A note on a maximal function over arbitrary sets of directions^�

María C. Pereyra Ana Vargas

August 10, 1998

Abstract

Let MS be the universal maximal operator over unit vectors of arbitrary di-

rections. This operator is not bounded in L^2(R^2). We consider a sequence of operators over sets of finite equidistributed directions converging to M_S. We provide a new proof of N. Katz’s bound for such operators. As a corollary we deduce that M_S is bounded from some subsets of L^2 to L^2. These subsets are composed of positive functions whose Fourier transforms have a logarithmic decay or are supported on a disc.

Let Σ be a set of unit vectors on R^2. Define the following maximal operator for functions f in the Schwartz class S(R^2):

M_Σf(x) = sup_{v∈Σ} 1 2 ∫ |t|≤1 |f(x − tv)| dt. This operator was introduced by S. Wainger in [W]. He showed that bounds of the order (1 + log N) hold for any set of N directions. The best bounds known to date for arbitrary sets of N directions were found recently by N. Katz (see [K1]), he showed that:

Given any set Σ_N of N directions, there is a constant C > 0 such that ‖M_{ΣN} f‖_2 ≤ C √ 1 + log N ‖f‖_2, ∀f ∈ L^2(R^2). (1)

The second author was the first to observe that this type of bounds hold for the set of directions whose slopes belong to C_n, a truncation of C the 1/3 Cantor set, see [V]. Her proof is more restrictive than Katz’s proof but it implies the boundedness of M_C on particular subsets of L^2(R^2). One of the subsets corresponds to functions band-limited to a strip, and the other to a sort of Sobolev space with logarithmic derivatives.

�The first author was supported by EPSRC Visiting Fellowship # GR/160661. The second author was partially supported by the Spanish DGICYT (grant number PB97-0030) and the European Comission via the TMR network (Harmonic Analysis).

In this note we observe that Vargas’ proof holds for equidistributed sets of directions, therefore similar conclusions can be drawn on the boundedness of the maximal function on the limiting set of directions of arbitrarily large equidistributed sets, that is, the unit circle S. This means that those estimates hold for M_S the universal maximal operator and therefore are independent of the chosen set of directions. More precisely we show Theorem A: Let S = {v ∈ R^2 : |v| = 1}.

(a) There is a constant C > 0 such that, for every q ≥ 1 and f ∈ L^2(R^2), f ≥ 0, satisfying suppf̂ ⊆ {ξ ∈ R^2 : |ξ| ≤ 2^q}, we have ‖M_S f‖_2 ≤ C √ q ‖f‖_2. (b) For all ϵ > 0, there is a constant C_ϵ such that, for every f ∈ L^2(R^2), f ≥ 0 and ‖f‖^2_{W log} := ∫ |f̂(ξ)|^2(1 + (log^+ |ξ|)(log^+ log^+ |ξ|)^{1+ϵ}) dξ_1 dξ_2 < ∞ then ‖M_S f‖_2 ≤ C_ϵ‖f‖_{W log} Katz also showed in [K2] that for truncated Cantor sets of directions the bounds cannot be better than √ log log N, similar examples show that for equidistributed sets the bound √ log N is sharp. These implies that M_S cannot be bounded in L^2(R^2).

Notice that positive results for truncated Cantor sets follow as a corollary from positive results for equidistributed sets.

Let A_n denote the set of 2^n equidistributed points on [0, 1], namely:

A_n = { 1 2^n , 2 2^n , · · · , 2^n − 1 2^n , 1 } . Let Ω_n denote the set of directions whose slopes are in A_n, more precisely:

Ω_n = { v = (v_1, v_2) ∈ R^2 : |v| = 1, v_1 > 0, v_2 v_1 ∈ A_n } . We also give a proof of a particular case of Katz’s Theorem, ‖M_{Ωn} f‖_2 ≤ C √ 1 + n ‖f‖_2. (2)

Notice ∪Ω_n is dense in S ∩ {v = (v_1, v_2) : 0 < v_2 ≤ v_1} = Ω, and the sequence M_{Ωn} f(x) is increasing for every x ∈ R^2 and f in the Schwartz class S(R^2). Hence for such f and x, M_{Ωn} f(x) converges to M_Ωf(x). By simmetry, it is enough to prove Theorem A with Ω replacing S. Actually in this case we can prove a stronger statement:

(a’) There is a constant C > 0 such that, for every q ≥ 1 and f ∈ L^2(R^2), f ≥ 0, satisfying suppf̂ ⊆ {ξ = (ξ_1, ξ_2) ∈ R^2 : |ξ_2| ≤ 2^q}, we have ‖M_Ωf‖_2 ≤ C √ q ‖f‖_2.

(b’) For all ϵ > 0, there is a constant C_ϵ such that, for every f ∈ L^2(R^2), f ≥ 0 and ‖f‖^2_{W log2} := ∫ |f̂(ξ)|^2(1 + (log^+ |ξ_2|)(log^+ log^+ |ξ_2|)^{1+ϵ}) dξ_1 dξ_2 < ∞ then ‖M_Ωf‖_2 ≤ C_ϵ‖f‖_{W log2} This will be proved by showing similar estimates, uniformly on n, for M_{Ωn} f.

We will only indicate the adjustments that must be done on Vargas’ proof for it to work for equidistributed sets with cardinality 2^n, very much in the spirit of S. Wainger’s original paper. A similar proof works for equidistributed sets with cardinality N ∼ 2^n, hence for all equidistributed sets. This provides an alternative proof to Katz’s for equidistributed sets of directions.

Proof of Theorem A and (2):

We can assume f ≥ 0, f ∈ S(R^2).

Let p_k : R^2 → A_k be a measurable function. Associated to such mappings there is a smooth linearization of the maximal function, given by:

L_kf(x_1, x_2) = L_{pk(x1,x2)}f(x_1, x_2) = ∫ ϕ(t)f(x_1 − t, x_2 − tp_k(x_1, x_2)) dt,

where ϕ is a positive function in S(R) and ϕ̂ ∈ C^∞_0 ([−1/2, 1/2]). It is enough to bound L_n independently of the choice of p_n with a bound of the order √ 1 + n to show that M_{Ωn} is bounded in L^2(R^2) with a bound of the same order. Similarly, in order to prove Theorem A, we will have to prove bounds for L_nf, uniform on n, for f ∈ W log_2 or for suppf̂ ⊂ {|ξ_2| ≤ 2^q}. We split the function f as f = ∑∞ l=0 f_l, where f̂_l(ξ_1, ξ_2) = β_l(ξ_1, ξ_2)f̂(ξ_1, ξ_2), and β_l ∈ S(R^2), 0 ≤ β_l ≤ 1, ∑∞ l=0 β_l = 1, supp β_0 ⊆ {|ξ_2| ≤ 4} and supp β_l ⊆ {2^l < |ξ_2| ≤ 2^{l+2}} for l = 1, 2, . . . Define f̂^n = (1 − ∑n−_1 l=0 β_l)f̂.

(a’), (b’) and (2) are straightforward consequences of the following estimates: ‖L_nf_l‖_2 ≤ C(ϕ)‖f_l‖_2, n ≥ 1, l = 0, 1, · · · , n, (3) ‖L_nf^n‖_2 ≤ C(ϕ)‖f^n‖_2, n ≥ 0. (4)

To show (3) it will be enough to control ∑n k=l+1 ‖Lkfl − Lk−1fl‖2 + ‖Llfl‖2. Where given p_n : R^2 → A_n, we define p_k : R^2 → A_k for k < n recursively by: p_{k−1}(x) = p_k(x) if p_k(x) ∈ A_{k−1}, otherwise p_{k−1} = p_k(x) +^1_{2k} which will be in A_{k−1}.

Estimates (3) and (4) boil down to the study of the following square functions:

ψ^l(ξ_1, ξ_2) = ∑ p∈A_l |ϕ̂(ξ_1 + pξ_2)|^2,

ψ_k(ξ_1, ξ_2) = ∑ p∈A_k\A_{k−1} |ϕ̂(ξ_1 + pξ_2) − ϕ̂(ξ_1 + (p + 1 2^k

)ξ_2)|^2.

To explain this claim, define M_pf(x_1, x_2) = ∫ ϕ(t)f(x_1 − t, x_2 − tp) dt. Then, we majorize ‖L_kf_l − L_{k−1}f_l‖_2 ≤ ‖( ∑ p∈A_k\A_{k−1} |M_pf_l − M_{p+} 1_{2k} f_l|^2)^{1/2}‖_2.

By Plancherel’s theorem, this is equal to

‖(ψ_k)^{1/2} ^f_l‖_2.

A similar argument can be used to bound

‖L_lf_l‖_2 ≤ ‖(ψ^l)^{1/2} ^f_l‖_2 and ‖L_nf^n‖_2 ≤ ‖(ψ^n)^{1/2} ^f^n‖_2.

Hence, it is enough to show Lemma: There exists a constant C such that (i) ‖ψ^l‖_L∞_{(supp} ∑_{k≥l βk)} ≤ C‖ϕ̂‖^2_∞, (ii) ‖ψ_k‖_L∞_{(supp βl)} ≤ C‖ϕ̂^′‖^2_∞2^{l−k}, ∀k > l. Proof: The proof of (i) is similar to that on [V]. The main observation is that in this setting it is also true that, for l ≥ 1, if (ξ_1, ξ_2) ∈ supp ∑ k≥l β_k then there is a unique p ∈ A_l such that ξ_1 + pξ_2 ∈ supp ϕ̂ ⊆ [−1/2, 1/2]. (If l = 0 then A_0 has only one element).

To show (ii), notice that supp ϕ̂^′(ξ_1 + · ξ_2) ⊆ I(ξ_1, ξ_2) = [−^1_{2|ξ2|} −^{ξ1}_{ξ2} ,^1_{2|ξ2|} −^{ξ1}_{ξ2} ]. The proof of (ii) depends on a careful counting of the number m_k of points p ∈ A_k\A_{k−1} such that [p, p +^1_{2k} ] ∩ I(ξ_1, ξ_2) ≠ ∅ for (ξ_1, ξ_2) ∈ supp β_l. For such (ξ_1, ξ_2) one can estimate:

ψ_k(ξ_1, ξ_2) ≤ m_k sup p∈A_k\A_{k−1} | | | | ∫ p_+ 1_{2k} p ξ_2ϕ̂^′(ξ_1 + tξ_2) dt | | | | 2 . Moreover, |I(ξ_1, ξ_2)| =^1_{|ξ2|} ≤ 2^{−l}, hence there are at most 2^{k−l} points p ∈ A_k\A_{k−1} such that the intersection of [p, p +^1_{2k} ] and I(ξ_1, ξ_2) is not empty. We conclude that m_k ≤ C2^{k−l}, and therefore

ψ_k(ξ_1, ξ_2) ≤ C2^{k−l}|ξ_2|^2‖ϕ̂^′‖^2_∞2^{−2k} ≤ C2^{k−l}2^{2l+4}2^{−2k}‖ϕ̂^′‖^2_∞ ≤ C‖ϕ̂^′‖^2_∞2^{l−k}

This finishes the proof of the lemma. 2

Acknowledgements: The first author would like to thank N. Katz for suggesting to look at the square functions associated to equidistributed sets. The first author would also like to thank the University of Edinburgh for the warm atmosphere it provided during the completion of this work.

References:

[K1] N. H. Katz, Remarks on maximal operators over arbitrary sets of directions. To appear in J. of the London Math. Society.

[K2] N. H. Katz, A counterexample for maximal operators over Cantor sets of directions. Math. Res. Let. 3 (1996), 527-536.

[V] A. Vargas, A remark on a maximal function over a Cantor set of directions. Rend. Circ. Mat. palermo 44 (1995), 273-282.

[W] S. Wainger, Applications of Fourier transform to averages over lower dimensional sets. Proc. Symp. Pure Math. 35, Part 1 (1979), 85-94.

María Cristina Pereyra. Department of Mathematics and Statistics, University of New Mexico, Albuquerque, NM 87131, USA. E-mail: crisp@math.unm.edu

Ana Vargas. Departamento de Matemáticas, Universidad Autónoma de Madrid, 28049 Madrid, SPAIN. E-mail: ana.vargas@uam.es