5. Zonendly

Algebra Preliminaries - Tensor algebra

In this section we will develop not only the algebraic
prerequisites for a full treatment ot the exterior differential
calculus but also some tensor calculus necessary for the study of

tensor fields on manifolds. This subject is usually known as

-

multilinear algebra. Not all proofs will be given here, so the

reader should review a book on modern algebra.

We first recall some notation, Let V and ¥ be a finite

dimensional vector spaces. The space of all linear maps o: V=W
will be denoted by Hom (V, W). It is not difficult to show that
Hom (v, W) is a vector space of dimension equal to (dim V) (dim W) .

The space Hom (V, V) is usually denoted as End V, the space of

endomorphisms of V. Notice that since ¢: V - W is linear it is

a morphism of vector spaces, l1.e. a vector space homomorphism. The

subspace of End V consisting of all those ¢ that are isomorphisms

onto is denoted by Aut V, the vector space 0f automorphisms of V.
1t can be shown that End V has a natural Lie algebra structure

while Aut V has a natural group structure. Indeed by considering

matrix representations we can identify Aut V = GL(V) - the general

linear group of V, and End V = gl(v)- the Lie algebra of GL (V).
We also mention that the dual V* can be written as v* = Hom (VR)

(R = real numbers). We shall oftern write v*(u) as the pairing

<u. v*> for usV , v¥eV*.
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Let us now consider the direct product of K .vector spaces of
dimension n,, V. X...x V. . An element ¢f V, x...,x V_  1Is

k 1 k 1 K
written as a k-tuple (vl vk). Given another vector space W,

Cee ey

a4 mapping ¢ = Vi meen Vk*-wmﬁ W 1s called n-linear, (or simply
multjilinear) if for every i (1 < i < k)
(T\,(\/_l’_,,, Xfi—l, D{/v_‘ + Q"\/'i, Vl+l,~--[ \/’k\ = g ('\,’i,..-lv_‘,,'--elvk)
(5.1)
+ 8¢(vl,..., Vi ,...,Jk), V. wl 3 Vi, t, B ¢ R.
The set of all k-linear manping ¢: Vi X, ..X Vk—-—+ W

will be denoted by L(vl"'v”; W), and like Hom (V,W) 1t can be

N

turred into a vector space in a natural way. The elements in

OXns.

it

L (V,...V,; R) &are called K-linear

TENSOR PRODUCT:

L

pan

[ o]

ITION: Let Vl...., Vk’ W be vector spaces, and

)DF I

o ¢ L (vl"" vk: W). The nair (W, ©¢) is called a

tenscr product of Vl...., Vk, if

(i) o¢(V.x...x V. ) spans ¥.

(11) For every vector space U and every k-linear mapping

e 1

e VoX.o.oX Vk ——— U there exists a linear mapping
i U

j ——— such that the fcollowing diagram

<

comnmuces

R el

Now,

the
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1is property of (W,¢) 1is called the universal factorization

{ZRCISE: Show that condition (i) above, may be replaced by reguiring

e}

1iqueness for the mappin f in (i1).

* the pair (W, ¢) 1is a tenscr product of Vl""’ Vy, we denote
k Y

by Vl ®...9 Vk or ® Vi and ¢(vl,..., vk) by vl®...® v, ©OF
:fore looking at the elementary properties we first consider the
lestion of existence:
JFINITION:

Let X be a set, and C(X) be the set of all mappings

¥ —— TR such that f(x) = 0 for all but a finite number of

X. C(X) 1is readily made into a vector space by defining

]

£, + BE,) (x)

£ afl(x) + sz (x), o, B eR; £

X we associate an f_ & C(X) defined by

w, with each X %

m

'_J
P
r
i
I
o

£ (y) =

e set of mappings of the form i{ constitutes a basis for CfX)

erify this), and the association x ¥ £ 1s bijective. So we can




say that {X? is a basis for C(X) and consider C(X) as the

space of all the formal linear combinations a

Fh

£f=17 o x with o = f(x) ¢ R. o2
xexX % ® ‘
C(X) 1is called the free vector spaces over the set X.
Now, let Vl""’ Vk be vector spaces and in the space C(VlX...ka)
consider the sub space N generated by the elements of the form
_ g:
(vl,...,avi + Bwi,..., vk) - a(vl,..., vi,...,vk) -B(vl,...,wi,...,vk)
, P
with o, B € R; Vv., w. ¢ V. for all i=41,..., k.
i i i We
ir
We call w = C(VlX...x Vk) /N, and @ the natural projection
o)
onto the guotient. If we define ¢: ViXeoox Vi—— W as ¢ = ﬂ[le.._ka .,
, -
. D1
we claim that the pair (W, ¢) is a tensor product of»VlX...X Vk'
3t
. : . . . ar
It is clear that ¢. is k-linear, and since VlX...x Vk is a
Si
basis for C(VlX...x Vk), we have that ¢(VlX...X Vk) spans W. z
Le
Now, if U 1is any vector space and Yy = V.x...x V, —— U any -

1 k
k-linear mapping, there exist a well defined linear mapping

g = C(VlX...x Vi.)— U, such that g =y on VlX...x v

k k*
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Since  is k-linear, we have N C ker ¢, hence ¢ induces
a linear map f: W— U such that g = £, 7, and it follows that

b= £o m=g =y on  V,x...x V,, SO (W, ¢) is a tensor

EXZRCISE: Let V,V* and U, U*¥ be two pairs of dual spaces of

finite dimension. Consider the mapping

given by Bu V(u*, v¥) = <u¥*, u> <u*, u> <u*, v>.
14 .

Prove that the pair (L(U*, V*; R), B) is a tensor product of U,V.
We see from this exercise that a tensor product can be constructed

in several ways, but we can still speak of unigueness of the tensor

product in the sense that if (W, ¢) and (W', ¢') are tensor

, v then, by the universal factorization

oroducts of Vl,... X

Droperty we have unigue linear maps £: W— W' and g: W— W
! . -1

such that ¢' = fo ¢ and ¢ =g o ¢', that is, g = £ so W

and W' are naturally isomorphic.
Similarly we can prove:
Lemma 5.1: The following properties hold:

i) there is a unigue isomorphism onto g: U @ V— vercuU

defined by g(u ® v) = v @ u.
ii) there is a unigue isomorphism onto y: (U & V) @W——

UR(V ® W) defined by U(u ® v)8W = u®(v 8 W)

TR RN R
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where Ul + U2 means direct sum.

Proof: The proof of all of these uses the universal property just

proved.
i) In (5.3) put k=2 ‘and W =YV ®& W. Define f by
f(u, v) = v ® u, then v e us= f(u,v)é god (u,v)
= g(u @ v). Similarly interchange U and V. then
g Ve U——U®V with g (v e ) =ue v.
Moreover,
g g (v 8®u) =veu and g g(u®v) =uv, so g = gFl, and

g 1s an isomorphism onto.
ii1) Draw two diagrams and put them together taking
T,

W= (U ® V) 8@ in one case and V&(V ® ¥1) in the other.

Thus

U x V X W

A==
g/.,) /

C e(V

Vi

-

Define f(u,v,w) = (u8v)®w and £ (u,v,w) = u® (vew)

: Py . 5 p = t
since both f and £ are multilinear, we can define ¢y and ¢

prod
Let
(the

defi

defi




(we must show vy’  is the inyerse of U), by £ =V . £ and
r r _ '
7 =v's £. We have f(u,v,w) = (u ® V)®w = U o £ (u,v,w).

= ¢ (u8 (vew) and £ (u,v,w) = ug(vew) = v o f(u,v,w) = Y ((udv)8w)

r -1 . . . . i
so v =4y and ¢ is an isomorphism onto, The unigueness of U

-

follows from the commutativity of the lower triangle, since g ana

r

are vunigue and isomorphisms onto defined by g (u8vew)=(udv)8w

)

and g’ (u®vew) = u® (vew) .

Before proving property (iii), we briefly discuss tensor

products -of linear mappings.

Let Ui’ Vi be vector spaces ane fi e Eom (Ui’ Vi)’ i=1,2.

(the discussion can readily be extended to i = 1,...,k). Ve can

define a bilinear map

. N 7 s - = £
b Uy % Uy » V8V, by w(ul,u2> £, () 5
then, in view of the factorizatien property there exists a unicue

linear map

£ X . T ; - = ' 1 u
£ ® f2. Ul 8 U.2 - ‘l ® VZ such that I ® fz(dl ® 2)
= fl(ul) ® £,(u,) XNow, the mapping
R Hom(Ul, Vl) X Hom(Uz, V2) -+ Eom (U1®U2; Vl®V2)
defined by B(Z.; fz) = fl ® f2 is clearly bilinear. Moreover,
<
i+t can be shown (see GREUB), that if Ui’.vi are finite dimensio-

nal, then the pair (Hom(Ul ® V2, Vl ® VZ)’ 8) is a tensor product

i
{3
i1
§
i
i
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g. .
~
where Vi —r v —_— W, eare linear maps.,
(by £, & £ is injective 1iff fl and 52 are

1 2

(c) Im(fl ® fz) = Im(fl) ® Im(fz).

U — U, +

Proof of property (iii): Define injections 1, : Uy 1 Us
FAS
i k= 1

1-
N

k = 1, 2, and projections mp: U, + U, — Uy. Then 7y o

P
=

o8

the identiti on ©U_. loreover ij o i. = m, ¢ i, = 0. Then
r 2 1

follows easily from the universality property that ir ® 1:

V. 8V ~» (Ul + U,)8V 1is an injection wnere 1 is the identity

map on V. Also we have projections 7. ® 1:(U; + U, ev- v_8® V.

Moreover, (wr ® 1) o ir ® 1: U_®V=+U_8®V Iis the identity.
B ——

2 . . T . B -
2Also (ﬂr ® 1) o (1€ ® 1): Lﬁ ® 1 — Ur e 1 r # 12

is the zero map. It follows that

i

1 ® 1 + 1, @ 1: Ul ® V + U2 ® V

is an isomorphism onto with inverse

7, ® 1 + 7 : 1.+ U )8V —— U + U 7«
7y 1, ® 1: (U, + U,)6V - U, & V. + U, 8V
The second identity is proved analogously.

By induction we can extend the above result to the nulti

sums, (U + ... * U JOV; ue (v, + ... * V). etc.




ecrem 5.1; Let VirseerVy be finite dimensional vector spaces

th dimensions n. I=1,.../k, and let € trvip & 4 W

U i
1 r
note a basis for Vl,.,.,Vk, respectively, then e ®..,®eu
"1 K
- '[, =~ & -~ .z <7 b4 \ ~ T Ay 7 - k
a basis for V., 8...8 V, lMoreover dim V. ®.., = IIn,
1 k' g GLEVy BV = inge
i=1

>0f: We prove that {eU e, }u,=1,..., n. 1=1,2 Iis
1 ,

casis for V1 ® VZ. Let Vi be the

.,

Cdimensional vector

ices spanned by eu . Then as a vector space direct sun we have
i
.
<L

= VI o+ ...+ VI
i

[

lti-sums) we have that

V. ® vV, = I V-l g vyh? I
5 1 2 !

7 we note that u® v =0 implies u =0 or v =0,

rause if u # 0 and v # 0, then there exists £f,g e Eom(V, R)

Hh

h that (u) # 0 and g(v) # 0, hence, given the bilinear :;

n Y%, y) = £(x) gly), there exists a unigue linear form h
h that h(x ® yv) = £x) g (y), and it follows that h(u®v)

u) g (v) # 0, whence u®v # 0. On the other hand condition

2) (i), applied to V!, vE? and V"' ® vE? gives that
er 10z 1 2

® V2Uz is spanned by the single element e & e, Thus
M1 H2

3 V2 is the direct sum of the one-dimensional subspaces

zrated by the elements eL ® e , and hence these elements
-1 -2

. Then by 1ii) of lemma 5.1 (extended to !



form a basis of Vl @ V., By induction we casily extend this to
vy @y BV making use of ii) of lemma 5,1, (Thic means we can
write V. ®“;®‘v’lw = (V,8. .28V, _1) 8V and proceed with induction).
e - - EAS i
Theorem 5.1 says we calb write any member T € V1®,,.8Vk
as (514)
T = I pEl ke, 8...89
! Mo,
A
The ccmponentes Tpl"'bk are familiar from classical tensor

A

- .
analvels.

'

It is also straightforward to include the dual space v*

into our analysis. We know that V* 1is the space of linear mars

J——r R, €.& V* = Eom (V,; IR) and for v e V and £ e V¥,

\e

18]

Now consider V 8 v* and define for u,V £ v, £
£y (v) = £(v). u. This can be extended linearly to all VeV*

and defines a map V— v. Thus we identify veV*=Hom{V,V) .

+'s see what this looks 1ike in components. Let &, be a basis

-i

* <

for Vv and e + pe the dual basis for V* that is

(5.5)
o
i
e “{e.) = §%°
J 3
s L . . *1
Often this pairing between v and V* 1s written as <ej e >
14
I A . i . . . . - S
=a (e ) = 8&;. Ve will use both notations. Now Ironm theorem 5.2
3 J

any

and

Thu:

of

ide:

and

Now

cop.



any member T € V ® V* can be written as

Awd i *‘
T = 2 T el & e *
i, J
- . - 1 3 .
and thus if v =7 v ei eV we can write
i
mo /< = T l *
T (v) = I T e. ® e* (v)
1,5 3 1
i . *4 i
= I T e ® v e “(ek) = 3 e, Tl +J
i i,k i,5 J

Thus T: V —— V 1is a linear mapping. If ui are the components
of U, then the components of T (u) are =2 T§ uj. This clearly
identifies V ®V¥ with Hom (%, V).

Now let us apply theorem 5.1 to the case when both V%s
and V*'s appear, i,e Vi in theorem 5.1 1is either Vv or V*.
Now suppose we have a tensor product of r copies of V and s

copies of V*, A member of such a space is called a tensor of type
(r,s). The problem is that the order ocurring in the tensor product
i1s important, i.e V ® V* 1is different than V* ® V, etc. So the
tensor of type (r, s) are not uniguely determined. In any case

r 1is the contraviariant degree and s is the coavariant degree.

If s = 0, the tensor is called contravariant of degree 1,

0, it is called covariant of degree s. Now

whereas if «r

y
) . - i, - . ,
suppose ei is a basis for V and e is the dual basis for V*




then a tensor of type (r, s) belonging to V @...8V @ V*®...xV*

is written as

. . . * o
T = T Tl""lr . . ei @...®ei Re Jl...®e js
iieee,i_ J1 s r r
]ll"'js
r=1 S
whereas if the order is V®...,8V @ V*Q...8V¥ @ V
We have ' .
i,.5.1 1 .
= m="7 - s & * -
T _ L . = . e, ® ve; e '®...9€e Js@ei
11,...1r ],---]s 1 -1 r
Jl]---ls

and so on for the various possible orderings. Tht for a tensor of

type (1,2) we have the vossibilities

i * 5 *]’ i * 5 *k
T ., e.Be Jge *, T., e Jge.0e *,
jk 71 Jj X i

*

*j -,
e “®e Be.
i

m
4

jk
It should be clear how this works in general.

Now that we understand the different possible orderings, we

show how to get rid of them. This follows from part i) of lemma

5.1 which says that U ® V and V 8 U are isomorphic, thus any

(r, s) with any ordering is isomorphic to

tensor space of type

with

V®...8 V8 V*®...8V*, and so, to any tensor of type (r, s)

Hox
bo«

cal

dec

COX

pre

Tht

sef




any ordering, corresponds a unigue tensor of the form

(5.6)

. . R =
- » Trroocle o 8...08e. 8 716...8e Is
ll...,lr jl...js al r \

jl,...,js

Thus in a certain sense (up to lsomorphism) we may speak of the

tensor space of type (r,s).

Any tensor of this space uniguely takes the form - (5.6) .

However, in practice the ordering does matter. Many pure math

————

bocks do not make any distinction concerning the order and this liz
can lead to confusion when one tries to apply this analysis. We

will, nevertheless, give the space VO...QV ® V¥R...QU* 3 nameﬁ

r : ,
Ts (V), the space of tensors of tyve (r,s) over V. Then the

space Tr(v) = Tro(v) is the space of contravariant tensors of

degree r; likewise, the space T (V) = (V)  is the space of O

3
n O

covariant tensors of degree s. In this there 1s no ordering

problem. It is clear that we can take tensor products of tensor.

. r' . ’ r+r
Thus 1if t ¢ TZ(V) and t' ¢ TS;‘(V), t® t ¢ Ts+;:(V)- To

see this just use i) and ii) of lemma 5.1.

Now we consider the direct sum (as vector spaces)




in the complex case). Recall that the

O
3
a

where tz (V) =R

infinite direct sum means that if t ¢ T(V) then t has compo-

. S T,
nents in only finitelv many of the T (V) 's.
BRIt R A s
The tensor product & of tensors discussed above turns T (V) 1into

alaebra. It is called the tensor algebra over v.

Now there is in T(V) a useful operation known as

contraction. Indeed consider for each 1< p < s the linear nap

B r r-1 . . ; .
Ciq: TS (v) ——— Ts_, (V) defined on a basis by
p 4L
~3 * *3r
(5.8) Clg (e, ®...8e; 0Ge I 8...0 ¢ 3%
¢ 1 r
. . 5 g "
= sJg e 8...0 8 8...6e ®e J'e...00e Ig8...0 ¢ Is
i i 151 i s
2 1 P r
wnere the notation ei means that ei is missing, i.e. is
© P
equivalent to e, & e,
“p-1 “p+l.

Tt can be show that 5.8) 1is actually independent of basis.

Exercise: Show that if t has the form (5.6), then the compo-

i
.~ P r-1
nents of G°t ¢ T \Y are
T £ -1 (V)
i,...1 k1 .1

‘—‘- 1 p_.}. p+l ~
>t
Lem . = p
) . . . o e
ko Jq Jq—l jq+l Ja

Exercilse: Show that the space T_(V) can be identified with the

S

(9]

[

B




space of all s-linear maps ¢f Vx.,.xVv —— R, 1.e. Hom (Vx...xV,R)
. | 1
Zxercise: Let fi = 1 o ey be a change of basis for V. For
j . * .
r . : .
t ¢ T. (V) given in terms of the basis e, 8...8e, ®e ) l@..x8e s
1 r

t in terms of the new basis

Hh

by (5.6), give the components O

* 9 * =
£.8...f. & £ Jlg...0f Is.
.s.l lr
nxercise: If we define
T (V) = I T (V)
r=0
O 0
T (V) = I TS(V)
s=0

Show that under @ TO(V) and TO(V) are actually algebras

the contravariant and covariant tensor algebras, respectively. Cach,

of course, is a subalgebra of T (V).

In the following we will consider mostly the contravariant

tensor algebra TO(V), but everything gées equally as well for

* %
rr’O(V) since if we identify V =V, then To(v) = TO(V*). So th

only differences are the differences between V and V*. Here is

£f: vV — W

one with an "historical accident”. Any homomorphism

hin r .
(V) — T (V) —— TT (W) . We

h

induces a homomorphism £®...9

will see that the rule which assigns to V the contravariant tensor

5.15




5.1¢€

algebra TO(V) ig an example of a covariant functor. Likewise, the

V the covariant tensor algebra is & contravarianc

rule assigning to

functor.

& e . r, . * r, .. ) .

Wwe can also identify T (V) = T (V*) = Tr(V). To see this
. - . . ) i T, r . .

we introduce the palring <Xapyoe X £ T (V) y e T (v*¥) and define

it to be the total contraction. In coordinates this 1is

(5.9)
H 5 EPRPIPUN | )
X ,y> = z x71 I
s SRR | 1 ’
a r

In this way y can be viewed as a linear map

] o
(V) —— R, that 1S y e TT(V)*.

PR

Conversely any member of T (V)* can be considered as the total

: y o . o
contraction of a ¥ ¢ T (V*) with an X e {1 (V)

i

o

it

Exercise: Show that

TR,

R i e e S

Let us now formalize priefly the rule which assigns to a

cet of vector spaces its tensor product. Let U denote the set of

211 vector spaces together with all homomorphisms (or just morphisms

s what 1is called a

for short) between them (Loosely speaking this 1




category). Let F: V x V —— | be a map which assigns to each

pair of vector spaces V, Wel a new vector space F(V,¥) s’v and

to each pair of morphisms f£: V— V , g:iW — W,v,w,v,¥ ¢ V

a new morphism

v, “w lF(v,w)

where lv is the identity morrhism on V, anad

= £ o £ i
3) F(f1°f2) F( l,gl) F( o 92) K
for morphisms fl’ f2, 9,7 9o- F is called a covariant functor. }

If we replace 1), and 3) above by

then F 1is a contravariant functor. If F(f,g) depends continuous-

()

ly (or c® differentiably) on £ and g then F 1is a continuous

co - e s s
(or C) functor. We can also define mixed functors which are

covariant in one argument and contravariant in the other. It should

also be clear how to define functors in more than two arguments.



The tensor product defines a covariant functor

F(V,W) =V ®W and F(f,g) = £8 g: V&# —— V' & W = as defined
previously £ ® g (v ® w) = £((v) ® f£(.,. Property 2) is easy

to verify and property 3) 1is a vreviou: exercise.

Exercise: Show that the dual functor F(yv) = V*, F(f) = £* is
a2 contravariant functor, while the double dual F(vy) = V*¥*,
F(f) = £f** is a covariant functor.

£

Zxercise: Show that if F is any functor aad f ¢ Hom(V,V' ),

g € Hom(W, W) are isomorphisms then F(£f,g) is an isomorpihisn

Exercise: Show that F(V) = Tr(V), TS(V), anc TZ (v) define

respectively covariant, contravariant, and mixcu functors
Exercise: Show that the direct sum functor F(V,W)=V+W, F(f,g)=£f+g
is a covariant functor.

Let us now introduce on Tr(V) the permutation group Pr
on r indices. For a tensor of the form Xl®...®xr € Tr(V) we

define for o e P

(§.10a)

where ¢(l)...0(r) Just gives us a rearrangement of the indices

l,...,r. We then extend this definition to all members of Tr(V)

o)

ot

W

.




by linearity. In terms of coordinates it is easy to see that we have

(5.10b)

-1
where o -~ is the inverse permutation. Notice that we can pick
o(l) in r different ways, then we can pick o¢(2) in (r - 1)

different ways, etc, so that Pr has 1r!. elements.

We are interested in two special cases of (5.10). First

the case when for all o ¢ Pr

(5.11)

. . - B
xTrrecerlyy oxtireeerle 0y g(x.8...8% )=x,8...8x

o 1 r

this says that the tensor is independent of the arrangement of the

indices that is the tensor is totally symmetric. Thus we define
(5.12)

Sr(V) = {v e T°(V): ov = v}

We can again form the direct sum

(5.13)

where SO(V) = R. Clearly S(V) 1is a subspace of TO(V) since

ST(v) < T (V). Indeed we have a projection operator



|
!
i
z
!
1
!
i
!

S: Tr(V) —_— Sr(V) called the symmetrizer and defined by

(5.14)

and it is onto.

This is a projection since S~ = S

Txercise: Show that S: Tr(V) _— SI(V) is indeed a projection

onto Sr(V).

S(v) by uv = S(u @ v). Show

Exercise: We can define a product in

that with this product S5(V) 1is a commutative associative algebra.

{Remember that TO(V) is associative).

Zxercise: Show that S(V¥*) 1is just the ring of polynomials in the

indeterminates Xyreoo iRy € V* over R. Where X, ,...:Xj is a

basis for V*.

Now consider SZ(V*). This is just the space of symmetric

called nondegenerate

bilinear forms on V. A member g € Sz(V*) is

if g(u,v) = 0 for all v eV then u= 0. A nondegenerate
)

: It is a well known

g €.87(V) 1is called an indefinite metric on V.

theorem of algebra that every indefinite metric can be brought to

the,form

gx,x) = ¢ (xH?-1  xh?
=1 i=k+1

where n=dim V. The number sig(g)= |n-2k| is called the signature

of g. If k=n, i.e sig(g)=n, then the metric is positive defi-

fol
int

exa

Any
inv
an

tot




un
(8]
[

nite and the adjective indefinite is dropped. For n=4, k=1

(or equivantly r=3) we have sig(g)=2. This gives us the "Lorentz
metric” (indefinite) of special relativity. It is sometimes conve-

nient to abuse the word signature and say sig(g) = (+++-) or

W

-

(k,n-k), enumerating explicitly the number of + and - signs. In

fact we will often use this terminologv.

Ixercise: Show that an indefinite metric on V ecstablishes a canonical
isomorphism V —— V*

zxercise: Show that F(V) = 87(V), F(£) (u,...u)’= £(u)...£(u)

is a covariant functor.

5.2 Exterior Algebra. i
The second case of (5.10) which interests us is the |

following. Consider the permutation known as an inversion which

interchanges any two numbers which are next to each other. For

T example

c(l,.e..,i,3,...n) = 1,...,9,i,...n

or for tensors

o(x, 8 x,...8x_
<

e

1 ) = X2®Xl®x3®"'®xr

Any permutation can be obtained by an appropriate number of

inversions. There are two types them of permutations, ones with

£

an even number or odd number of inversions. Let N (o) denote the

= (-l)n(J) is the sign

(o]

total number of inversions. The number




of the permutation.

we are interested in the case of (5.10) for which
(5.15a)

o(le...®xr) = €5 (xl®...®xr) = Xc(l)®"'®xo(r)
for xieV. In terms of components we have
(5.15b)

sela oty = e e te = el o™ h )
Notice that N(g) = N(O_l). The subspace
(5.16)

My = tee e ot = (0P

is called the space of antisymmetric tensors of degree
we can construct the direct sum

(5.17)

where AO(V) = JR. However,
S(V), A(V) is actually finite dimensional. Similarly to

introduce the alternator

defined by

For any contravariant or covariant tensor

r. Again

we will see that to the contrary of

(5.14) we

[\9]

[Nl



(5.18)

£ e TT (V).

Hh
O
[a}

Exercise: Show that A: T (V) — AT (V) is a projection, 1i.e.

A% = A,

We can introduce a product A 1in A(V), called exterior
multiplication, defined by

(5.19)
s A~ t = A(s ® t)

for s ¢ AP(V) t e Aq(V). It follows that s . t ¢ Ap+q(V).

Exercise: Show that A(V) with the product (5.19) 1is a associative
algebra over V and that

{(5.20)
s t= (-1 ¢ s

This algebra is called the exterior algebra over V. It is most

*
commonly used in conjunction with V =’Tp(M), and was invented by

E.  Cartan for this purpose. We will prove an important theorem

about A(V). But first notice from (5.20) that if p = ¢ is odd

AT (V) =V,

™

and s = t, we have t . t = 0. In particular let t

5.23




N T : L
Theorem 5.2: The space /L (V) of antisymmetric tensors over AV

) . . n -
is a vector space of dimension () = n! IZ eqse--r®y
- (n-xr) !'r! :
i3 a bzsis for V, then
N - 1< i,< i, <-+-<1_ < n
ell Aelr’ - 71 2 r — 7

. X . \ <
a rasis for AT (V). Moreover, the exterior algebra A(V) has

o s n > . 1 S
Jimension 2 and a basis given by 1 and &, ~...a&; for

i< i, <ee+si <n and all r=1,..., n.
S l r —

> r . - :
sroof: The vector space property of AT (V) 1s immediate and 1is

-
=

itef- as an exercise for the reader. By theorem 5.1 e
: . r,. S . .
5 2 basis for T (V) and by an exercise A(T{V)) = A

=.. rhe set of elements {A(e. @...Re. )} = e. .....€, spans
i i i 1
1 r r r

(V). Now, it is clear that ei A...Aei and O(ei A...Aei )
r r r r

generate the same one-dimensional subspace for all t € Pr, hencz we

w&y choose our spanning set as the set {ei A...Aei ]il r
r r

must show that those are also linearly independent. Consicer

z a r ei A...Aei =0
i,<..<1 1 r
1 r
For a fixed set
e eer 3 cf the 1i,,.. 1 let s o]
Iy Iy ! s I+l ’n

Mt

tl

ot

al

Bu

be

we

Al

ve:

th




be the remaining set such that ej feee, L is a basis for V.
-1 In
Multiply the above expression by e. ~A--.n€. , then all members of
]-,-_}_‘1 j
r+1 n
This is so since the

the sum vanish except those with ej A...Aej :
1 r

other members will have a repeated factor and an we have seen for

all such members say € G A & T 0. We, thus, have
gItrrdr e L., =0
J1 In
But ej oo, is a basis for V, so we have, (see exercise
1 n
below), that e. A....e. = A(e. ®...0e. ) # 0. It follows that
J1 Jq Jn In

adl I = 0. Now from what has been said about repeated factors,

we have clearly that Ar(V) =0 for r > n. Moreover, there are
Ar(V)=<n) r<n.

(n) ways to choose r objects out of n. Thus dim
r
All of what was said holds for each

r

0 < r <n, so we can take the

vector space direct sum (5.17) and a basis for A(V) is given by
the basis 1 ¢ A° (V) =R plus the basis for each AY (V). Further-
. n -
more, dim A(V) = I dim AT (V) = I P (L™ = 1+ 1" = 2".0.E.D,
r=0 'r

Exercise: Show that for A: Tr(V) —_— Ar(V) we have that

. o
ker A is the space spanned by all elements Vi oREecroel Wi sl T (V) such

that v, = vj for some 1 # j, 1 < 1,Js r.

Thus for any t € AT (V) we can write
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(5.20)

i;...1 ‘ .
The components t r are totally antisymmetric in the sense that

it changes sign upon the inversion of any two indices. Thus it

changes sign under an odd number of inversions and retainingits sign

- . . r .
under an even number of inversions. Members of AT (V) are sometimes

called r-vectors. An r-vector we Ar(v) is said to be decomposable

if there exists r - vectors vi eV i=1,...,r such that

We will now prove some lemmas on line:r dependence.

Lemma 5.1: Let X; € v i=1,...,r. A necessary and sufficient

condition that the vectors xl,...,xr be linearly dependent 1is

that
Xyaeeon X. = 0
Proof: Suppose Xjys..-r¥, are linearly independent, then there
) .
are vectors Xr+l""’xn such that Xl""’xn is a basis for V.
Thus xlﬁ...ﬂxn # 0 so XpmeooaXy # 0. Conversely suppose that
r 4
XpreeerX, are linearly dependent, then X, = T as X, for some
i=2
1 r _1i
a® ¢ R. It follows that x,”..."X_ = L @8 X, aXpaee:aX = 0
1 r _ i772 r

=




since each summand will have a repeated factor.

Lemma 5.2: (Cartan's lemma). Let X X

10

independent members of V and suppose that for

be linearly

Vageow, V_ €V
.‘-.L

we have
r
z X;aY; = 0
i=1
i 5
Then there are real numbers aj = az such that
r 3
}E = I a; X
j=1 ]
roof: e e, X so that x .., X is
Proo Choos Xr+l' 1% 17 r ¥
Then we can write
. r n
yl = 1 ai x. + z bl x.
j=1 J j=r+l i
and so
z RiaY, = L L a X, ~ X + z b: x.
i=1 i=1 j=1 3 i=1 4=r+1 101
the first term gives zero if i = j so we get
r j : r 5
0 = I (al - al) X, o~ X, + I I b2 x. . x.
1<3 J J i=1 j=r+1 1 1 J

a basis for




e S e o it gri ke

4t o S 05

But all the X, » Xy are linearly independent by theorem 5.2,

Thus ag = a; and bi = 0 proving the lemma.

Zxercise: Show that F(v) = A" (V) and F(y) = A(V) define
covariant functors. Hint: Define F(f)(vl A...Avr)=f(vl)A...A£(vr)
on decomposable elements and extend by linearity.
. ; . e . r r *

Now the previous identification T (V¥) = T (V) can

easily be seen to carry over to AY(v) by the projection map A.
r r *

Indeed we have A7 (V*) = AT (V) .
Exercise: Let X ¢ A (v) and vy e AT (V¥)  be .ecomposable. Show

that

<x,y> = det <xi,yj>

The pairing <x, Y> of AT (V) and AT (v*) can be extended easily
t; all of ~ A(V) and A(V*). We just put <X, y> =0
xe AT(V), v e AS(vx) if r # s. This pairing allows us to define
the adjoint operator to exterior multiplication. If vy e A(V)

and z ¢ A(v*) define y- by

(5.21)

<x, ydz> =<y A X, 2?2

o o PR ST I S R R R g Sl A Y TSP
S e s = 2

5.28




for all x ¢ A(V). We will make freguent use of both ownerations

. - . . r
7@ can use ! to define an isomorphism between A” (V)

n - i . N ,
and A (V*¥). Let e.....,e be a basis for V and
t

the map w*: V) e (V*) exists since

. . r . . -
<z, ud w*> = <u X,0*>, for u s AT (V), differs from

- , . . . n- -
zero only if u . x £ A (V) which implies x ¢ A r(V) and hence

. n-=-r ~ | . . . ;
ud w* e A (V). 1In fact J w* is an isomorphism onto, which will
be seen explicitly. It is convenient here to write w* 1n a form i
which does not specify an order of the products. Indeed, it is

easy to see that 1f we denote as €y vy the sign of the permuta- ;
1 “n ﬁ

tion (1,...,n) — (il,...,ih) then we can write

-
. i
Xolapamntone ~2niCF g sl)

We then find using (5.21) that
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] ' *i *i
: 1 z utttrtroe, L..id ...i e "k+l..-..& N

un* ( B o i rrr+l n

n-x) iri i,,---3,
(5.23)

1,...1 . * 5 *q
= z z u’l re.,...1_e "rtli....& D
<o <1 i <ewooll 4 n

This shows that J w* is onto. It is also clear that udw* can

only vanish if u = 0; hence‘ J w* is 1-1. you should check the

countirg in the above formulas.

On page 5.20 we had seen that we can put an indefinite
metric on V and the exefcise on page 5.21 shows that this provi-
des an isomorphism onto between V and V*. Explicitly, we put
/:’\) |

L De &

g(u,v) = <u,v*>

znd this identifies V with V*. ©Now we can extend the indefinite
. r . T
metric to TO (V) by defining

(5 29

on decomposable elements and then extending by linearity. BY restric-
tion we can get an indefinite metric on Sr(v) and AI(V). Using

(5.24) and the exercise on the previous page we find

7 {1 1 = 4 < x> =
G(Ugare a1 Vynne aV ) det <u,, v*¥j] det g(ui,vj)




Now given a basis of V we can construct an orthonormal basis

(e.,...e ) of VvV Dby the Gram-Schmidt ortionormalization process.
1 n Y : : >

(You should convince yourselves that this works for indefinite metrics;

P

) ; . .. i :
is an orthonormal basis for A (V). (check this).

too). Then €. a-.-.-A€;
13 1

e
~

(check this)

As with (5.24), (5.26) defines an isomorrhism onto

il
—~ Y - I', v i P ] o 1 - < . -
G: AT (V*F) -+ AT (V) defined by G(v*) = v, where v 15 thé
. . r, ., .
(unigue) element in A7 (V) such that
,r (7%
\ LY

From G and _ w* we construct a new isomorphism onto

r n-r s , - : - -
*: AT (V) > A (v), such that the following diagram commutes

|
w
1)

Hodge's star operator. Let us =ee what * looks 1li

(o))

This is calle
in components. Choose orthonormal dual bases (el,...,en) and

-

< * .
4 1 oy - <
(e ! o) v and V*, an

=

suppose that the indefinite

H
o

[a




metric has signature |n-2k|, saw

(5.23)
5, i, = Ll,...0%
g(e,, ;) = oW 5
i 3 s
f-§. i,3 =k + 1,....n
\. l_, ! o ’ 1
J

and similarly for V*. Then applying - w’

: . i....1 : ..
i G, we find, for u= ) u fe. a...e. & A(V)
! i,<ee<d 1 1y
3 1 T
x5 * 5 * = ¥ -3
. i .. i 5
xy = I gle “r+la...~e B, e “rFla...a8 Jny
i,<e-<1
1 r
i EERRS ] € i uil"°ir e e
r+ . e & = e A e s A 3
1 n i, n Jr+l Jq
<o--<'
Jr+1 jn
Tt is convenient to let I = {i <ewo<i iz, I= {1 <e..<i )},
ti, r ' r+1 n’

etc. Then the last eguation

- J=13 <-e.<j 1} e_ = e, PP
i +1 i ’
b2 ke N . r+1 *n
X pecomes
e | « *J I
%% (5.29) *yu = P g (e I, e Je_ ut ej
: I II
I,7
* . :
Iy = 4 6I’J where the + depends

*1
“le can also note that gle ~, € ) = +

on the + according to (5.28).




o

r )
Lemma 5.3: Let u e A" (V) and k be the number of plus signs in

-~ » -t C.

the metric g, then

(5.30)
xky = (_l)r(n—r)+n~k -
Proof: Taking I = {1,...r}, and putting I = {r+1, ...n} in
(5.29)
*1 *1
*e_=gle ", e )e;
I

On the other hand interchanging I and I in (5.29) gives

- * *
*er = (_l)n(n r)g'(e I, e I)e_
I
it saan ¥ (neg)
the factor (_l)n(n r) comes from €__ . n,l,...r (=1) £,
thus
= * * *T *T
xkg = (_l)n(n r)g( I, 4 I)g(e I e I)e_
I I
*T * T *T * ) -k
But gr(e’ T, &) gle L™ = glu, o = (17

sO (5.30) follows.

Before ending this section, I will discuss
g

priefly a topic




which we praobably will not treat in its generality —— the theory

of exterior equations. For complete treatments see the books of

artan's method of treating

(@

®. Cartan or Slob dzinski. This was E.
arbitrary systems of partial differential eguations. Given a vector
space V and a subspace 17 with the natural injection map

i: W ———; V, we have an induced map (pullback)

i*: A(V¥) —— A(W*). Now let {y;} ¢ L(V*) be a set of forms, the

*

subspace W is said to annihilate vy = if i y* = 0. Clearly if
A & A(V*) is arbitrary then i*(A.y%)= (i*k)x(i*yg) = 0. So

{y;} generates an ideal in A(V*). The problem of exterior equations

is for a given set {y;} to find those subspaces W which annihi-

late this set. We will make use of these ideas later.

Fxercise: Show that * is an isometry on A(V), 1i.e. g(*u,*v) =

g(u,v)

Exercise: Show that Xl is a graded derivation of A(V*), 1.e

for y, € AT (v*), Y, € AS(vx) , X eV

r

X1 (yq A Y,) = (X yy) ~ ¥y F (-1) ylA(XJ Y,)

A X A . . 3 s s
Exercise: 1In 3-dimensional Euclidean space R~ witn positive

definite metric, show that for x,y € R3

where x 1is the vector cross product.




