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APPENDIX B

Vector spaces, norms, inner products
Here we record the definitions and the main properties of vector spaces, innerproduct vector spaces, normed spaces, Banach and Hilbert spaces.
We pay particular attention to the geometry of inner-product vector spaces, and
state the basic theorems related to orthogonality: the Cauchy–Schwarz inequality,
the Pythagorean theorem and the triangle inequality. We also discuss orthonormal
bases and orthogonal projections onto closed subspaces.
B.1. Vector spaces
We begin with the definition of a vector space.
Definition B.1. A vector space over C is a set V , together with operations of
addition and scalar multiplication, such that if x, y, z ∈ V and λ, λ1 , λ2 ∈ C then
(i) x + y ∈ V , λx ∈ V .
(V is closed under addition and scalar multiplication.)
(ii) x + y = y + x, x + (y + z) = (x + y) + z.
(Addition is commutative
and associative.)
(iii) There exists a zero vector 0 ∈ V such that x + 0 = 0 + x = x for all x ∈ V .
(iv) Each x ∈ V has an additive inverse −x ∈ V such that x + (−x) =
(−x) + x = 0.
(v) λ(x + y) = λx + λy.
(Addition is distributive w.r.t. scalar multiplication.)
(vi) λ1 (λ2 x) = (λ1 λ2 )x.
(Scalar multiplication is associative.)
♦
We have already encountered some vector spaces over C. Here are some examples.
Example B.2. The set Cn = {(z1 , z2 , . . . , zn ) : zj ∈ C} of n-tuples of complex
numbers, with the usual component-by-component addition and scalar multiplication.
♦
Example B.3. The collections of functions on T we have been working with
(Section 2.1) with the usual pointwise addition and scalar multiplication: C(T),
C k (T), C ∞ (T); the collection R(T) of Riemann-integrable functions on T; the
Lebesgue spaces Lp (T), in particular L1 (T), L2 (T), and L∞ (T); and the collection
PN (T) of 2π-periodic trigonometric polynomials of degree less than or equal to N .
See the ladder of functional spaces in T in Figure 2.4.
♦
Example B.4. The corresponding collections of functions on R discussed in
the book: C(R), C k (R), C ∞ (R); the collection Cc (R) of compactly supported
continuous functions; similarly Cck (R) and Cc∞ (R); the Lebesgue spaces Lp (R);
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the collection S(R) of Schwartz functions; infinitely often differentiable and rapidly
decaying functions all of whose derivatives also are rapidly decaying; see Section 7.2
for precise definitions.
♦
Example B.5. The space `2 (Z) of sequences defined by equation (5.1) in Section 5.2, with componentwise addition and scalar multiplication. See also Example B.12.
♦
B.2. Normed spaces
It is useful to be able to measure closeness in a vector space. One way to do so
is via a norm.
Definition B.6. A norm over a vector space V over C (called a normed vector
space) is a function k · k : V → R such that for all x, y ∈ V , α ∈ C:
(i) kxk ≥ 0,
(ii) kxk = 0 if and only if x = 0,
(iii) kαxk = |α| kxk,
(iv) It satisfies the triangle inequality
(B.1)

kx + yk ≤ kxk + kyk.
♦

Here are some examples of normed spaces.
Example B.7. The set R with the Euclidean norm. The set C with norm given
by the absolute value function.
♦
Example B.8. The set Rn with norm the `p -norm, defined for each x =
(x1 , x2 , . . . , xn ), and for each 1 ≤ p < ∞, by
!1/p
n
X
p
kxkp =
|xk |
.
k=1

♦
In finite-dimensional spaces all norms are equivalent. In particular, for Rn and
the `p -norms there are positive constants A, B > 0 depending only on p and q such
that
Akxkp ≤ kxkq ≤ Bkxkp .
The situation is different for infinite-dimensional spaces.
Example B.9. The continuous functions over an interval I, or over R, with
the uniform norm.
♦
Example B.10. The continuous functions over a closed interval I, with the
Lp -norm.
♦
B.3. Inner-product vector spaces
Some vector spaces V come equipped with an extra piece of structure, called
an inner product.
Definition B.11. A (strictly positive-definite) inner product on a vector space V
over C is a function h·, ·i : V × V → C such that, for all x, y, z ∈ V , α, β ∈ C,
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(i) hx, yi = hy, xi.
(The inner product is skew-symmetric or Hermitian.)
(ii) hαx + βy, zi = αhx, zi + βhy, zi.
(Linear in the first variable.)
(iii) hx, xi ≥ 0.
(Positive-definite.)

(iv) hx, xi = 0 ⇐⇒ x = 0.
(iii) & (iv) together: strictly positive-definite.
A vector space with such an inner product is called an inner-product vector space. ♦
Notice that (i) and (ii) imply that the inner product is conjugate-linear in the
second variable, in other words
hz, αx + βyi = αhz, xi + βhy, xi.
Every inner-product vector space V can be made into a normed space, since
the quantity
kxk := hx, xi1/2
is always a norm on V , as we ask you to verify in Exercise B.20. This norm is
known as the induced norm on V .
Here are some examples of inner-product vector spaces over C.
Example B.12. V = Cd . The elements of Cd look like z = (z1 , z2 , . . . , zn ),
with zj ∈ C. The inner product and its induced norm are defined by
hz, wi := z1 w1 + z2 w2 + · · · + zn wn ,
kzkCn

:= hz, zi1/2 = (|z1 |2 + |z2 |2 + · · · + |zn |2 )1/2 .
♦

Example B.13. (Little `2 of the Integers, over C) V = `2 (Z). The elements of
` (Z) are doubly infinite
P sequences {an }n∈Z = (. . . , a−n , . . . , a−1 , a0 , a1 , . . . , an , . . .),
with an ∈ C, and n∈Z |an |2 < ∞. The inner product and its induced norm are
defined for x = {an }n∈Z and y = {bn }n∈Z in `2 by
2

hx, yi :=

∞
X

an bn ,

n=−∞

kxk`2 (Z)

1/2

:= hx, xi

=

∞
X

!1/2
2

|an |

.

n=−∞

♦
Example B.14. V = L2 (T). The inner product and its induced norm are
defined by
Z π
1
hf, gi :=
f (x)g(x) dx,
2π −π

1/2
Z π
1
1/2
2
kf kL2 (T) := hf, f i
=
|f (x)| dx
.
2π −π
♦
The fact that the infinite sums in Example B.13 and the integrals in Example B.14 yield finite quantities is not automatic. It is a direct consequence of the
indispensable Cauchy–Schwarz Inequality, which holds for all inner-product vector spaces and which we state, together with two other important inequalities, in
Section B.3.1.
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Had we considered R(T), the set of Riemann-integrable functions on T, with
the L2 -inner product and norm, we would not have encountered the difficulty with
the integrals, since functions in R(T) are bounded, and so the integrals are automatically finite. However we would still have had the problem with the infinite
sums, since boundedness, or even decay to zero, do not guarantee the convergence
of the series.
B.3.1. Three key results involving orthogonality. Orthogonality is one
of the most important ideas in the context of inner-product vector spaces.
In the two-dimensional case of the vector space V = R2 over R, the usual inner
product has a very natural geometric interpretation. Given two vectors x = (x1 , x2 ),
y = (y1 , y2 ) in R2 ,
hx, yi := x1 y1 + x2 y2 = kxk kyk cos θ,
where θ is the angle between the two vectors. In this setting, two vectors are said
to be perpendicular or orthogonal when θ = π/2, which happens if and only if
hx, yi = 0.
Let V be a vector space over C, with inner product h·, ·i, and induced norm k·k.
Definition B.15. Two vectors x, y ∈ V are orthogonal if hx, yi = 0. We use
the notation x ⊥ y. A set of vectors {xλ }λ∈Λ ⊂ V is orthogonal if xλ1 ⊥ xλ2 for
all λ1 6= λ2 , λi ∈ Λ. Two subsets X, Y of V are orthogonal, denoted by X ⊥ Y , if
x ⊥ y for all x ∈ X and y ∈ Y .
♦
In Chapter 5 we show that the trigonometric functions {en (θ) := einθ }n∈Z are
orthonormal in L2 (T). In other words, not only are they an orthogonal set, but
each element in the set has norm one (the vectors have been normalized ). Checking
orthonormality is equivalent to verifying that
(
Z π
1, if k = m;
1
inθ −imθ
hen , em i =
e e
dθ =
2π −π
0, if k 6= m.
√
Exercise B.16. Define vectors ek ∈ CN by ek (n) = (1/ N ) e2πikn/N , for k,
−1
n ∈ {0, 1, 2, . . . , N −1}. Show that the vectors {ek }N
k=0 form an orthonormal family
in CN .
♦
The Pythagorean Theorem, the Cauchy–Schwarz Inequality, and the triangle
inequality are well known in the two-dimensional case described above. They also
hold in every inner-product vector space V over C.
Theorem B.17 (Pythagorean Theorem). If x, y ∈ V are orthogonal, then
kx + yk2 = kxk2 + kyk2 .
Theorem B.18 (Cauchy–Schwarz Inequality). For all x, y in V ,
|hx, yi| ≤ kxkkyk.
Theorem B.19 (Triangle Inequality). For all x, y ∈ V ,
kx + yk ≤ kxk + kyk.
Exercise B.20. Prove Theorems B.17, B.18, and B.19, first for the model case
V = R2 , and then p
for a general inner-product vector space V over C. In particular,
♦
show that kxk := hx, xi is a norm in V .
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Exercise B.21. Deduce from the Cauchy–Schwarz Inequality that if f and g
are in L2 (T), then |hf, gi| < ∞. Similarly, if x = {an }n∈Z , y = {bn }n∈Z ∈ `2 (Z),
then |hx, yi| < ∞.
♦
Exercise B.22. Suppose that V is an inner-product vector space, Λ is an
arbitrary index set, and {xλ }λ∈Λ is an orthogonal family of vectors. Show that
these vectors are linearly independent; in other words, for any finite subset of indices
{λ1 , . . . , λn } ⊂ Λ such that n is no larger than the dimension of V (which may be
infinite),
a1 xλ1 + · · · + an xλn = 0

if and only if a1 = · · · = an = 0.
♦

B.3.2. Orthonormal bases. Orthogonality implies linear independence (see
Exercise B.22), and if our geometric intuition is right, orthogonality is in some
sense the most linearly independent a set could be. In Exercise B.16 we found a
collection of N vectors in the N -dimensional vector space CN . Since these N vectors
N −1
are linearly independent, they constitute a basis of CN . Moreover the set {ek }k=0
N
is an orthonormal basis of C . We will call it the N -dimensional Fourier basis. In
Chapter 6 we point out the analogies between this finite-dimensional theory, which
only requires linear algebra facts, and the discrete Fourier theory.
The trigonometric functions {en (θ) := einθ }n∈Z are also an orthonormal basis
of L2 (T), but it takes some time to verify this fact. See Chapter 5. Having an
infinite orthonormal family (hence a linearly independent family) tells us that the
space is infinite-dimensional. So far, there is no guarantee that there are no other
functions in the space orthogonal to the given orthonormal family, or in other words
that the orthonormal system is complete.
Definition B.23 (Complete system/orthonormal basis). Let {xn }n∈N be an
orthonormal family in an inner-product vector space V over C. We say that the
family is complete, or that {xn }n∈N is a complete system, or that the vectors in the
family form an orthonormal basis, if given any vector x ∈ V , x can be expanded
into a series of the basis elements which is convergent in the norm induced by the
inner product. That is, there exists a sequence of complex numbers {an }n∈N such
that
N
X
an xn = 0.
lim x −
N →∞

n=1

P∞

Equivalently, x = n=1 an xn where equality holds in the norm of V .
The coefficients an of x are uniquely determined. They can be calculated by
pairing the vector with the basis elements:
an = hx, xn i.
♦
How can we tell whether a given orthonormal family X in a vector space V
is actually an orthonormal basis for V ? One criterion for completeness is that the
only vector orthogonal to all the vectors in X is the zero vector. Another is that
Plancherel’s Identity must hold. These ideas are summarized in Theorem B.24,
which holds for all inner-product vector spaces V over C. In Chapter 5 we prove
Theorem B.24 for the particular case of V = L2 (T) with the trigonometric basis.
Showing that the same proofs extend to the general case is left as an exercise.
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Theorem B.24. Let V be an inner-product vector space over C and X =
{xn }n∈N an orthonormal family in V . Then the following are equivalent:
(i) X is a complete system, hence an orthonormal basis of V .
(ii) If x ⊥ X then x = 0.
(iii) (Plancherel’s Identity, or Infinite-Dimensional Pythagorean Theorem) For
all x ∈ V ,
∞
X
2
kxk =
|hx, xn i|2 .
n=1

B.3.3. Banach and Hilbert spaces. Some, but not all, inner-product vector
spaces satisfy another property, to do with convergence of Cauchy sequences of
vectors. Namely, they are complete inner-product vector spaces, also known as
Hilbert spaces. For example, L2 (T) is a Hilbert space, but R(T) with the L2 -inner
product is not a Hilbert space.
First note that since we have the norm induced by the inner product, we can
certainly talk about sequences of vectors converging to another vector. Specifically
if V is a vector space with a norm (a normed space), then we say a sequence
{xn } ∈ V converges to x ∈ V if
lim kxn − xk = 0.

n→∞

It is well known that if a sequence is converging to a point, then as n → ∞ the
vectors in the sequence are getting closer to each other, in the sense that they form
a Cauchy sequence.
Definition B.25. The sequence {xn } ∈ V is Cauchy if for every ε > 0 there
exists N > 0 such that kxn − xm k < ε for all n, m > N .
♦
The converse is not always true, except in so-called complete normed spaces
or Banach spaces. For instance, the Cauchy sequence 1, 1.4, 1.41, 1.414, 1.4142,
. . . in the space Q of rational numbers does not converge to any point in Q; it
does converge to a point in the larger vector space R. Furthermore, every Cauchy
sequence of real numbers converges to some real number. Q is not complete; R is
complete.
Definition B.26. A Banach space is a complete normed space B. In other
words, every sequence in B that is Cauchy with respect to the norm of B converges
to a limit in B.
♦
Example B.27. The continuous functions on a closed and bounded interval,
with the uniform norm, form a Banach space. This fact and its proof are part of
an advanced calculus course; for example see [Tao2, Theorem 14.4.5].
♦
Example B.28. The spaces Lp (I) defined in Chapter 2 are Banach spaces.
The proof of this fact belongs to a more advanced course. However it is crucial for
us, and we assume this result without proof.
♦
Some of these spaces have the additional geometric structure of an inner product, as is the case for L2 (T).
Definition B.29. A Hilbert space H is an inner-product vector space such that
H is complete. In other words, every sequence in H that is Cauchy with respect to
the norm induced by the inner product of H converges to a limit in H.
♦
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Notice that here we are using the word “complete” with a different meaning
than that in Definition B.23, where we consider “complete systems of orthonormal
functions”. The context indicates whether we are talking about a “complete space”
or a “complete system {fn } of functions”.
Here are some canonical examples of Hilbert spaces.
Example B.30. C n , a finite-dimensional Hilbert space.

♦

Example B.31. `2 (Z), an infinite-dimensional Hilbert space.

♦

Example B.32. L2 (T), the Lebesgue square-integrable functions on T, consisting of the collection R(T) of all Riemann square-integrable functions on T, together
with all the functions that arise as limits of Cauchy sequences in R(T) (similarly to
the construction of the real numbers from the rational numbers). In other words,
L2 (T) is the completion of R(T) with respect to the L2 -metric.
♦
Example B.33. L2 (R), the Lebesgue square-integrable functions on R.

♦

