori in Auti1,)

are conjugate. Hence iM, and M, are biholomorphic, there is d -equivariant biholo-

morphismf : M, # M, for some isomorphisni : T¢ # T¢ of the canonical complex
tori acting on M, and M, (i.e., f(taz) = ! (t) & (z) forall t! TS z! M,). In other

words, M,, and M, are equivalent as toric complex manifolds.

We also use the fact that any heighh Bott tower is isomorphic toM,(A) for a unique
n$ n matrix A, and is toric with respect to a bxed compler-torus T¢ = (C*)". Thus
the set of all isomorphism classes of Bott towers of dimensioncan be identibPed with
the setBTy' of unipotent lower triangular n$ n matricesA over Z (which is in bijection
with Z"("$ /2y py associating toA the isomorphism class oM, (A).

Debnition 1.9. The n-dimensionalBott tower groupoidis the groupoid with object set
BTy, where the morphisms fromA to A" are the biholomorphismsM,(A) # M,(A").
We denote the set of morphisms b T,".

The orbit of BT," through A is thus the set of allA" such that M, (A") that is equivalent
(i.e., biholomorphic) to M,(A). The quotient space of orbitsBT,'/BT;" is then in
bijection with the set B,, of (biholomorphism classes of) Bott manifold$/,,.

As noted before the debnition, we may restrict attention td -equivariant equivalences
f:Mp(A) # M,(A) (for ! : T # T¢). Such an equivalence pulls bacK -invariant
divisors to T -invariant divisors preserving their intersections, i.e., it induces an element
of the combinatorial symmetry groupBC, = Sym, ! Z3. It remains to understand
which elements ofBC,, are induced by equivalences. For this, we follow Masuda and
Panov [MPO08] (although these authors work in the smooth context).

We brst note that if we only know a Bott manifoldM,, as a toric complex manifold,
then to write it as a quotient of (C2)" % Cs we have to choose a bijection between
S=1{1...,n1,...,n} and the T¢invariant divisors in M, (so that all pairs (j,j )
correspond to opposite divisors). Now a generakdimensional subtorusG® & C% is
debned by the kernel of maximal rank block matrix@ C): z?" # Z" (whereB,C
aren$ n). This kernel is the image of('y): z" # Z2 if B + CA = 0, which
forcesC to be invertible and A = ' C®!B. The automorphism group GL, Z) acts
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on (B C):z2 ! Z" by left matrix multiplication. Left multiplication by C'?* thus
provides the normal form { A 1,): Z2" | Z" for the quotient map that we have used.

In M, (A), the stabilizers of 2 and 9, in T¢ are the orientedC* subgroups generated
by the images ofex and e under (" A 1,). Hence the action o§C, on divisors lifts to
the natural action on Z2" by permutation matrices of the form’ g S . Such a matrix
acts on (" A |,) by right multiplication to give (Q" AP P " AQ). It follows that such
an element ofBC,, is induced by an equivalence ofl,(A) with some M,(AY if and
only if A%:= (P " AQ)' }(AP " Q) is lower triangular, and then it is induced by an
equivalenceM,(A) | M, (AY.

Lemma 1.10. Any element ofZ} | BC, is induced by an equivalencd,(A) !
M, (A9 for someA?®. In particular, the Bott towers M, (A) and M, (A' 1) are equivalent.

Proof. It suffices to show that for each # k # n, the generatorr, which interchanges
the kth column of " A with the kth column of I, is induced by an equivalence. However,
hereQ" AP andP " AQ are lower triangular, hence so i&®= (P " AQ)' }(AP " Q).

For the second part, we consider,7, - - - 7,, which sends B2, ®, ) to (I, ,®Y) for
eachk $ {1,...,n}; hencex®:= mimy---7(x) = y andy®:= 77 ---7(y) = x. But for
the Bott tower M, (A) we havey = Ax, whereas, foiM,(A' 1) we havey®= A' 1x$

The equivalences inducingr, are easy to understand as a Pber inversions at the
kth stage: if M(A) % P(1 & L), then M (A9 % P(1& £,') and in homogeneous
coordinates in the bPbers, the equivalence sends, ) to (z;*,2,1), or equivalently,
in a local trivialization of Ly, to (z,z;), swapping zero and inbnity sections. The
equivalences between matrices, A®induced by the bber inversion maps can be worked
out in principle in terms of minor determinants. Here we only do this for certain special
examples.

Before turning to examples, we consider when$ Sym, is induced by an equivalence
M,(A) ! M,(A9. In this case we can takeQ = 0, so P is the permutation matrix
debned byo, and hence lifts to an equivalencé,(A) ! M, (P' *AP) if and only if
P' AP is lower triangular. Since Sym is generated by transpositions, the following
case is of particular interest.

Lemma 1.11. Atranspositiono = (ij) with1# i< # nisinduced by an equivalence
of Mh(A) ! M,(P'*AP) for the corresponding permutation matrixP if and only if
A =0fori<k # jandAf =0 fori# k<j. In particular, wheni = j " 1, this
holds if and only ifAl" * = 0.

The proof of this lemma is immediate; we illustrate it in examples below. It has the
following consequence, which is one of the main steps in the proof of [CS11, Lemma 3.1].

Proposition 1.12. A Bott tower M,(A) with twist # t is equivalent to a Bott tower
M, (A9 such that the Prsn" t rows of A®" 1, are identically zero, i.e.,Mp, (A =
(CPHM . Similarly, a Bott tower M, (A) with cotwist# t is equivalent to a Bott tower
M, (A9 such that the lastn" t columns are identically zero, i.e.M,(AY is a (CPH)™ !
bundle overM (A9Y.

Proof. If the jth row of A" 1, is identically zero then iterating Lemma 1.11 shows that
the permutation (1 2---j)=(12)(23)---(j " 1j) is induced by an equivalence. Now
apply this argument to all such rows. The proof for columns is similar. "
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Example 1.4. Proposition 1.12 shows that any Bott tower My 1(A) of twist < 1 is
equivalent to My (k) for some k € Z¥. The only fiber inversion that yields a nontrivial
equivalence of My1(k) is ! y41, which interchanges D), 41 and DY, +1, and is induced
by an equivalence between My (k) and My 1(—k). Also we have My (" (k)) ~
Mpy1(k) for any permutation " that lies in the subgroup Sym, C Symy,, which
permutes the first NV opposite pairs of invariant divisors. Since My (k) is a non-trivial
CP! bundle over the product (CP')™, these equivalences are just permuting the N
factors of the base.

Example 1.5. Proposition 1.12 also shows that any Bott tower My,1(A) of twist < 2
is equivalent to My1(1,k) for some (I, k) € ZN" ! x ZN. There are now two non-trivial
fiber inversion maps, namely, those interchanging ﬁ}v and ﬁ?v and those interchanging
D'y, and D%, giving equivalences

MN+1(17k) ~ MN—H(L —k> ~ MN+1(—17 k#) ~ MN+1(—17 —k#>

where kK* = (k; — Liky,..., knv1 — Inv 1kn, kn). A twist 2 Bott tower of the form
Mpy1(L k) can be viewed as a fiber bundle over the product (CP')™ ! whose fiber
is a Hirzebruch surface. So permuting the N — 1 factors of the base induce equiva-
lences My41(" (1,k)) ~ My11(1, k) where " € Sympy. ; C Symy,; where Symy. ; is the
subgroup that permutes the first N — 1 opposite pairs of invariant divisors.

Example 1.6. For the height 3 Bott tower M3(A) = Mjs(a, b, ¢), the fiber inversion maps
give rise to equivalences ! : Ms(a, b, c) — Ms(a,b,c), Vo: Ms(a,b,c) — Mz(—a,b—ac,c)
and !3: Ms(a,b,c¢) — Ms(a,—b, —c). Hence we have equivalences:

Ms(a,b,c) ~ Ms(a, —b, —c) ~ Ms(—a,b — ac,c) ~ Ms(—a, —(b — ac), —c) = Ms(A" ).

The transposition (1 3) is order reversing, so is induced by an equivalence only when
a=0b=c=0. The 3-cycles (123) and (132) are induced by equivalences when b = ¢ =0
and a = b = 0 respectively. The transposition (1 2) is induced by an equivalence when
a = 0 and the transposition (23) is induced by an equivalence when ¢ = 0. We conclude
that
M;(a,b,0) ~ Ms3(b,a,0) and M;(0,b,c) ~ Ms(0,c,b),

hence in particular M3(a,0,0) ~ M3(0,a,0) ~ M3(0,0,a). These equivalences have
straightforward interpretations: Ms(a,b,0) has cotwist < 1, i.e., is a CP! x CP! over
CP!, and the equivalence interchanges the two factors in the fibers; similarly M3(0,b, ¢)
has twist < 1, i.e., is a CP! bundle over CP' x CP!, and the equivalence interchanges
the two factors in the base.

Example 1.7. To illustrate Lemma 1.11, observe that transposing the second and
fourth rows and columns of a unipotent 4 x 4 lower triangular matrix A yields

1 0 0 O
e [A 1A
=la o 1 2

AL o 0 1

and so the transposition (24) is induced by an equivalence of My(A) with M,( A" if and
only if A3 = A1 = A} =0.
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2. THE TOPOLOGY OF BOTT MANIFOLDS

2.1. Topological twist. There is a close interplay between the topological and biholo-
morphic theory of Bott manifolds. One example is the following result.

Proposition 2.1 (ChoiDSuh [CS11])In a Bott tower M,,(A), the CP! bundleM ,(A) =

P(1l @ L) — M,_1(A) is topologically trivial if and only if oy, := Zf;ll Aixj = 0 mod
2 and a; = 0. In this case M, (A) is diffeomorphic to a Bott towerM,,(A’) such that
M.(A") = CP! x M;_;(A) is holomorphically trivial overM,_;(A’) = M,_;(A).

Proof. P(1® L;) is topologically trivial if and only if (1& £,) ® £ is topologically trivial
for some line bundle. Choi and Suh [CS11] show that a sum of line bundles over a
Bott manifold is topologically trivial if and only if its total Chern class is trivial. If

¢ (L) = Athen

(LDLLRL)= L)Ly L) =L+ N+ ap+ N) =1+ o +21+ N2

This is trivial if o = —2\ and A\? = 0, i.e., o, = 0 mod 2 anda; = 0 (since the
cohomology ring has no torsion). For the last part, we pullback ,(A) — M.(A) by
the diffeomorphismM,(A) — CP! x M,_;(A) trivializing M (A) over M;_;(A). OJ

The construction in the proof does not fiect the topological triviality of the other
Pbrations inM,,(A), which prompts the following debnition.

Definition 2.2. The topological twistof a Bott manifold M,, is the minimal (holomor-
phic) twist among Bott towers M ,,(A) diffeomorphic toM,,.

Proposition 2.1 shows that the topological twist oM, is also the minimal number of
topologically nontrivial stages among Bott towers dieomorphic toM,,. In fact Choi and
Suh show [CS11, Theorem 3.2] that the topological twist is the number of topologically
nontrivial stages inany Bott tower diffeomorphic toM,, (and this is their depnition of
OtwistO). Furthermore, by Proposition 1.12 (cf. [CS11, Lemma 3.1]), a Bott manifold
with topological twist t is diffeomorphic to a Bott tower M,,(A) where the brstn — t
rows of A —1,, are identically zero, i.e., a holomorphic Pber bundle ove€P')"~* whose
Pber is a stage Bott manifold.

The topological twist of a Bott manifold has implications for its Pontrjagin classes.

Lemma 2.3 ([CMM15, CS11]) Let M,, be a Bott manifold with topological twisk t.
(1) If M,, is diffeomorphic toM,(A), its total Pontrjagin classp(M,,) is given by

(12) M) = J[ @+ ad);

Jj=n+1-t

in particular p,(M,) vanishes fork >t .
(2) pe(M;,) =0 if k> 2.

Proof. For (1), the computation of (12) is straightforward [CMM15] and the last part
follows by taking M,,(A) to have twist < t. For (2) we note that the strict inequality
k > 7 follows for dimensional reasons. For the equality we set=2m and and observe
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that the class p,,(Ma,,) is a multiple of x1 - - - xa,,, so when t = 2m ! 1 we have

pnopm g1 9y

which does not contain x,,. !

For later use, we also note that the total Chern class of M,,(A) is
In In
(13) c(Mp(A) = (I+z;+y;)= (1+2x;+!),

j=1 j=1
cf. [Abcl3]. In particular, for the first Chern class we get

#
(14) a(Mn(A) = (z; +y;).

Jj=1

2.2. Cohomological rigidity of Bott manifolds. In recent years, research on Bott
manifolds has centered around the cohomological rigidity problemwhich asks if the
integral cohomology ring of a toric complex manifold determines its di! eomorphism
(or homeomorphism) type [CMS11, CM12, Chol5, MP08]. This problem is still open
even for Bott manifolds, but has an a" rmative answer in important special cases, in
particular for Bott manifolds with topological twist " 1. This gives a lot of information
about the topology of these Bott manifolds.

Bott manifolds with topological twist0. A Bott manifold M,, has topological twist O if
and only if it is di! eomorphic to (CP')". In this case there is the following characteri-
zation.

Theorem 2.4 (Masuda—Panov [MP08]). A stagen Bott manifold 17, is di! eomorphic
to (CPY)" if and only if H"(M,,Z) # H'((CP')",Z) as graded rings. Furthermore,
M, (A) is di! eomorphic to(CP")" if and only if the matrix A takes the form

(15) A=2C,--Ci! 1,

whereC;, is a lower triangular unipotent matrix with at most one non-zero elemert;*
below the diagonal and that lies in théth row.

Note that C} is the identity matrix. It follows immediately from (15) that all o! -
diagonal elements of A are multiples of 2 (in accordance with Proposition 2.1).

Example 2.1. As an example we consider stage 3 Bott manifolds with topological twist
zero. It follows from (15) (and also Proposition 2.9 below) that they can be represented
by the Bott towers M3(2a, 2b,0) and Mj5(2a, 2ac, 2¢). The former has cotwist " 1, hence
is a CP'$ CP! bundle over CP!, whereas the latter has twist and cotwist 2. However,
the A matrices for M3(2a,2b,2¢c) with ¢(b! ac) % 0 do not satisfy (15); they have
non-vanishing first Pontrjagin class.

IComparing notations we note that our A is! At in [MP08] with aj =! A} ; this transposition also
reverses the order of theCyOs.
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Q-trivial Bott manifolds. The cohomological rigidity of Bott manifolds with topological
twist 0 generalizes to Bott manifoldsM,, which are Q-trivial , i.e., with H' (M, Q) S
H'((CPY)", Q) as graded rings [CM12]. A key ingredient in establishing this is the
following observation.

Lemma 2.5 ([CM12)]). Let ! x; + u be a primitive element ofH?(M,,Z) with ! =0
andu in the span ofx; :i<j . Then(!x;+u)®>=0 ifandonlyif "?=0 and2u = !" ;.

Proof. By the assumptions orl andu, (! x; + u)? = 1 2x2+21 ux;+ u? = | (2u# 1" j)x; +
u?=0if and only if 2u# !" ; =0 and u? = 0. !

Thus the primitive square-zero elements off*(Mn,Z) have the form ; + "; or
X; + " /2 up to sign. It follows easily [CM12] thatM , is Q-trivial if and only if "2 =0
forall k $ {1,...,n}. Note that "; = 0 and "3 = 0, so stage 2 Bott manifolds, i.e.,
Hirzebruch surfaces, are alway®-trivial, and it is well known that there are precisely
two di! eomorphism types, distinguished by the parity oA3.

More generally, Choi and Masuda [CM12] show tha®-trivial Bott manifolds are
distinguished by their integral cohomology rings withZ co€' cients, and in this case
there are exactlyP (n) di! eomorphism types wher® (n) is the number of partitions ofn.
Further, for any Q-trivial Bott manifold M, there is a partition! ; %!, %aat%!', %1
of n such that M, £ M,y & 44& M, ,, where M, is the stage! Bott manifold
associated to the matrixA with A} =1 for all k and Al = # forj %2.

Thus, by the famous formula of Hardy and Ramanujan the number of deomorphism
types of stagen Q-trivial Bott manifolds grows asymptotically like

exp($(2/3)Y2 n)

4n 3
However, forn % 3, it follows from the formula (12) for the total Pontrjagin class that
there are inPnitely many di eomorphism types of stag@ Bott manifolds that are not

Q-trivial. Nevertheless, the cohomological rigidity problem has an"amative answer
for stagen Bott manifolds with n * 4 [CMS10, Chol5].

Bott manifolds with topological twistl. Any stage N + 1 Bott manifold My.; with

asn ()

topological twist * 1 is dil eomorphic toMy+1 (k) for somek = (kq,...,ky) $ ZN asin
Example 1.1. These manifolds have each h?ve one nonvanishing Pontrjagin class, viz.
(16) M (k) =2 kikixix.

Their brst Chern class is given by )
N
a(My+1(K)) = !_ 2+ ki)Xj +2XN+1,
so the second StiefelbWhitney class isI=l
Wo(My +1 (K)) = " kix; mod 2
In this case the di eomorphism type is (;I:altermined by the graded cohomology ring
H'(P(1+ O(ky,...,kn)), 2).
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Theorem 2.6 ([CS11]). Let Mny1(k) and My1(K') be two Bott towers whose A matrix
has the form (5). Then My.1(k) and My1(K') are diffeomorphic if and only if there is
a permutation o of {1,..., N} such that k(’;(i) = k; mod 2 for alli and k(’j(i)k;(j) = tk;k;
for all i # j.

This theorem characterizes the case that My (k) has topological twist 0, i.e., is dif-
feomorphic to (CP!)N*1: this happens precisely when k has at most one non-vanishing
component and it is even; thus My, (k) is the product of an even Hirzebruch surface
with (CPYH)N-1,

When N = 2 we have a stage 3 Bott manifold with twist < 1 which will be treated in
Section 2.3. In this case the number of Bott manifolds in a given diffeomorphism type
is determined by the prime decomposition of kiks. For N > 2, Theorem 2.6 has the
following refinement.

Theorem 2.7. If N > 2 and all k; are nonvanishing, then My.1(k) is diffeomorphic to
My 1(K') if and only if there is a permutation o of {1,..., N} such that k:"f(i) = +k; for

2N71

allt=1,...,N. Moreover, there are generically inequivalent such Bott manifolds

i each diffeomorphism class.

Proof. By the theorem My4(k) and My4(k’) are diffeomorphic if and only if there is a
permutation o such that j;p; = 1 for all ¢ # j, where p; = k‘;(i)/kji; hence p; = £1/p;
for i # j. For N > 2, we have also p; = £1/u; and py, = £1/p; for k # 4, j, which
implies that pu; = +1, i.e., k;(i) = *k; for all 7. This proves the first part of the theorem.

For the second part we note that the only fiber inversion that yields a nontrivial
equivalence is Tn41, which interchanges Dj’vo 1 and E?V +1, and is induced by an equiva-
lence between My, (k) and My,1(—k). Now in the diffeomorphism class of My ;(k),
there 2%V choices of sign for the components of k, but the equivalence of My;(k) and
My 1(—k) makes half of them equivalent. There are no further equivalences unless
k; = £k; for some i # j (in which case some sign choices are identified by transposing
the ith and jth factors in the base). Thus there are generically 2V~! inequivalent Bott
manifolds in each diffeomorphism class. O

Now we let A(k) be the set of lower triangular unipotent matrices over Z such that the
Bott tower My1(Ax) for Ay € A(k) is diffeomorphic to My41(k). In the degenerate
case when some of the k;s vanish we can without loss of generality assume that k; # 0
forj=1,...,m,but k; = 0for j = m+1,..., N. In this case we have a biholomorphism
form=2,..., N+1

N+1—m
(17) My11(Ax) 2 Myy(Ap) x CP! x - x CP!
where none of the components ki, ..., k,—1 of k vanish.

Bott manifolds with topological twist 2. A Bott manifold with topological twist < 2 is
diffeomorphic to a Bott tower of the form My (1, k) as in Example 1.2. Less is known
about the topology in this case; their only non-vanishing «; are for j = N, N + 1 with
N-1 N-1 N-1
OZ?V =2 Z liljl'ifl'j, CY?V+1 =2 Z k’ikj[l}iﬂ?j + kN 2(2]{1 — kNll)xeN

i<j i<j i=1
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The total Pontrjagin class p(My.1(1,k)) is a diffeomorphism invariant and from Lemma
2.3 there are at most only 2 non-vanishing classes:

(18) p(My(LK)) = oy + ajyyy, p2(My11(Lk)) = ajaR .
Notice also by Lemma 2.3 that for N = 3 we have pa(M,(1,k)) = 0.
We also have
N-1
Cl(MN_H(l, k)) = Z(Q + lz + kl).%z + (2 + kJN)l'N + 2[L’N+1
i=1
from which we obtain the second Stiefel-Whitney class
N-1
wg(MN+1(l, k)) = Z(Zz + k:l)xl + k’NI'N mod 2.
i=1

This implies that wy = 0 if and only if ky is even and [;, k; have the same parity for all
i=1,...,N—1.

2.3. Topological classification of stage 3 Bott manifolds. Let us consider in detail
the topology of height 3 Bott towers Ms(a, b, c). From (12) we have

(19) p1(Ms) = a3 = ¢(2b — ac)zxo,

while from (14) we have

(20) a(M3) =24+ a+b)x + (24 ¢)xs + 2z3.

The mod 2 reduction of ¢; is the second Stiefel-Whitney class ws so we see that

(21) wo(Ms) = (a+ b)zy + cxs mod 2.

Lemma 2.8. The Bott tower Ms(a,b,c) is Q-trivial if and only if p1(M3) = 0 if and
only if ¢(2b — ac) = 0. Furthermore wo(Ms) = 0 if and only if ¢ and a + b are even.

By Lemma 2.5, the primitive square-zero elements of H?(Ms,7Z) are, up to sign,

(22) fr=w1, Bo= {

To + %a,xl a even By = {xg + %bxl + %cxz b, c even
s =

2r9 + axy  a odd, 2x3 + bxy + cxo otherwise,

with (3 only occuring in the Q-trivial case. The topological twist 0 case is characterized
as follows.

Proposition 2.9. A Bott tower Ms(a,b,c) is diffeomorphic to (CP')3 if and only if it
is Q-trivial (i.e., ¢(2b —ac) = 0) and a,b, ¢ are all even.

Proof. Clearly if the integral cohomology ring of M3 is isomorphic to that of (CP!)3
then Mj is Q-trivial, and since (123 is primitive, a,b and ¢ are all even. Conversely,
these conditions imply that £y, 82, 33 have square zero and span H?(M,Z), so that they
generate H*(M,Z). Let &, &2, &3 be the lifts of 81, Ba, B3 to Z[xy, x2, x3] using the explicit
expressions (22). It is straightforward to check that &7, &2 and &2 generate the ideal Z.
Hence H*(M,7Z) = Z[&, 52,53]/(5%, £€2,€2) and the result follows by Theorem 2.4. [

Remark 2.10. Note that Proposition 2.9 in particular implies that the total space of
P(1® O(ky, ks)) — CP! x CP! with kiky # 0 is never diffeomorphic to (CP')3.
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From [CM12] we know that for Q-trivial stage 3 Bott manifolds there are precisely

three diffeomorphism types. The above proposition shows that Ms(a,b,c) = M(31) =

(CP')? if and only if a,b,c are all even. The other two diffeomorphism types can be
distinguished by the second Stiefel-Whitney class wo(Ms). If a,b are odd and c is even
then wy(M;3) = 0 and Ms is diffeomorphic to M(s). Otherwise, wy(Msz) # 0, M is
diffeomorphic to M1y x M), and the equation ¢(2b — ac) = 0 implies that either c is
even and a + b is odd, with we(Mj3) = 3 = x4, or ¢ is odd and a is even, with

To b even

Ms) = =
ws(Ms) = fs {x1+x2 b odd.

Thus the isomorphism of cohomology rings between Q-trivial height 3 Bott towers
Ms3(a,b,c) and M3(a',b',c') with wy # 0 maps 3; — 3} for all j if a and @’ have the
same parity; otherwise it maps /> to 5 and S5 to J5.

Proposition 2.11. Let Mj(a,b,c) and Ms(a', V', ) be Bott towers which are not Q-
trivial. Then Ms(a,b,c) and Ms(a',V, ") are diffeomorphic if and only if ¢(2b — ac) =
+J (20 — d'd), (a,d’) have the same parity, and:
o if (a,a’) are both even, then ((1+b)(1+c),(1+¥b')(1+)) have the same parity;
e if (¢,c) are both even, then (b,V') have the same parity.

Proof. If Ms(a,b,c) and Mjs(a',0',c) are diffeomorphic, there is an isomorphism
of their integral cohomology rings intertwining their Pontrjagin and Stieffel-Whitney
classes. Since x5 and x|z} are primitive, this implies ¢(20 — ac) = +(20 — d'd).
Since the two Bott towers are not Q-trivial, 1) induces a bijection between {£3;, -5}
and {1, £05} and hence ;s is mapped to £51/55. Thus (a, a’) have the same parity,
and the last two conditions follow by considering whether wy vanishes or not.

Conversely, given the assumptions on a, b, c and a', ¥/, ¢, it suffices by [CMS10] to show
that Ms(a,b,c) and Ms(a', b, ') have isomorphic integral cohomology rings. Replacing
xr1 by —xq, we see that Ms(a,b,c) and M(—a,—b, c) have isomorphic cohomology, so
we may assume that ¢(2b — ac) = /(20 — d/c’). Replacing x5 by x5 + Az for A € Z,
we see that M3(a,b,c) and Mz(a + 2X,b + ¢, ¢) have isomorphic cohomology, so we
may assume a = a’. Thus 2bc — 2V'¢ = a(c + ¢)(¢ —¢). If a is odd then ¢ and ¢
have the same parity and hence bec = b'¢’ mod 2, so that b and b’ have the same parity
(by assumption if ¢ and ¢ are even). If a = 2a then be — V¢ = a(c+ ¢')(¢ — ¢) hence
1+0)(14+c)—1+0)A+)+ ¥ —0b) = (alc+ ) —1)(¢" = ¢). Since the first two
terms have the same parity, (b,b") have the same parity if and only if (¢, ') do. In the
opposite parity case, @ must be even, and it follows that (b, ¢’) and (¢, b") have the same
parity. Now replacing z; by o + (a/2)z; and zy by (1 — a®/4)zy — (a/2)z2, we see
that Mjs(a, b, c) and Ms(a,c+ (a/2)b— (a®/4)c, b— (a/2)c) have isomorphic cohomology.
Hence we may assume that (b, ") have the same parity and (¢, ¢’) have the same parity
(as in the case a odd).

Finally, replacing 3 by z3 — 3(b — V/)z; — 3(c — )2, we conclude that M;(a,b, c)
and Mjs(a', b, ¢') have isomorphic integral cohomology. O

The cotwist < 1 case, when Mj is a CP' x CP! bundle over CP*, is ¢ = 0, and the
(Q-trivial) cohomology ring reduces to

H*(M3,Z) = Zz1, x2, 953]/(575%, To(azy + 3), v3(bry + 1‘3))7
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whereas the twist < 1 case, when Ms is a CP! bundle over the product CP' x CP!, is
a = 0, and the cohomology ring reduces to

(23) H*(M5(0,b,¢),Z) = L]z, x2, x3)/ (27, 23, m3(ba1 + cxa + x3)).

In the twist < 1 case, the parameters b, ¢ are the bidegree of the line bundle O(b, c)
over CP! x CP!, so M;3(0,b,c) can be realized as the projectivization P(1 & O(b,c)),
which fits into the general admissible construction of [ACGT08a]. This case includes
the Kéhler—Einstein examples of Koiso and Sakane [KS86] with (b,c) = (1, —1) as well
as other extremal and CSC metrics in [Hwa94, Gua95] as briefly discussed above.

More precisely, pi(Mj3) is the multiple p = 2bc of the primitive integral class z1z5 =
5¢1(0(1,1))? (pulled back to Ms) and ws(M;) = bz + ¢z mod 2. Hence the number
of Bott manifolds with twist < 1 in a fixed diffeomorphism type is the number of
factorizations be of p with fixed parity of (1 + b)(1 + ¢) (which is odd if and only if b, ¢
are both even). This may be determined easily from the prime decomposition of p.

Example 2.2. For example consider bc = +24. Proposition 2.11 gives two distinct dif-
feomorphism types with diffeomorphisms M3(0,24,1) = M3(0,24, —1) = M3(0,8,3) =
M0,8,—3) and M3(0,12,2) = M;(0,12, —2) = M3(0,6,4) = Ms(0,6,4). The first set
has wy # 0 while the second has vanishing ws, so the two sets are distinct even as ho-
motopy types. It is interesting to note that when bc is negative, we have, as mentioned
previously, CSC Kéhler metrics [Hwa94].

3. THE COMPLEX VIEWPOINT

3.1. The automorphism group. The isotropy subgroup Aut(M,(A)) of BT* of the
Bott tower M, (A) € BT," is by definition the automorphism group Aut(M,,) of the
underlying Bott manifold M,,. We let Auty(M,,(A)) denote its identity component.

There are many Bott towers M, (A) (e.g., a Hirzebruch surface H, with a # 0) such
that Autg(M,(A)) is not reductive. So by the Matushima-Lichnerowicz criterion [Lic58],
many Bott manifolds do not admit Kéahler metrics of constant scalar curvature. As
pointed out by Mabuchi [Mab87], it follows from the work of Demazure [Dem?70] that
the reductivity of Autg(Msy) for a toric complex manifold Ms; is equivalent to a balancing
condition on a certain set R(X) of roots associated to its fan ¥. A (Demazure) root of
My, is an element x € t* which is dual to some normal u, € t (for p € ;) in the sense
that x(u,) = 1 and x(u,) < 0 for all p’ € 31\ {p}. We then have the following result
(see also the Demazure Structure Theorem in [Oda88, p. 140]).

Proposition 3.1 (Demazure). Let My be a smooth complete toric complex manifold
with fan 3.

(1) The set R(X) C t* of roots of My is the root system of the algebraic group
Auto(Ms) with respect to the maximal torus T¢;
(2) Auto(Ms) is reductive if and only if and only if R(X) = —R(X).

To apply this proposition to M, (A), let 1, ..., e, be the basis of t* dual to vy, ..., v,.

Lemma 3.2. We have ¢; € R(M,,(A)) if and only if all entries of the ith row of A are
non-negative. In particular, e; € R(M,(A)). Similarly, —e; € R(M,(A)) if and only if
all entries of the ith row of A (except AL = 1) are non-positive, and —e; € R(M,(A)).
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Proof. By definition ¢;(v;) = d;;, and

€i(Uj) = —€Z‘( Z A{Uk) = —Az
k=j+1
which is < 0 for all j if and only if A >0 for all j. Similarly —e;(u;) = A? = 1 and —¢;
is < 0 on all other normals if A} <0 for all j # i. O

In particular, e, is a root if and only if A} > 0 and —e&, is a root if and only if A} < 0.

Corollary 3.3. If for any row all the entries below the diagonal have the same sign
and are not all zero, then Autg(M,(A)) is not reductive. In particular, if A3 # 0 then
Autg (M, (A)) is not reductive.

This has a strong implication for Bott towers with topological twist zero.

Proposition 3.4. Let M, (A) be a Bott tower with topological twist 0 and Auty(M,,(A))
reductive. Then A =1, and the Bott manifold is the product (CP')™.

Proof. Suppose to the contrary that Auty(M,(A)) is reductive and A # 1,,. By Theo-
rem 2.4, for such a Bott tower the A matrix takes the form A = 2C, ---C; — 1,, where
C} is a lower triangular unipotent matrix with at most one non-zero element C’,i’“ below
the diagonal and that lies in the kth row. Since A # 1, there exists k € {2,...,n} such
that Cy # 1; but C; = 1, for ¢ < k. So the kth row of Cj has the all 0 entries below
the diagonal except in column j < k whose entry is CY # 0. But then from the form of
A we see that the first row of A with non-zero entries below the diagonal has all zeroes
except for A} = 2CY # 0. But this contradicts Corollary 3.3. O

Corollary 3.5. Let M, (A) be a Bott tower with twist t and

A 0,
(24> A= A’fll—t-i-l c. AZ:LA 1 ... 01> AJ € Z7
Al . AT'Lft An;t-i-l . 1

where A # 1,,_, has topological twist 0. Then Auto(M,(A)) is not reductive.

Example 3.1. We can obtain complete results in the case of a stage 3 Bott tower.
Recall that the set 3; of rays or 1-dimensional cones in ¥ is

Y= {Rzovl, R>ova, Rx>ovs, Rzo(—vi’,), Rzo(—w — cuy), Rzo(—vl — avy — bus) }.
Applying Lemma 3.2 and Corollary 3.3, the reductive cases are as follows.

Corollary 3.6. The connected component Auty(Ms(a, b, c)) of the automorphism group
of a stage 3 Bott tower Ms(a,b,c) is reductive if and only if a = 0 and be < 0, or
a=b=c=0.

Thus, we see that the Bott tower Mjs(a,b,c) can admit a CSC Kéahler metric only if
a = 0 and either bc <0 or b =c=0.
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3.2. Divisors, support functions and primitive collections. If M is a complex
toric manifold (or orbifold) then any Weil divisor is Cartier; furthermore, any (integral,
rational or real) divisor is linearly equivalent to a T°-invariant divisor, which in turn is
a linear combination ) | pes SpDp (with each s, in Z, Q or R respectively). Thus we may
identify both the Picard group Pic(M) and the Chow group A,_;(M) with the quotient
of Z° = Homgy(Zs,Z) by the inclusion u': Homg(A,Z) — Homgy(Zs,Z) sending A to
the principal (Z-)divisor 3 s A(u,)D,. Similarly, we have an exact sequence,

(25) 0—t = R5— H*(M,R) — 0,

where we use t* = Homg(t,R) and H?(M,R) = Pic(M) ®z R. This last isomorphism
identifies the Kéahler cone K(M) in H*(M,R) with the ample cone A(M) in Pic(M) ®z,
R = A, 1(M)®zR. We note also that the Picard number p(M,) = n for any Bott
manifold M,,.

Let PL(X) be the set of continuous real valued functions on t which are linear on
each cone in ¥. Since ¥ is simplicial, the map PL(X) — R5 = Rgs sending ¢ to
(¢(u,))pes is a bijection. Hence any invariant divisor D has a unique support function
Yp € PL(Y) such that D = zpes Yp(u,)D,, and D is principal iff ¢p is linear. Hence
H*(M,R) = PL(X)/t*. A function ¢ € PL(X) is conve? if for all z,y € t,

(@) +¢(y) = (@ +y);
then v is strictly conver if it is a different linear function on each maximal cone o € ¥,,.
It is a classical result [Dan78| that [D] is ample if and only if ¢p is strictly convex.
Then

Pp :={{=t"[¢ <4¢p}
is a convex polytope dual to X, i.e., its vertices correspond to maximal cones in ¥ by
assigning o € ¥, the linear form ¢D’J € t*; Pp is often called a Delzant polytope.

As observed in [AGM93, Bat93, Cox97], the following notion of Batyrev [Bat91] (see
also [CvR09, CLS11]) leads to a more explicit description of the Kéhler cone IC(M): we
say R C S, or the corresponding collection {u, | p € R} of normals, is a primitive collec-
tion for a simplicial fan 3, if R is a minimal element of P(S)\ @, i.e., {u, | p € R} does
not span a cone of ¥, but every proper subset does. Note that the primitive collections
determine ®, and that the open subset Cgs ¢ is the complement of the coordinate planes
(closures of Cs g) corresponding to primitive collections R.

Theorem 3.7 ([Bat91, CvR09]). A function ¢ € PL(X) is convex if and only if for
any primitive collection R C S,

Z?ﬁ(%) 2 ¢(Zup>
PER PER
It is strictly convex if this inequality is strict for all such R.
Since M,,(A) is a quotient of (C?)", we see that the primitive collections in this case
are the pairs {u;,v;} for j € {1,...,n}. Hence the cones of the fan are the convex
hulls of any subset of normals which does not contain any pair {u;,v;}. There are

thus 2" maximal cones, each containing precisely one normal from each pair {u;,v;},
j €{1,...,n}. Any such family of normals is a Z-basis of A.

ZFollowing [CvR09] the convention used here is opposite of the convention used in [CLS11].
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3.3. The ample cone and Kahler cone. By applying Theorem 3.7 to a Bott tower
M,,(A), we obtain its ample cone A(M,(A)) and, by duality, its Kéhler cone IC(M,(A)).
It will be of convenience later to consider polarized Bott towers (M, (A), [D]) where D
is an ample (integral) invariant Weil divisor. Since we are interested in the Kéahler
geometry of M, (A) we describe such polarized Bott towers in terms of the dual Kéhler
class ¢1([D]).

Corollary 3.8. An invariant R-divisor D defines an ample class on M, (A) if and only

if
(26) nlu) + Upluy) > vy + 0) = vo( = 3 Alu)
i=j+1
forall je{1,...,n}.
If €1,...,¢&, is the dual basis to vq,...,v,, then g(u;) = —Af and so the invariant

principal divisors are spanned by

(27) > ei(u,)D, = Dy, — Zn: AlD,,.
1

peES Jj=

Note that the divisors D,, and D,, are the zero and infinity sections of 7;: P(1& £;) —
M,y respectively. In particular, {D,,}; is a set of generators for the Chow group
A, —1(M,) of Weil divisors on M,, and the Poincaré dual of D, can be identified with
x;. Hence the x;’s are algebraic classes.

We now write an arbitrary invariant divisor as

(28) D= 5,D,=> 5Dy, + Y tD,,.
pES i 7
From (27) we have the relations
i—1
(29) D, ~ D, + Z AID,..

j=1

So writing ¥p(u;) = s; and ¥p(v;) = t; we note that the ampleness condition (26)
becomes

(30) sitti> ) Un(=Alv)
i=j+1
which, since support functions are linear on the cones of a fan, becomes
(31) sitti+ Y Alt;>0
i=j+1

when A7 < 0 for all j < i. Now using (29) we have

i—1 n n
7 i j=1

j=1 i=j+1

Thus, D is ample by (31). So if we define r; = s; +¢; +> ", t; Al we arrive at
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Proposition 3.9. If A7 < 0 the ample cone A(M,(A)), and thus the Kihler cone
(M, (A)), is the entire first orthant defined by r; > 0 for all j =1,...,n.

However, as we shall see, this is not always the case. An alternative approach is to
consider all possible sets of generators of the Chow group A,_;(M,(A)). From (29) we
see that there are precisely 2”1 distinct sets of T¢-invariant generators of A,,_1(M,(A)).
Thus, any ample T¢-invariant divisor must take the form D = rD,, + Y ", r;D; with
D;=D,, or D; = D,,. In principle the ample cone can be computed explicitly; however,
we are only interested in certain special cases which we now discuss through a series of
examples.

Example 3.2. We first consider the well-understood Hirzebruch surfaces H,. A Hirze-
bruch surface H, = My(a), as a Bott tower with matrix A, A} = a, has normals
U3 = —U; — avg, Uy = —Vg, V1, Ve. A diagram of the fan is given in [CLS11, Example
4.1.8]. ® There are two primitive collections, {uy,v1} and {us,v»}, and by (27), the
principal divisors are spanned by D,, — D,, and D,, — (aD,, + D,,). Then an invariant
divisor takes the form
D =Y s,D,=r1Dy, +raD;
peES

where D, is either D,, or D,,. By (30) D defines an ample class if ro > 0 and r; >
Yp(—ave). So if a < 0 we take Dy = D,,, which gives 71 > 0 and shows that in this case
the ample cone A(H,), and hence the Kéhler cone K(H,), is the entire first quadrant
ry > 0,79 > 0.

If on the other hand a > 0 we take Dy = D,, giving r > ¥p(—avy) = ¥p(auy) =0
which again gives A(H,) as the entire first quadrant.

Next we consider the case of stage 3 Bott manifolds.

Example 3.3. We compute the ample cone for n = 3 in which case we have a = A}, b =
A}, c = A3. For a height 3 Bott tower M;(a, b, c), the fan 2,4 . has normals

(33) U = —v; — avy — buz, Uy = —Vy — CU3, U3 = —V3, V1, Uz, U3,

and by (27) the invariant principal divisors are spanned by

(34) D, — D,,, D,,—(aD,, + D,), Dy, — (bDy, + cDy, + D,,).

Writing ¥p(u;) = s; and ¥p(v;) = ¢; (for an invariant divisor D), we see by (26) that

the ample cone (or equivalently the Kahler cone) is determined by the inequalities

(35) s1+t1 > Yp(—avy — bus), s9 4ty > Up(—cvs), s3+1t3>0.

If a, b, ¢ < 0, the first two relations reduce to sy +t1 +aty + btz > 0 and s, + 9+ ctz > 0.

Using (34) (with s; = t;) we may write

(36) D= s,D,=(s1+ 1t +aty + blz) Dy, + (so+ ta + cts) D, + (53 + t3) D,
peES

and so if we parametrize H*(M,R) by 71 PD([D,,]) + r2PD([Dy,]) + r3PD([D,,], the
Kéhler cone is the first octant, 71 > 0,75 > 0,73 > 0. Equivalently, {[D,,], [Dy,], [Du,]}
is a set of generators for the Chow group As(M,,) of Weil divisors on M,,.

3Note that our convention is the opposite to the convention used in [CLS11], that is our H, is their
H_q.
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Now consider the general case where a, b, ¢ have any signs. We consider the possible
primitive collections whose elements are generators of As(M,,). We note from the first
of Equations (34) that [D,,] and [D,,] are equal, so there are only four such sets of
generators, namely

(37) {[Du], [Du,], [Dus ]},
(38) {[Du]; [Du,]; [Dus}
(39) {[Du]; [D, ], [Dug ]}
(40) {[Du]; [Do, ], [Dy]}-

Proposition 3.10. For a height 3 Bott tower Ms(a,b,c) there is a choice of invariant
divisors (37)—(40) such that the ample cone is the full first octant if and only if one of
the following two conditions hold:

e a <0 andbc>0; or
e a>0 and (b—ac)c > 0.

Proof. Tt is enough to check this on the four sets of generators given above, that is we
write D = r1Dy + 19Dy + r3D3 where Dy = D,,,, D, is either D,, or D,,, and Ds is
either D,, or D,,. Then (35) becomes

(41) r1 > Yp(—ave — bvg), 19 > Yp(—cvs), r3>0.

First suppose that a < 0; then in order that r; should give the full range 0 < r; < o0
the first of (41) implies that we should choose Dy = D,,. In addition for both
and ry to give the full range (41) implies that b and ¢ cannot have opposite signs. If
instead 0, c < 0, then choosing D = r;D,,, + r9D,, + r3D,,, shows that the ample cone
is the entire first octant; whereas, if b > 0, ¢ > 0 or b > 0, ¢ > 0 we can choose
D =r,D,, +ryD,, +13D,, to get the ample cone to be the entire first octant. This
gives the first two conditions of the proposition. The case a > 0 is analogous, but also
follows immediately from the equivalence Mj(a, b, c) ~ Ms(—a,b — ac,c). O

Both of the conditions in Proposition 3.10 imply that (2b — ac)c > 0, i.e., p;(M) is a
nonnegative multiple of x 25 = (1/2)e1(O(1,1))2.

Remark 3.11. Here we enumerate the complimentary inequalities to those of Propo-
sition 3.10, that is, those cases where the ample cone is not the full first octant. From
the proposition if a < 0 we obtain the full first octant unless, b < 0 and ¢ > 0, or b > 0
and ¢ < 0. Since a < 0 we write D = r1D,,, + r2D,, + r3D3, and since ¢ < 0 if we
choose D3 = D, we get ro > 1p(—cvs) = —crs; whereas, if we choose D3 = D,,, we get
r1 > brs. In either case we fail to get the full first octant. On the other hand if @ > 0
we do not obtain the entire first octant if ¢ < 0 and b > ac, or if ¢ > 0 and b < ac. If
we choose D =r1D,, +r3D,, + r3D3 with D3 = D,,, we get when ¢ <0

r1 > Yp(—ave—buz) = Yp(a(ustcvs)—bvs) = Yp(aus—(b—ac)vs) = Yp(aus+(b—ac)us)

which implies 71 > (b — ac)rs, 79 > 0 when b > ac; whereas, if we choose D3 = D, this
and the second of Equations (35) gives r; > 0,7y > —crs. A similar analysis holds for
the remaining case.
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Example 3.4. Here we consider again the Bott towers My1(k) of Example 1.1 whose
A matrix takes the form (5). For these Bott manifolds we write D = S 1D, +
rn+1Dn+1. Then from (30) the ample cone is determined by inequalities

i > ’L/)D(—kj’l)N+1) = @ZJD(]CJ'UN_H) and N4l > 0.

Hence, if k; < Oforall j = 1,..., N we choose Dyy1 = Dy, giving A(My1(A)) to be
the entire first orthant; whereas, if k; > 0 for all j = 1,..., N we choose Dy = Dy,
again giving A(Mpy41(k)) to be the entire first orthant. However, when not all k; have
the same sign, we do not get the entire first orthant. Without loss of generality we

assume that k; <Ofor j=1,..., mand k; >0for j=m+1,...,N. f m < L%J we

choose Dyy1 = Dy, ,, and if m > L%J we choose Dyy1 = Dy, . In the former case the
ample cone is given by r; > —k;ryyi forj =1,...,mandr; > 0for j = m+1,..., N+1;
whereas, in the latter case it is determined by r; > 0 for j = 1,...,m, N + 1 and

Tj>kj7nN+1 forj:m+1,...,N.

Example 3.5. For the Bott towers My (1, k) of Example 1.2, the primitive collections
are {u;j,v;} :j€{1,..., N+ 1} where u; = —v; — ljuy — kjoyyq for j=1,...,N —1,
uy = —vny — kyvny1, and uyy = —vn41. S0 an invariant divisor can be written as

N!'1
D =Y 7Dy, +7rxDx+7yi Dy

i=1
where Dy is D, or D, and Dy is D, or D, . So from (30) we have 7y, > 0,
and ry > Yp(—knvni1) = Yp(knuyyr) and for j=1,..., N — 1,
(42) ri > max{z/)D(—lij — kij+1)7 wD(_lij + ijN+1),

Yp(+ljun — kjong1), ¥p(+Hljun + kjuny)}-

One can proceed with an analysis similar to Example 3.3 to determine for which
Mpy1(1, k) the Kéhler cone is the entire first orthant, and for which it is not; however,
here we just consider a special case of interest in Proposition 5.5 below.

Example 3.5.1. We take N = 2m + 1 with the matrix

0., 1. 0, O,
(43) A= : : P
qlm _qlm 1 0

gk +11, qk-11, 2 1

with ¢,k —1 € Z*, and where 1,, is the m by m identity matrix, 0,, the m by m zero
matrix, 0,, is the zero column vector in R™, and 1,, = (11...1) is a row vector in R™.

Proposition 3.12. The the ample cone, hence the Kahler cone, of the Bott tower
M, 12(A) with A given by (43) is represented by

r;>0for j=1,....m; r;>qromp for j=m+1,...,2m;

Toms1 > 05 ropmq2 > 0.



26 CHARLES BOYER, DAVID CALDERBANK, AND CHRISTINA T NNESEN-FRIEDMAN

Proof. To determine the ample cone, we note thaton+2 > 0, romer > ' p (! 2vom+2) =
! b (2Uzm+2), and from (42) we getforj =1,...,mthat rj > ! p(QUpm+1 + (k! 1)Uom+z .
So we choos®,n+1 = Dy,,., and Don+2 = Dy,,..,. Butthenforj = m+1,...,2m
we getr; > ! p(gVem+1 ! a(k! 1)Voms2) = Qram+1 Which proves the result. !

Since the last row of the matrix (43) has all positive entries, the connected component
of the automorphism group ofM,n,+> (A) is not reductive by Corollary 3.2. It follows
that Mom+2 (A) does not admit a CSC Kahler metric.

3.4. Fano Bott manifolds. It follows immediately from the fact that Bott manifolds
are compact toric or from Equations (3), (11), and (14) that the brst Chern class of
a Bott manifold is either positive debPnite or indePnite, and for most it is indePnite.
Recall that a complex manifold M, J) is Fano if the brst Chern classc; (M) is positive
debnite, that is,c;(M) lies in the Kahler cone, in which case, the Kahler classég [n
the span ofc;(M) (and any Kahler metrics” in such a class) are said to beonotone
Equivalently, the anti-canonical divisor lies in the ample cone. There is a lot known
about toric Fano manifolds withn " 4 (see for example [Bat81, WW82, Sak86, Mab87,
Bat91, Nak93, Nak94, Bat99, BS99)).

Fano Bott manifolds with topological twistO.

Proposition 3.13. The only Fano Bott tower M,(A) with topological twistO is the
product (CPY)" represented byA = 1,.

Proof. If M,(A) is a Bott tower with topological twist O, then by Theorem 2.4A must
satisfyA =2C,, 4a@;! 1, whereC;, is the identity matrix and for eachk the unipotent
matrix C¢ can have at most one non-zero element in itsh row below the diagonal.
Hence, any non-zero !o-diagonal element ofA must be a multiple of 2, alternatively,

(44) A=1,+2L

whereL = C,44@;! 1, is ann step nilpotent matrix, i.e., L" = 0. By Lemma 1.10
M,(A' 1) is equivalent to M,(A) so it has topological twist 0 and as in (15)A' ! can
be represented as

(45) A'l:2C;éé@1' ln: ln+2|—"
whereC, has the same property a€x. From Equations (15), (44), and (45) we obtain
(46) AL =1 L.

Now consider the brst Chern class. Using vector notation we have
! n
aMn) = (xi+y)="(1n+ A)x=2"Chaa@x =2" (1, + L)x
i=1
where" denotes the sum of the components. This implies that the non-zero elements of
L must be positive which implies that the &-diagonal elements oA are non-negative.
But we can also givec;(M,) in terms of the basis{y;} as well
! n
aMn)=  (+y)="(La+ Ay =2"(1,+ L)y

i=1
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So as above the non-zero elementsldfmust also be positive. But this violates Equation
(46) unless the b-diagonal elements oA vanish. !

Fano Bott manifolds with topological twistl. For the Bott towers My +; (k), the mono-
tone case wherc; (My +1 (k)) is a Kahler class which has been well studied [KS86, Koi90].

Proposition 3.14. A Fano Bott tower of the typeMy .1 (k) can be put in the form

| Mgl N g
Mnsi(K) E Mn((£1,...,21))" CP'" 444 CP!
for somem =2,...,N +1. Moreover, My .1 (k) with the monotone Kahler class admits

a KahlerbRicci soliton which is KahlerbEinstein if and only if the number #f1L equals
the number of+1 in k.

Proof. For the Bott towers My .1 (k) we have

o %

G(Mn+1(K) = @2+ k)X +2Xns = 2# Ki)Xi +2Yn+1.

i=1 i=1
So My 41 (k) is Fano if and only if k; = 0,+1. By an element ofBC,, we can putk
in the form (1,...,1,#1,...,#1,0...,0) where the number of 00s I¢ + 1 # m, the
number of +10s is and the number of# 10s is with r + s = m# 1 which implies the
given form.

It follows from [ACGTO08b, Section 3] together with [Koi90, WZ04] thatMy .1 (K)

admits a KahlerbRicci soliton which is KahlerbEinstein if and only if the number of
# 10s itk equals the number of +10s ik. !

Fano Bott manifolds with topological twist2. For the Bott towers My +; (I, k) we have
% 1
(47) Cl(MN+1 (I, k)) = (2 + li + ki)Xi + (2 + kN)XN + 2XN +1
i=1
% 1
= @+ L#K)X+H2#K)Xn +2YN+1
i=1
% 1
= (2# |i+ k,# kNli)Xi+(2+ kN)yN + 2XN+1
i=1
% 1
= (2# ||# ki+ kNli)Xi+(2# kN)yN +2yN+l
i=1
Lemma 3.15. If My+1(l,k) is Fano thenl; =0,+t1andk; =0, 1.

Proof. That ky = 0,% 1 is obvious, and thatl; = 0, £ 1 follows from adding the pbrst two
and the last two equations. Then one checks thd = 0,+ 1 as well. !

However, not all possibilities in Lemma 3.15 can occur. For example, from the pbrst
two of Equations (47) we see that foi = 1,...,N # 1 if l; = #1 then we must have
ki = 0; whereas, ifl; = 1 then we must havek; = ky = #1 ork; = ky = 1. Referring
to the equivalence relations of Example 1.5 we see that this last case implies that
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ki = ki ! ky =0. So up to bber inversion equivalence we can assume that ! 1 or 0.

If I; = 0 then all possibilities fork;, ky can occur. Since we have already considered Bott
towers of twist” 1, we can assume that not all nor all k; vanish. Up to equivalence we
can assumethat; = ! 1andki=0fori=1,...,m,andl;=0fori=m+1,...,N! 1
with ki =0,x1fori= m+1,...,N and not all k; vanish. So we have arrived at

Proposition 3.16. The Bott tower My .1 (I, k) is Fano if and only if, up to equivalence,
the matrix A takes the formI
1, 0.5 0 44ao O$

w0+ 1 0 4dao O"?
(48) A= i Oé
#11, 1, 0 aaal1l

0, kyls kn adaky 1
'_ _*

where 1, is ther by r identity matrix, r + s=m! 1, 1, = (1,...,1), and fori =
m,...,N, ki =0,+1 and not all k; vanish.

These Bott manifolds admit KahlerbRicci solitons by [WZ04] and a KahlerbEinstein
metric when the Futaki invariant vanishes. It would be interesting to see if there are
any new KahlerbEinstein metrics in this class of Bott manifolds. It follows from the
NakagawaOs classibcation [Nak93, Nak94] of KahlerDEinstein Fano toric 4-folds that
there are no such KahlerbEinstein metrics wheh = 3. In fact, from the classibcation
we have

Corollary 3.17. The only stage4 Bott manifolds that admit KahlerbEinstein metrics
are the standard produc{CP!)* and P(1# O(1,! 1)) $ CP".

We mention also that the Bott towers given by the matrixA in (43) are not Fano.
Example 3.6. We specialize these results to the height 3 Bott toweld z(a, b, 9. Here,
the brst Chern class in the distinguished bases is

ca(M3)=(2+ a+ bxy+(2+ o)X+ 2xX3,
=2+ a! hxs+(2! oxy+2ys,
=(2! a+b! agx; +(2+ 0y, +2x3,
=(2! al b+agx;+(2! c)x+2Xs.
Proposition 3.18. A height 3 Bott tower M3(a, b, 9 is Fano if and only if (a,b, 9 is
one of the following:

¥(1,0,0),((1,1,1),(@,!' 1,1,
¥ (0,b,9 withb=0,x1andc=0,x 1
¥ (! 1,00),¢ 1,02),(! 1,0,! 1).

The Bott manifolds are the equivalences classes described in Example 1.6. We give a
representative in each equivalence class. Explicitly,

Proposition 3.19. Up to equivalence a Fano stagé Bott manifold is one of the fol-
lowing
M3, (0,0,0), M3(0,0,1), M3(0,1,1), M3(0,1,! 1), M3(! 1,0, 1).
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The Pbrst Pontrjagin classp;(M3(a, b,9) = ¢(2b! ac)x;x; is a dit eomorphism invari-
ant. We have

p]_(M 3(0, 0, O)) = p]_(M 3(0, 0, 1)) =0, pl(M 3(0, 1, 1)) = 2X1Xo,,
P1(M3(0,1,! 1)) = I 2X1xo, P1(M3(! 1,0,1)) = XaXo.

The prst of these manifolds is the @P!)3, and the second isCP!" H; which has
topological twist 1. The third and fourth are CP! bundles overCP*" CP! which also
have topological twist 1, while the last is a Bott manifold with topological twist 2. Note
that the Picard number of a stage 3 Bott manifold is 3, so it must be of type Ill in the
list of the main theorem in [WW82]. By [WZ04] the monotone Kahler class admits a
KahlerbRicci soliton; however, from [Mab87, Remark 2.5] we have

Corollary 3.20. The only stage3 Bott manifolds that admit a KahlerbEinstein metric
are the standard productv3(0,0,0) = (CP*)® and the KoisoDSakane projective bundle
M3(0,1,! 1) = P(1# O(1,! 1)).

4. The symplectic viewpoint

4.1. Toric symplectic manifolds and Pniteness. Any Kahler manifold (M, g,J,!)
has an underlying symplectic manifold 1, ! ). The symplectic viewpoint studies con-
versely the space of complex structure$ on a given symplectic manifold 4, ! ) for
which ! is the Kahler form of a Kahler metricg on (M, J).

Debnition 4.1. A complexn-manifold M is compatiblewith a symplectic 2n-manifold
(X, 1) if there is a dil eomorphismf : M $ X such thatf'! is a Kahler form onM.
We also say that the symplectic manifold X, ! ) is of Kahler type(with respect to M).

If f: M $ X is such a di eomorphism andM is toric with respect to a complexn-
torus T, then T" = f,(T°) %Symp(X, ! ) is a (real) hamiltonian n-torus in Symp(X, ! )
with momentum mapu: X $ t' (wheret is the Lie algebra ofT"). Then (X,!,T") is
a toric symplectic manifold and (for X compact) the image ofu is a compact convex
polytope P in t', called the Delzant polytopeof (X, ! ,T"), such that the collection of
cones int dual to the faces ofP is the fan ofM.

Hamiltonian n-tori T" and T" in Symp(X, ! ) dePneequivalenttoric symplectic man-
ifolds if there is a symplectomorphism that intertwines them, i.e., they are conjugate
as subgroups of Symp(, ! ). Thus the setG, (X, ! ) of conjugacy classes of hamiltonian
n-tori in Symp(X, ! ) parametrizes equivalence classes of toric symplectic structures on
(X, ). In [McD11, Prop. 3.1], McDU shows that the setG,(X, ! ) is bnite.

Proposition 4.2. Let (X, !) be a symplecti@n-manifold. Then there are Pnitely many
biholomorphism classes of toric complex manifolds compatible w, ! ), and this set
is naturally a quotient of G,(X, !).

Proof. A hamiltonian n-torus T" in Symp(X, ! ) determines a Delzant polytopeP in t'
and hence a fan irt. Let M be the toric complex manifold constructed from the fan as
a quotient of Cs whereS is the set of rays in the fan. Then DelzantOs Theorem [Del88]
says that (X, ! ) is T"-equivariantly symplectomorphic to a symplectic quotient ofCg
canonically di eomorphic toM, in such a way thatM is compatible with (X, ! )and T"

is the induced torus. Furthermore, ifT" and T" are conjugate hamiltoniann-tori, then
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by [Del88], their Delzant polytopesP and P are equivalent by an & ne transformation

t I t whose linear part is integral, hence the associated fans are equivalent, and so
the corresponding toric complex manifolds are equivariantly biholomorphicNsee for
example [Oda88, Theorem 1.13].

Thus there is a well-dePned map frong, (X, ! ) to biholomorphism classes of toric
complex manifolds compatible with X, ! ), and any such biholomorphism class arises in
this way, so the map is a surjection. The biholomorphism classes thus form a quotient
of G, (X, !), which is Pnite by [McD11, Prop. 3.1]. !

To apply this result to Bott towers, we let BT "(X, ! ) denote the set of Bott towers
that are compatible with (X, ! ) and B, (X, ! ) the set of their biholomorphism classes
(elements ofB, = BT,/ BT,"). When this set is nonempty, we sayX, ! ) has Bott type.

If M,(A) is compatible with (X, ! ), so are all elements of its biholomorphism class.

Theorem 4.3. Let (X, !) be a symplectic2n-manifold of Bott type. Then there is a
canonical surjectionG,(X, ! ) ! Bn(X,!) sending the conjugacy class of a hamiltonian
n-torus T" to the class of Bott towers compatible witkX, ! ) and T". In particular,
Bn(X,!) is Pnite.

Proof. Since X, !) is of Bott type, its cohomology ring is a Bott quadratic algebra of
rank n by [CS11, Theorem 4.2]. Hence M is a toric complex manifold compatible with
(X, 1), the Delzant polytope of the induced toric symplectic structure is combinatorially
equivalent to ann-cube. But then [MP08, Theorem 3.4] implies thaM is equivariantly
biholomorphic to a Bott tower M,(A). The result now follows from Proposition 4.2. !

It is natural to ask whether the mapG,(X,!) ! Bn(X,!) is a bijection. For this,
supposer” and T" have the same image. Then there is a"dtomorphismf of (X, ! ) in-
tertwining T" and T". Hence ¥, ! ,T") and (X,f '! , T") are toric symplectic manifolds
which are symplectomorphic (byf ).

4.2. Symplectic products of spheres.  We are interested in Pnding the compatible
Bott structures to a given symplectic manifold for certain cases. We need to bx the
di" eomorphism type and then the symplectic form. |

The product of 2-spheres $2)" = (CPY)" admits symplectic forms! , = = 1, ki! |
wherek; " R* and!; is the standard volume form on theth factor of (S?)". In this
case we know from Theorem 2.4 that this deomorphism type is determined entirely

by its integral graded colhomology ring.

Lemma 4.4. Let!, =" k!jand! =, k! be symplectic forms on(S?)"
with ki, ki " R*, and suppos€g(S?)",! «) and ((S?)",! \:) are symplectomorphic. Then
they are equivalent as toric symplectic manifolds.

Proof. Let f : (S?)" I (S?)" be a dI'eomorphism such thatf'! , = ! .. This induces
a linear mapf, on H2((S?)",Z) # Z" via the basisx, ...x, of standard area forms on
the S2 factors. Nowf, must preserve the cup product relationg; $ x; = 0. This implies
that the matrix B of f, with respect toxy,...X, satispes the relation®! Bk =0 for all

i andj <k . Since detB = £1, B is a monomial matrix whose nonzero entries atel.
Hencek; = tk; for some permutation” " S,, and the signs must be positive since
ki, ki " R*. It follows that ((S?)",! ¢) and ((S?)",! \:) are equivalent by permuting the
factors of (S?)". !
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Proposition 4.5. Let,the Bott tower M,,(A) be di eomorphic to (S?)" with a split
symplectic form!, = ° in=1 ki!; wherek; ! R* and!; is the standard volume form
on the ith factor of (S?)". Suppose further thatA{ " Oforallj<i. Then with an
appropriate choice of ordef! ] is a Kahler class if and only if [, ki("! # m!) > 0 and
#?7 =0 for eachj =1,...,n wherem! = #%A{ if j<i andm! =0 ifj $i.

Proof. Up to order and sign [ 4],...,[! n] is the unique basis of square-zero generators
of the cohomology ringH'(M,(A),Z). Thus, if M,(A) is diffeomorphic to G?)", by
Lemma 2.5, we can identify![;] with

#, 1"t
(49) xi+5':xi+— Alx;.

In particular, the entries A{ with j <i must be even. Let us consider the matrix whose
entries slatisfym{ = # %A{ for all j <i and zero elsewhere. So the square-zero classes
arex;# [_ymix; with ml $ 0. Thus, using Equation (49) we have
" " "n ] "n '""n ) )
[1= kltil=  k(xi#  mix)= ki("} # mi)x;.
[ i i=1 i=1 j=1

Then sincex; is the Poincare duaP D(D, ), Proposition 3.9 implies that | ] is a Kahler
class if and only if [, ki("} # m!) > 0 for each;j .

Furthermore, sinceM, is diffeomorphic to S?)" we know that the total Pontrjagin
class is trivial, which by Equation (12) is equivalent taﬁtj2 =0 forall j. !

The compatibility problem is complicated for arbitrary n, so we restrict ourselves to
n = 2,3. First we take n = 2 with di ffeomorphism typeS? % S?, and take the split
symplectic structure as

! kiky = kll 1+ k2| 2

where! ; is the pullback of the volume form by the projection map pr. S?%S? & S? onto
the ith factor and ki, k, ! R*. Now we know that it is precisely the even Hirzebruch
surfaces that are difeomorphic to S? % S2. Let us takea " 0 and even, so we set
a= #2m with m! Z,. Sincex; is the Poincare dual ofD,], from (49) we can write

[I k1,k2] = kyXq+ kz(Xz# le) = ( ki# mkz)X1+ KoXo = (kl# mkz)PD(Du1)+ kzPD(DuZ)

Thus, the symplectic manifold §2%S?,! , x,) is of Bott type with respect o Ig}oa = H-om

if and only if m < % Sgt number of compatible complex structures i% . Karshon

proves in [Kar03] that % is the number of conjugacy classes of maximal tori in the
symplectomorphism group.

In the case thata is positive, we puta=2m and usePD(D,,) and PD(D,,) as the
algebraic generators stipulated above. We have using PD,) = x, # 2mx; that

[| kl,kz] = klxl + k2(X2 + le)) = ( kl # mkg)PD(Dul) + kgPD(DVZ)

So form positive we havek; > 0,k, > mk ;. So the symplectic manifold $2%S2,! y, k,)
is of Bott type with respect to H,, for any m! Z if and only if k, > 0,k; > [mlk,. It
is known that the casean and # m are equivalent as toric complex manifolds, but not
as Bott towers.
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Next we consider the case = 3. For the symplectic viewpoint we brst bx a dif-
feomorphism type. From Proposition 2.9 we know thaM3(a, b, 9 is di! eomorphic to
(S?)2 if and only if ¢(2b! ac) =0, and a, band c are all even. We now assume the latter
by replacing (@, b, 9 by (2a,2b,2c) and consider the Bott towerM3(2a, 2b,2c) which is
di! eomorphic to §2)2 with the symplectic form

(50) Dikoks = Kl 1+ Kol 2+ kst 3> 0

where! ; is the standard area form on theth factor S? and k; " R*, and as before the
ki are ordered O< k3 # k, # kj.

Theorem 4.6. The symplectic manifold ((S?)3,! k, k,ks) 45 of Bott type with respect to
M3(2a,2b,2C) if and only if one of the following hold:

(1) c=0 with kll |a|k2| |uk3 > 0, kz > 0, k3 > 0.

(2) c$0 and b= ac with ky! [a](k2! |clks) > 0, k! |clks > 0, k3 > 0.

Proof. First applied to M3(2a,2b,2c) the p;(M) = 0 constraint now takes the form
c(b! ac) =0. So we have the two cases enunciated in the theorem which reduce to the
Bott towers M3(2a,2b,0) and M3(2a, 2ac,2c), respectively. Now using Equations (49)
and (11) we can rewrite the symplectic class (50) in terms of the 4 sets of preferred
bases in" 3 giving

(51) [! kikoks] = (Ko + aka + bke)x; + (ka + ckg)xz + KaXa,
(52) [ kikoks]l = (Ko + aky ! bks)xy + (Ko ! ckg)Xz + Kays,
(53) [ kikoks] = (Ka! aka + (! 2ag)ks)xs + (K2 + cka)yz + KksXs,
(54) [ kkoks]l = (Kot aky! (b! 2acks)xs + (ka2 ! cks)yz + Ksys.

To assure that [ «, k, k] IS @ Kahler class the caggecients must be positive in each
basis. Whenc = 0 the positivity of the coe# cients in these equations is equivalent to

lalka ! |blks > O, k, > 0, k3 > 0. However, whenc $ 0 and b= ac the equations
reduce to

[' ki ko ks] = (Ko + aky + acks)xy + (ka + cks)Xz + ksXs,
[' kykoks] = (Ko + akp ! acks)xy + (ko ! ckg)xa + Kays,
[' kikoks] = (Ki! aka ! ackg)xy + (ka + cks)yz + KsXs,
[ kikoks] = (Koo' aky + acks)xy + (ko ! cka)ys + Kays.

The positivity of the coe# cients in these equations is equivalent thy ! |a|(k,! |clks) >
0, ka! |clks > 0O, k3 > 0. This completes the proof. !

Example 4.1. Let us consider a specibc case. Hewe b, 9 are one-half the &,b, 9 Iin
the itemized list above. We take Ky, ks, k3) = (5,2, 1) and ask which Bott manifolds
belong to the symplectic manifold (S?)3,! 5,1) . Applying Theorem 4.6 we see that if
¢ = 0 we have one constraint, namely 5 2|a|! |b > 0. Then using Example 1.6 we
can take botha and b to be non-negative. So we have the possibilities= 2,b = 0,
a=1,b=2,1,0,anda =0, b=4,3210. These giveM;(4,0,0), M3(2,4,0),
M3(2,2,0), M3(2,0,0), M3(0, 8,0), M3(0, 6,0), M3(0, 4,0), M3(0, 2,0), M3(0,0,0).

Now if ¢ $ 0 the constraint 2! |c| > 0 impliesc= +1 and we up to equivalence we
can takec = 1. Then Theorem 4.6 gives the constraint & 5! |a|(2! |c]) =5" |a].
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Again using the equivalences of Example 1.6 we hase= 0,1, 2, 3,4 which gives the
Bott towers M3(0,0,2), M3(2,2,2), M3(4,4,2), M3(6,6,2), M3(8,8,2). So there are
14 distingt equivalence classes of Bott towers that are compatible with the symplectic
manifold (S?)3,!5,1) , namely

M3(0, 0, 0), M3(0, 2,0), M3(0, 4, 0), M3(0, 6,0), M3(0, 8,0), M3(2, 0, 0), M3(4, 0, 0),

M3(2,4,0),M3(2,2,0),M3(0,0,2),M3(2,2,2), M3(4,4,2), M3(6, 6, 2), M3(8, 8, 2).
Notice that there are nine Bott manifolds with cotwist! 1, six with twist ! 1, bve
of which also have cotwistt 1. Finally, there are four with twist and cotwist 2. By

Theorem 4.3 these correspond to distinct conjugacy classes of maximal tori in the sym-
plectomorphism group.

Using Theorem 4.6 we obtain a formula for the numbéxg (ky, kg, k3) of Bott man-
ifolds M3(2a,2b,2c) compatible with a given symplectic structure (S?)3,! , ,k; as
well as a growth estimate. For the growth estimates we put; = 1 since clearly the
growth slows for largerks.

Proposition 4.7. The number of Bott manifolds compatible with the symplectic mani-
fold (82)3,! K1,k k3 is
Ng (K1, k2, k3) = N o(Ki, k2, k3) + Ng, o (K1, K2, k3)

% %
_ o $k1" jKs o g ke

=0 Kz i=1 ka" ks

Furthermore, whenkg, k;, ks are positive integers we have the growth estimates
ki(ke" 1) ki(ke " 1) (ki" 1)(ka+1)
2k, 2k, Ko ’
and whencya > 0

kl(ln(kz " 1) + "+ #f<2" 1)
I Ng,ro(ki, ko, 1)1 ka(In(ka™ 1)+ " + H,» 1)+ kKo" 1+In(ky™ 1)+ " + #, 1
where" # .577is EulerOs constant, =1 " " and # goes to0 as 1/ 2k.

! Np,o(k, k2, 1) !

Proof. According to Theorem 4.6 there are two cases to consider= 0 and ¢ $ 0. If
¢ = 0 we can count the number of nonnegative integera in item (1) of Theorem 4.6

that contribute to eachb=0,..., b Whereh,. is the largest nonnegative integeb
such thatk; " bks > 0. This givesNg (K1, ko, k3) when c =0,
%
e By iy

NB,O(kli k2| k3) =

ko

j=0
where %& is the ceiling function. Similarly, in the casec > 0 we count the number of
nonnegative integers in item (2) of Theorem 4.6 that contribute to eachc =0, ..., CGnax

where cnax IS the largest nonnegative integec such that k, " cks > 0. This gives the

number of compatible Bott manifolds for ea0§$ 0, na%}ely
0
Ky

k2 " Ck3

Npg ¢ (K1, ko, k3) =
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which implies the formula.
We prove the second growth estimate and leave the brst to the reader. First we have
b 1 Foen K1 |

kl = = n
k! ] kel ki — = kiln(kz! 1)+ 1+ "),
j=1

Ng, o (K1, k2,1) =

j=1
On the other hand using the well known relation between R3oor and ceiling functions we
Pnd

m=1

o' 1 kl# H2 1$A)k1 + 1& o' 1 1

NB‘g:o(kl,kg,l): — . +1 # (kz' 1)+(k1+1) -

i=1 ] j=1 i=1 J
=(ka! 1)+ (ki +1)(In(ky! 1)+ 1 + " v q)

which implies the estimate. !

An easy corollary of Theorem 4.3 and Proposition 4.7 is

Corollary 4.8. The number of conjugacy classes of maximal tori of dimensionn the
symplectomorphism grouBymp((S?)3, #x, x, k;) is at least
n # n #
t!’max kl | Jk3 .\ Gmax kl
ka ko ! ks

j=0 j=1

Note that the inequality k; + acks! ak, > O implies that the numberNg o (K1, K2, K3)
grows as the productac. In fact, when Cpax > che largest values of, b, coccur whcj:n
ks = 1 in which case we bnd the Bott toweM 3 2(k; ! 1),2(k;! 1)(kp! 1),2(kx! 1) .

When Cnax = ko! 1> 0 the numberNg o (K1, k2, 1) grows likek; In(k, ! 1). Notice
that the error term kp! 1+In(kp! 1)+ ! + ", 1 is independent ok, and grows linearly
with Kko.

Example 4.2. Consider the symplectic manifold((82)3,#11,6,1). HereNg 0(11,6,1) =

16 and Ng 0 (11,6,1) = 27, giving Ng(11,6,1) = 43. It is also a straightforward
process to delineate the Bott manifolds. We see in the casemf 0 we have the 17
Bott manifolds M3(0,2b,0) : b$ {O,...,10; and M3(2,2b,0) : b$ {0, ...,5}; whereas,
for c %0 we have the 27 Bott manifolds

Ms(2a,10a,10):a $ {0,...,10;,M3(2a,8a,8):a $ {0, ...,5},
M3(2a,6a,6):a$ {0,1,2,3},M3(2a,4a,4) :a$ {0,1,2},M3(2a,2a,2) :a$ {0,1, 2}.
The largest values ofa, b, coccur for the Bott manifold M3(20, 100 10).
4.3. Further symplectic equivalences.

Example 4.3. Let us consider the Bott towersMy ., (k) of twist # 1. To begin with
we bx a symplectic (actually Kahler) structure by bxind; < 0. In this case we know
from Example 3.4 that the Kahler cone is the entire brst orthant with respect to the
basisxi,...,Xn+1. Thus, there is a symplectic (Kahler) form#, whose class is#] =
riX; + aad ry.1 Xn+1. We denote this symplectic manifold by My +1 (K),#,), and for
simplicity we Px an order of thek; and consider the case that they all are distinct.
Then for N > 2 by Theorem 2.7 there are at most'? ! distinct Bott manifolds,
including (My+1 (K), #;) itself that are compatible with (My+1 (K),#,) as a symplectic
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manifold which are obtained by reversing the sign d{; for eachi = 1,...,N taking
into account that My +1 (! k) is equivalent to My +1 (k). We now choose a dieomorphic
Bott manifold My .1 (k') by reversing the signs of some of thie. As in Example 3.4 by

a choice of order we can assume that= k; < Ofori =1,...,mandk/,; = ! ki4s; >0
fori = m+1,...,N. Then choosingDy.; = D,,,, the Kahler cone is given by
ri>"!Kkrys+ fori=1,...,myandr;>0forj = m+1,...,N. We have arrived at
Proposition 4.9. The Bott manifold My, (k') with ki = ki < Ofori =1,...,m
andki,; = ! kix1 > 0fori=m+1,...,N is compatible with the symplectic manifold
My+1(k),!y) if and only if ri > ! kiry+g fori = 1,...,m, andr; > 0 for | =
m+1,...,N. Thus, if the set{r;} satispPes these inequalities and N > 2 generically

we havelB,(My.1(k),! )| =2N" 1.

One can check that the equivalent Bott towerMy.; (! k') which swapsD,,,, and
Dy,., gives the same data. Proposition 4.9 shows that when the componentskof
have di erent signs generally there are constraints for a Bott manifold to be compatible
with a given symplectic structure. For example, a symplectic structuré whose class
is X, + da# Xy+1 IS only compatible with the Bott towers My +1 (k) with either ki < 0
forall i, or ki > O for all i.

5. The generalized Calabi and admissible constructions

The purpose of this section is to obtain existence results for extremal Kahler metrics
on Bott manifolds. We use the generalized Calabi construction to prove the general
result of Theorem 1 (2), and the admissible construction to prove existence of extremal
Kahler metrics for some of our running examples. We begin with a brief outline of these
two constructions.

5.1. The generalized Calabi construction. The generalized Calabi constructiomas
introduced in [ACGTO04, Section 2.5] and further discussed in [ACGT11, Section 2.3].
This construction can be used to obtain existence results for extremal Kahler metrics
and in particular it will be used to prove Theorem 1 (2). In order to make this paper self-
contained we review the generalized Calabi construction for the case of Ono blowdownsO
and where the resulting manifold is a bundle over a compact Riemann surfdcewith

Pber equal to a toric Kahler manifold.

Definition 5.1. Generalized Calabi dataf dimension" + 1 and rank " consist of the
following.

(1) A compact Riemann surface' with Kahler structure (! ,,g ). For simplicity
we assume thatg, has constant scalar curvatureéscal, and !, / 2# is primitive.
HenceScal =4(1! g), whereg is the genus of' . If $ denotes the Ricci form
then we have$, =2(1! g)!,.

(2) A compact toric "-dim Kahler manifold (v, g,,! v) with Delzant polytope # " t*
and momentum mapz: V # #.

(3) A principal T' bundle,P # ", with a principal connection of curvature! ; $ p %
$11(" ,t), where T' is the "-torus acting onV and p %t.

(4) A constant pp %R such that the (1, 1)-form pp!, + &,!, $ p' is positive for
v %# .
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From this data we may debPne the manifold
M=P!laV=M! V" 1,

whereM = P ! Z 1(@) and ¥ is the interior of " . Since the curvature 2-form of
has type (1, 1), M is a holomorphic principal {*)€ bundle with connection! # #(M, t)
and M is a complex manifold.

On M we debne Kahler structures of the form

g=(po+ H, 2%gcp + {z,G,dz%+ #,H,!%
(55) " =(pot+ $,2%" cpr + Wz &! %
d="cpm"' p,

where G = Hess(U) = H'?1, U is the symplectic potential [Gui94] of the chosen toric
Kahler structuregy onV, and $3 4 &aenotes the pointwise contractiort’! S?t! ¢ " R
or the dual contraction.

The generalized Calabi constructiorarises from seeing (55) as a blueprint for the
construction of various Kahler metrics oM by choosing variousS?t -valued functions
H on Y satisfying that

¥ [integrability] H = Hess(U)' ! for some smooth functionU on" °.

¥ [smoothnessH is the restriction to € of a smoothS2t' -valued function on" ;

¥ [boundary values] for any pointz on the codimension one fac&; ( " with
inward normal u;, we have

(56) H,(u,3=0 and (dH),(ui, ui) = 2u;,
where the diberential dH is viewed as a smootls?t' ' t-valued function on" ;
¥ [positivity] for any point z in the interior of a faceF ( ", H,(89§ is positive

debnite when viewed as a smooth function with values B?(t/ tg)".

Then (55) extends to a Kahler metric oM . Metrics constructed this way are called
compatible Kahler metricaand their Kahler classes are callecbmpatible Kahler classes

Remark 5.2. The toric bundle M equipped with a compatible Kahler metric as above
is a so-calledrigid, semisimple toric bundle over CP! [ACGT11]. We also use this
terminology for any toric bundleM = P! 1+ V whereP and V are as dePned above.

Remark 5.3. From now on we assume that = CP!, soScal = Scalep: = 4. Note
that, since (Qcp:," cpt) IS the toric FubinibStudy Kahler structure, the Kahler metrics
arising this way are themselves toric and generalize the notion of Calabi toric metrics
from [Leg11].

It follows from [ACGT11, Theorem 3 & Remark 6] that ifV admits a toric extremal
Kahler metric gy, then M admits compatible extremal Kahler metrics (at least in some
Kahler classes). We now use this result inductively to prove Theorem 1 (2).

Proof of Theorem 1 (2). First we note that for stage 2 Bott manifolds, the result holds
by CalabiOs original construction of extremal metrics on Hirzebruch surfaces [Cal82].
Now consider the Bott tower

M) M )% 4&Kl,Y? My = CP!
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described by the matrixAy.; . By construction My.; is a rigid semisimple toric bundle
over CP!. Now assume by induction that for a bxed and for eachk! k matrix A of the
form (3) (with n replaced byk) the corresponding Bott manifoldMy has a compatible

extremal Kahler metric. We have seen that the bber of the may . "4 2 op1
is the Bott manifold M obtained by removing the brst row and column of the matrix
debPningMy+; . We can now apply [ACGT11, Theorem 3 & Remark 6] to conclude that
My+1 admits a compatible toric extremal Kahler metric in some Kahler class. !

5.2. The admissible construction. When V is CP! in Debnition 5.1, we have Cal-
abiOs construction of extremal Kahler metrics on Hirzebruch surfaces [Cal82]. This
construction is a special case of the so-calladmissible constructiofACGT08a]. Even
though the admissible construction as summarized below (again for Ono blowdownsO)
is not universally useful for Bott manifolds, there are still some interesting explicit ex-
amples occurring in the literature [KS86, Hwa94, Gua95] which we exhibit below in the
context of Bott manifolds. These provide some further existence results for extremal
Kahler metrics on Bott manifolds with twist $ 2.

Let S be a compact complex manifold admitting a local Kahler product metric, whose
components are Kahler metrics denoted(@,, ! »), and indexed bya %A & Z*. Here
(£ ga, £ ! 5) is the Kahler structure. In this notation we allow for the tensorsg, to
possibly be negatively debniteNa parametrization given later justiPes this convention.
Note that in all our applications, each+ g, will be CSC. The real dimension of each
component is denoted @,, while the scalar curvature oft g, is given ast 2d,S,. Next,
let L be a hermitian holomorphic line bundle oves, such thatci(L) = = .. A[' 2/ 2"],
and let 1 denote the trivial line bundle overS. Then, following [ACGT08a], the total
space of the projectivizationM = P(1' L) # S is called anadmissible manifold

Let M be an admissible manifold of complex dimensioth An admissible Kahler
metric on M is a Kahler metric constructed as follows. Consider the circle action on
M induced by the standard circle action orL. It extends to a holomorphicC* action.
The open and dense sé¥l, of stable points with respect to the latter action has the
structure of a principal circle bundle over the stable quotient. The hermitian norm on
the Pbers induces via a Legendre transform a functian Mo # (" 1, 1) whose extension
to M has critical submanifoldsz® (1) = P(1' 0)andz®(" 1) = P(0' L). Leiting #be
a connection one form for the Hermitian metric oM, with curvature d#= Al a
an admissible Kahler metric and form are given up to scale by the respective formulas

1+r,z dz2
a' A a ’

1+r,z

+1 (#, | =

lat+t dz( #

a" A a
valid on My. Here! is a smooth function with domain containing ( 1,1) and r,

a %A are real numbers of the same sign @g and satisfying 0< |r4| < 1. The complex
structure yielding this Kahler structure is given by the pullback of the base complex
structure along with the requirementJdz = ! #. The function z is a hamiltonian for
the Killing vector beld K = J gradz, hence a momentum map for the circle action, so
M decomposes into the free orbitd, = z*%((" 1,1)) and the special orbitsz®(+ 1).
Finally, # satisbPes#(K) = 1.
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For an admissible metric (57), the 2-form

| _! | 1+ 71z,
- - - 2
al A fa

is a hamiltonian 2-form in the sense that

at zdz" #

1
#x! = S(dtr 1 IX Lt LX)

for any vector bpeldX , where tr, | = § ," %s the trace with respect to" . The theory
of [ACGO06] implies that the metrics (57) are (up to scale) the general form of Kahler
metrics admitting a hamiltonian 2-form of order 1.

For suchg to debPne a metric orM, ! must satisfy

(58) M!'@>0 11<z<1 (i)!((x1=0, (i)! (1) =8&2

where (ii) and (iii) are necessary and sucient for g to extend to M, while (i) ensures
positive debPniteness.

The Kahler class#, = ["] of an admissible metric is also calleddmissibleand is
uniquely determined by the parameters, : a' A, once the data associated witiM
(i.e., da, Sa, 0y etc.) is Pxed. Ther, : a' A, together with the data associated
with M is calledadmissible datélsee [ACGT08a, Section 1] for further background on
this set-up. Note that di$erent choices ot (with all else being Pxed) debPne #lerent
compatible complex structures with respect to the same symplectic foriln However,
as is discussed in [ACGTO08a], up to a Pber preservigj-equivariant diseomorphism,
we may consider the complex structure Pxed; then functiohssatisfying (58) determine
Kahler metrics within the same Kabhler class.

It is useful to debne a functionF (z) by the formula ! (z) = F(z)/p.(z), where
Pe(z) =, A(1+ raz)%. With this notation g has scalar curvature

b 2desara, FT(2)

(59) Scaly = 1+r.z P2

al A

One may now check [ACGO06, ACGTO08a] that with bxed admissible data, there is pre-
cisely one function, theextremal polynomial F (z), so that the right hand side of (59)

is an & ne function of z and the corresponding! (z) satisbes (ii) and (iii) of (58).
This means that as long as also (i) of (58) is satisbed, i.e., the extremal polynomial
is positive forz ' (! 1,1), we would have an admissible extremal metric (and CSC
if the a" ne function is constant). However, there is in general no guarantee that the
extremal polynomial is positive forz" (! 1,1). In the special case wher8cal. 4, iS non-
negative, results of Hwang [Hwa94] and Guan [Gua95] show that positivity is satisbed
and thus every admissible Kahler class has an admissible extremal metric determined
by its extremal polynomialF (z).

5.3. Applications of the admissible construction to Bott manifolds. We begin
by considering the Bott towersMy .1 (k) of twist ( 1 brst described in Example 1.1,
which are CP* bundles over the product complex manifold@P*)N, realized as the pro-
jectavization P(1) O(ky, ko, ..., ky)) * (CPYHN. Making contact with the admissible
construction we note thatA = {1,2,...,N}, i.e, fora' {1,2,...,N}, £g, is the
FubiniBStudy metric onCP! with positive constant scalar curvature+ 2s, = + 4/k , for
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some non-zero integek,. By the discussion above, every admissible Kahler class has
an admissible extremal metric and if there is at least one paiyj ! {1,2,...,N} such

that ki k; < O then, by [Hwa94, Corollary 1.2 & Theorem 2], some of these classes admit
admissible CSC metrics. Moreover, since in this case every Kahler class is admissible
(see [ACGTO08a, Remark 2]), we may conclude as follows.

Proposition 5.4. Any stageN +1 Bott manifold My ., (k), with matrix of the form (5)
!N
such that k,; =0, admits an admissible extremal Kahler metric in every Kahler class.

a=1
Moreover, when theky, ..., ky do not all have the same sign, some of these metrics are
CSC.

Now, if we let x, denote the pullback from thea" factor of CP* # 4a# CP? of the

generator ofH2(CP%,2), i.e., Xa = % then the discussion in [ACGTO08a, Section 1.4]

allows us to write the (admissible) Kahler classes as
n $
N
! r =2! 2XN+1 + ka(1+1/ra)Xa y
a=1

wherexy ., is dePned to be® D(Dy,,) as usual.
By the famous result of Koiso and Sakane [KS86], whéh = 2m,

% .
K = 1 if 1$a$m
a7 ol if m+1%a%$2m

andr, = kj/ 2, the admissible extremal metric ifl ; is KahlerbEinstein. More generally,
whenN =2m, o
Yo .
K = g if 1$a$m
27 %g if m+1%a$2m

for someq! Z*, and

r if 1$a$m
%r if m+1%a$ 2m

for somer ! (0, 1), the admissible extremal metric in! , is CSC with positive scalar

curvature.
Suppose for example that = 1/k for k! Z* \{ 1} in the above. Then

#m #m ¥
L 1@)= Do+ ak+1) Xt ok%l) X,

a=1 a=m+1l

is an integer Kahler class and hence debnes a line bundle. If we take the admissible
CSC representative ot ; on the admissible stager2 + 1 Bott manifold

2
& T &
Tr)q,%q,.?.,ty) ' CP'# aa# cpP!

M2m+l = P(l& O(g,_

and feed it into another admissible construction, withM,n,.; now playing the role of
the baseS, we get explicit extremal admissible metrics on the resulting stagem?+ 2
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Bott manifold M2m+2; P(1! Loms2) " Mops in all Kahler clas§es spanned by
" (o

: 1 $n gm
2Xom+1 + (K + 1) Xa+ qk# 1) Xa +2Xom+2,

a=1 a=m+l

wherersn:s $ (0,1) and Xoms2 = PD(D,4,). Thus we may conclude as follows.

Proposition 5.5. Assume thatq$ Z* andk $ Z* \{ 1} and consider the heightm+2
Bott tower M, (A) with

1+

Mom+1

1 Om aaao)

*

1 Om 1m : .I
A= 5 : ;
(g # ol 1 ot

gk+1)1, gqk# 11, 2 1

Then there is a2-dimensional subcone of the Kahler cone bf,(A) whose elements ad-
mit admissible extremal metrics. Furthermore, the stagém +1 Bott manifold obtained
by removing the last column and the last row @& admits admissible extremal Kahler
metrics in every Kahler class of the entire Kahler cone and admissible CSC Kahler
metrics in some Kahler classes. =1 this stage2m + 1 Bott manifold also admits a
KahlerbEinstein metric.

(Here admissibility is with respect theCP*-pbration of M,(A) over the previous stage
Mpu- 1(A) in the Bott tower.)

Remark 5.6. A similar result to Proposition 5.4 holds in the degenerate case when
some of the components d€ vanish. These Bott towers as in (17) have the form

N+1" m
iy /

(60) Mu+1(K) 2 M (K) & CP' & 44& CP
where none of the componentky, ..., ky- 1 of K vanish.
5.4. Relation with c-projective geometry. We now present a curious observation
in the case of the stage 3 Bott manif%lcd of the Bott tower with matrix

1 0

A=(0 1 o.
1 #1 1

That is, we take a closer look at admissible CSC Kahler metrics dvi3(0,1,#1) =
P(1! O(#1,1)" CP'&CP.

It turns out that on this special case of a stage 3 Bott manifold, there exist inPn-
itely many pairs of c-projectively equivalent CSC Kahler metrics which are not anely
equivalent. For background on c-projective geometry we refer the reader to [CEMN16].
Here we focus on the c-projective equivalent admissible metrics.

Let (g,!,J) be a Kahler metric as in (57) and fot' ,# $ R consider the hamiltonian

2-form $ )
$ ="+ H#)= (Fra # r)§1+ I’aZ)! at("z+#)dz' %

a#tA
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According to the general theory [CEMN16], we can form a symmetric antrinvariant
tensorg +: T'M | TM by

g+ =(detA)Y?A"g'*
whereA: TM ! TM is the g-selfadjomt tensor debned by

' (839 = 9(Aaa.
If g ’% is invertible, then g, - debnes a Kahler metricq -, J, 8) such that g and @ are
c-projectively equivalent. In that case, ¢ -, J, 6) also admits a hamiltonian 2-form (of

same order) and so should be admissible up to scale and in appropriate coordinates.
Now we see that

!
R L L G

a#A

0/%

'()

If we (locally) extend dz,%to a basis of 1-forms by pullbacks from the base, then we
have corresponding dual vector bPelds, K and may write
!

11 _ la I 2 1 2
= 2)Z +—K

a#A
Now Ag' ! must be equal to

|
o (Bra# #) ,1+

L (L % Tz $)(! (222 +

(# +$")(839"= ——K?2),

1
' (2)
Therefore
det(#! + $")(3J e)#)z (#z + $)¢ s (Bratt #)%

det(g' 1)2 ana 152
and so (sinceg] } = det( A)%Ag! 1) we have (for appropriate choices ot and $) that
the metric g -~ given up to scale by

% & ' (

! 2
—(#zi %) —((;: ;a;))gw (#z+ $)' 1 d(z) + 1 (2)%
a# A a !

Now consider the change of coordinates
_#+ %2 _ H#H# Sz _ 2 #?

det(A)z =

(61)

S s T wmrs YT gamep®
Then z$ [#1,1] if and only if z$ [# 1, 1] and moreover
_ (HHSry)z+ Hr#H S
l+r,z= B h S .
We now rewrite (61) according to the change of coordinates and get (
%
1 D (Sratt iz S##ry) (P4 #Y)dP | (#z# 9)* (2)0p
($2# #2) ($ra#t #) (#z# $)?! (2) ($2# #2)

a#tA
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Now, with

(‘z! ") (2)  dz "ra! !
by - (2) = TN = E! (z) and (ra) - = ; i :
we recognize this as an admissible metric.
It is easy to check that the end point conditions (58) are satisbed fdr, - () at
#z= t 1 and the complex structure remains compatible with the admissible set-up:
dz dz

= — = —| =1,. ]
Jdz= —ddz= 1 (2#= ! (24

Instead of looking at
'zl ")2 (2)
("1 12
we consider the corresponding change i(z) as debned in Section 5.3. From
F(2)
aa L+ raz)da

Ly (2) =

|
Fe@=1+(8 @+(ra D% and ! (2)= "
al A

it easily follows that
" + (I
CLLATRGED
("2r 12 A" Trg)d

Remark 5.7. Note that "$, %#is not a constant, so as long as $ 0; then gand g, -
are not d' nely equivalent.

(62) Fro(2) =

We now consider admissible metrics oR (O %O(1,! 1)) & CP!' CP! by choosing
A = {1,2} with g and! g, being KahlerbEinstein metricss; = 2, s, = ! 2, and
di = 1. As discussed in Section 5.3, each (admissible) Kahler class, determined by
O<ri< land!1l<r, < 0, admits an admissible extremal Kahler metric with
extremal polynomial F (z). Setting q= 1 in [ACGTO08a, Theorem 9], F (z) satisbes the
CSC conditions if and only ifr, = I ry orr, = ! 1+ r;. In each of these families the
KahlerbEinstein condition onF (z) is satisbed precisely when, = ! r; = I 1/2 which
corresponds to the KoisobDSakane KahlerbEinstein metric [KS86].

Remark 5.8. Note that we already discussed the, = ! r; solutions in Section 5.3 and
saw that this family of solutions have higher dimensional analogues on

nl(h B_( % A
Moms = P(1%O(1,...,1,1 1,...,! 1)& CP*' 444 CP!.

The second family of solutions, namely, = ! 1+ ry, also seems to have an analogue
in higher dimensions. In the notation of Section 5.3 assume thét is the (admissible)
Kahler class oM 41 given by

r if 1( a( m

fa= . jf m+1( a( 2m,
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0.0}

"0.2

"0.4r-

"0.61

"0.81-

o o
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. Behaviour of the second family for1 m! 4.

where O<r, < land" 1<r, < 0. Then, using [ACGTO08a], we observe that ; has
an admissible CSC representative if and only Ify" 1" ! ;"9 =0, where

|
1

@A+r,2"A+r 2)"dz
11

o
1

|
1

zLl+r,2)"(1+r1,2)"dz
"o = (1Ii )@+ )T+ @ )" )"
+2m(ry " 1, ). l(1+ rez)™i1+r 2™ dz
"=+ r)"A 4+ )I”L1 @an" r)m™m@a" )"
+2m(ry " ). | llz(1+ r.z2)™i1+r 2™ tdz.

'

For m =1 this recovers the two families of solutions above. In general, for any positive
integer m, it is easy to conbrm the prst family of solutions, = " r.. Computer aided
calculations form = 2, m = 3, and m = 4 show a second family of solutions for these
cases as well and we conjecture that this happens for any positive integer We have
not been able to conbrm this directly. Figure 1 shows the behavior of the second family
form=1,23, andm = 4.

Returning to the m = 1 case, let us look at the second family of CSC Kahler metrics
described above. We parametrize it by & r < 1 by settingr; = randr, =" 1+r.
Let us denote this family by KS. For a given choice of < r < 1, the CSC Kahler
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Figure 2. CSC Kabhler classes.

metric corresponds to the extremal polynomial
Fr(2) =1 Z2)((1+ 1)1+ rpz) + 3rara(1! %)
=@ 2@ r+r2+@r! 2z+r(r! 1)z2).

-2
Now, we start with a CSC admissible metricg * KS as above, determined by a
parameter O< x < 1. If we choose

2r! 1
| = —— "=
! TN and 1
then is is not hard to check that the c-projectively equivalent metriag - is debned.
Further, sincer; = r andr, = ! 1+ r, we calculate that, with this choice oft and",

(63)

I O "1+t
(rov s =5 B =1!r and (2= T 1+r) br
Thus the new metricg, - corresponds (up to scale) to a Kahler class of one of the
metrics belonging toKS determined by the parametem, - =11 r.

Figure 2 illustrates the Kahler cone (up to scaling) as parametrized by<Or; < 1
and! 1<r, < 0. The two intersecting line segments correspond to the classes with
CSC Kahler metrics and their intersection point is the KahlerbEinstein class. The line
segment going from( 1, 0) to (1, 0) (not including the endpoints of course) correspond
to the Kahler classes of the metrics iiKS. The trajectories represent how the Kahler
classes change as we move in a c-projective class. The bold dots illustrate the above
observation about c-projectively equivalent CSC metrics.

Now adapting (62) to our case we have
" 1D () ("D ()

"2 tr)(" ! M) ) "2ttt 1+n)
1A 22! r+r?+ 21 Anz+r(r! 1)2%) = Fu((2).

Fio(2)=
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Thereforeg - ! KS as well. Sincel = 0, we then have an example of a c-projective
class of Kahler metrics with more lanely inequivalent CSC metrics.

Proposition 5.9. On the stage3 Bott manifold M3(0, 1,# 1) of twist 1 there exist an
inPnite number of pairs of c-projectively equivalent CSC Kahler metrics which are not
al nely equivalent.

Remark 5.10. At the moment it seems that the example above is rather special. From
Remark 5.8 it is natural to speculate whether the same phenomenon occurs for the
presumed second family of CSC admissible metrics on

s '—
Moms = P(1$ O(1,...,1,#1,...,#1) % CP' & 44& CP!

for m > 1. Due to the non-explicit nature of the second family fom > 1 it seems
rather intractable to check in general, but a computer aided calculation suggests that
the phenomenon does not occur fon =2, m =3, and m = 4.

5.5. Extremal almost Kahler metrics on certain stage 3 Bott manifolds.  Ex-
tremal metrics on almost Kahler manifolds have been discussed in [ADO3, Don02,
ACGT11] and studied in detail by Lejmi [Lej10]. We now consider constructions of
smooth almost Kahler extremal metrics on certain stage 3 Bott manifolds. Essentially
we use the generalized Calabi construction set-up from the beginning of Section 5, but
we do not attempt to satisfy the integrability condition on H. We refer to [ACGT11,
Appendix A & Section 4.3] for dePnitions and justibcation of the adaption of the gen-
eralized Calabi construction.

Consider the case when the bber is the producP'& CP. In this caseV of Debnition
5.1 is simply CP! & CP! and with the identibcation oft and t' with R?, the polytope
is a rectangle. We use the notatioz = ( z1, z,) and for simplicity, we assume that the
polytope is the square [01] & [0, 1] with normals

ur="150( Uy='#10, us='0#1, us="'0,1L

onF,={(0,2)|0) ) 1}, F,={(1,2)|0) z) 1}, Fs={(z,1)[0) z) 1},
andF, = {(z1,0)|0) z;) 1} respectively. AnS?t'-valued functionH on ¥ may then
be viewed as a matrixd = (Hj ), where each entryH; is a smooth function of ¢;, z,).
Likewisep! tis just p=(p1,p2), Wwhere herep; and p, must be integers. Note thatp;
and p, may be identibPed witha and bin the notation from Section 2.3. Of course from
Section 2.3 vanishes here. Nopg from Debnition 5.1 must be a real constant such that
Q= Q(z1,22) = po+ p1zZ1 + P22 is positive for (z;,z;) ! [0,1]& [0, 1]. In particular, we
need to assume thapy ! R™, po+ p1 > Qyfoo + P2 >g0, andpg + pr + po > 0.

The boundary conditions (56) onH = Hu Hio e
Hiz Haz

(64) H11(0,22) = H12(0,2) =0 and H111(0,25) =2 for 0) z) 1,
(65) Hiu(1,z)= H1x(1,2)=0, and Hi;1(1,2)=#2 for 0) z) 1,
(66) Hox(z1,1) = Hix(z1,1) =0, and Hpo(z,1)=#2 for 0) z) 1,
(67)  H22(z1,0) = H12(z1,0) =0, and Hz2(z1,0)=2 for 0) zn) 1,
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whereHjj = !!TkHij . To get a genuine positive debnite metric out of this we also need

that H is positive debnite.
To complete the picture, observe that the integrability condition onJ is as follows:
if H' = (H"), then we must have that
IH _ 1H12 IH2 _1H2
and = :
17, 2] 1z, 2

The extremal condition is
1 2

(68)

4!

! Z.i! Z (QHy) = (Arzi+ Aszo + As)Q

for some constantdA;, A, Az with CSC corresponding toA; = A, = 0.

Now assume that for anyi " | # {1,2}, QHj is a polynomialP; of degree 4 irzy, z,.
This gives the following equation for extremality of the corresponding compatible metric.
(69) 41 Piyar! 2P1212! Pooo = (A1zy + Azo + As)(Po + P1Z1 + P222),
wherePjq = 1Py Conditions (64)b(67) mean that for0 z; " 1and 0" z," 1,

lzylz)*

P11(0,22) = P12(0,2) = 0, P111(0,22) =2Q(0,22) = 2(po + P222)
P11(1,22) = P12(1,2,) =0, P111(1,22) = ! 2Q(1,22) = ! 2(po + p1 + P222)
P22(21,1) = P12(z1,1) = 0, P222(z1,1) = ! 2Q(z1,1) = ! 2(po + p1z1 + P2)
P22(z1,0) = P12(z,0) = 0, P22,2(21,0) = 2Q(z1,0) = 2(po + p121).
These equations imply that
Pu=z(1! z)(2Q+ annzi(1! z))
(70) P = a1pz1(1! z1)z,(1! 2p)
Po = 2o(1! 2)(2Q + ax»nz(1! z3)),
for some constantsy; # R.
Now we substitute these functions into the left hand side of (69) to get
(4! 4py! 4dp,! 2a31! 2ap! 2a;,+8pg) +(12a5; +4a5, +16p1)z;
+ (128 + 4ago + 16p2)2, | 1221172 ) 8a1pz12, ! 123975
Expanding the right hand side of (69) yields
PoAz + (PoA1 + P1A3)Zy + (PoAz + P2A3)Z2 + PrA1ZE + (P1A2 + P2AL) 12 + PARZ).

It is then clear that - assumingpo, p1, P2 Pxed - we need to solve the linear system of 6
equations with 6 unknowns:

: 12 12 12 0 0 !po$!8.11$ !!4+4p1+4p2! 8p0$
w12 4 0 !'p O !'p%rand . ' 16p, %
.0 4 12 0 !p ! pzﬁﬂ 322%: . '16p; ?
»112 0 0 !p 0 O é;Alé ’ 0 é
0 18 0 Ip !'p 0&#a, 0
0 0 112 0 !'p 0 A, 0

This has a unique solution for @1, a1», ax, A1, Ay, Az) sinceQ is positive over [01]$
[0, 1], so the determinant §3 + 6 popy + p? + 6pop. + 3p1P2 + P53 is positive.
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We Pnd (not unexpectedly) thatA; = A, = 0 is only possible ifp; = p, = 0 which
yields the Kahler productCP!! CP!*! CP!. In other words, none of the solutions yield
non-trivial CSC almost Kahler metrics.

SinceQ is assumed positive over [A]! [0, 1], checking positive dePniteness bf over
(0,1)! (0,1) is equivalent to ensuring thatP is positive debnite over (01)! (0,1). The
latter condition amounts to checking that

detP = Py;P2" P2>0 and Py >0

over (0, 1)! (0,1). Itis easy to see that for bxeg; and p, this is satisbed for su ciently
large and positivepy values. This is seen by the fact that the limit,pg # +$ corre-
sponds to having the product of FubiniDStudy metrics on the Pb&@P!! CP!. This is
not unexpected in light of [ACGT11, Theorem 3].

To be more spe(':ibc, observe now th&, P, " PZ is

z(1" 21)2(1" 22) (2Q+ anzi(1" 71)) 2Q+ anz(1" 22)) " a5,z:(1" z1)2(1" 2,)
and recall that

Pii=z1(1" z1)(2Q+ anz;(1" z)).
Thus for positivity in a specibc case we need

(71) (2Q+ auzi(1" 21))(2Q+ anz(1" 2)) " ahLz(1" z1)z(1" 25) > 0,
(72) (2Q+ anzi(1" z)) > 0.

Now assume also thap,, p, are positive. In particular, each of them is at least one. It
is not hard to check that the left hand side of (72) may be viewed as a second order
polynomial in z; which is positive atz; = 0 and z; = 1 and has positive derivative

at both these points as well. Thus (72) easily follows. The left hand side of (71) is a
polynomial in po, p1, P2, Z1, and z,. Viewing this as a polynomial of degree 6 ipo, it is
easy to check that the cok cients of p3, pg, pg, pS are all positive. Using carefully that
P, P2 Y0Z* and (z1,22) %(0,1)! (0O, 1), it is also a relatively straightforward exercise to
check that the coé cients ofp3 (the constant term w.r.t. po), po, and pZ are positive.

We conclude that forp;, p. > 0 we have an explicit almost Kahler extremal metric
for eachpy %R*. Using computer aided algebra one may check that for these examples
it is not possible to satisfy (68). Thus, the examples are non-Kahler, almost Kahler.

If we combine the constructions above, fgp, and p, even, with the result in Propo-
sition 2.9 we have the following result:

Proposition 5.11. The smooth manifold(CP*)3 admits uncountably many explicit non-
CSC, non-Kahler, extremal almost Kahler metrics.

Remark 5.12. Although the generalized Calabi and admissible constructions do not
seem to lend themselves readily to producing new explicit examples of e.g. smooth
stage 3 Bott manifolds with extremal (integrable) Kahler metrics, direct calculations
suggest that it is possible to produce orbifold examples when the bPber is a non-trivial
Hirzebruch surface. Indeed, one can combine the notion of Calabi toric Kahler metrics
from [Legll] with the generalized Calabi construction as introduced in [ACGTO04], to
construct explicit examples of admissible extremal Kahler metrics on such orbibundles
whose Pbers are Hirzebruch orbifolds.
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