SASAKIAN GEOMETRY, HOLONOMY, AND SUPERSYMMETRY

CHARLES P. BOYER AND KRZYSZTOF GALICKI

Contents

1. Introduction 1 2. Cones, Holonomy, and Sasakian Geometry 3 3. Sasakian and Kählerian geometry 6 4. Sasaki-Einstein and 3-Sasakian Geometry 9 5. Toric Sasaki-Einstein 5-Manifolds 11 6. The Dirac Operator and Killing Spinors 14 7. Real Killing Spinors, Holonomy and Bär’s Correspondence 18 8. Geometries Associated with 3-Sasakian 7-manifolds 20 8.1. Nearly Parallel G_2-Structures and Spin(7) Holonomy Cones 21 8.2. Nearly Kähler 6-Manifolds and G_2 Holonomy Cones. 25 9. Geometries Associated with Sasaki-Einstein 5-manifolds 27 10. Geometric Structures on Manifolds and Supersymmetry 30 References 34 Index 41

1. Introduction

Supersymmetry has emerged in physics as an attempt to unify the way physical theories deal with bosonic and fermionic particles. Since its birth around the early 70ties it has come to dominate theoretical high energy physics (for a historical perspective see [KS00] with the introduction by Kane and Shifman, and for a mathematical treatment see [Var04]). This dominance is still ongoing in spite of the fact that after almost 40 years there is no single experimental evidence that would directly and convincingly “prove” or “discover” the existence of supersymmetry in nature. On the other hand, especially in the last 20 years, supersymmetry has given birth to many beautiful mathematical theories. Gromov-Witten Theory, Seiberg- Witten Theory, Rozansky-Witten Theory as well as the Mirror Duality Conjecture are just a few of the more famous examples of important and deep mathematics having its origins in the physics of various supersymmetric theories.

Various supersymmetric field theories naturally include both Riemannian and pseudo-Riemannian manifolds. The latter is necessary in order to incorporate the

1During the preparation of this work the authors were partially supported by NSF grant DMS- 0504367.

physical space-time into the picture while the former typically describes the geometry associated with ‘invisible’ extra dimensions. It is mainly in such a context that Sasaki-Einstein manifolds appear in physics: they are compact Einstein manifolds of positive scalar curvature that occur in abundance in the physically interesting dimensions five and seven. Moreover, when they are simply connected they admit real Killing spinors. It is this last property that vitally connects them to Supergravity, Superstring, and M-Theory.

The main purpose of this review is to describe geometric properties of Sasaki- Einstein manifolds which make them interesting in modern theoretical physics. In spite of the fact that it is supersymmetry that connects Sasaki-Einstein spaces to physics, it is not the purpose of this article to describe what this concept really means to either physicists or mathematicians. There have been many recent attempts to frame these important notions of theoretical physics in precise mathematical terms. This enormous task is far beyond the scope of this article, so we refer the reader to recent monographs and references therein [DEF^+99, Var04, Jos01, AJPS97]. Here we content ourselves with providing the main theorems and results concerning Killing spinors.

It is most remarkable that, even though Sasaki-Einstein manifolds always have holonomy SO(T M), i.e., the holonomy of any generic Riemannian metric, they are far from being generic. In fact, the most interesting thing about this geometry is that it naturally relates to several different Riemannian geometries with reduced holonomies. It is this point that we will try to stress throughout this article. For more detailed exposition we refer the interested reader to our recent monograph on Sasakian Geometry [BG07].

The key to understanding the importance of Sasakian geometry is through its relation to Kählerian geometry. Before we define Sasakian manifolds and describe some of their elementary properties in Section 3 let us motivate things in the more familiar context of contact and symplectic manifolds. These two provide the mathematical foundations of Lagrangian and Hamiltonian Mechanics. Let (M, η, ξ) be a contact manifold where η is a contact form on M and ξ is its Reeb vector field. It is easy to see that the cone (C(M) = R_+ × M, ω = d(tη)) is symplectic. Likewise, the Reeb field defines a foliation of M and the transverse space Z is also symplectic. When the foliation is regular the transverse space is a smooth symplectic manifold giving a projection π called Boothby-Wang fibration, and π^∗Ω = dη relates the contact and the symplectic structures as indicated by

(C(M), ω) ← (M, η, ξ) π (Z, Ω).

We do not have any Riemannian structure yet. It is quite reasonable to ask if there is a Riemannian metric g on M which “best fits” into the above diagram. As the preferred metrics adapted to symplectic forms are Kähler metrics one could ask for the Riemannian structure which would make the cone with the metric ḡ = dt^2 + t^2g together with the symplectic form ω into a Kähler manifold. Then ḡ and ω define a complex structure Φ̄. Alternatively, one could ask for a Riemannian metric g on M which would define a Kähler metric h on Z via a Riemannian submersion. Surprisingly, in both cases the answer to these questions leads naturally and uniquely to Sasakian Geometry. Our diagram becomes

(C(M), ω, ḡ, Φ̄) ← (M, ξ, η, g, Φ) π (Z, Ω, h, J).

From this point of view it is quite clear that Kählerian and Sasakian geometries are inseparable, Sasakian Geometry being naturally sandwiched between two different types of Kählerian Geometry.

2. Cones, Holonomy, and Sasakian Geometry

As we have just described Sasakian manifolds can and will be (cf. Theorem- Definition 10) defined as bases of metric cones which are Kähler. Let us begin with the following more general

Definition 1. For any Riemannian metric g_M on M, the warped product metric on C(M) = R^+ × M is the Riemannian metric defined by

g = dr^2 + ϕ^2(r)g_M , where r ∈ R^+ and ϕ = ϕ(r) is a smooth function, called the warping function. If ϕ(r) = r then (C(M), g) is simply called the Riemannian cone or metric cone on M. If ϕ(r) = sin r then (C(M), g) is called the sine-cone on M.

The relevance of sine-cones will become clear later while the importance of metric cones in relation to the Einstein metrics can be summarized by the following fundamental

Lemma 2. Let (M, g) be a Riemannian manifold of dimension n, and consider (C(M) = M × R^+, ḡ) the cone on M with metric ḡ = dr^2 + r^2g. Then if ḡ is Einstein, it is Ricci-flat, and ḡ is Ricci-flat if and only if g is Einstein with Einstein constant n − 1.

Interestingly, there is a similar lemma about sine-cone metrics.

Lemma 3. Let (M^n, g) be an Einstein manifold with Einstein constant n − 1 and consider (C_s(M) = M × (0, π), ḡ_s) the sine-cone on M with metric ḡ_s = dr^2 + (sin^2 r)g. Then ḡ_s is Einstein with Einstein constant n.

It is well-known that one characterization of Kählerian geometry is via the holonomy reduction. We now recall some basic facts about the holonomy groups of irreducible Riemannian manifolds. Let (M, g) be a Riemannian manifold and consider parallel translation defined by the Levi-Civita connection and its associated holonomy group which is a subgroup of the structure group O(n, R) (SO(n, R) in the oriented case). Since this connection ∇^g is uniquely associated to the metric g, we denote it by Hol(g), and refer to it as the Riemannian holonomy group or just the holonomy group when the context is clear. Indeed, it is precisely this Riemannian holonomy that plays an important role here. Now on a Riemannian manifold (M, g) there is a canonical epimorphism π_1(M)−−−→Hol(g)/Hol^0(g), in particular, if π_1(M) = 0 then Hol(g) = Hol^0(g). In 1955 Berger proved the following theorem [Ber55] concerning Riemannian holonomy:

Theorem 4. Let (M, g) be an oriented Riemannian manifold which is neither locally a Riemannian product nor locally symmetric. Then the restricted holonomy group Hol^0(g) is one of the following groups listed in Table 1.1.

Table 1.1: Berger’s Riemannian Holonomy Groups Hol^0(g) dim(M) Geometry of M Comments SO(n) n orientable Riemannian generic Riemannian U(n) 2n Kähler generic Kähler SU(n) 2n Calabi-Yau Ricci-flat Kähler Sp(n) · Sp(1) 4n quaternionic Kähler Einstein Sp(n) 4n hyperkähler Ricci-flat G_2 7 G_2-manifold Ricci-flat Spin(7) 8 Spin(7)-manifold Ricci-flat

Originally Berger’s list included Spin(9), but Alekseevsky proved that any manifold with such holonomy must be symmetric [Ale68]. In the same paper Berger also claimed a classification of all holonomy groups of torsion-free affine (linear) connections that act irreducibly. He produced a list of possible holonomy representations up to what he claimed was a finite number of exceptions. But his classification had some gaps discovered 35 years later by Bryant [Bry91]. An infinite series of exotic holonomies was found in [CMS96] and finally the classification in the non- Riemannian affine case was completed by Merkulov and Schwachhöfer [MS99]. We refer the reader to [MS99] for the proof, references and the history of the general affine case. In the Riemannian case a new geometric proof of Berger’s Theorem is now available [Olm05]. An excellent review of the subject just prior to the Merkulov and Schwachhöfer’s classification can be found in [Bry96]. We should add that one of the first non-trivial results concerning manifolds with the exceptional holonomy groups of the last two rows of Table 1.1 is due to Bonan [Bon66] who established Ricci-flatness of manifolds with parallel spinors.

Manifolds with reduced holonomy have always been very important in physics. Partly because Calabi-Yau, hyperkähler, quaternionic Kähler, G_2 and Spin(7) manifolds are automatically Einstein. In addition, all of these spaces appear as σ-model geometries in various supersymmetric models. What is perhaps less known is that all of these geometries are also related, often in more than one way, to Sasakian structures of various flavors. Let us list all such known relations.

• SO(n)-holonomy. As remarked this is holonomy group of a generic metric on an oriented Riemannian manifold (M^n, g). As we shall see Sasaki- Einstein metrics necessarily have maximal holonomy.

• U(n)-holonomy and Kähler geometry.

(i) Metric cone on a Sasakian manifold is Kähler. (ii) Transverse geometry of a Sasakian manifold is Kähler.

(iii) Transverse geometry of a positive Sasakian manifold is Fano. (iv) Transverse geometry of a Sasaki-Einstein manifold is Fano and Kähler- Einstein of positive scalar curvature.

(v) Transverse geometry of a negative Sasakian manifold is canonical in the sense that the transverse canonical bundle is ample.

(vi) Transverse geometry of a 3-Sasakian manifold is a Kähler-Einstein with a complex contact structure, i.e., twistor geometry.

• SU(n)-holonomy and Calabi-Yau geometry.

(i) Metric cone on a Sasaki-Einstein manifold is Calabi-Yau. (ii) Transverse geometry of a null Sasakian manifold is Calabi-Yau.

• Sp(n)Sp(1)-holonomy and Quaternionic Kähler geometry.

(i) Transverse geometry of the 3-dimensional foliation of a 3-Sasakian manifold is quaternionic-Kähler of positive scalar curvature.

(ii) 3-Sasakian manifolds occur as conformal infinities of complete quaternionic Kähler manifolds of negative scalar curvature.

• Sp(n)-holonomy and hyperähler geometry.

(i) Metric cone on a 3-Sasakian manifold is hyperkähler. (ii) Transverse geometry of a null Sasakian manifold with some additional structure is hyperkähler.

• G_2-holonomy.

(i) The ‘squashed’ twistor space of a 3-Sasakian 7-manifold is nearly Kähler;

hence, the metric cone on it has holonomy inside G_2.

(ii) Sine-cone on a Sasaki-Einstein 5-manifold is nearly Kähler; hence, its metric cone has holonomy inside G_2.

• Spin(7)-holonomy.

(i) The ‘squashed’ 3-Sasakian 7-manifold has a nearly parallel G_2-structure;

hence, its metric cone has holonomy in Spin(7).

(ii) Sine-cone on a ‘squashed’ twistor space of a 3-Sasakian 7-manifold has a nearly parallel G_2 structure; hence, its metric cone has holonomy inside Spin(7).

(iii) Sine cone on a sine cone on a 5-dimensional Sasaki-Einstein base has a nearly parallel G_2-structure; hence, its metric cone has holonomy inside Spin(7).

Note that Sasakian manifolds are related to various other geometries in two very distinct ways. On one hand we can take a Sasakian (Sasaki-Einstein, 3-Sasakian, etc.) manifold and consider its metric or sine-cone. These cones frequently have interesting geometric properties and reduced holonomy. On the other hand, a Sasakian manifold is always naturally foliated by one-dimensional leaves (threedimensional leaves in addition to the one-dimensional canonical foliation when the manifold is 3-Sasakian) and we can equally well consider the transverse geometries associated to such fundamental foliations. These too have remarkable geometric properties including reduced holonomy. In particular, Sasakian manifolds are not just related to all of the geometries on Berger’s holonomy list, but more importantly, they provide a bridge between the different geometries listed there. We will investigate some of these bridges in the next two sections.

3. Sasakian and Kählerian geometry

Definition 5. A (2n + 1)-dimensional manifold M is a contact manifold if there exists a 1-form η, called a contact 1-form, on M such that

η ∧ (dη)^n ≠ 0

everywhere on M. A contact structure on M is an equivalence class of such 1- forms, where η^′ ∼ η if there is a nowhere vanishing function f on M such that η^′ = fη.

Lemma 6. On a contact manifold (M, η) there is a unique vector field ξ, called the Reeb vector field, satisfying the two conditions

ξ η = 1, ξ dη = 0.

Definition 7. An almost contact structure on a differentiable manifolds M is a triple (ξ, η, Φ), where Φ is a tensor field of type (1, 1) (i.e., an endomorphism of T M), ξ is a vector field, and η is a 1-form which satisfy

η(ξ) = 1 and Φ ∘ Φ = −1l + ξ ⊗ η,

where 1l is the identity endomorphism on T M. A smooth manifold with such a structure is called an almost contact manifold.

Remark 8. The reader will notice from Definitions 5 and 7 that an almost contact structure actually has more structure than a contact structure! This is in stark contrast to the usual relationship between a structure and its ‘almost structure’; however, we feel that the terminology is too well ensconced in the literature to be changed at this late stage.

Let (M, η) be a contact manifold with a contact 1-form η and consider D = ker η ⊂ T M. The subbundle D is maximally non-integrable and it is called the contact distribution. The pair (D, ω), where ω is the restriction of dη to D gives D the structure of a symplectic vector bundle. We denote by J (D) the space of all almost complex structures J on D that are compatible with ω, that is the subspace of smooth sections J of the endomorphism bundle End(D) that satisfy

(1) J^2 = −1l, dη(JX, JY ) = dη(X, Y ), dη(JX, X) > 0

for any smooth sections X, Y of D. Notice that each J ∈ J (D) defines a Riemannian metric g_D on D by setting

(2) g_D(X, Y ) = dη(JX, Y ).

One easily checks that g_D satisfies the compatibility condition g_D(JX, JY ) = g_D(X, Y ). Furthermore, the map J → g_D is one-to-one, and the space J (D) is contractible. A choice of J gives M an almost CR structure. Moreover, by extending J to all of T M one obtains an almost contact structure. There are some choices of conventions to make here. We define the section Φ of End(T M) by Φ = J on D and Φξ = 0, where ξ is the Reeb vector field associated to η. We can also extend the transverse metric g_D to a metric g on all of M by

(3) g(X, Y ) = g_D + η(X)η(Y ) = dη(ΦX, Y ) + η(X)η(Y )

for all vector fields X, Y on M. One easily sees that g satisfies the compatibility condition g(ΦX, ΦY ) = g(X, Y ) − η(X)η(Y ).

Definition 9. A contact manifold M with a contact form η, a vector field ξ, a section Φ of End(T M), and a Riemannian metric g which satisfy the conditions

η(ξ) = 1, Φ^2 = −1l + ξ ⊗ η,

g(ΦX, ΦY ) = g(X, Y ) − η(X)η(Y ) is known as a metric contact structure on M.

Definition–Theorem 10. A Riemannian manifold (M, g) is called a Sasakian manifold if any one, hence all, of the following equivalent conditions hold:

(i) There exists a Killing vector field ξ of unit length on M so that the tensor field Φ of type (1, 1), defined by Φ(X) = −∇_X ξ, satisfies the condition

(∇_X Φ)(Y ) = g(X, Y )ξ − g(ξ, Y )X

for any pair of vector fields X and Y on M.

(ii) There exists a Killing vector field ξ of unit length on M so that the Riemann curvature satisfies the condition

R(X, ξ)Y = g(ξ, Y )X − g(X, Y )ξ,

for any pair of vector fields X and Y on M.

(iii) The metric cone (C(M), ḡ) = (R_+ × M, dr^2 + r^2g) is Kähler.

We refer to the quadruple S = (ξ, η, Φ, g) as a Sasakian structure on M, where η is the 1-form dual vector field ξ. It is easy to see that η is a contact form whose Reeb vector field is ξ. In particular S = (ξ, η, Φ, g) is a special type of metric contact structure.

The vector field ξ is nowhere vanishing, so there is a 1-dimensional foliation F_ξ associated with every Sasakian structure, called the characteristic foliation. We will denote the space of leaves of this foliation by Z. Each leaf of F_ξ has a holonomy group associated to it. The dimension of the closure of the leaves is called the rank of S. We shall be interested in the case rk(S) = 1. We have

Definition 11. The characteristic foliation F_ξ is said to be quasi-regular if there is a positive integer k such that each point has a foliated coordinate chart (U, x) such that each leaf of F_ξ passes through U at most k times. Otherwise F_ξ is called irregular. If k = 1 then the foliation is called regular, and we use the terminology non-regular to mean quasi-regular, but not regular.

Let (M, S) be a Sasakian manifold, and consider the contact subbundle D = ker η. There is an orthogonal splitting of the tangent bundle as

(4) T M = D ⊕ L_ξ, where L_ξ is the trivial line bundle generated by the Reeb vector field ξ. The contact subbundle D is just the normal bundle to the characteristic foliation F_ξ generated by ξ. It is naturally endowed with both a complex structure J = Φ|_D and a symplectic structure dη. Hence, (D, J, dη) gives M a transverse Kähler structure with Kähler form dη and metric g_D defined as in (2) which is related to the Sasakian metric g by g = g_D ⊕ η ⊗ η as in (3). We have [BG00] the following fundamental structure theorem:

Theorem 12. Let (M, ξ, η, Φ, g) be a compact quasi-regular Sasakian manifold of dimension 2n+1, and let Z denote the space of leaves of the characteristic foliation. Then the leaf space Z is a Hodge orbifold with Kähler metric h and Kähler form ω which defines an integral class [ω] in H^2_{orb}(Z, Z) so that π : (M, g)−−→(Z, h) is an orbifold Riemannian submersion. The fibers of π are totally geodesic submanifolds of M diffeomorphic to S^1.

and its converse:

Theorem 13. Let (Z, h) be a Hodge orbifold. Let π : M−−→Z be the S^1 V-bundle whose first Chern class is [ω], and let η be a connection 1-form in M whose curvature is 2π^∗ω, then M with the metric π^∗h + η ⊗ η is a Sasakian orbifold. Furthermore, if all the local uniformizing groups inject into the group of the bundle S^1, the total space M is a smooth Sasakian manifold.

Irregular structures can be understood by the following result of Rukimbira [Ruk95]:

Theorem 14. Let (ξ, η, Φ, g) be a compact irregular Sasakian structure on a manifold M. Then the group Aut(ξ, η, Φ, g) of Sasakian automorphisms contains a torus T^k of dimension k ≥ 2. Furthermore, there exists a sequence (ξ_i, η_i, Φ_i, g_i) of quasiregular Sasakian structures that converge to (ξ, η, Φ, g) in the C^∞ compact-open topology.

The orbifold cohomology groups H^p_{orb}(Z, Z) were defined by Haefliger [Hae84]. In analogy with the smooth case a Hodge orbifold is then defined to be a compact Kähler orbifold whose Kähler class lies in H^2_{orb}(Z, Z). Alternatively, we can develop the concept of basic cohomology which works equally well in the irregular case, but only has coefficients in R. It is nevertheless quite useful in trying to extend the notion of Z being Fano to both the quasi-regular and the irregular situation. This can be done in several ways. Here we will use the notion of basic Chern classes. Recall [Ton97] that a smooth p-form α on M is called basic if

(5) ξ α = 0, L_ξα = 0 ,

and we let Λ^p_B denote the sheaf of germs of basic p-forms on M, and by Ω^p_B the set of global sections of Λ^p_B on M. The sheaf Λ^p_B is a module over the ring, Λ^0_B, of germs of smooth basic functions on M. We let C^∞_B (M) = Ω^0_B denote global sections of Λ^0_B, i.e. the ring of smooth basic functions on M. Since exterior differentiation preserves basic forms we get a de Rham complex

(6) · · · −−−−→Ω^p_B^d−−−−→ Ω^{p+1}_B −−−−→ · · ·

whose cohomology H^∗_B (F_ξ ) is called the basic cohomology of (M, F_ξ ). The basic cohomology ring H^∗_B (F_ξ) is an invariant of the foliation F_ξ and hence, of the Sasakian structure on M. It is related to the ordinary de Rham cohomology H^∗(M, R) by the long exact sequence [Ton97] (7) · · · −−−−→H^p_B (F_ξ)−−−−→H^p(M, R)^{jp}−−−−→ H^{p−1}_B (F_ξ)^δ−−−−→ H^{p+1}_B (F_ξ)−−−−→ · · ·

where δ is the connecting homomorphism given by δ[α] = [dη ∧ α] = [dη] ∪ [α], and j_p is the composition of the map induced by ξ with the well-known isomorphism H^r(M, R) ≈ H^r(M, R)^{S1} where H^r(M, R)^{S1} is the S^1-invariant cohomology defined from the S^1-invariant r-forms Ω^r(M)^{S1} . We also note that dη is basic even though η is not. Next we exploit the fact that the transverse geometry is Kähler. Let D_C denote the complexification of D, and decompose it into its eigenspaces with respect to J, that is, D_C = D^{1,0} ⊕ D^{0,1}. Similarly, we get a splitting of the complexification of the sheaf Λ^1_B of basic one forms on M, namely

Λ^1_B ⊗ C = Λ^{1,0}_B ⊕ Λ^{0,1}_B .

We let E^{p,q}_B denote the sheaf of germs of basic forms of type (p, q), and we obtain a splitting

(8) Λ^r_B ⊗ C = ⨁ p+q=r

E^{p,q}_B .

The basic cohomology groups H^{p,q}_B (F_ξ ) are fundamental invariants of a Sasakian structure which enjoy many of the same properties as the ordinary Dolbeault cohomology of a Kähler structure.

Consider the complex vector bundle D on a Sasakian manifold (M, ξ, η, Φ, g). As such D has Chern classes c_1(D), . . . , c_n(D) which can be computed by choosing a connection ∇^D in D [Kob87]. Let us choose a local foliate unitary transverse frame (X_1, . . . , X_n), and denote by Ω^T the transverse curvature 2-form with respect to this frame. A simple calculation shows that Ω^T is a basic (1, 1)-form. Since the curvature 2-form Ω^T has type (1, 1) it follows as in ordinary Chern-Weil theory that

Theorem 15. The k^{th} Chern class c_k(D) of the complex vector bundle D is represented by the basic (k, k)-form γ_k determined by the formula det ( 1l_n − 1 2πi Ω^T ) = 1 + γ_1 + · · · + γ_k.

Since γ_k is a closed basic (k, k)-form it represents an element in H^{k,k}_B (F_ξ) ⊂ H^{2k}_B (F_ξ ) that is called the basic k^{th} Chern class and denoted by c_k(F_ξ).

We now concentrate on the first Chern classes c_1(D) and c_1(F_ξ). We have

Definition 16. A Sasakian structure S = (ξ, η, Φ, g) is said to be positive (negative) if c_1(F_ξ) is represented by a positive (negative) definite (1, 1)-form. If either of these two conditions is satisfied S is said to be definite, and otherwise S is called indefinite. S is said to be null if c_1(F_ξ) = 0.

Notice that irregular structures cannot occur for negative or null Sasakian structures, since the dimension of Aut(ξ, η, Φ, g) is greater than one. In analogy with common terminology of smooth algebraic varieties we see that a positive Sasakian structure is a transverse Fano structure^1, while a null Sasakian structure is a transverse Calabi-Yau structure. The negative Sasakian case corresponds to the canonical bundle being ample.

4. Sasaki-Einstein and 3-Sasakian Geometry

Definition 17. A Sasakian manifold (M, S) is Sasaki-Einstein if the metric g is also Einstein.

For any 2n+1-dimensional Sasakian manifold Ric(X, ξ) = 2nη(X) implying that any Sasaki-Einstein metric must have positive scalar curvature. Thus any complete Sasaki-Einstein manifold must have a finite fundamental group. Furthermore the

1For a more algebro-geometric approach to positivity and fundamentals on log Fano orbifolds

see [BG07].

metric cone (C(M), ḡ) = (R_+ × M, dr^2 + r^2g) on M is Kähler Ricci-flat (Calabi- Yau).

The following theorem [BG00] is an orbifold version of the famous Kobayashi bundle construction of Einstein metrics on bundles over positive Kähler-Einstein manifolds [Bes87, Kob56].

Theorem 18. Let (Z, h) be a compact Fano orbifold with π^{orb}_1 (Z) = 0 and Kähler- Einstein metric h. Let π : M−−→Z be the S^1 V-bundle whose first Chern class is

c_1(Z)

Ind(Z) . Suppose further that the local uniformizing groups of Z inject into S^1. Then with the metric g = π^∗h + η ⊗ η, M is a compact simply connected Sasaki-Einstein manifold.

Here Ind(Z) is the orbifold Fano index [BG00] defined to be the largest positive integer such that^{c1(Z)}Ind_{(Z)} defines a class in the orbifold cohomology group H^2_{orb}(Z, Z). A very special class of Sasaki-Einstein spaces is naturally related to several quaternionic geometries.

Definition 19. Let (M, g) be a Riemannian manifold of dimension m. We say that (M, g) is 3-Sasakian if the metric cone (C(M), ḡ) = (R_+ × M, dr^2 + r^2g) on M is hyperkähler.

We emphasize the important observation of Kashiwada [Kas71] that a 3-Sasakian manifold is automatically Einstein. We denote a Sasakian manifold with a 3- Sasakian structure by (M, S), where S = (S_1, S_2, S_3) is a triple or a 2-sphere of Sasakian structures S_i = (η_i, ξ_i, Φ_i, g).

Remark 20. In the 3-Sasakian case there is an extra structure, i.e., the transverse geometry O of the 3-dimensional foliation which is quaternionic-Kähler. In this case, the transverse space Z is the twistor space of O and the natural map Z −−→ O is the orbifold twistor fibration [Sal82]. We get the following diagram which we denote by ♦(M, S) [BGM93, BGM94]:

Hyperkähler Geometry

(9) Twistor Geometry

C(M) ↙ ↘ Z ←−−−−−−− M ↘ ↙ O

3-Sasakian Geometry

Quaternion Kähler Geometry

Remark 21. The table below summarizes properties of the cone and transverse geometries associated to various metric contact structures.

Cone Geometry of C(M) M Transverse Geometry of F_ξ Symplectic Contact Symplectic Kähler Sasakian Kähler Kähler positive Sasakian Fano, c_1(Z) > 0 Kähler null Sasakian Calabi-Yau, c_1(Z) = 0 Kähler negative Sasakian ample canonical bundle, c_1(Z) < 0 Calabi-Yau Sasaki-Einstein Fano, Kähler-Einstein Hyperkähler 3-Sasakian C-contact, Fano, Kähler-Einstein

For numerous examples and constructions of Sasaki-Einstein and 3-Sasakian manifolds see [BG07]. We finish this section with a remark that both the 3-Sasakian metric on M and the twistor space metric on Z admit ‘squashings’ which are again Einstein. More generally, let π : M −→ B be an orbifold Riemannian submersion with g the Riemannian metric on M. Let V and H denote the vertical and horizontal subbundles of the tangent bundle T M. For each real number t > 0 we construct a one parameter family g_t of Riemannian metrics on M by defining

(10) g_t|_V = tg|_V , g_t|_H = g|_H , g_t(V, H) = 0 .

So for each t > 0 we have an orbifold Riemannian submersion with the same base space. Furthermore, if the fibers of g are totally geodesic, so are the fibers of g_t . We apply the canonical variation to the orbifold Riemannian submersion π : M −→ O and π : Z −→ O

Theorem 22. Every 3-Sasakian manifold M admits a second Einstein metric of positive scalar curvature. Furthermore, the twistor space Z also admits a second orbifold Einstein metric which is Hermitian-Einstein, but not Kähler-Einstein.

5. Toric Sasaki-Einstein 5-Manifolds

Examples of Sasaki-Einstein manifolds are plentiful and we refer the interested reader to our monograph for a detailed exposition [BG07]. Here we would like to consider the toric Sasaki-Einstein structures in dimension 5 again referring to [BG07] for all necessary details. Toric Sasaki-Einstein 5-manifolds recently emerged from physics in the context of supersymmetry and the so-called AdS/CFT duality conjecture which we will discuss in the last section. It is known that, in dimension 5, toric Sasaki-Einstein structures can only occur on the k-fold connected sums k(S^2 × S^3) [BG07]. The first inhomogeneous toric Sasaki-Einstein structures on S^2 × S^3 were constructed by Gauntlett, Martelli, Sparks, and Waldram. It follows that S^2 ×S^3 admits infinitely many distinct quasi-regular and irregular toric Sasaki- Einstein structures [GMSW04b]. Toric geometry of these examples was further explored in [MS05, MSY06a, MSY06b]. We will now describe a slightly different approach to a more general problem.

Consider the symplectic reduction of C^n (or equivalently the Sasakian reduction of S^{2n−1}) by a k-dimensional torus T^k. Every complex representation of a T^k on C^n can be described by an exact sequence

0−−→T^{k fΩ}−−→ T^n−−→T^{n−k}−−→0 .

The monomorphism f_Ω can be represented by the diagonal matrix

f_Ω(τ_1, . . . , τ_k) = diag

(_k ∏ i=1 τ^{ai1}_i , . . . , k∏ i=1 τ^{ain}_i ) , where (τ_1, .., τ_k ) ∈ S^1 × · · · × S^1 = T^k are the complex coordinates on T^k, and a^i_α ∈ Z are the coefficients of a k × n integral weight matrix Ω ∈ M_{k,n}(Z). We have [BG07]

Proposition 23. Let X(Ω) = (C^n \ 0)//T^k(Ω) denote the Kähler quotient of the standard flat Kähler structure on (C^n \ 0) by the weighted Hamiltonian T^k-action with an integer weight matrix Ω. Consider the Kähler moment map

(11) μ^i_Ω(z) = n∑ α=1 a^i_α|z_α|^2, i = 1, . . . , k .

If all minor k × k determinants of Ω are non-zero then X(Ω) = C(Y (Ω)) is a cone on a compact Sasakian orbifold Y (Ω) of dimension 2(n − k) − 1 which is the Sasakian reduction of the standard Sasakian structure on S^{2n−1}. In addition, the projectivization of X(Ω) defined by Z(Ω) = X(Ω)/C^∗ is a Kähler reduction of the complex projective space CP^{n−1} by a Hamiltonian T^k-action defined by Ω and it is the transverse space of the Sasakian structure on Y (Ω) induced by the quotient. If

(12) ∑ α a^i_α = 0, ∀ i = 1, . . . , k

then c_1(X(Ω)) = c_1(D) = 0. In particular, the orbibundle Y (Ω)−→Z(Ω) is anticanonical. Moreover, the cone C(Y (Ω)), its Sasakian base Y (Ω), and the transverse space Z(Ω) are all toric orbifolds.

Remark 24. The conditions on the matrix Ω that assure that Y (Ω) is a smooth manifold are straightforward to work out. They involve gcd conditions on certain minor determinants of Ω.

This proposition is nicely summarized by the ‘reduction’ diagram

(13)

CP^{n−1} ←− S^{2n−1} ←− C^n \ (0) ⇓ ⇓ ⇓ Z(Ω) ←− Y (Ω) ←− C(Y (Ω)).

Both the toric geometry and the topology of Y (Ω) depend on Ω. Furthermore, Y (Ω) comes equipped with a family of Sasakian structures. When n − k = 3, assuming that Y (Ω) is simply connected (which is an additional condition on Ω), we must have m(S^2 × S^3) for some m ≤ k. We will be mostly interested in the case when m = k.

Gauntlett, Martelli, Sparks, and Waldram [GMSW04b] gave an explicit construction of a Sasaki-Einstein metric for Ω = (p, p, −p + q, −p − q), where p and q are relatively prime nonnegative integers with p > q. (The general case for k = 1 was treated later in [CLPP05, MS05], see Remark 27 below). To connect with the original notation we write Y (Ω) = Y_{p,q} . Then we get:

One can check that Y_{1,0} is just the homogeneous metric on S^2 × S^3 which is both toric and regular. The next simplest example is Y_{2,1} which, as a toric contact (Sasakian) manifold, is a circle bundle over the blow up of CP^2 at one point F_1 = CP^2#CP^2 [MS06]. As F_1 cannot admit any Kähler-Einstein metric, Kobayashi’s bundle construction cannot give a compatible Sasaki-Einstein structure. But there is a choice of a Reeb vector field in the torus which makes it possible to give Y_{2,1} a Sasaki-Einstein metric. The Sasaki-Einstein structure on Y_{2,1} is not quasiregular and this was the first such example in the literature. Hence, S^2 × S^3 admits infinitely many toric quasi-regular Sasaki-Einstein structures and infinitely many toric irregular Sasaki-Einstein structures of rank 2. We have the following generalization of the Y_{p,q} metrics due to [FOW06, CFO07]:

Theorem 25. Let Y (Ω) be as in Proposition 23. Then Y (Ω) admits a toric Sasaki- Einstein structure which is unique up to a transverse biholomorphism.

This existence of a Sasaki-Einstein metric is proved in [FOW06] although the authors do not draw all the conclusions regarding possible toric Sasaki-Einstein manifolds that can be obtained. They give one interesting example of an irregular Sasaki-Einstein structure which generalizes the Y_{2,1} example of [MS05] in the following sense: One considers a regular positive Sasakian structure on the anticanonical circle bundle over the del Pezzo surface CP^2#2CP^2 which gives a toric Sasakian structure on 2(S^2 × S^3). The regular Sasakian structure on 2(S^2 × S^3) cannot have any Sasaki-Einstein metric. However, as it is with Y_{2,1} Futaki, Ono and Wang [FOW06] show that one can deform the regular structure to a unique irregular Sasaki-Einstein structure. A slightly different version of the Theorem 25 is proved in [CFO07] where uniqueness is also established. Cho, Futaki and Ono work with toric diagrams rather than with Kähler (Sasakian) quotients which amounts to the same thing by Delzant’s construction. We should add that the results of [CFO07] apply to the toric Sasaki-Einstein manifolds in general dimension and not just in dimension 5.

Corollary 26. The manifolds k(S^2 × S^3) admit infinite families of toric Sasaki- Einstein structures for each k ≥ 1.

As in the k = 1 case one would expect infinitely many quasi-regular and infinitely many irregular such Sasaki-Einstein structures for each Ω satisfying all the condition.

Remark 27. The general anticanonical circle reduction was considered independently in two recent papers, [CLPP05, MS05]. There it was shown that for Ω = p = (p_1, p_2, −q_1, −q_2), with p_i, q_i ∈ Z^+, p_1 + p_2 = q_1 + q_2, and gcd(p_i, q_j ) = 1 for all i, j = 1, 2, the 5-manifold Y (Ω) ≈ S^2 × S^3 admits a Sasaki-Einstein structure which coincides with that on Y_{p,q} when p_1 = p_2 = p and q_1 = p − q, q_2 = p + q. In [CLPP05] this family is denoted by L^5(a, b, c), where p = (a, b, −c, −a − b + c) and they write the metric explicitly. However, in this case it appears to be harder (though, in principle, possible) to write down the condition under which the Sasaki- Einstein Reeb vector field ξ = ξ(a, b, c) is quasi-regular. A priori, it is not even clear whether the quasi-regularity condition has any additional solutions beyond those obtained for the subfamily Y_{p,q}. Moreover, it follows from [CFO07] that the metrics of [CLPP05, MS05] describe all possible toric Sasaki-Einstein structures on S^2 ×S^3.

There have been similar constructions of a two-parameter family X_{p,q} of toric Sasaki-Einstein metrics on 2(S^2 ×S^3) [HKW05], and another two-parameter family, called Z_{p,q}, on 3(S^2 × S^3) [OY06c]. All these examples, and many more, can be obtained as special cases of Theorem 25 as they are all Y (Ω) for some choice of Ω. The Y_{p,q} , L^5(a, b, c), X_{p,q} and Z_{p,q} metrics have received a lot of attention because of the role such Sasaki-Einstein manifolds play in the AdS/CFT Duality Conjecture. They created an avalanche of papers studying the properties of these metrics from the physics perspective [ABCC06, OY06c, OY06b, OY06a, KSY05, HEK05, BZ05, BBC05, BFZ05, SZ05, HKW05, BLMPZ05, BHK05, BFH^+05, Pal05, HSY04]. The AdS/CFT duality will be discussed in the last section.

6. The Dirac Operator and Killing Spinors

We begin with a definition of spinor bundles and the bundle of Clifford algebras of a vector bundle [LM89, Fri00]. Recall that the Clifford algebra Cl(R^n) over R^n can be defined as the quotient algebra of the tensor algebra T (R^n) by the two-sided ideal I generated by elements of the form v ⊗ v + q(v) where q is a quadratic form on R^n.

Definition 28. Let E be a vector bundle with inner product ⟨·, ·⟩ on a smooth manifold M, and let T (E) denote the tensor bundle over E. The Clifford bundle of E is the quotient bundle Cl(E) = T (E)/I(E) where I is the bundle of ideals (two-sided) generated pointwise by elements of the form v ⊗ v + ⟨v, v⟩ with v ∈ E_x . A real spinor bundle S(E) of E is a bundle of modules over the Clifford bundle Cl(E). Similarly, a complex spinor bundle is a bundle of complex modules over the complexification Cl(E) ⊗ C.

As vector bundles Cl(E) is isomorphic to the exterior bundle Λ(E), but their algebraic structures are different. The importance of Cl(E) is that it contains the spin group Spin(n), the universal (double) covering group of the orthogonal group SO(n), so one obtains all the representations of Spin(n) by studying representations of Cl(E). We assume that the vector bundle E admits a spin structure, so w_2(E) = 0. We are interested mainly in the case when (M, g) is a Riemannian spin manifold and E = T M in which case we write S(M) instead of S(T M). The Levi-Civita connection ∇ on T M induces a connection, also denoted ∇, on any of the spinor bundles S(M), or more appropriately on the sections Γ(S(M)).

Definition 29. Let (M^n, g) be a Riemannian spin manifold and let S(M) be any spinor bundle. The Dirac operator is the first order differential operator D : Γ(S(M))−−−→Γ(S(M)) defined by

Dψ = n∑ j=1 E_j · ∇_{Ej} ψ ,

where {E_j } is a local orthonormal frame and · denotes Clifford multiplication.

The Dirac operator, of course originating with the famous Dirac equation describing fermions in theoretical physics, was brought into mathematics by Atiyah and Singer in [AS63]. Then Lichnerowicz [Lic63] proved his famous result that a Riemannian spin manifold with positive scalar curvature must have vanishing Âgenus. An interesting question on any spin manifold is: what are the eigenvectors of the Dirac operator. In this regard the main objects of interest consists of special sections of certain spinor bundles called Killing spinor fields or just Killing spinors for short. Specifically, (cf. [BFGK91, Fri00])

Definition 30. Let (M, g) be a complete n-dimensional Riemannian spin manifold, and let S(M) be a spin bundle (real or complex) on M and ψ a smooth section of S(M). We say that ψ is a Killing spinor if for every vector field X there is α ∈ C, called Killing number, such that

∇_X ψ = αX ·ψ .

Here X ·ψ denotes the Clifford product of X and ψ. We say that ψ is imaginary when α ∈ Im(C^∗), ψ is parallel if α = 0 and ψ is real^2 if α ∈ Re(C^∗).

We shall see shortly that the three possibilities for the Killing number α : real, imaginary, or 0, are the only possibilities. The name Killing spinor derives from the fact that if ψ is a non-trivial Killing spinor and α is real, the vector field

(14) X_ψ = n∑ j=1 g(ψ, E_j · ψ)E_j

is a Killing vector field for the metric g (which, of course, can be zero). If ψ is a Killing spinor on an n-dimensional spin manifold, then

(15) Dψ = n∑ j=1 E_j · ∇_{Ej} ψ = n∑ j=1 αE_j · E_j ·ψ = −nαψ .

So Killing spinors are eigenvectors of the Dirac operator with eigenvalue −nα. In 1980 Friedrich [Fri80] proved the following remarkable theorem:

Theorem 31. Let (M^n, g) be a Riemannian spin manifold which admits a nontrivial Killing spinor ψ with Killing number α. Then (M^n, g) is Einstein with scalar curvature s = 4n(n − 1)α^2.

A proof of this is a straightforward curvature computation which can be found in either of the books [BFGK91, Fri00]. It also uses the fact that a non-trivial Killing spinor vanishes nowhere. It follows immediately from Theorem 31 that α must be one of the three types mentioned in Definition 30. So if the Killing number is real then (M, g) must be a positive Einstein manifold. In particular, if M is complete, then it is compact. On the other hand if the Killing number is pure imaginary, Friedrich shows that M must be non-compact.

The existence of Killing spinors not only puts restrictions on the Ricci curvature, but also on both the Riemannian and the Weyl curvature operators [BFGK91].

Proposition 32. Let (M^n, g) be a Riemannian spin manifold. Let ψ be a Killing spinor on M with Killing number α and let R, W : Λ^2M−→Λ^2M be the Riemann and Weyl curvature operators, respectively. Then for any vector field X and any 2-form β we have

W(β) · ψ = 0 ;

(16)

(∇_X W)(β) · ψ = −2α ( X W(β) ) · ψ ;

(17)

(R(β) + 4α^2β) · ψ = 0 ;

(18)

(∇_X R)(β) · ψ = −2α ( X R(β) + 4α^2β(X) ) · ψ .

(19)

2Here the standard terminology real and imaginary Killing spinors can be somewhat mislead-

ing. The Killing spinor ψ is usually a section of a complex spinor bundle. So a real Killing spinor just means that α is real.

These curvature equations can be used to prove (see [BFGK91] or [Fri00])

Theorem 33. Let (M^n, g) be a connected Riemannian spin manifold admitting a non-trivial Killing spinor with α ≠ 0. Then (M, g) is locally irreducible. Furthermore, if M is locally symmetric, or n ≤ 4, then M is a space of constant sectional curvature equal to 4α^2.

Friedrich’s main objective in [Fri80] was an improvement of Lichnerowicz’s estimate in [Lic63] for the eigenvalues of the Dirac operator. Indeed, Friedrich proves that the eigenvalues λ of the Dirac operator on any compact manifold satisfy the estimate

(20) λ^2 ≥ 1 4 ns_0 n − 1 , where s_0 is the minimum of the scalar curvature on M. Thus, Killing spinors ψ are eigenvectors that realize equality in equation (20). Friedrich also proves the converse that any eigenvector of D realizing the equality must be a Killing spinor with

(21) α = ± 1 2 √ s_0 n(n − 1) . Example 34. [Spheres] In the case of the round sphere (S^n, g_0) equality in equation (20) is always attained. So normalizing such that s_0 = n(n − 1), and using Bär’s Correspondence Theorem 38 below the number of corresponding real Killing spinors equals the number of constant spinors on R^{n+1} with the flat metric. The latter is well known (see the appendix of [PR88]) to be 2^{⌊n/2⌋} for each of the values α = ±^1_2 , where ⌊n/2⌋ is the largest integer less than or equal to n/2.

Remark 35. Actually (without making the connection to Sasakian geometry) already in [Fri80] Friedrich gives a non-spherical example of a compact 5-manifold with a real Killing spinor: M = SO(4)/SO(2) with its homogeneous Kobayashi- Tanno Sasaki-Einstein structure.

We now wish to relate Killing spinors to the main theme of this article, Sasakian geometry. First notice that if a Sasakian manifold M^{2n+1} admits a Killing spinor, Theorem 31 says it must be Sasaki-Einstein, so the scalar curvature s_0 = 2n(2n+1), and equation (21) implies that α = ±^1_2 . We have the following result of Friedrich and Kath [FK90]

Theorem 36. Every simply connected Sasaki-Einstein manifold admits non-trivial real Killing spinors. Furthermore,

(i) if M has dimension 4m + 1 then (M, g) admits exactly one Killing spinor for each of the values α = ±^1_2 , (ii) if M has dimension 4m + 3 then (M, g) admits at least two Killing spinors for one of the values α = ±^1_2 .

Outline of Proof. (Details can be found in [FK90] or the book [BFGK91].) Every simply connected Sasaki-Einstein manifold is known to be spin, so M has a spin bundle S(M). Given a fixed Sasakian structure S = (ξ, η, Φ, g) we consider two subbundles E_±(S) of S(M) defined by

(22) E_±(S) = {ψ ∈ S(M) | (±2ΦX + £_ξX) · ψ = 0, ∀X ∈ Γ(T M)} .

Set ∇^±_X = ∇_X ±^1_2 X · . A straightforward computation shows that ∇^± preserves the subbundles E_± and defines a connection there. Moreover, by standard curvature computations it can be shown that the connection ∇^± is flat in E_±(S). So it has covariantly constant sections which are precisely the Killing spinors. One then uses some representation theory of Spin(2n + 1) to compute the dimensions of E_+(S) and E_−(S) proving the result. □

We have the following:

Corollary 37. Let (M, g) be a Sasaki-Einstein manifold of dimension 2m+1. Then (M, g) is locally symmetric if and only if (M, g) is of constant curvature. Moreover, Hol(g) = SO(2m + 1) and (M, g) is locally irreducible as a Riemannian manifold.

Proof. If necessary, go to the universal cover M̃. This is a compact simply connected Sasaki-Einstein manifold; hence, it admits a non-trivial Killing spinor by Theorem 36. The first statement then follows from the Theorem 33. The second statement follows from the Berger Theorem 4. Since M has dimension 2m + 1 the only possibilities for Hol(g) are SO(2m + 1) and G_2. But the latter is Ricci flat, so it cannot be Sasaki-Einstein. □

Friedrich and Kath began their investigation in dimension 5 [FK89] where they showed that a simply-connected compact 5-manifold which admits a Killing spinor must be Sasaki-Einstein. In dimension 7 they showed that there are exactly three possibilities: weak G_2-manifolds, Sasaki-Einstein manifolds which are not 3-Sasakian, and 3-Sasakian manifolds [FK90]. Later Grunewald gave a description of 6-manifolds admitting Killing spinors [Gru90]. We should add an earlier result of Hijazi who showed that the only 8-dimensional manifold with Killing spinors must be the round sphere [Hij86]. By 1990 a decade of research by many people slowly identified all the ingredients of a classification of such manifolds in terms of their underlying geometric structures. The pieces of the puzzle consisting of round spheres in any dimension, Sasaki-Einstein manifolds in odd dimensions, nearly Kähler manifolds in dimension 6, and weak G_2-holonomy manifolds in dimension 7 were all in place with plenty of interesting examples to go around [BFGK91]. What remained at that stage was to show that in even dimensions greater than 8 there is nothing else but the round spheres, while in odd dimensions greater than 7 the only such examples must be Sasaki-Einstein. The missing piece of the puzzle was finally uncovered by Bär: real Killing spinors on M correspond to parallel spinors on the cone C(M) [Bär93]. A bit earlier Wang [Wan89] had shown that on a simply connected complete Riemannian spin manifold the existence of parallel spinors corresponds to reduced holonomy. This led Bär to an elegant description of the geometry of manifolds admitting real Killing spinors (in any dimension) in terms of special holonomies of the associated cones. We refer to the correspondence between real Killing spinors on M and parallel spinors on the cone C(M) (equivalently reduced holonomy) as Bär’s correspondence. In particular, this correspondence not only answered the last remaining open questions, but also allowed for simple unified proofs of most of the theorems obtained earlier.

7. Real Killing Spinors, Holonomy and Bär’s Correspondence

As mentioned the Bär correspondence relates real Killing spinors on a compact Riemannian spin manifold (M, g) to parallel spinors on the Riemannian cone (C(M), ḡ). We now make this statement precise.

Theorem 38. Let (M^n, g) be a complete Riemannian spin manifold and (C(M^n), ḡ) be its Riemannian cone. Then there is a one to one correspondence between real Killing spinors on (M^n, g) with α = ±^1_2 and parallel spinors on (C(M^n), ḡ).

Proof. The existence of a parallel spinor on (C(M^n), ḡ) implies that ḡ is Ricci flat by Theorem 31. Then by Lemma 2 (M^n, g) is Einstein with scalar curvature s = n(n − 1). So any Killing spinors must have α = ±^1_2 by equation (21). As in the proof of Theorem 36, ∇^±_X = ∇_X ±^1_2 X· defines a connection in the spin bundle S(M). The connection 1-forms ω^± of ∇^± are related to the connection 1-form ω of the Levi-Civita connection by ω^± = ω ±^1_2 β, where β is a 1-form called the soldering form. This can be interpreted as a connection with values in the Lie algebra spin(n + 1) = spin(n) ⊕ R^n, and pulls back to the Levi-Civita connection in the spin bundles on the cone (C(M^n), ḡ). So parallel spinors on the cone correspond to parallel spinors on (M, g) with respect to the connection ∇^± which correspond precisely to real Killing spinors with respect to the Levi-Civita connection. □

Now we have the following definition:

Definition 39. We say that a Riemannian spin manifold (M, g) is of type (p, q) if it carries exactly p linearly independent real Killing spinors with α > 0 and exactly q linearly independent real Killing spinors with α < 0.

The following theorem has an interesting history. As mentioned above it was Bär [Bär93] who recognized the correspondence between real Killing spinors on (M, g) and parallel spinors on the Riemannian cone (C(M), ḡ). The relation between parallel spinors and reduced holonomy was anticipated in the work of Hitchin [Hit74] and Bonan [Bon66], but was formalized in the 1989 paper of Wang [Wan89]. It has also been generalized to the non-simply connected case in [Wan95, MS00].

Theorem 40. Let (M^n, g) be a complete simply connected Riemannian spin manifold, and let Hol(ḡ) be the holonomy group of the Riemannian cone (C(M), ḡ). Then (M^n, g) admits a non-trivial real Killing spinor with (M^n, g) of type (p, q) if and only if ( dim M, Hol(ḡ), (p, q) ) is one of the 6 possible triples listed in the table below:

dim(M) Hol(ḡ) type (p, q) n id (2^{⌊n/2⌋}, 2^{⌊n/2⌋}) 4m + 1 SU(2m + 1) (1, 1) 4m + 3 SU(2m + 2) (2, 0) 4m + 3 Sp(m + 1) (m + 2, 0) 7 Spin(7) (1, 0) 6 G_2 (1, 1)

Here m ≥ 1, and n > 1.

Outline of Proof. Since (M, g) is complete and has a non-trivial real Killing spinor, it is compact by Theorem 31. It then follows from a theorem of Gallot [Gal79] that if the Riemannian cone (C(M), ḡ) has reducible holonomy it must be flat. So we can apply Berger’s Theorem 4. Now Wang [Wan89] used the spinor representations of the possible irreducible holonomy groups on Berger’s list to give the correspondence between these holonomy groups and the existence of parallel spinors. First he showed that the groups listed in Table 2 that are not on the above table do not admit parallel spinors. Then upon decomposing the spin representation of the group in question into irreducible pieces, the number of parallel spinors corresponds to the multiplicity of the trivial representation. Wang computes this in all but the first line of the table when (C(M), ḡ) is flat. In this case (M, g) is a round sphere as discussed in Example 34, so the number of linearly independent constant spinors is (2^{⌊n/2⌋}, 2^{⌊n/2⌋}). By Bär’s Correspondence Theorem 38 real Killing spinors on (M, g) correspond precisely to parallel spinors on (C(M), ḡ). Note that the hypothesis of completeness in Wang’s theorem [Wan89] is not necessary, so that the correspondence between the holonomy groups and parallel spinors holds equally well on Riemannian cones. However, the completeness assumption on (M, g) guarantees the irreducibility of the cone (C(M), ḡ) as mentioned above. □

Let us briefly discuss the types of geometry involved in each case of this theorem. As mentioned in the above proof the first line of the table corresponds to the round spheres. The next three lines correspond to Sasaki-Einstein geometry, so Theorem 40 generalizes the Friedrich-Kath Theorem 36 in this case. The last of these three lines corresponds precisely to 3-Sasakian geometry by Definition 19. Finally the two cases whose cones have exceptional holonomy will be discussed in more detail in Section 8.1 below. Suffice it here to mention that it was observed by Bryant and Salamon [BS89] that a cone on a nearly parallel G_2 manifold has its own holonomy in Spin(7). It is interesting to note that Theorem 40 generalizes the result of Hijazi in dimension eight mentioned earlier as well as part of the last statement in Theorem 33, namely

Corollary 41. Let (M^{2n}, g) be a complete simply connected Riemannian spin manifold of dimension 2n with n ≠ 3 admitting a non-trivial real Killing spinor. Then M is isometric to the round sphere.

We end this section with a brief discussion of the non-simply connected case. Here we consider two additional cases for Hol(ḡ), namely SU(2m + 2) ⋊ Z_2 and Sp(2) × Z_d. See [Wan95, MS00] for the list of possibilities.

Example 42. Hol(ḡ) = SU(2m) ⋊ Z_2. Consider the (4m − 1)-dimensional Stiefel manifold V_2(R^{2m+1}) with its homogeneous Sasaki-Einstein metric. The quotient manifold M^{4m−1}_σ of V_2(R^{2m+1}) by the free involution σ induced from complex conjugation has an Einstein metric which is “locally Sasakian”. The cone C(M^{4m−1}_σ ) is not Kähler and its holonomy is Hol(ḡ) = SU(2m + 2) ⋊ Z_2. According to Wang [Wan95] C(M^{4m−1}_σ ) admits a spin structure with precisely one parallel spinor if and only if m is even, and according to Moroianu and Semmelmann [MS00] C(M^{4m−1}_σ ) admits exactly two spin structures each with precisely one parallel spinor if m is even. Thus, by Theorem 38 M^{4m−1}_σ admits exactly two spin structures each with exactly one Killing spinor if and only if m is even.

Example 43. Consider a 3-Sasakian manifold (M^{4n−1}, S) and choose a Reeb vector field ξ(τ ). Let C_m be the cyclic subgroup of order m > 2 of the circle group generated by ξ(τ ). Assume that m is relatively prime to the order υ(S) of S and that the generic fibre of the fundamental 3-dimensional foliation F_Q is SO(3), so that C_m acts freely on M^{4n−1}. This last condition on the generic fibre is easy to satisfy; for example, it holds for any of the 3-Sasakian homogeneous spaces other than the standard round sphere, as well as the bi-quotients described in [BGM94]. (To handle the case when the generic fibre is Sp(1) we simply need to divide m by two when it is even). Since C_m is not in the center of SO(3), the quotient M^{4n−1}/C_m is not 3-Sasakian. However, C_m does preserve the Sasakian structure determined by ξ(τ ), so M^{4n−1}/C_m is Sasaki-Einstein. The cone C(M^{4n−1}/C_m) has holonomy Sp(n) × Z_m, and admits precisely^{n+1}_m parallel spinors if and only if m divides n + 1 [Wan95, MS00]. Thus, by Theorem 38 M^{4n−1}/C_m admits precisely n+1 m Killing spinors when m divides n + 1.

8. Geometries Associated with 3-Sasakian 7-manifolds

It is most remarkable that to each 4n-dimensional positive QK metric (O, g_O) (even just locally) one can associate nine other Einstein metrics in dimensions 4n+k, k = 1, 2, 3, 4. Alternatively, one could say that each 3-Sasakian metric (M, g) canonically defines an additional nine Einstein metrics in various dimensions. We have already encountered all of these metrics. First there are the four geometries of the diamond diagram ♦(M, S). Then M and Z admit additional “squashed” Einstein metrics discussed in Theorem 22. Thus we get five Einstein metrics with positive Einstein constants: (O, g_O), (M, g), (M^′, g^′), (Z, h), (Z^′, h^′). Of course M ≃ M^′ and Z ≃ Z^′ as smooth manifolds (orbifolds) but they are different as Riemannian manifolds (orbifolds), hence, the notation. Let us scale all these metrics so that the Einstein constant equals the dimension of the total space minus 1. Note that any 3-Sasakian metric already has this property. In the other four cases this is a choice of scale which is quite natural due to Lemma 2. However, note that this is not the scale one gets for (Z, h), and (O, g_O) via the Riemannian submersion from (M, g). Now, in each case one can consider its Riemannian cone which will be Ricci-flat by Lemma 2. We thus obtain five Ricci-flat metrics on the corresponding Riemannian cones. In addition, one can also take (iterated) sine-cone metrics defined in (1) on the same five bases. These metrics are all Einstein of positive scalar curvature (cf. Lemma 3). Let us summarize all this with the following extension of ♦(M, S):

(23) C(Z^′) Z^′� � � � � � � M^′ � � � � � � � C(M ′)

O � � � C(O)

C(Z) Z� � �

� � � � � M �

� � � � � � � � C(M)

There would perhaps be nothing special about all these 10 (and many more by iterating sine-cone construction) geometries beyond what has already been discussed in the previous sections. This is indeed true when dim(M) > 7. However, when dim(M) = 7, or, alternatively, when O is a positive self-dual Einstein orbifold metric (more generally, just a local metric of this type) some of the metrics occurring in diagram (23) have additional properties. We shall list all of them first. For the moment, let us assume that (M, g) is a compact 3-Sasakian 7-manifold, then the following hold:

(1) (O, g_O) is a positive self-dual Einstein manifold (orbifold). We will think of it as the source of all the other geometries.

(2) (C(O), dt^2 + t^2g_O) is a 5-dimensional Ricci-flat cone with base O. (3) (Z, h) is the orbifold twistor space of O. (4) (Z^′, h^′) is a nearly-Kähler manifold (orbifold). (5) (M, g) is the 3-Sasakian manifold.

(6) (M^′, g^′) is a 7-manifold with weak G_2 structure. (7) (C(Z^′), dt^2 + t^2h^′) is a 7-manifold with holonomy inside G_2. (8) (C_s(Z^′), dt^2 + (sin^2 t)h^′) is a 7-manifold with weak G_2 structure. (9) (C(Z), dt^2 + t^2h) is a 7-dimensional Ricci-flat cone with base Z. (10) (C(M), dt^2 + t^2g) is hyperkähler with holonomy contained in Sp(2). (11) (C(M^′), dt^2 + t^2g^′) has holonomy contained in Spin(7).

The cases (2) and (8) do not appear to have any special properties other than Ricci-flatness. The cases (1), (3), (5), and (10) are the four geometries of ♦(M, S). The five remaining cases are all very interesting from the point of view of the classification of Theorem 40. Indeed Z^′ and C(Z^′) are examples of the structures listed in the last row of the table while C_2(Z^′), M^′ and C(M^′) give examples of the structures listed in the fifth row. In particular, our diagram (23) provides for a cornucopia of the orbifold examples in the first case and smooth manifolds in the latter.

8.1. Nearly Parallel G_2-Structures and Spin(7) Holonomy Cones. Recall, that geometrically G_2 is defined to be the Lie group acting on the imaginary octonions R^7 and preserving the 3-form φ = α_1 ∧ α_2 ∧ α_3 + α_1 ∧ (α_4 ∧ α_5 − α_6 ∧ α_7) + α_2 ∧ (α_4 ∧ α_6 − α_7 ∧ α_5) + α_3 ∧ (α_4 ∧ α_7 − α_5 ∧ α_6),

(24)

where {α_i}^7_{i=1} is a fixed orthonormal basis of the dual of R^7. A G_2 structure on a 7-manifold M is, by definition, a reduction of the structure group of the tangent bundle to G_2. This is equivalent to the existence of a global 3-form φ ∈ Ω^3(M) which may be written locally as 24. Such a 3-form defines an associated Riemannian metric, an orientation class, and a spinor field of constant length.

Definition 44. Let (M, g) be a complete 7-dimensional Riemannian manifold. We say that (M, g) is a nearly parallel^3 G_2 structure if there exist a global 3-form φ ∈ Ω^3(M) which locally can be written in terms of a local orthonormal basis as in 24, and dφ = c ⋆ φ, where ⋆ is the Hodge star operator associated to g and c ≠ 0 is a constant whose sign is fixed by an orientation convention.

The case c = 0 in Definition 44 is somewhat special. In particular, it is known [Sal89] that the condition dφ = 0 = d ⋆ φ is equivalent to the condition that φ be parallel, i.e., ∇φ = 0 which is equivalent to the condition that the metric g has

3It had become customary to refer to this notion as ‘weak holonomy G2’, a terminology in-

troduced by Gray [Gra71]. However, it was pointed out to us by the anonomous referee that this terminology is misleading due to the fact that Gray’s paper contains errors rendering the concept of weak holonomy useless as discovered by Alexandrov [Ale05]. Hence, the term ‘nearly parallel’ used in [FKMS97] is preferred.

holonomy group contained in G_2. The following theorem provides the connection with the previous discussion on Killing spinors [Bär93]

Theorem 45. Let (M, g) be a complete 7-dimensional Riemannian manifold with a nearly parallel G_2 structure. Then the holonomy Hol(ḡ) of the metric cone (C(M), ḡ) is contained in Spin(7). In particular, C(M) is Ricci-flat and M is Einstein with positive Einstein constant λ = 6.

Remark 46. The sphere S^7 with its constant curvature metric is isometric to the isotropy irreducible space Spin(7)/G_2. The fact that G_2 leaves invariant (up to constants) a unique 3-form and a unique 4-form on R^7 implies immediately that this space has a nearly parallel G_2 structure.

Definition 47. Let (M, g) be a complete 7-dimensional Riemannian manifold. We say that g is a proper G_2-metric if Hol(ḡ) = Spin(7).

We emphasize here that G_2 is the structure group of M, not the Riemannian holonomy group. Specializing Theorem 40 to dimension 7 gives the following theorem due to Friedrich and Kath [FK90].

Theorem 48. Let (M^7, g) be a complete simply-connected Riemannian spin manifold of dimension 7 admitting a non-trivial real Killing spinor with α > 0 or α < 0. Then there are four possibilities:

(i) (M^7, g) is of type (1, 0) and it is a proper G_2-manifold, (ii) (M^7, g) is of type (2, 0) and it is a Sasaki-Einstein manifold, but (M^7, g) is not 3-Sasakian, (iii) (M^7, g) is of type (3, 0) and it is 3-Sasakian, (iv) (M^7, g) = (S^7, g_{can}) and is of type (8, 8).

Conversely, if (M^7, g) is a compact simply-connected proper G_2-manifold then it carries precisely one Killing spinor with α > 0. If (M^7, g) is a compact simplyconnected Sasaki-Einstein 7-manifold which is not 3-Sasakian then M carries precisely 2 linearly independent Killing spinors with α > 0. Finally, if (M^7, g) is a 3-Sasakian 7-manifold, which is not of constant curvature, then M carries precisely 3 linearly independent Killing spinors with α > 0.

Remark 49. The four possibilities of the Theorem 48 correspond to the sequence of inclusions Spin(7) ⊃ SU(4) ⊃ Sp(2) ⊃ 1l .

All of the corresponding cases are examples of nearly parallel G_2 metrics. If we exclude the trivial case when the associated cone is flat, we have three types of nearly parallel G_2 geometries. Following [FKMS97] we use the number of linearly independent Killing spinors to classify these geometries, and call them type I, II, and III corresponding to cases (i), (ii), and (iii) of Theorem 48, respectively.

We are now ready to describe the G_2 geometry of the M^′ → C(M^′) part of Diagram 23 [GS96, FKMS97]:

Theorem 50. Let (M, S) be a 7-dimensional 3-Sasakian manifold. Then the 3- Sasakian metric g is a nearly parallel G_2 metric. Moreover, the second Einstein metric g^′ given by Theorem 22 and scaled so that the Einstein constant λ = 6 is a nearly parallel G_2 metric; in fact, it is a proper G_2 metric.

Proof. For the second Einstein metric g^′ we have three mutually orthonormal 1- forms α^1 = √ tη^1, α^2 = √ tη^2, α^3 = √ tη^3, where t is the parameter of the canonical variation. Let {α^4, α^5, α^6, α^7} be local 1-forms spanning the annihilator of the vertical subbundle V_3 in T^∗S such that Φ̄^1 = 2(α^4 ∧ α^5 − α^6 ∧ α^7) ,

Φ̄^2 = 2(α^4 ∧ α^6 − α^7 ∧ α^5) ,

Φ̄^3 = 2(α^4 ∧ α^7 − α^5 ∧ α^6) .

Then the set {α^1, . . . , α^7} forms a local orthonormal coframe for the metric g^′. Let

(25) Υ = η_1 ∧ η_2 ∧ η_3 , Θ = ∑ a η_a ∧ Φ̄_a = ∑ a η_a ∧ dη_a + 6Υ

In terms of the 3-forms Υ and Θ we have φ =^1_2 √ tΘ + √ t^3Υ. One easily sees that this is of the type of equation (24) and, therefore, defines a compatible G_2-structure. Moreover, a straightforward computation gives

dφ = 1 2 √ tΩ + √ t(t + 1)dΥ, ⋆φ = − 1 2 tdΥ − 1 24 Ω . Thus, dφ = c ⋆ φ is solved with √ t = 1/ √ 5, and c = −12/ √ 5. So g^′ is nearly parallel. That g^′ is a proper G_2 metric is due to [FKMS97]. The idea is to use Theorem 48. Looking at the four possibilities given in that theorem, we see that it suffices to show that g^′ is not Sasaki-Einstein. The details are in [FKMS97]. □

Example 51. 3-Sasakian 7-manifolds are plentiful [BG07]. All of them give, by Theorem 50, examples of type I and type III geometries. Examples of simply connected type I geometries that do not arise via Theorem 50 are the homogeneous Aloff-Wallach spaces M^7_{m,n}, (m, n) ≠ (1, 1) which, as special cases of Eschenburg bi-quotients [CMS96, BFGK91], are together with an isotropy irreducible homogeneous space defined as follows: Consider the space H_2 of homogeneous polynomials of degree 2 in three real variables (x_1, x_2, x_3). As dim(H_2) = 5 it gives rise to the embedding SO(3) ⊂ SO(5). We take M = SO(5)/SO(3). This example was used by Bryant to get the first 8-dimensional metric with holonomy Spin(7) [Bry87]. Examples of type II geometries (Sasaki-Einstein) are equally rich [BG07]. In particular, there are hundreds of examples of type II nearly parallel G_2 metrics on each of the 28 homotopy spheres in dimension 7.

Remark 52. According to [CMS96] the Aloff-Wallach manifold M^7_{1,1} has three Einstein metrics. One is the homogeneous 3-Sasakian metric. The second is the proper G_2 metric of Theorem 50. The third Einstein metric is also nearly parallel most likely being of type I, but we could not positively exclude type II as a possibility.

Open Problem 53. Classify all compact 7-manifolds with nearly parallel G_2 structures of type I, II, or III, respectively.

The classification of type III consists of the classification of all compact 3- Sasakian 7-manifolds. This is probably very hard. The case of 3-Sasakian 7- manifolds with vanishing aut(M, S) appears quite difficult. The type II classification (7-dimensional Sasaki-Einstein manifolds which are not 3-Sasakian) is clearly completely out of reach at the moment. A classification of proper nearly parallel

G_2 structures on a compact manifold that do not arise via Theorem 50 would be very interesting and it is not clear how hard this problem really is.

Remark 54. The holonomy Spin(7) cone metrics are plentiful but never complete. However, some of these metrics can be deformed to complete holonomy Spin(7) ones on non compact manifolds. The first example was obtained by Bryant and Salamon who observed that the spin bundle over S^4 with its canonical metric carries a complete metric with holonomy Spin(7) [BS89]. Locally the metric was later considered also in [GPP90]. More generally, spin orbibundles over positive QK orbifolds also carry such complete orbifold metrics as observed by Bryant and Salamon in [BS89]. Other complete examples were constructed later by physicists [CGLP02, CGLP04, KY02a, KY02b]. Finally, the first compact examples were obtained in 1996 by Joyce [Joy96a, Joy99]. See Joyce’s book [Joy00] for an excellent detailed exposition of the methods and the discussion of examples.

Open Problem 55. [Complete metrics on cones] Let (M^7, S) be any 3- Sasakian 7-manifold and let (M^7, g^′) be the associated proper nearly parallel G_2 squashed metric. Consider the two Riemannian cones for these metrics.

(i) When does the metric cone (C(M), dt^2 + t^2g^′) admit complete holonomy Spin(7) deformations?

(ii) When does the metric cone (C(M), dt^2 + t^2g) admit complete holonomy Sp(2) (hyperkähler) deformations?

In other dimensions one also could ask the following more general questions:

(iii) Let (M^{4n+3}, S) be a compact 3-Sasakian manifold. When does the metric cone (C(M), dt^2 + t^2g) admit complete hyperkähler (or just Calabi-Yau) deformations?

(iv) Let (M^{2n+1}, S) be a compact Sasaki-Einstein manifold. When does the metric cone (C(M), dt^2 + t^2g) admit complete Calabi-Yau deformations?

(v) Let (M^7, g) be a compact nearly parallel G_2-manifold. When does the metric cone (C(M), dt^2 +t^2g) admit complete holonomy Spin(7) deformations?

(vi) Let (M^6, g) be a compact strict nearly Kähler manifold. When does the metric cone (C(M), dt^2 + t^2g) admit complete holonomy G_2 deformations?

The metric on the spin bundle S(S^4) by Bryant and Salamon is a deformation of the Spin(7) holonomy metric on the cone over the squashed metric on S^7 [CGLP02, CGLP04], so there are examples of such deformations regarding question (i). Regarding (ii), we recall that every compact 3-Sasakian 3-manifold is isometric to S^3/Γ and the metric cone is the flat cone C^2/Γ. Hence, one could think of (ii) as a 7-dimensional analogue of a similar problem whose complete solution was given by Kronheimer [Kro89a]. There are non-trivial examples also in the higher dimensional cases. The metric cone on the homogeneous 3-Sasakian manifold S(1, 1, 1) of [BGM94] admits complete hyperkähler deformations, namely the Calabi metric on T^∗CP^2. We do not know of any other examples at the moment. In case (iv) of the Calabi-Yau cones on Sasaki-Einstein manifolds, however, there are many such examples. Futaki very recently proved that such a complete Calabi-Yau metric exists for all the regular toric Sasaki-Einstein manifolds of Section 5 [Fut07]. In such cases the metric can be thought of as a complete Ricci-flat Kähler metric on the canonical bundle over a toric Fano manifold. Futaki’s result should generalize to the case of toric log Fano orbifolds.

8.2. Nearly Kähler 6-Manifolds and G_2 Holonomy Cones. In this section we explain the geometry of the Z^′ → C(Z^′) part of the diagram 23. Before we specialize to dimension 6 we begin with a more general introduction. Nearly Kähler manifolds were first studied by Tachibana in [Tac59] and they appear under the name of almost Tachibana spaces in Chapter VIII of the book [Yan65]. They were then rediscovered by Gray [Gra70] and given the name nearly Kähler manifolds which by now is the accepted name.

Definition 56. A nearly Kähler manifold is an almost Hermitian manifold (M, g, J, ω) such that (∇_X J)X = 0 for all tangent vectors X, where ∇ is the Levi- Civita connection and J is the almost complex structure. One says that a nearly Kähler manifold is strict if it is not Kähler.

This definition is equivalent to the condition

(26) (∇_X J)Y + (∇_Y J)X = 0

for all vector fields X, Y, which is to say that J is a Killing tensor field. An alternative characterization of nearly Kähler manifolds is given by

Proposition 57. An almost Hermitian manifold (M, g, J, ω) is nearly Kähler if and only if

∇ω = 1 3 dω .

In particular, a strict nearly Kähler structure is never integrable.

Any nearly Kähler manifold can be locally decomposed as the product of a Kähler manifold and a strict nearly Kähler manifold. Such a decomposition is global in the simply connected case [Nag02b]. Hence, the study of nearly Kähler manifolds reduces to the case of strict ones. In addition every nearly Kähler manifold in dimension 4 must be Kähler so that the first interesting dimension is six.

The following theorem establishes relationship between the twistor space Z−→O of a quaternionic Kähler manifold (orbifold) and nearly Kähler geometry.

Theorem 58. Let π : (Z, h)−→(O, g_O) be the twistor space of a positive QK manifold with its Kähler structure (J, h, ω_h). Then Z admits a strict nearly Kähler structure (J_1, h_1, ω_{h1} ). If T M = V ⊕ H is the natural splitting induced by π then

(27) h|_V = 2h_1|_V , h|_H= h_1|_H= π^∗(g_O) ,

(28) J|_V = −J_1|_V , J|_H= J_1|_H .

Theorem 58 is due to Eells and Salamon [ES83] when O is 4-dimensional. The higher dimensional analogue was established in [AGI98] (see also [Nag02b]).

Remark 59. Observe that the metric of the nearly Kähler structure of Theorem 58, in general, is not Einstein. In particular, h_1 is not the squashed metric h^′ introduced in the diagram 23, unless dim(Z) = 6. In six dimensions, we can scale h_1 so that it has scalar curvature s = 30 and then indeed h_1 = h^′ as one can easily check.

Definition 60. Let M = G/H be a homogeneous space. We say that M is 3- symmetric if G has an automorphism σ of order 3 such that G^σ_0 ⊂ H ⊂ G^σ , where G^σ is the fixed point set of σ and G^σ_0 is the identity component in G^σ_0 .

We have the following two theorems concerning nearly Kähler homogeneous Riemannian manifolds. The first is due to Wolf and Gray in all dimensions but six [WG68a, WG68b]. They also conjectured that the result is true for strict nearly Kähler 6-manifolds. The Wolf-Gray conjecture was proved quite recently by Butruille [But05, But06] which is the second theorem below.

Theorem 61. Every compact homogeneous strict nearly Kähler manifold M of dimension different than 6 is 3-symmetric.

Theorem 62. Let (M, g) be a strict nearly Kähler 6-dimensional Riemannian homogeneous manifold. Then M is isomorphic as a homogeneous space to a finite quotient of G/H, where G and H are one of the following:

(1) G = SU(2) × SU(2) and H = {id};

(2) G = G_2 and H = SU(3), where metrically G/H = S^6 the round sphere; (3) G = Sp(2) and H = SU(2)U(1), where G/H = CP^3 with its nearly Kähler metric determined by Theorem 58;

(4) G = SU(3) and H = T^2, where G/H is the flag manifold with its nearly Kähler metric determined by Theorem 58.

Each of these manifolds carries a unique invariant nearly Kähler structure, up to homothety.

In every dimension, the only known compact examples of nearly Kähler manifolds are 3-symmetric. On the other hand, Theorem 58 can be easily generalized to the case of orbifolds so that there are plenty examples of compact inhomogeneous strict nearly Kähler orbifolds in every dimension.

Theorem 63. Let M be a compact simply-connected strict nearly Kähler manifold. Then, in all dimensions, as a Riemannian manifold M decomposes as a product of (1) 3-symmetric spaces, (2) twistor spaces of positive QK manifolds Q such that Q is not symmetric, (3) 6-dimensional strict nearly Kähler manifold other than the ones listed in Theorem 62.

This theorem is due to Nagy [Nag02a], but our formulation uses the result of Butruille together with the fact that the twistor spaces of all symmetric positive QK manifolds are 3-symmetric. The LeBrun-Salamon conjecture can now be phrased as follows

Conjecture 64. Any compact simply connected strict irreducible nearly Kähler manifold (M, g) of dimension greater than 6 must be a 3-symmetric space.

In particular, the Conjecture 64 is automatically true in dimensions 4n because of Nagy’s classification theorem and also true in dimensions 10 and 14 because all positive QK manifolds in dimension 8 and 12 are known. The third case leads to an important

Open Problem 65. Classify all compact strict nearly Kähler manifolds in dimension 6.

Dimension six is special not just because of the rôle it plays in Theorem 63. They have several remarkable properties which we summarize in the following theorem.

Theorem 66. Let (M, J, g, ω_g) be a compact strict nearly Kähler 6-manifold. Then

(i) The metric g is Einstein of positive scalar curvature. (ii) c_1(M) = 0 and w_2(M) = 0.

(iii) If g is scaled so it has Einstein constant λ = 5 then the metric cone (C(M), dt^2t + t^2g) has holonomy contained in G_2. In particular, C(M) is Ricci-flat.

The first property is due to Matsumoto [Mat72] while the second is due to Gray [Gra76]. The last part is due to Bär [Bär93]. In fact, nearly Kähler 6-manifolds is the geometry of the last row of the table of Theorem 40. More precisely we have the following theorem proved by Grunewald [Gru90]:

Theorem 67. Let (M^6, g) be a complete simply connected Riemannian spin manifold of dimension 6 admitting a non-trivial Killing spinor with α > 0 or α < 0. Then there are two possibilities:

(i) (M, g) is of type (1, 1) and it is a strict nearly Kähler manifold, (ii) (M, g) = (S^6, g_{can}) and is of type (8, 8).

Conversely, if (M, g) is a compact simply-connected strict nearly Kähler 6-manifold of non-constant curvature then M is of type (1, 1).

Compact strict nearly Kähler manifolds with isometries were investigated in [MNS05] where it was shown that

Theorem 68. Let (M, J, g, ω_g) be a compact strict nearly Kähler 6-manifold. If M admits a unit Killing vector field, then up to finite cover M is isometric to S^3 × S^3 with its standard nearly Kähler structure.

Remark 69. The first example of a non-trivial G_2 holonomy metric was found by Bryant [Bry87], who observed that a cone on the complex flag manifold U(3)/T^3 carries an incomplete metric with G_2-holonomy. The flag U(3)/T^3 is the twistor space of the complex projective plane CP^2 and as such it also has a strict nearly Kähler structure. As explained in this section, this therefore is just one possible example. One gets such non-trivial metrics also for the cones with bases CP^3 and S^3 × S^3 with their homogeneous strict nearly Kähler structures. Interestingly, in some cases there exist complete metrics with G_2 holonomy which are smooth deformations of the asymptotically conical ones. This fact was noticed by Bryant and Salamon [BS89] who constructed complete examples of G_2 holonomy metrics on bundles of self-dual 2-forms over CP^2 and S^4. Replacing the base with any positive QK orbifold O gives complete (in the orbifold sense) metrics on orbibundles of selfdual 2-forms over O. Locally some of these metrics were considered in [San03]. More complete examples of explicit G_2 holonomy metrics on non-compact manifolds were obtained by Salamon [Sal04]. G_2 holonomy manifolds with isometric circle actions were investigated by Apostolov and Salamon [AS04]. The first compact examples are due to the ground breaking work of Joyce [Joy96b].

9. Geometries Associated with Sasaki-Einstein 5-manifolds

Like 3-Sasakian manifolds Sasaki-Einstein 5-manifolds are naturally associated to other geometries introduced in the previous section. Of course, each such space (M^5, S) comes with its Calabi-Yau cone (C(M), ḡ) and, if the Sasaki-Einstein structure S is quasi-regular, with its quotient log del Pezzo surface (Z, h). But as it turns out, there are two more Einstein metrics associated to g. The examples of this section also illustrate how the Theorem 40 and Bär’s correspondence break down when (M, g) is a manifold with Killing spinors which is, however, not complete.

We begin by describing a relation between 5-dimensional Sasaki-Einstein structures and six-dimensional nearly Kähler structures which was uncovered recently in [FIMU06]. This relation involves the sine-cones of Definition 1. We use the notation ḡ_s to distinguish the sine-cone metric from the usual Riemannian cone metric ḡ. Of course this metric is not complete, but one can compactify M obtaining a very tractable stratified space M̄ = N ×[0, π] with conical singularities at t = 0 and t = π. Observe the following simple fact which shows that the Riemannian cone on a sine cone is always a Riemannian product.

Lemma 70. Let (M, g) be a Riemannian manifold. Then the product metric ds^2 = dx^2 + dy^2 + y^2g on R × C(M) can be identified with the iterated cone metric on C(C_s(M)).

Proof. Consider the map R^+ × (0, π)−→R × R^+ given by polar coordinate change (r, t) → (x, y) = (r cos t, r sin t), where r > 0 and t ∈ (0, π). We get

ds^2 = dx^2 + dy^2 + y^2g = dr^2 + r^2dt^2 + r^2 sin^2 tg = dr^2 + r^2(dt^2 + sin^2 tg) . □

So the iterated Riemannian cone (C(C_s(M)), ds^2) has reducible holonomy 1 × Hol(C(M)). This leads to

Corollary 71. Let (N, g) be a Sasaki-Einstein manifold of dimension 2n+1. Then the sine-cone C_s(N) with the metric ḡ_s = dr^2 + (sin^2 r)g is Einstein with Einstein constant 2n + 1.

We are particularly interested in the case n = 2. Compare Lemma 70 with the following result in [Joy00], Propositions 11.1.1-2:

Proposition 72. Let (M^4, g_4) and (M^6, g_6) be Calabi-Yau manifolds. Let (R^3, ds^2 = dx^2 + dy^2 + dz^2) and (R, ds^2 = dx^2) be the Euclidean spaces. Then (1) (R^3 × M^4, g = ds^2 + g_4) has a natural G_2 structure and g has holonomy Hol(g) ⊂ 1l_3 × SU(2) ⊂ G_2, (2) (R × M^6, g = ds^2 + g_6) has a natural G_2 structure and g has holonomy Hol(g) ⊂ 1 × SU(3) ⊂ G_2.

As long as (M^4, g_4) and (M^6, g_6) are simply connected then the products R^3×M^4 and R×M^6 are simply connected G_2-holonomy manifolds with reducible holonomy groups and parallel Killing spinors. Note that this does not violate Theorem 40 as these spaces are not Riemannian cones over complete Riemannian manifolds. Using (ii) of Proposition 72 we obtain the following corollary of Theorem 3 first obtained in [FIMU06]

Corollary 73. Let (N^5, g) be a Sasaki-Einstein manifold. Then the sine cone C_s(N^5) = N^5 × (0, π) with metric ḡ_s is nearly Kähler of Einstein constant λ = 5. Furthermore ḡ_s approximates pure SU(3) holonomy metric near the cone points.

Using Corollary 73 we obtain a host of examples of nearly Kähler 6-manifolds with conical singularities by choosing N^5 to be any of the Sasaki-Einstein manifolds constructed in [BGN03, BGN02, BG03, Kol07, Kol05, GMSW04b, GMSW04a, CLPP05, FOW06, CFO07]. For example, in this way we obtain nearly-Kähler metrics on N × (0, π) where N is any Smale manifold with a Sasaki-Einstein metric such as S^5 or k(S^2 × S^3), etc. Note that every simply connected strict nearly Kähler manifold has exactly two real Killing spinors. So as long as N^5 is simply connected C_s(N^5) will have two real Killing spinors. Using Theorem 3 the Sasaki- Einstein metrics constructed in [BG00, BGK05, BGKT05, GK05, BG06] in all odd dimensions also give new Einstein metrics on C_s(N^{2n+1}). For example, one obtains many positive Einstein metrics on Σ^{2n+1} × (0, π) where Σ^{2n+1} is any odd dimensional homotopy sphere bounding a parallelizable manifold. Of course, there are no Killing spinors unless n = 2. Returning to the case of dimension 6, a somewhat more general converse has been obtained in [FIMU06], namely

Theorem 74. Any totally geodesic hypersurface N^5 of a nearly Kähler 6-manifold M^6 admits a Sasaki-Einstein structure.

The method in [FIMU06] uses the recently developed notion of hypo SU(2) structure due to Conti and Salamon [CS06]. The study of sine cones appears to have originated in the physics literature [BM03, ADHL03], but in one dimension higher. Now recall the following result of Joyce (cf. [Joy00], Propositions 13.1.2-3)

Proposition 75. Let (M^6, g_6) and (M^7, g_7) be Calabi-Yau and G_2-holonomy manifolds, respectively. Let (R^2, ds^2 = dx^2 + dy^2) and (R, ds^2 = dx^2) be Euclidean spaces. Then

(1) (R^2 ×M^6, g = ds^2 +g_6) has a natural Spin(7) structure and g has holonomy Hol(g) ⊂ 1l_2 × SU(3) ⊂ Spin(7), (2) (R × M^7, g = ds^2 + g_7) has a natural Spin(7) structure and g has holonomy Hol(g) ⊂ 1 × G_2 ⊂ Spin(7).

Again, if (M^6, g_6) and (M^7, g_7) are simply connected so are the Spin(7)-manifolds R^2 ×M^6 and R×M^7 so that they have parallel spinors. Not surprisingly, in view of Lemma 70 and Proposition 75, the sine cone construction now relates strict nearly Kähler geometry in dimension 6 to nearly parallel G_2 geometry in dimension 7. More precisely [BM03]

Theorem 76. Let (N^6, g) be a strict nearly Kähler 6-manifold such that g has Einstein constant λ_6 = 5. Then the manifold C_s(N) = N^6 × (0, π) with its sine cone metric ḡ_s has a nearly parallel G_2 structure with Einstein constant λ_7 = 6 and it approximates pure G_2 holonomy metric near the cone points.

Proof. Just as before, starting with (N^6, g_6) we consider its metric cone C(N^6) with the metric ḡ = dy^2 + y^2g_6 and the product metric g_8 on R × C(N^6). With the above choice of the Einstein constant we see that g_8 = dx^2 + dy^2 + y^2g_6 must have holonomy Hol(g_8) ⊂ 1 × G_2 ⊂ Spin(7). By Lemma 70 g_8 is a metric cone on the metric g_7 = dt^2 + sin^2 tg_6, which must, therefore, have weak G_2 holonomy and the Einstein constant λ_7 = 6. □

Again, any simply connected weak G_2-manifold has at least one Killing spinor. That real Killing spinor on C_s(N^6) will lift to a parallel spinor on C(C_s(N^6)) = R × C(N^6) which is a non-complete Spin(7)-manifold of holonomy inside 1 × G_2. One can iterate the two cases by starting with a compact Sasaki-Einstein 5-manifold N^5 and construct either the cone on the sine cone of N^5 or the sine cone on the sine cone of N^5 to obtain a nearly parallel G_2 manifold. We list the Riemannian manifolds coming from this construction that are irreducible.

Proposition 77. Let (N^5, g_5) be a compact Sasaki-Einstein manifold which is not of constant curvature. Then the following have irreducible holonomy groups:

(1) the manifold C(N^5) with the metric g_6 = dt^2 + t^2g_5 has holonomy SU(3); (2) the manifold C_s(N^5) = N^5 × (0, π) with metric g_6 = dt^2 + sin^2 t g_5 is strict nearly Kähler;

(3) the manifold C_s(C_s(N^5)) = N^5 × (0, π) × (0, π) with the metric g_7 = dα^2 + sin^2 α(dt^2 + sin^2 t g_5) has a nearly parallel G_2 structure.

In addition we have the reducible cone metrics: C(C_s(N^5)) = R × C(N^5) has holonomy in 1×SU(3) ⊂ G_2 and C(C_s(C_s(N^5))) = R×C(C_s(N^5)) = R×R×C(N^5) has holonomy 1l_2 ×SU(3) ⊂ 1×G_2 ⊂ Spin(7). If N^5 is simply connected then G_5, g_6 and g_7 admit two Killing spinors. For a generalization involving conformal factors see [MO07].

Remark 78. Recall Remark 49. Note that when a nearly parallel G_2 metric is not complete then the type I-III classification is no longer valid. The group Spin(7) has other subgroups than the ones listed there and we can consider the following inclusions of (reducible) holonomies Spin(7) ⊃ G_2 × 1 ⊃ SU(3) × 1l_2× ⊃ SU(2) × 1l_3 ⊃ 1l_8 .

According to the Friedrich-Kath Theorem 48 the middle three cannot occur as holonomies of Riemannian cones of complete 7-manifolds with Killing spinors. But as the discussion of this section shows, they most certainly can occur as holonomy groups of Riemannian cones of incomplete nearly parallel G_2 metrics. These metrics can be still separated into three types depending on the holonomy reduction: say the ones that come from strict nearly Kähler manifolds are generically of type I_s while the ones that come from Sasaki-Einstein 5-manifolds via the iterated sine cone construction are of type II_s and of type III_s when H ⊂ SU(3) is some proper non-trivial subgroup. On the other hand, it is not clear what is the relation between the holonomy reduction and the actual number of Killing spinors one gets in each case.

10. Geometric Structures on Manifolds and Supersymmetry

The intricate relationship between supersymmetry and geometric structures on manifolds was recognized along the way the physics of supersymmetry slowly evolved from its origins: first globally supersymmetric field theories (70ties) arose, later came supergravity theory (80ties), which evolved into superstring theory and conformal field theory (late 80ties and 90ties), and finally into M-Theory and the supersymmetric branes of today. At every step the “first” theory would quickly led to various generalizations creating many different new ones: so it is as if after discovering plain vanilla ice cream one would quickly find oneself in an Italian ice cream parlor confused and unable to decide which flavor was the right choice for the hot afternoon. This is a confusion that is possibly good for one’s sense of taste, but many physicists believe that there should be just one theory, the Grand Unified Theory which describes our world at any level.^4 An interesting way out of this conundrum is to suggest that even if two theories appear to be completely different,

4Actually, string theory of today appears to offer a rather vast range of vacua (or possible

universes). Such possible predictions have been nicknamed the string landscape [Sus03]. This fact has been seen as a drawback by some, but not all, physicists (see more recent discussion on

if both are consistent and admissible, they actually do describe the same physical world and, therefore, they should be dual to one another in a certain sense. This gave rise to various duality conjectures such as the Mirror Symmetry Conjecture or the AdS/CFT Duality Conjecture.

The first observation of how supersymmetry can restrict the underlying geometry was due to Zumino [Zum79] who discovered that globally N = 1 supersymmetric σmodels in d = 4 dimensions require that the bosonic fields (particles) of the theory are local coordinates on a Kähler manifold. Later Alvarez-Gaumé and Friedman observed that N = 2 supersymmetry requires that the σ-model manifold be not just Kähler but hyperkähler [AGF81]. This relation between globally supersymmetric σ-models and complex manifolds was used by Lindström and Roček to discover the hyperkähler quotient construction in [LR83, HKLR87].

The late seventies witnessed a series of attempts to incorporate gravity into the picture which quickly led to the discovery of various supergravity theories. Again the N = 1 supergravity-matter couplings in d = 4 dimensions require bosonic matter fields to be coordinates on a Kähler manifold with some special properties [WB82] while N = 2 supergravity demands that the σ-model manifold be quaternionic Kähler [BW83]. The quaternionic underpinnings of the matter couplings in supergravity theories lead to the discovery of quaternionic Kähler reduction in [Gal87, GL88].

At the same time manifolds with Killing spinors emerged as important players in the physics of the supergravity theory which in D = 11 dimensions was first predicted by Nahm [Nah78] and later constructed by Cremmer, Julia and Scherk [CJS79]. The well-known Kaluza-Klein trick applied to a D = 11 supergravity model is a way of constructing various limiting compactifications which would better describe the apparently four-dimensional physical world we observe. The geometry of such a compactification is simply a Cartesian product R^{3,1} × M^7, where R^{3,1} is the Minkowski space-time (or some other Lorentzian 4-manifold) and M^7 is a compact manifold with so small a radius that its presence can only be felt and observed at the quantum level. Many various models for M^7 were studied in the late seventies which by the eighties had already accrued into a vast physics literature (cf. the extensive three-volume monograph by Castellani, D’Auria and Fré [CDF91]). Most of the models assumed a homogeneous space structure on M^7 = G/H (see Chapter V.6 in [CDF91], for examples). Two things were of key importance in terms of the required physical properties of the compactified theory. First, the compact space M^7, as a Riemannian manifold, had to be Einstein of positive scalar curvature. Second, although one could consider any compact Einstein space for the compactification, the new theory would no longer be supersymmetric unless (M^7, g) admitted Killing spinor fields, and the number of them would be exactly the number of residual supersymmetries of the compactified theory. For that reason compactification models involving (S^7, g_0) were quite special as they gave the maximally supersymmetric model. However, early on it was realized that there are other, even homogeneous, 7-manifolds of interest. The Sp(2)-invariant Jensen metric on S^7, or as physicists correctly nicknamed it, the squashed 7-sphere

landscape and swampland in [Vaf05, OV06]). The insistence that the universe we experience, and this on such a limited scale at best, is the only Universe, is largely a matter of ‘philosophical attitude’ towards science. See the recent book of Leonard Susskind on the anthropic principle, string theory and the cosmic landscape [Sus05].

is one of the examples. Indeed, Jensen’s metric admits exactly one Killing spinor field since it has a nearly parallel G_2 structure. Of course, any of the Einstein geometries in the table of Theorem 40 can be used to obtain such supersymmetric models.

The D = 11 supergravity theory only briefly looked liked it was the Grand Theory of Einstein’s dream. It was soon realized that there are difficulties with getting from D = 11 supergravity to the standard model. The theory which was to solve these and other problems was Superstring Theory and later M-Theory (which is yet to be constructed). With the arrival of superstring theory and Mtheory, supersymmetry continues its truly remarkable influence on many different areas of mathematics and physics: from geometry to analysis and number theory. For instance, once again five, six, and seven-dimensional manifolds admitting real Killing spinors have become of interest because of the so called AdS/CFT Duality. Such manifolds have emerged naturally in the context of p-brane solutions in superstring theory. These so-called p-branes, “near the horizon” are modelled by the pseudo-Riemannian geometry of the product AdS_{p+2} × M, where AdS_{p+2} is the (p + 2)-dimensional anti-de-Sitter space (a Lorentzian version of a space of constant sectional curvature) and (M, g) is a Riemannian manifold of dimension d = D − p − 2. Here D is the dimension of the original supersymmetric theory. In the most interesting cases of M2-branes, M5-branes, and D3-branes D equals either 11 (Mp-branes of M-theory) or 10 (Dp-branes in type IIA or type IIB string theory). String theorists are particularly interested in those vacua of the form AdS_{p+2} × M that preserve some residual supersymmetry. It turns out that this requirement imposes constraints on the geometry of the Einstein manifold M which is forced to admit real Killing spinors. Depending on the dimension d, the possible geometries of M are as follows:

d Geometry of M (μ, μ̄) any round sphere (1, 1) 7 nearly parallel G_2 (^1_8 , 0) Sasaki–Einstein (^1_4 , 0) 3-Sasakian (^3_8 , 0) 6 nearly Kähler (^1_8 ,^1_8 ) 5 Sasaki–Einstein (^1_4 ,^1_4 )

where the notation (μ, μ̄), which is common in the physics literature, represents the ratio of the number of real Killing spinors of type (p, q) to the maximal number of real Killing spinors that can occur in the given dimension. This maximum is, of course, realized by the round sphere of that dimension. So this table is just a translation of the table of Theorem 40 for the special dimensions that occur in the models used by the physicists.

Furthermore, given a p-brane solution of the above type, the interpolation between AdS_{p+2} × M and R^{p,1} × C(M) leads to a conjectured duality between the supersymmetric background of the form AdS_{p+2} × M and a (p + 1)-dimensional superconformal field theory of n coincident p-branes located at the conical singularity of the R^{p,1} × C(M) vacuum. This is a generalized version of the Maldacena or AdS/CFT Conjecture [Mal99]. In the case of D3-branes of string theory the relevant near horizon geometry is that of AdS_5 × M, where M is a Sasaki-Einstein

5-manifold. The D3-brane solution interpolates between AdS_5×M and R^{3,1}×C(M), where the cone C(M) is a Calabi-Yau threefold. In its original version the Maldacena conjecture (also known as AdS/CFT duality) states that the ’t Hooft large n limit of N = 4 supersymmetric Yang-Mills theory with gauge group SU(n) is dual to type IIB superstring theory on AdS_5 × S^5 [Mal99]. This conjecture was further examined by Klebanov and Witten [KW99] for the type IIB theory on AdS_5 × T^{1,1}, where T^{1,1} is the other homogeneous Sasaki-Einstein 5-manifold T^{1,1} = S^2 × S^3 and the Calabi-Yau 3-fold C(T^{1,1}) is simply the quadric cone in C^4. Using the wellknown fact that C(T^{1,1}) is a Kähler quotient of C^4 (or, equivalently, that S^2 × S^3 is a Sasaki-Einstein quotient of S^7), a dual super Yang-Mills theory was proposed, representing D3-branes at the conical singularities. In the framework of D3-branes and the AdS/CFT duality the question of what are all the possible near horizon geometries M and C(M) might be of importance. Much of the interest in Sasaki- Einstein manifolds is precisely due to the fact that each such explicit metric, among other things, provides a useful model to test the AdS/CFT duality. We refer the reader interested in the mathematics and physics of the AdS/CFT duality to the recent book in the same series [Biq05]. In particular, in this context, Sasaki-Einstein geometry is discussed in one of the articles there [GMSW05].

Remark 79. [G_2 holonomy manifolds unification scale and proton decay] Until quite recently the interest in 7-manifolds with G_2 holonomy as a source of possible physical models was tempered by the fact the Kaluza-Klein compactifications on smooth and complete manifolds of this type led to models with no charged particles. All this has dramatically changed in the last few years largely because of some new developments in M-theory. Perhaps the most compelling reasons for reconsidering such 7-manifolds was offered by Atiyah and Witten who considered the dynamics on manifolds with G_2 holonomy which are asymptotically conical [AW02]. The three models of cones on the homogeneous nearly Kähler manifolds mentioned earlier are of particular interest, but Atiyah and Witten consider other cases which include orbifold (quotient) singularities. Among other things they point to a very interesting connection between Kronheimer’s quotient construction of the ALE metrics [Kro89a, Kro89b] and asymptotically conical manifolds with G_2-holonomy. To explain the connection, consider Kronheimer’s construction for Γ = Z_{n+1}. Suppose one chooses a circle S^1_{k,l} ≃ U(1) ∈ K(Z_{n+1}) = U(1)^n and then one considers a 7- manifold obtained by performing Kronheimer’s HK quotient construction with zero momentum level (ξ = 0) while ”forgetting” the three moment map equations corresponding to this particular circle. An equivalent way of looking at this situation is to take the Kronheimer quotient with nonzero momentum ξ = a ∈ sp(1) but only for the moment map of the chosen circle S^1_{k,l} (such ξ is never in the ”good set”) and then consider the fibration of singular Kronheimer quotients over a 3-dimensional base parameter space. Algebraically this corresponds to a partial resolution of the quotient singularity and this resolution depends on the choice of S^1_{k,l}, hence ξ. This example was first introduced in [AW02]. It can be shown that the 7-manifold is actually a cone on the complex weighted projective 3-space with weights (k, k, l, l), where k + l = n + 1. It then follows from the physical model considered that such a cone should admit a metric with G_2 holonomy. However, unlike the homogeneous cones over the four homogeneous strict nearly Kähler manifolds of Theorem 62, the metric in this case is not known explicitly. This construction appears to differ from all previous geometric constructions of metrics with G_2 holonomy. One can consider similar constructions for other choices of S^1 ⊂ K(Γ) [BB02].

In [FW03] using a specific models of M-theory compactifications on manifolds with G_2 holonomy, Friedman and Witten address the fundamental questions concerning the unification scale (i.e., the scale at which the Standard Model of SU(3)× SU(2) × U(1) unifies in a single gauge group) and proton decay. The authors point out that the results obtained are model dependent, but some of the calculations and conclusions apply to a variety of different models.

References

[ABCC06] R. Argurio, M. Bertolini, C. Closset, and S Cremonesi, On stable nonsupersymmetric vacua at the bottom of cascading theories, J. High Energy Phys. (2006), no. 9, 030, 21 pp. (electronic). MR 2257499 [ADHL03] B. Acharya, F. Denef, C. Hofman, and N. Lambert, Freund-Rubin revisited, preprint; arXiv:hep-th/0308046 (2003).

[AGF81] L. Alvarez-Gaumé and D. Z. Freedman, Geometrical structure and ultraviolet finiteness in the supersymmetric σ-model, Comm. Math. Phys. 80 (1981), no. 3, 443–451. MR 626710 (82i:81143) [AGI98] B. Alexandrov, G. Grantcharov, and S. Ivanov, Curvature properties of twistor spaces of quaternionic Kähler manifolds, J. Geom. 62 (1998), no. 1-2, 1–12. MR 1631453 (2000b:53066) [AJPS97] S. Albeverio, J. Jost, S. Paycha, and S. Scarlatti, A mathematical introduction to string theory, London Mathematical Society Lecture Note Series, vol. 225, Cambridge University Press, Cambridge, 1997, Variational problems, geometric and probabilistic methods. MR 1480168 (99d:58178) [Ale68] D. V. Alekseevskiĭ, Riemannian spaces with unusual holonomy groups, Funkcional. Anal. i Priložen 2 (1968), no. 2, 1–10. MR 37 #6868 [Ale05] Bogdan Alexandrov, On weak holonomy, Math. Scand. 96 (2005), no. 2, 169–189. MR MR2153409 (2006b:53060) [AS63] M. F. Atiyah and I. M. Singer, The index of elliptic operators on compact manifolds, Bull. Amer. Math. Soc. 69 (1963), 422–433. MR 0157392 (28 #626) [AS04] V. Apostolov and S. Salamon, Kähler reduction of metrics with holonomy G_2, Comm. Math. Phys. 246 (2004), no. 1, 43–61. MR 2044890 (2005e:53070) [AW02] M. Atiyah and E. Witten, M-theory dynamics on a manifold of G_2 holonomy, Adv. Theor. Math. Phys. 6 (2002), no. 1, 1–106. MR 1992874 (2004f:53046) [Bär93] Ch. Bär, Real Killing spinors and holonomy, Comm. Math. Phys. 154 (1993), no. 3, 509–521. MR 94i:53042 [BB02] P. Berglund and A. Brandhuber, Matter from G_2 manifolds, Nuclear Phys. B 641 (2002), no. 1-2, 351–375. MR 1928190 (2004f:53055) [BBC05] M. Bertolini, F. Bigazzi, and A. L. Cotrone, Supersymmetry breaking at the end of a cascade of Seiberg dualities, Phys. Rev. D (3) 72 (2005), no. 6, 061902, 5. MR 2182338 (2006e:81194) [Ber55] M. Berger, Sur les groupes d’holonomie homogène des variétés à connexion affine et des variétés riemanniennes, Bull. Soc. Math. France 83 (1955), 279–330. MR 18,149a [Bes87] A. L. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 10, Springer-Verlag, Berlin, 1987. MR 88f:53087 [BFGK91] H. Baum, T. Friedrich, R. Grunewald, and I. Kath, Twistors and Killing spinors on Riemannian manifolds, Teubner-Texte zur Mathematik [Teubner Texts in Mathematics], vol. 124, B. G. Teubner Verlagsgesellschaft mbH, Stuttgart, 1991, With German, French and Russian summaries. MR 94a:53077

[BFH^+05] S. Benvenuti, S. Franco, A. Hanany, D. Martelli, and J. Sparks, An infinite family of superconformal quiver gauge theories with Sasaki-Einstein duals, J. High Energy Phys. (2005), no. 6, 064, 26 pp. (electronic). MR 2158305 (2006h:81276) [BFZ05] A. Butti, D. Forcella, and A. Zaffaroni, The dual superconformal theory for L^{p,q,r} manifolds, J. High Energy Phys. (2005), no. 9, 018, 39 pp. (electronic). MR 2171349 (2006h:81204) [BG00] C. P. Boyer and K. Galicki, On Sasakian-Einstein geometry, Internat. J. Math. 11 (2000), no. 7, 873–909. MR 2001k:53081 [BG03] , New Einstein metrics on 8#(S^2 × S^3), Differential Geom. Appl. 19 (2003), no. 2, 245–251. MR 2 002 662 [BG06] , Einstein Metrics on Rational Homology Spheres, J. Differential Geom. 74 (2006), no. 3, 353–362. MR 2269781 [BG07] , Sasakian Geometry, Oxford Mathematical Monographs, Oxford University Press, to appear, Oxford, 2007.

[BGK05] C. P. Boyer, K. Galicki, and J. Kollár, Einstein metrics on spheres, Ann. of Math. (2) 162 (2005), no. 1, 557–580. MR MR2178969 (2006j:53058) [BGKT05] C. P. Boyer, K. Galicki, J. Kollár, and E. Thomas, Einstein metrics on exotic spheres in dimensions 7, 11, and 15, Experiment. Math. 14 (2005), no. 1, 59–64. MR MR2146519 (2006a:53042) [BGM93] C. P. Boyer, K. Galicki, and B. M. Mann, Quaternionic reduction and Einstein manifolds, Comm. Anal. Geom. 1 (1993), no. 2, 229–279. MR 95c:53056 [BGM94] , The geometry and topology of 3-Sasakian manifolds, J. Reine Angew. Math. 455 (1994), 183–220. MR 96e:53057 [BGN02] C. P. Boyer, K. Galicki, and M. Nakamaye, Sasakian-Einstein structures on 9#(S^2 × S^3), Trans. Amer. Math. Soc. 354 (2002), no. 8, 2983–2996 (electronic). MR 2003g:53061 [BGN03] , On the geometry of Sasakian-Einstein 5-manifolds, Math. Ann. 325 (2003), no. 3, 485–524. MR 2004b:53061 [BHK05] S. Benvenuti, A. Hanany, and P. Kazakopoulos, The toric phases of the Y^{p,q} quivers, J. High Energy Phys. (2005), no. 7, 021, 13 pp. (electronic). MR 2163034 (2006h:81277) [Biq05] O. Biquard (ed.), AdS/CFT correspondence: Einstein metrics and their conformal boundaries, IRMA Lectures in Mathematics and Theoretical Physics, vol. 8, European Mathematical Society (EMS), Zürich, 2005, Papers from the 73rd Meeting of Theoretical Physicists and Mathematicians held in Strasbourg, September 11–13, 2003. MR MR2160864 (2006b:53001) [BLMPZ05] B. A. Burrington, J. T. Liu, M. Mahato, and L. A. Pando Zayas, Towards supergravity duals of chiral symmetry breaking in Sasaki-Einstein cascading quiver theories, J. High Energy Phys. (2005), no. 7, 019, 24 pp. (electronic). MR 2163035 [BM03] A. Bilal and S. Metzger, Compact weak G_2-manifolds with conical singularities, Nuclear Phys. B 663 (2003), no. 1-2, 343–364. MR 1986853 (2004d:53055) [Bon66] E. Bonan, Sur des variétés riemanniennes à groupe d’holonomie G_2 ou spin (7), C. R. Acad. Sci. Paris Sér. A-B 262 (1966), A127–A129. MR 0196668 (33 #4855) [Bry87] R. L. Bryant, Metrics with exceptional holonomy, Ann. of Math. (2) 126 (1987), no. 3, 525–576. MR 89b:53084 [Bry91] , Two exotic holonomies in dimension four, path geometries, and twistor theory, Complex geometry and Lie theory (Sundance, UT, 1989), Proc. Sympos. Pure Math., vol. 53, Amer. Math. Soc., Providence, RI, 1991, pp. 33–88. MR 1141197 (93e:53030) [Bry96] , Classical, exceptional, and exotic holonomies: a status report, Actes de la Table Ronde de Géométrie Différentielle (Luminy, 1992), Sémin. Congr., vol. 1, Soc. Math. France, Paris, 1996, pp. 93–165. MR 1427757 (98c:53037) [BS89] R. L. Bryant and S. M. Salamon, On the construction of some complete metrics with exceptional holonomy, Duke Math. J. 58 (1989), no. 3, 829–850. MR 90i:53055 [But05] J.-B. Butruille, Classification des variétés approximativement kähleriennes homogènes, Ann. Global Anal. Geom. 27 (2005), no. 3, 201–225. MR 2158165 (2006f:53060)

[But06] , Homogeneous nearly Kähler manifolds, preprint; arXiv:math.DG/0512655 (2006).

[BW83] J. Bagger and E. Witten, Matter couplings in N = 2 supergravity, Nuclear Phys. B 222 (1983), no. 1, 1–10. MR 708440 (84k:83050) [BZ05] A. Butti and A. Zaffaroni, R-charges from toric diagrams and the equivalence of a-maximization and Z-minimization, J. High Energy Phys. (2005), no. 11, 019, 42 pp. (electronic). MR 2187558 [CDF91] L. Castellani, R. D’Auria, and P. Fré, Supergravity and superstrings. A geometric perspective. Vol. 1-3, World Scientific Publishing Co. Inc., Teaneck, NJ, 1991, Mathematical foundations. MR 1120022 (92k:83127a) [CFO07] K. Cho, A. Futaki, and H. Ono, Uniqueness and examples of compact toric Sasaki- Einstein metrics, preprint; arXiv:math.DG/0701122 (2007).

[CGLP02] M. Cvetič, G. W. Gibbons, H. Lu, and C. N. Pope, Cohomogeneity one manifolds of Spin(7) and G_2 holonomy, Ann. Physics 300 (2002), no. 2, 139–184. MR 1921784 (2003m:53074) [CGLP04] M. Cvetič, G. W. Gibbons, H. Lü, and C. N. Pope, New cohomogeneity one metrics with Spin(7) holonomy, J. Geom. Phys. 49 (2004), no. 3-4, 350–365. MR 2076750 (2005f:53074) [CJS79] E. Cremmer, B. Julia, and J. Scherk, Supergravity in eleven dimensions, Phys. Lett. B 76 (1979), 409–412.

[CLPP05] M. Cvetič, H. Lü, D. N. Page, and C. N. Pope, New Einstein-Sasaki spaces in five and higher dimensions, Phys. Rev. Lett. 95 (2005), no. 7, 071101, 4. MR 2167018 [CMS96] F. M. Cabrera, M. D. Monar, and A. F. Swann, Classification of G_2-structures, J. London Math. Soc. (2) 53 (1996), no. 2, 407–416. MR 97e:53047 [CS06] D. Conti and S. Salamon, Generalized Killing spinors in dimension 5, preprint; arXiv:math.DG/0508375, to appear in Trans. Amer. Math. Soc. (2006).

[DEF^+99] P. Deligne, P. Etingof, D. S. Freed, L. C. Jeffrey, D. Kazhdan, J. W. Morgan, D. R. Morrison, and E. Witten (eds.), Quantum fields and strings: a course for mathematicians. Vol. 1, 2, American Mathematical Society, Providence, RI, 1999, Material from the Special Year on Quantum Field Theory held at the Institute for Advanced Study, Princeton, NJ, 1996–1997. MR 1701618 (2000e:81010) [ES83] J. Eells and S. Salamon, Constructions twistorielles des applications harmoniques, C. R. Acad. Sci. Paris Sér. I Math. 296 (1983), no. 15, 685–687. MR 705691 (85a:58023) [FIMU06] M. Fernandez, S. Ivanov, V Muñoz, and L. Ugarte, Nearly hypo structures and compact nearly Kähler 6-manifolds with conical singularities, preprint; arXiv:math.DG/0602160 (2006).

[FK89] T. Friedrich and I. Kath, Einstein manifolds of dimension five with small first eigenvalue of the Dirac operator, J. Differential Geom. 29 (1989), no. 2, 263–279. MR 982174 (90e:58158) [FK90] , 7-dimensional compact Riemannian manifolds with Killing spinors, Comm. Math. Phys. 133 (1990), no. 3, 543–561. MR 91j:58170 [FKMS97] T. Friedrich, I. Kath, A. Moroianu, and U. Semmelmann, On nearly parallel G_2- structures, J. Geom. Phys. 23 (1997), no. 3-4, 259–286. MR 98j:53053 [FOW06] A. Futaki, H. Ono, and G. Wang, Transverse Kähler geometry of Sasaki manifolds and toric Sasaki-Einstein manifolds, preprint: arXiv:math.DG/0607586 (2006).

[Fri80] T. Friedrich, Der erste Eigenwert des Dirac-Operators einer kompakten, Riemannschen Mannigfaltigkeit nichtnegativer Skalarkrümmung, Math. Nachr. 97 (1980), 117–146. MR 82g:58088 [Fri00] , Dirac operators in Riemannian geometry, Graduate Studies in Mathematics, vol. 25, American Mathematical Society, Providence, RI, 2000, Translated from the 1997 German original by Andreas Nestke. MR 1777332 (2001c:58017) [Fut07] A. Futaki, Complete Ricci-flat Kähler metrics on the canonical bundles of toric Fano manifolds, preprint; arXiv:math.DG/0703138 (2007).

[FW03] T. Friedmann and E. Witten, Unification scale, proton decay, and manifolds of G_2 holonomy, Adv. Theor. Math. Phys. 7 (2003), no. 4, 577–617. MR 2039032 (2005h:81279)

[Gal79] S. Gallot, Équations différentielles caractéristiques de la sphère, Ann. Sci. École Norm. Sup. (4) 12 (1979), no. 2, 235–267. MR 543217 (80h:58051) [Gal87] K. Galicki, A generalization of the momentum mapping construction for quaternionic Kähler manifolds, Comm. Math. Phys. 108 (1987), no. 1, 117–138. MR 88f:53088 [GK05] A Ghigi and J. Kollár, Kähler-Einstein metrics on orbifolds and Einstein metrics on Spheres, preprint; arXiv:math.DG/0507289 (2005).

[GL88] K. Galicki and H. B. Lawson, Jr., Quaternionic reduction and quaternionic orbifolds, Math. Ann. 282 (1988), no. 1, 1–21. MR 89m:53075 [GMSW04a] J. P. Gauntlett, D. Martelli, J. Sparks, and D. Waldram, A new infinite class of Sasaki-Einstein manifolds, Adv. Theor. Math. Phys. 8 (2004), no. 6, 987–1000. MR 2194373 [GMSW04b] , Sasaki-Einstein metrics on S^2 × S^3, Adv. Theor. Math. Phys. 8 (2004), no. 4, 711–734. MR 2141499 [GMSW05] , Supersymmetric AdS backgrounds in string and M-theory, AdS/CFT correspondence: Einstein metrics and their conformal boundaries, IRMA Lect. Math. Theor. Phys., vol. 8, Eur. Math. Soc., Zürich, 2005, pp. 217–252. MR MR2160873 (2007b:83171) [GPP90] G. W. Gibbons, D. N. Page, and C. N. Pope, Einstein metrics on S^3, R^3, and R^4 bundles, Comm. Math. Phys. 127 (1990), no. 3, 529–553. MR 1040893 (91f:53039) [Gra70] A. Gray, Nearly Kähler manifolds, J. Differential Geometry 4 (1970), 283–309. MR 0267502 (42 #2404) [Gra71] , Weak holonomy groups, Math. Z. 123 (1971), 290–300. MR 45 #2614 [Gra76] , The structure of nearly Kähler manifolds, Math. Ann. 223 (1976), no. 3, 233–248. MR 0417965 (54 #6010) [Gru90] R. Grunewald, Six-dimensional Riemannian manifolds with a real Killing spinor, Ann. Global Anal. Geom. 8 (1990), no. 1, 43–59. MR 1075238 (92a:58146) [GS96] K. Galicki and S. Salamon, Betti numbers of 3-Sasakian manifolds, Geom. Dedicata 63 (1996), no. 1, 45–68. MR 98e:53075 [Hae84] A. Haefliger, Groupoïdes d’holonomie et classifiants, Astérisque (1984), no. 116, 70–97, Transversal structure of foliations (Toulouse, 1982). MR 86c:57026a [HEK05] C. P. Herzog, Q. J. Ejaz, and I. R. Klebanov, Cascading RG flows from new Sasaki- Einstein manifolds, J. High Energy Phys. (2005), no. 2, 009, 22 pp. (electronic). MR 2140502 [Hij86] O. Hijazi, Caractérisation de la sphère par les premières valeurs propres de l’opérateur de Dirac en dimensions 3, 4, 7 et 8, C. R. Acad. Sci. Paris Sér. I Math. 303 (1986), no. 9, 417–419. MR 862207 (88b:58142) [Hit74] N. J. Hitchin, Harmonic spinors, Advances in Math. 14 (1974), 1–55. MR 50 #11332 [HKLR87] N. J. Hitchin, A. Karlhede, U. Lindström, and M. Roček, Hyper-Kähler metrics and supersymmetry, Comm. Math. Phys. 108 (1987), no. 4, 535–589. MR 88g:53048 [HKW05] A. Hanany, P. Kazakopoulos, and B. Wecht, A new infinite class of quiver gauge theories, J. High Energy Phys. (2005), no. 8, 054, 30 pp. (electronic). MR 2166231 (2006h:81286) [HSY04] Y. Hashimoto, M. Sakaguchi, and Y. Yasui, Sasaki-Einstein twist of Kerr-AdS black holes, Phys. Lett. B 600 (2004), no. 3-4, 270–274. MR 2093038 (2005h:83235) [Jos01] J. Jost, Bosonic strings: a mathematical treatment, AMS/IP Studies in Advanced Mathematics, vol. 21, American Mathematical Society, Providence, RI, 2001. MR 1999211 (2004h:81002) [Joy96a] D. D. Joyce, Compact 8-manifolds with holonomy Spin(7), Invent. Math. 123 (1996), no. 3, 507–552. MR 1383960 (97d:53052) [Joy96b] , Compact Riemannian 7-manifolds with holonomy G_2. I, II, J. Differential Geom. 43 (1996), no. 2, 291–328, 329–375. MR 1424428 (97m:53084) [Joy99] , A new construction of compact 8-manifolds with holonomy Spin(7), J. Differential Geom. 53 (1999), no. 1, 89–130. MR 1776092 (2002a:53063) [Joy00] , Compact manifolds with special holonomy, Oxford Mathematical Monographs, Oxford University Press, Oxford, 2000. MR 2001k:53093 [Kas71] T. Kashiwada, A note on a Riemannian space with Sasakian 3-structure, Natur. Sci. Rep. Ochanomizu Univ. 22 (1971), 1–2. MR 46 #2586

[Kob56] S. Kobayashi, Principal fibre bundles with the 1-dimensional toroidal group, Tôhoku Math. J. (2) 8 (1956), 29–45. MR 18,328a [Kob87] , Differential geometry of complex vector bundles, Publications of the Mathematical Society of Japan, vol. 15, Princeton University Press, Princeton, NJ, 1987, Kanô Memorial Lectures, 5. MR 89e:53100 [Kol05] J. Kollár, Einstein metrics on five-dimensional Seifert bundles, J. Geom. Anal. 15 (2005), no. 3, 445–476. MR MR2190241 [Kol07] J. Kollár, Einstein metrics on connected sums of S^2 × S^3, J. Differential Geom. 77 (2007), no. 2, 259–272. MR 2269781 [Kro89a] P. B. Kronheimer, The construction of ALE spaces as hyper-Kähler quotients, J. Differential Geom. 29 (1989), no. 3, 665–683. MR 992334 (90d:53055) [Kro89b] , A Torelli-type theorem for gravitational instantons, J. Differential Geom. 29 (1989), no. 3, 685–697. MR 992335 (90d:53056) [KS00] G. Kane and M. Shifman (eds.), The supersymmetric world, World Scientific Publishing Co. Inc., River Edge, NJ, 2000, The beginnings of the theory. MR 1887931 (2003g:81253) [KSY05] H. Kihara, M. Sakaguchi, and Y. Yasui, Scalar Laplacian on Sasaki-Einstein manifolds Y^{p,q} , Phys. Lett. B 621 (2005), no. 3-4, 288–294. MR 2151750 (2006h:58038) [KW99] I. R. Klebanov and E. Witten, Superconformal field theory on threebranes at a Calabi-Yau singularity, Nuclear Phys. B 536 (1999), no. 1-2, 199–218. MR 1666725 (99k:81253) [KY02a] H. Kanno and Y. Yasui, On Spin(7) holonomy metric based on SU(3)/U(1). I, J. Geom. Phys. 43 (2002), no. 4, 293–309. MR 1929908 (2003m:53076) [KY02b] , On Spin(7) holonomy metric based on SU(3)/U(1). II, J. Geom. Phys. 43 (2002), no. 4, 310–326. MR 1929909 (2003m:53077) [Lic63] A. Lichnerowicz, Spineurs harmoniques, C. R. Acad. Sci. Paris 257 (1963), 7–9. MR 0156292 (27 #6218) [LM89] H. B. Lawson, Jr. and M.-L. Michelsohn, Spin geometry, Princeton Mathematical Series, vol. 38, Princeton University Press, Princeton, NJ, 1989. MR 91g:53001 [LR83] U. Lindström and M. Roček, Scalar tensor duality and N = 1, 2 nonlinear σ-models, Nuclear Phys. B 222 (1983), no. 2, 285–308. MR 710273 (85d:81113) [Mal99] J. Maldacena, The large-N limit of superconformal field theories and supergravity, Internat. J. Theoret. Phys. 38 (1999), no. 4, 1113–1133, Quantum gravity in the southern cone (Bariloche, 1998). MR 2001h:81246 [Mat72] M. Matsumoto, On 6-dimensional almost Tachibana spaces, Tensor (N.S.) 23 (1972), 250–252. MR 0312431 (47 #989) [MNS05] A. Moroianu, P.-A. Nagy, and U. Semmelmann, Unit Killing vector fields on nearly Kähler manifolds, Internat. J. Math. 16 (2005), no. 3, 281–301. MR 2130627 (2006e:53056) [MO07] A. Moroianu and L. Ornea, Conformally Einstein products and nearly Kähler manifolds, preprint; arXiv:math.DG/0610599 (2007).

[MS99] S. Merkulov and L. Schwachhöfer, Classification of irreducible holonomies of torsionfree affine connections, Ann. of Math. (2) 150 (1999), no. 1, 77–149. MR 1715321 (2000m:53065a) [MS00] A. Moroianu and U. Semmelmann, Parallel spinors and holonomy groups, J. Math. Phys. 41 (2000), no. 4, 2395–2402. MR 1751897 (2001f:53099) [MS05] D. Martelli and J. Sparks, Toric Sasaki-Einstein metrics on S^2 × S^3, Phys. Lett. B 621 (2005), no. 1-2, 208–212. MR 2152673 [MS06] , Toric geometry, Sasaki-Einstein manifolds and a new infinite class of AdS/CFT duals, Comm. Math. Phys. 262 (2006), no. 1, 51–89. MR 2200882 [MSY06a] D. Martelli, J. Sparks, and S.-T. Yau, The geometric dual of a-maximisation for toric Sasaki-Einstein manifolds, Comm. Math. Phys. 268 (2006), no. 1, 39–65. MR 2249795 [MSY06b] , Sasaki-Einstein manifolds and volume minimisation, preprint; arXiv:hepth/0603021 (2006).

[Nag02a] P.-A. Nagy, Nearly Kähler geometry and Riemannian foliations, Asian J. Math. 6 (2002), no. 3, 481–504. MR 1946344 (2003m:53043)

[Nag02b] , On nearly-Kähler geometry, Ann. Global Anal. Geom. 22 (2002), no. 2, 167–178. MR 1923275 (2003g:53073) [Nah78] W. Nahm, Supersymmetries and their representations, Nuclear Phys. B 135 (1978), 149–166.

[Olm05] C. Olmos, A geometric proof of the Berger holonomy theorem, Ann. of Math. (2) 161 (2005), no. 1, 579–588. MR 2150392 (2006c:53045) [OV06] H. Oguri and C. Vafa, On the geometry of the string landscape and the swampland, preprint; arXiv:hep-th/0605264 (2006).

[OY06a] T. Oota and Y. Yasui, Explicit toric metric on resolved Calabi-Yau cone, Phys. Lett. B 639 (2006), no. 1, 54–56. MR 2244850 [OY06b] , New example of infinite family of quiver gauge theories, preprint; arXiv:hepth/0610092 (2006).

[OY06c] , Toric Sasaki-Einstein manifolds and Heun equations, Nuclear Phys. B 742 (2006), no. 1-3, 275–294. MR 2219526 [Pal05] S. S. Pal, A new Ricci-flat geometry, Phys. Lett. B 614 (2005), no. 3-4, 201–206. MR 2136797 (2006g:53060) [PR88] R. Penrose and W. Rindler, Spinors and space-time. Vol. 2, second ed., Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, 1988, Spinor and twistor methods in space-time geometry. MR 944085 (89d:83010) [Ruk95] P. Rukimbira, Chern-Hamilton’s conjecture and K-contactness, Houston J. Math. 21 (1995), no. 4, 709–718. MR 96m:53032 [Sal82] S. M. Salamon, Quaternionic Kähler manifolds, Invent. Math. 67 (1982), no. 1, 143–171. MR 83k:53054 [Sal89] , Riemannian geometry and holonomy groups, Pitman Research Notes in Mathematics Series, vol. 201, Longman Scientific & Technical, Harlow, 1989. MR 90g:53058 [Sal04] , Explicit metrics with holonomy G_2, UK-Japan Winter School 2004— Geometry and Analysis Towards Quantum Theory, Sem. Math. Sci., vol. 30, Keio Univ., Yokohama, 2004, pp. 50–58. MR 2131362 (2005k:53070) [San03] O. P. Santillan, A construction of G_2 holonomy spaces with torus symmetry, Nuclear Phys. B 660 (2003), no. 1-2, 169–193. MR 1983318 (2004d:53057) [Sus03] L. Susskind, The anthropic landscape of string theory, preprint; arXiv: hepth/0302219 (2003).

[Sus05] , The cosmic landscape: String theory and the illusion of intelligent design, Little, Brown and Company, 2005.

[SZ05] K. Sfetsos and D. Zoakos, Supersymmetric solutions based on Y^{p,q} and L^{p,q,r}, Phys. Lett. B 625 (2005), no. 1-2, 135–144. MR 2168911 (2006g:53062) [Tac59] S. Tachibana, On almost-analytic vectors in certain almost-Hermitian manifolds, Tôhoku Math. J. (2) 11 (1959), 351–363. MR 0117753 (22 #8527) [Ton97] P. Tondeur, Geometry of foliations, Monographs in Mathematics, vol. 90, Birkhäuser Verlag, Basel, 1997. MR 98d:53037 [Vaf05] C. Vafa, The string landscape and the swampland, preprint; arXiv:hep-th/0509212 (2005).

[Var04] V. S. Varadarajan, Supersymmetry for mathematicians: an introduction, Courant Lecture Notes in Mathematics, vol. 11, New York University Courant Institute of Mathematical Sciences, New York, 2004. MR 2069561 (2005g:58011) [Wan89] M. Y. Wang, Parallel spinors and parallel forms, Ann. Global Anal. Geom. 7 (1989), no. 1, 59–68. MR 91g:53053 [Wan95] , On non-simply connected manifolds with non-trivial parallel spinors, Ann. Global Anal. Geom. 13 (1995), no. 1, 31–42. MR 96a:53066 [WB82] E. Witten and J. Bagger, Quantization of Newton’s constant in certain supergravity theories, Phys. Lett. B 115 (1982), no. 3, 202–206. MR 669354 (83m:81107) [WG68a] J. A. Wolf and A. Gray, Homogeneous spaces defined by Lie group automorphisms. I, J. Differential Geometry 2 (1968), 77–114. MR 0236328 (38 #4625a) [WG68b] , Homogeneous spaces defined by Lie group automorphisms. II, J. Differential Geometry 2 (1968), 115–159. MR 0236329 (38 #4625b)

[Yan65] K. Yano, Differential geometry on complex and almost complex spaces, International Series of Monographs in Pure and Applied Mathematics, Vol. 49, A Pergamon Press Book. The Macmillan Co., New York, 1965. MR 0187181 (32 #4635) [Zum79] B. Zumino, Supersymmetry and Kähler manifolds, Phys. Lett. B 87 (1979), 203–207.

Index

3-Sasakian manifold, 5, 10 G_2-holonomy manifold, 5 Spin(7)-holonomy manifold, 5

AdS/CFT Duality, 32

Bär’s correspondence, 18 Berger theorem, 4

Calabi-Yau manifold, 5 characteristic foliation, 7 contact manifold, 6 contact metric structure, 7 contact structure, 6

hyperkähler manifold, 5

Kähler manifold, 4 Kähler-Einstein manifold, 5 Killing spinor, 15

imaginary, 15 parallel, 15 real, 15 type, 18

nearly Kähler manifolds, 25 nearly parallel G_2-structures, 21

quaternionic Kähler manifold, 5

Reeb vector field, 6

Sasaki-Einstein manifold, 9 toric, 11 Sasakian manifold, 7 Sasakian structure, 7

irregular, 7 negative, 9 null, 9 positive, 9 quasi-regular, 7 regular, 7 sine-cone lemma, 28 superstrings, 30

twistor geometry, 5

Department of Mathematics and Statistics, University of New Mexico, Albuquerque, NM 87131.

E-mail address: cboyer@math.unm.edu E-mail address: galicki@math.unm.edu