Haar multipliers, paraproducts and weighted inequalities

Nets Hawk Katz^� María Cristina Pereyra

June 1998

Abstract

In this paper we present a brief survey on Haar multipliers, dyadic paraproducts, and recent results on their applications to deduce scalar and vector valued weighted inequalities. We present a new proof of the boundedness of a Haar multiplier in Lp(R). The proof is based on a stopping time argument suggested by P. W. Jones for the case p = 2, that it is adapted to the case 1 < p < 1 using an new version of Cotlar’s Lemma for Lp. We then prove some weighted inequalities for simple dyadic operators.

1 Introduction

A Haar multiplier is an operator of the form: T f(x) = ∑ I∈D ω_I (x)⟨f, h_I ⟩h_I (x),

where the sum runs over the dyadic intervals D = {(k2^{−j} , (k+1)2^{−j} ] : k, j ∈ Z}; h_I is the Haar function associated to I; ⟨., .⟩ denotes the L^2 inner product; and finally the symbol ω_I (x) is a function of both the variables x ∈ R and I ∈ D. These operators are formally similar to pseudodifferential operators, but the trigonometric functions have been replaced by step functions. When the symbol is a function independent of x, ω_I (x) = ω_I , the corresponding operators are the constant Haar multipliers, known to be bounded in L^p if and only if the sequence {ω_I }_{I∈D} is bounded. We will be concerned with symbols of the form

ω^t_I (x) = ( ω(x) m_I ω )_t , �The first author was supported by EPSRC GR/110024. The second author was partially supported by EPSCR Visiting Felloship GR/160661

where t is a real number, ω is a weight, and m_I ω denotes the mean value of ω over I. The corresponding multipliers will be denoted T^t_ω. We prove that under certain conditions on the weight these operators are bounded in L^p(R).

The proof presented here is based on a stopping time argument suggested by P. W. Jones for the case p = 2, t = 1, that is adapted to the case p ≠ 2 using a version of Cotlar’s Lemma in L^p which could be of interest in its own right.

The non constant Haar multipliers corresponding to t = 1 appeared for the first time in [P], in connection with the existence and boundedness of the resolvent of the dyadic paraproduct. The ones corresponding to t = ±1/2 appeared in the work of Treil and Volberg concerning matrix valued weighted inequalities for the Hilbert transform [TV].

The paraproducts are a class of operators that have made their way into mainstream harmonic analysis since their discovery in the late 70’s. They were first introduced by Bony in the context of nonlinear differential equations [Bo]. After the proof of the T (1) Theorem by David and Journé [DJ], it became clear that in the theory of singular integral operators the objects of study where of two very different natures: either similar to translation invariant operators, or to paraproducts, whose boundedness depended on a certain BMO/Carleson condition to be satisfied. The simplest version of the paraproduct is the dyadic one. Given a sequence of real numbers {b_I }_{I∈D}, the paraproduct π_b, acts on locally integrable functions on the line by: π_bf(x) = ∑ I∈D m_I f b_I h_I (x), where m_I f denotes the mean value of f over I. The operator π_b is bounded in L^p if and only if the sequence of b^2_I ’s satisfies a Carleson condition, namely there exists a constant C such that for all I ∈ D: ∑ J∈D(I) b^2_J ≤ C|I|,

which is equivalent to saying that the function b = ∑ I∈D b_I h_I belongs to dyadic BMO, see [M], [Ch].

The boundedness of the paraproducts can be interpreted as an embedding theorem. This approach has been favored by the russian school, see [N], [TV1]. They refer to these results as Carleson embedding theorems.

After the Fourier transform the Hilbert transform is, perhaps, the most important operator in analysis. The Hilbert transform H, that acts on functions on the real line, is defined by: Hf(x) = P.V. ∫ f(y) x − y dy. A necessary and sufficient condition for a single scalar weight ω so that H maps

L^2(ω) into itself continuously, that is: ∫ |Hf|^2ω ≤ C ∫ |f|^2ω, ∀f ∈ L^2(ω), was first given (as part of a problem in prediction theory) by Helson and Szegö in 1960 using complex analysis, see [HS]. In the late 70’s, Cotlar and Sadosky extended these results to two weights, and to matrix and operator valued contexts, see [CS1],[CS2].

In 1973, Hunt, Muckenhoupt and Wheeden, see [HMW], presented a new proof, where for the first time the A_p-condition for weights appeared as the necessary and sufficient condition for the boundedness of the Hilbert transform in L^p(ω): ω ∈ A_p ⇐⇒ ( 1 |I| ∫ I ω ) ( 1 |I| ∫ I ω �1_p�_1 )_{p−1} < C; for all intervals I ⊂ R.

This was soon extended to a large class of singular integral operators, see [CF]. This work depended heavily on certain maximal functions defined only in the scalar case.

It was not understood how to make a sensible theory in the case of matrix (or operator) valued weights. In 1995 S. Treil and A. Volberg managed to prove that the natural matrix valued generalization of A_2 was the correct necessary and sufficient condition for the vector valued problem, with equal weights, p = 2, and when the dimension of the Hilbert space is finite, see [TV]. Their bounds depend on the dimension of the space. We suspect the bounds are not sharp although they should still depend on the dimension. Their proof depends on the existence of a weighted Carleson Embedding Theorem which can be interpreted as the boundedness of certain non constant Haar multipliers. They have since extended the results for all 1 < p < ∞, for a classical approach see [V], for a novel one using Bellman functions see [NT].

The difficulties extending these results to the infinite dimensional setting become apparent by the recent discovery by Nazarov, Treil and Volberg [NTV1] of a counterexample for an infinite dimensional Carleson embedding theorem. They construct a sequence of matrix-valued Carleson measures indexed in the dimension N of the underlying space, for which the embedding bounds are of the order √ log N. They believe those estimates are sharp. The best known upper bound, log N, is due to Katz [K1], in his work on matrix valued paraproducts, and, independently, to Nazarov, Treil and Volberg [NTV1].

The scalar two weights problem for the Hilbert transform is still open. Sufficient conditions for the matrix and operator valued case were given in [KP]. The main tool used there is an operator valued Schur’s Lemma to deduce, as Treil and Volberg did, the boundedness of the operator from the rate of decay of the off-diagonal coefficients of the standard matrix representation of the operator in the Haar basis. Parts of the operator are treated as if they were constant

Haar multipliers and others like paraproducts, very much in the spirit of the T(1) Theorem.

The techniques used, in particular paraproducts, stopping time arguments, Schur’s Lemma, and Cotlar’s Lemma had been exploited with success by the first author to solve a longstanding problem on maximal operators over arbitrary sets of directions, see [K2].

Recently Nazarov, Treil and Volberg solved the scalar two weights problem for a toy model of the Hilbert transform, namely the signed constant Haar multipliers: T_σ f = ∑ I∈D ±⟨f, h_I ⟩h_I . where σ indicates a choice of signs. The result gives necessary and sufficient conditions on a pair of weights (u, v) so that the T_σ’s are uniformly bounded from L^2(u) into L^2(v). It is not known what happens for p ≠ 2, see [NTV2].

The paper is organized as follows. In the next section we present some notation and preliminaries. Then we define a decaying stopping time, we present the main Weight Lemma, and we deduce from it Gehring’s Theorem and a dyadic relation between RH^d_p weights and dyadic BMO proved by R. Fefferman, C. Kenig and J. Pipher in the doubling case. We then prove a multilinear version of Schur’s Lemma, and some lemmas in the L^p theory for decaying stopping times, in particular one that can be thought as a version of Plancherel’s Lemma in L^p, and the second being an L^p version of Cotlar’s Lemma. Then comes the stopping time proof of the boundedness of the Haar multiplier T^1_ω in L^p, as a corollary we deduce that T^t_ω is bounded in L^p, and that it is of weak type (1, 1). Finally we use those results to show weighted inequalities for constant Haar multipliers, dyadic paraproducts and the dyadic square function, this provides an alternative proof for the classical dyadic Littlewood-Paley Theory (some of these results appeared in [KP]).

2 Preliminaries

2.1 Dyadic intervals and Haar basis

Let us denote by D the family of all dyadic intervals in R, i.e. intervals of the form (j2^{−k}, (j + 1)2^{−k}], j, k ∈ Z. D_k denotes the k^{th} generation of D, consisting of those dyadic intervals of length 2^{−k}. Given any interval J, D(J) denotes the family of dyadic subintervals of J; D_n(J) = {I ∈ D(J) : |I| = 2^{−n}|J|}, |I| denotes the length of the interval I. Given an interval J we will denote the right and left halves respectively by J_r and J_l; they are the elements of D_1(J).

The Haar function associated to an interval I is given by:

h_I (x) = 1 |I|^{1/2} ( χ_{Ir} (x) − χ_{Il} (x) ) , here χ_I denotes the characteristic function of the interval I. The Haar functions indexed on the dyadics, {h_I }_{I∈D}, form a basis of L^2(R), see [H].

2.2 Weights

A weight is a locally integrable function which is almost everywhere strictly positive. Let 1 < p < ∞.

A weight ω is in dyadic reverse Hölder p, RH^d_p , if there exists a constant C such that for every interval I ∈ D 1 |I| ∫ I ω^p ≤ C ( 1 |I| ∫ I ω )_p . The infimum of such constants is called the RH^d_p constant of ω. Eg: ω(x) = |x|^α for α > −1/p. A weight ω is in the dyadic Muckenhoupt’s class, A^d_p, if there exists a constant C such that for every interval I ∈ D ( 1 |I| ∫ I ω ) ( 1 |I| ∫ I ω �1_p�_1 )^{p−1} < C. Eg: ω(x) = |x|^α for −1 < α < p − 1.

We say that a weight ω is in A^d_∞ if it belongs to RH^d_p for some 1 < p < ∞. The main property of these classes of weights is Gehring’s Theorem which states that if ω ∈ RH^d_p then ω ∈ RH^d_{p+ϵ} for some ϵ > 0, see [G].

This result is well known for the corresponding non dyadic classes, see [GC- RF]. We present a proof in the next section based in the Weight Lemma 3.

Corresponding properties for matrix valued weights are less clear. In particular an analogue of Gehring’s Theorem would be very useful.

The following lemma will be used later. For non dyadic classes it is due to Strömberg and Wheeden [SW], see also [CU-N]. For dyadic classes it still holds. For completeness we present a proof.

Lemma 1 Assume s > 1. A weight ω ∈ RH^d_s if and only if ω^s ∈ A^d_∞.

Proof: (⇒) Enough to show that there exists 1 < p < ∞ such that ω^s ∈ RH^d_p by the definition of A^d_∞.

Assuming ω ∈ RH^d_s then Gehring’s Theorem implies that ω ∈ RH^d_{s+ϵ} for some ϵ > 0. Let p =^{s+ϵ}_s > 1 then, 1 |I| ∫ I ω^{sp} = 1 |I| ∫ I ω^{s+ϵ} ≤ C ( 1 |I| ∫ I ω )_{s+ϵ}

= C ( 1 |I| ∫ I ω )_{sp} ≤ C ( 1 |I| ∫ I ω^s )_p where we have used the RH^d_{s+ϵ} in the first inequality and Hölder’s inequality in the last step. This implies ω^s ∈ RH^d_p .

(⇐) We assume that there exists 1 < p < ∞ such that ω^s ∈ RH^d_p . Let t =^{sp(s−1)} sp−1 and q = sp−1 s−1 > p, then tq = sp and (s − t)q^′ = 1, where^1_q +^1_q0 = 1.

Then by Hölder’s inequality 1 |I| ∫ I ω^s = 1 |I| ∫ I ω^tω^{s−t} ≤ ( 1 |I| ∫ I ω^{tq} ) 1_q ( 1 |I| ∫ I ω^{(s−t)q} 0 ) 1_q0

= ( 1 |I| ∫ I ω^{sp} ) 1_q ( 1 |I| ∫ I ω ) 1_q0 . Since ω^s ∈ RH^d_p we get, ( 1 |I| ∫ I ω^{sp} ) 1_q ≤ C ( 1 |I| ∫ I ω^s )^p_q , therefore ( 1 |I| ∫ I ω^s )_{1−}^p_q ≤ C ( 1 |I| ∫ I ω ) 1_q0 . But the choice of t and q forces^q_q0 = s(q − p), hence 1 |I| ∫ I ω^s ≤ C ( 1 |I| ∫ I ω )_s , and ω ∈ RH^d_s . 2

It is well known that any doubling RH^d_q weight is in A^d_p for some p > 1 and viceversa. Without the doubling condition half of it is still true, namely,

Lemma 2 If ω ∈ A^d_p then ω ∈ RH^d_q for some q > 1.

Proof: This is a consequence of Gehring’s Theorem and the following,

Claim: If ω ∈ A^d_p then ω^{1p} ∈ RH^d_p .

Assuming the claim, ω ∈ A^d_p implies ω^{1p} ∈ RH^d_p implies ω^{1p} ∈ RH^d_{p+ϵ} which by the previous lemma implies ω^{1+ ϵp} ∈ A^d_∞ and by the same lemma it implies that ω ∈ RH^d_{1+} ϵ_p .

Proof of the claim: By Hölder’s inequality twice and the hypothesis ω ∈ A^d_p we get,

1 ≤ ( 1 |I| ∫ I ω^{1p} )_p ( 1 |I| ∫ I ω �p0_{p2} )^{p2}p0

≤ C ( 1 |I| ∫ I ω^{1p} )_p ( 1 |I| ∫ I ω �1_p�_1 )^{p−1}

≤ C ( 1 |I| ∫ I ω^{1p} )_p ( 1 |I| ∫ I ω )_{−1} , where^1_p +^1_p0 = 1 implies^p_p0 = p − 1. We conclude that^1_{|I|} ∫ I ω ≤ C (_1 |I| ∫ I ω^{1p} )_p , that is ω^{1p} ∈ RH^d_p . 2

If a given weight ω is bounded away from zero and from infinity, that is: λ^{−1} < ω(x) < λ, for some λ > 1; then it is doubling and it belongs to any of the classes. In general belonging to A^d_∞ does not guarantee being bounded or doubling (in the non dyadic setting A_∞ implies doubling), but it says that the set where the weight is close to zero intersected with any interval where the mean is far from zero is small in a very precise way, to be described next.

3 Weight lemma and decaying stopping times

Let us first define a stopping time J for an interval I.

For a given interval I, let J (I) be the collection of dyadic intervals contained in I which are maximal with respect to a given property. Let F(I) be the collection of dyadic intervals contained in I but not contained in any interval J ∈ J (I). We say the property is admissible if for all J ∈ D(I), J ∈ F(J) and hence F(J) is not empty.

Given an admissible property, let J^o(I) = {I}. For n > 0 define now the collections J^n(I) and F^n(I) inductively. J^n(I) is the collection of intervals belonging to J (J) for some J in J^{n−1}(I). Similarly, F^n(I) is the collection of intervals belonging to F(J) for some J in J^{n−1}(I).

The family of collections of intervals (J^n, F^n) is the stopping time J for the interval I corresponding to the given admissible property. The intervals in F^n are “good”, those in J^n are “bad” but not so bad because their parents are “good”.

Clearly for each n > 0 the intervals in J^n(I) are pairwise disjoint. By definition the elements of J^n(I) are subintervals of the elements of J^{n−1}(I).

Also D(I) = ⋃_∞ j=0 F^j (I), and the F^j ’s are disjoint collections of dyadic subintervals.

We say that J is a decaying stopping time if there exists 0 < c < 1 so that for every I ∈ D, one has ∑ J∈J (I) |J| ≤ c|I|.

Iterating this property we conclude that for decaying stopping times, ∑ J∈J^k (I) |J| ≤ c^k|I|. (1)

We now prove what will be the most fundamental lemma in the theory of weights. It should be viewed as an analogue of the John-Nirenberg theorem for functions in BMO.

Given a weight ω, we define the stopping time J_ω where J_ω (I) denotes the set of pairwise disjoint dyadic subintervals J of I which are maximal with respect to the property that m_J ω ≥ λm_I ω or m_J ω ≤^1_λ m_I ω, where λ ≥ 1 is to be specified in the proof of the following Lemma. It depends only on the RH^d_p constant of ω.

Lemma 3 (Weight Lemma) Let ω ∈ RH^d_p . Then, for λ sufficiently large, J_ω is a decaying stopping time.

Proof: First let λ > 3. We may divide up I into three disjoint subsets, I = ⋃ j I^λ_j ⋃ j I^{1λ}_j ⋃ G,

where the intervals I^λ_j , I^{1λ}_j are an enumeration of all the different elements of J_ω(I) such that for each j λ m_I ω ≤ m_I λ_j ω ≤ 2λ m_I ω, (2) m_I 1_{λj} ω ≤ 1 λ m_I ω, and that ω(x) ≤ λ m_I ω a.e. on G. Notice that the second inequality in (2) is just a consequence of the maximality assumption in the definition of J_ω(I).

Suppose the lemma is false. Then G can be arbitrarily small. Suppose |G| ≤^{|I|}_{3λ} . Thus ∫ G ω ≤ 1 3 ∫ I ω, and since λ > 3, ∑ j ∫ I 1 λ j ω ≤ 1 3 ∫ I ω, so that ∑ j ∫ I^λ_j ω ≥ 1 3 ∫ I ω.

By the second inequality in (2), this implies that ∑ j |I^λ_j | ≥ 1 6λ |I|. (3)

We will now use (3) and (2) to contradict ω ∈ RH^d_p , ∫ I ω^p ≥ ∑ j ∫ I^λ_j ω^p ≥ ∑ j 1 |I^λ_j |^{p−1} (∫ I^λ_j ω )_p = ∑ j |I^λ_j |(m_I λ_j ω)^p, with the second inequality being just an application of Hölder’s inequality. But ∑ j |I^λ_j |(m_I λ_j ω)^p ≥ λ^p ∑ j |I^λ_j |(m_I ω)^p ≥ 1 6 λ^{p−1}|I|(m_I ω)^p.

This contradicts RH^d_p provided we chose λ ≥ (6C)^{1p}�^1 , where C is the RH^d_p constant of ω. If this is the case, then |G| ≥^1_{3λ} |I| and hence, we have proved the lemma with c = 1 −^1_{3λ} . 2

We will use this lemma to show the classical Gehring’s Theorem (see Section 2.2). It can also be used to prove the fact that for doubling weights ω, log ω is in dyadic BMO whenever ω ∈ A^d_∞, see [K3]. First we prove a more “dyadic” relation between RH^d_p weights and dyadic BMO first discovered by Fefferman, Kenig, and Pipher [FKP].

A function b is in dyadic BMO if and only if the sequence b_I = ⟨b, h_I ⟩ satisfies a Carleson condition, namely, ∑ J∈D(I) b^2_J ≤ C|I|, ∀I ∈ D.

Corollary 1 Let ω ∈ RH^d_p for some 1 < p < ∞. We define the function b(x) = ∑ I∈D ⟨ω, h_I ⟩ m_I ω h_I . Then b(x) is in dyadic BMO.

Proof: It suffices to show that there exist a constant C > 0, so that for every I ∈ D, ∑ J∈D(I) | | | ⟨ω, h_J ⟩ m_J ω | | | 2 ≤ C|I|. We define F^j_ω(I) to be the set of dyadic intervals contained in some interval of J^{j−1}_ω (I) but not contained in any interval of J^j_ω (I). This is the decaying stopping time J_ω. For any interval J, we define the function ω_J (x) supported on J to be equal to ω(x) when x is not contained in any interval of J_ω(J) and to be equal to m_K ω when x ∈ K ∈ J_ω(J). Then |J|m^2_J ω + ∑ K∈F_ω (J) |⟨ω, h_K ⟩|^2 = ∫ J ω^2_J (x).

However, by definition of J_ω(J), in particular by (2), ∑ K∈F_ω (J) |⟨ω, h_K ⟩|^2 ≤ ∫ J ω^2_J (x) ≤ 2λm_J ω ∫ J ω_J (x) = 2λ|J|m^2_J ω.

Now for any K ∈ F^j_ω(J), there is a unique interval J of J^{j−1}_ω (I) containing K. Then K ∈ F_ω(J) and m_K ω >^1_λ m_J ω. Thus ∑ K∈F^j_ω(I) | | | ⟨w, h_K ⟩ m_K ω | | | 2 ≤ λ^2 ∑ J∈J^j�1_ω (I) ∑ K∈F_ω(J) | | | ⟨ω, h_K ⟩ m_J ω | | | 2

≤ λ^2 ∑ J∈J^j�1_ω (I) 1 m^2_J ω 2λ|J|m^2_J ω ≤ 2λ^3 ∑ J∈J^j�1_ω (I) |J| ≤ 2λ^3c^{j−1}|I|,

where we have used (1) to get the last inequality. Thus ∑ J∈D(I) | | | | ⟨ω, h_J ⟩ m_J ω | | | | 2 ≤ 2λ^3(1 + c + c^2 + . . .)|I| ≤ 2λ^3|I| 1 − c ,

which was to be shown. 2

Lemma 4 (Gehring’s Theorem) Suppose ω ∈ RH^d_p for some 1 < p < ∞. Then there is ϵ > 0 depending only on p and the RH^d_p constant of ω so that ω ∈ RH^d_{p+ϵ}. Proof: For any interval J, define

G_1(I) = (⋃ J_ω (I) )_c , where we are denoting ⋃ J_ω(I) = ⋃ J∈J_ω (I) J. Observe that for almost every

x ∈ G_1(I), one has^1_λ m_I ω ≤ ω(x), and one has, for 0 < c < 1, |G_1(I)| ≥ (1 − c)|I|, by Lemma 3. Thus ∫ G1(I) ω^p ≥ (1 − c)|I|( 1 λ )^p(m_I ω)^p.

Since ω ∈ RH^d_p this means there exists a > 0 depending only on p and the RH^d_p constant for ω (since λ and c depend only on these) so that for every I, ∫ G1(I) ω^p ≥ a ∫ I ω^p. (4)

We define G_j (I) = ⋃ J^{j−1}_ω (I) \ ⋃ J^j_ω (I). Clearly for x ∈ G_j (I) we have that ω(x) ≤ (2λ)^j m_I ω. (5) Further, we claim that ∫ G_j (I) ω^p ≤ (1 − a)^{j−1} ∫ I ω^p. (6)

We will prove (6) by induction.

To prove (6), it suffices to show that ∫ ⋃_{J jω (I)} ω^p ≤ (1 − a) ∫ ⋃_{J j}�_{1ω (I)} w^p,

for every j, since ∫

G_j (I) ω^p ≤ ∫ ⋃_{J j}�_{1ω (I)} ω^p.

But by (4) ∫ ⋃_{J jω (I)} ω^p = ∑ J∈J^j�1_ω (I) ( ∫ J ω^p − ∫ G1(J) ω^p)

≤ (1 − a) ∫ ⋃_{J j}�_{1ω (I)} ω^p.

Thus (6) is shown.

Now we estimate ∫ I ω^{p+ϵ} ≤ ∞∑ j=1 ∫ G_j (I) ω^{p+ϵ}

≤ (m_I ω)^ϵ ∞∑ j=1 (2λ)^{jϵ} ∫ G_j (I) ω^p

≤ (m_I ω)^ϵ ∞∑ j=1 (2λ)^{jϵ}(1 − a)^{j−1} ∫ I ω^p. (7)

Here we have obtained the second inequality using (5) and the third using (6). Now we choose ϵ sufficiently small so that (1 − a)(2λ)^ϵ < 1, and the sum in (7) converges. There is a C > 0 so that for every I, 1 |I| ∫ I ω^{p+ϵ} ≤ C(m_I ω)^ϵ 1 |I| ∫ I ω^p. Now applying the RH^d_p condition shows there exists C > 0 so that 1 |I| ∫ I ω^{p+ϵ} ≤ C(m_I ω)^{p+ϵ}, which was to be shown. 2

The following result will be used later. For a proof see [M].

Lemma 5 (Carleson’s Lemma) Assume the sequence of positive numbers {a_I }_{I∈D} satisfies the following Carleson condition: ∑ J∈D(I) a_J ≤ C|I|, ∀I ∈ D.

Let {λ_I }_{I∈D} be any sequence of positive numbers, then ∑ I∈D λ_I a_I ≤ C ∫ sup_{I∋x} λ_I dx. 4 L^p Lemmas for decaying stopping times

4.1 L^p Plancherel Lemma

First we state explicitly a multilinear version of Schur’s Lemma that we will need.

Lemma 6 Suppose C(j_1, j_2, . . . , j_{n−1}) are given positive numbers where the j’s range over Z and suppose that for some C ≥ 0 ∞∑ j1=−∞ . . . ∞∑ j_n�1=−∞ C(j_1, j_2, . . . , j_{n−1}) ≤ C,

then for any sequence {x_j }_{j∈}Z in l^n, one has ∞∑ j1=−∞ . . . ∞∑ j_n=−∞ C(j_2 − j_1, j_3 − j_2, . . . , j_n − j_{n−1})x_{j1} . . . x_{jn} ≤ C^n‖x‖^n.

Proof: We simply use Hölder’s inequality, ∞∑ j1=−∞ . . . ∞∑ j_n=−∞ C(j_2 − j_1, j_3 − j_2, . . . , j_n − j_{n−1})x_{j1} . . . x_{jn} ≤ ( ∑ j1,j2,...,j_n C(j_2 − j_1, . . . , j_n − j_{n−1})x^n_{j1} )^{1n} . . . ( ∑ j1,j2,...,j_n C(j_2 − j_1, . . . , j_n − j_{n−1})x^n_{jn} )^{1n} ≤ C^n‖x‖^n. 2 We now prove a small result in the theory of decaying stopping times, which can be viewed as an L^p Plancherel type lemma.

Let J be a decaying stopping time. Let us denote F^j = F^j ([0, 1]), similarly J^j . We define the operator

Δ_F j f = ∑ I∈F^j ⟨f, h_I ⟩h_I ,

which is just the projection onto the closed subspace spanned by {h_I }_{Fj} . This is a constant Haar multiplier with bounded symbol c^j_I = χ_F j (I), hence it is bounded on L^p for 1 < p < ∞ with constant depending only on p, by Lemma 10 in the next section.

Lemma 7 Let J be a decaying stopping time and the F^j ’s be as above. For any 1 < p < ∞ there is a constant C(p) > 0 so that for all f ∈ L^p(R), ∞∑ j=1 ‖Δ_F j f‖^p ≤ C(p)‖f‖^p (8)

Proof Consider the sequence Δ_F = {Δ_F j } as a single operator from L^p(R) to L^p(l^p). Then (8) asserts the boundedness of this operator. Let X be the subspace of L^p(R) of functions supported on [0, 1] and having mean zero on [0,1]. Let E_X be the L^2 projection into this space. E_X is a constant Haar multiplier, E_X f = ∑ I∈D c_I ⟨f, h_I ⟩h_I where c_I = χ_{D([0,1])}(I) ∈ l^∞ hence, by the classical Littlewood-Paley theory E_X is bounded on L^p, see Lemma 10. Now, it is easy to see that Δ_F E_X = Δ_F so it suffices to show (8) for f in X. Let Δ^∗_F be the dual mapping acting on sequences L^q(l^q) for^1_p +^1_q = 1, it can be seen that, Δ^∗_F ({f_j }) = ∑ j Δ_{Fj} f_j .

Therefore.

Δ^∗_F Δ_F = E_X ,

Thus showing the reverse inequality to (8), for f ∈ X and all 1 < p < ∞, that is, ‖f‖^p ≤ C(p) ∞∑ j=1 ‖Δ_F j f‖^p, (9) implies that Δ^∗_F is bounded from L^p(l^p) to L^p(R) for all 1 < p < ∞ which, by duality, implies the boundedness of Δ_F .

Now we assert that there exists C(p) > 0 and 0 < c_1 < 1 so that for any j, k and any f ∈ L^p(R), one has the inequality ∫ |Δ_F j f|^{p2} |Δ_F k f|^{p2} ≤ C(p)c^{|k−j|}_1 ‖Δ_F j f‖^{p2}_p ‖Δ_F k f‖^{p2}_p . (10)

To show (10), it suffices to let k > j. We define f_j = Δ_F j f and f_k = Δ_F k f. We observe that on any J ∈ J^j ([0, 1]), the function f_j is constant, and we denote by f_j (J) its value there. We compute ∫ |f_j |^{p2} |f_k|^{p2} = ∫ ⋃_{J k}�_{1([0,1])} |fj |^{p2} |fk|^{p2}

≤ (∫ ⋃_{J k}�_{1([0,1])} |fj |^p

) 1_2 (∫

⋃_{J k}�_{1([0,1])} |fk|^p

) 1_2

≤ ‖f_k‖^{p2}_p ∑ J∈J^j ([0,1]) ∫ ⋃_{J k}�_j�_{1(J)} |fj (J)|^p 1 2

≤ c^k �j�1_2 ‖f_k‖^{p2}_p ∑ J∈J^j ([0,1]) |J| |f_j (J)|^p 1 2 ≤ c^k �j�1_2

‖f_k‖^{p2}_p ‖f_j ‖^{p2}_p .

As in (1), we iterated the fact that J is a decaying stopping time to conclude, ∑ I∈J^k�^j�1 (J) |I| ≤ c^{k−j−1}|J|.

This implies (10). Fix n > p. Let f ∈ X. First, by Hölder’s inequality and (10) for the same C(p) > 0 and 0 < c_1 < 1, for j_1 < j_2 < . . . j_n, one has ∫ |f_{j1} |^{pn} . . . |f_{jn} |^{pn} ≤ (∫ |f_{j1} |^{p2} |f_{j2} |^{p2} ) 1_n . . . (∫ |f_{jn} |^{p2} |f_{j1} |^{p2} ) 1_n

≤ C(p)c^{j2} �j_{1n} 1 . . . c jn�j_n�_{1n} 1 c^{jn} �j_{1n} 1 ‖f_{j1} ‖^{pn} . . . ‖f_{jn} ‖^{pn} ≤ C(p)c^{jn −j1}_1 ‖f_{j1} ‖^{pn} . . . ‖f_{jn} ‖^{pn} . (11)

Furthermore f = ∑_∞ j=1 f_j . Thus by Jensen’s inequality for^p_n < 1 ∫ |f|^p ≤ ∑ j1,j2,...,j_n ∫ |f_{j1} |^{pn} . . . |f_{jn} |^{pn} . (12) But (11) together with (12) and Lemma 6 for the choice x_j = ‖f_j ‖^{pn} , C(j_1, . . . , c_{n−1}) = c^{j1+...jn}�^1 , prove (9) and with it the lemma. 2

4.2 L^p version of Cotlar’s Lemma

Much effort goes into the search for good L^p substitutes to Cotlar’s lemma, see [C]. The proof we just did to prove the L^p Plancherel Lemma was the source of inspiration to state and prove the following version of Cotlar’s Lemma for L^p. Lemma 8 Let J be a decaying stopping time, and Δ_F j be as above. Let T be a linear operator on functions on R and write T_j = T Δ_F j . Suppose T = ∑_∞ j=1 T_j .

Let 1 < p < ∞. Suppose there are C > 0 and 0 < c < 1 so that for every j, k (possibly equal), one has ∫ |T_j f|^{p2} |T_kf|^{p2} ≤ Cc^{|k−j|}‖f_j ‖^{p2}_p ‖f_k‖^{p2}_p . (13) Then T is bounded on L^p(R) with constant depending only on p, C, c, and the rate of decay of J .

Proof: Let n be an integer so that 2n > p. We wish to estimate ∫ |T f|^p = ∫ (|T f|^{p2n} )^{2n}. Now we observe that by Jensen’s inequality, |T f|^{p2n} ≤ ∑ j |T_j f|^{p2n} . Thus we observe that ∫ |T f|^p ≤ C(p) ∑ j1≤j2≤...≤j2_n ∫ |T f_{j1} |^{p2n} . . . |T f_{j2n} |^{p2n} . (14) Now applying Hölder’s inequality and (13), as we did in (11), it is readily apparent that ∫ |T f_{j1} |^{p2n} . . . |T f_{j2n} |^{p2n} ≤ Ac^{j2n} �j_{1r} ‖f_{j1} ‖^{p2n}_p . . . ‖f_{j2n} ‖^{p2n}_p . (15) The reader may easily verify that (14), (15) and Lemma 6 imply that there is a constant C depending only on A, c, and p so that ∫ |T f|^p ≤ C ∑ k ‖f_k‖^p = C ∑ k ‖Δ_F k f‖^p, (16)

we apply now the Littlewood-Paley Lemma to prove the lemma. 2

5 Boundedness of T^t_ω

5.1 Boundedness of T!

We are interested in the boundedness of Haar multipliers. Let us discuss the simplest possible case. Which is of course well known, see [Ch], where the proof uses the classical Littlewood-Paley Theory. Our proof will use the following lemma, which also holds for p ≠ 2, 1 < p < ∞.

Lemma 9 Let T be a linear or sublinear operator which is of strong type (2, 2). Suppose that for every dyadic interval I, the function T h_I is supported only on I. Then T is of weak type (1, 1).

Proof: Suppose we have f ∈ L^1(R). We pick λ > 0. We now apply the Calderón-Zygmund decomposition. We write f = g + b with ||g||_∞ ≤ 2λ, ||g||_1 ≤ 2||f||_1, and b supported on a disjoint sequence of dyadic intervals {I_j }, having mean zero on those intervals, and so that ∑ j |I_j | ≤ ||f||_1 λ . Now observe that |{x : |(T f)(x)| ≥ λ}| ≤ |{x : |(T g)(x)| ≥ λ 2 }| + |{x : |(T b)(x)| ≥ λ 2 }|. (17) For the first term on the right, we apply the fact that T is of strong type (2,2) and hence of weak type (2,2) and that by Hölder’s inequality

‖g‖_2 ≤ ‖g‖^{12}_1 ‖g‖^{12}_∞ ≤ √ 2λ‖f‖_1. Thus, |{x : |(T g)(x)| ≥ λ 2 }| ≤ 4C‖g‖^2 λ^2 ≤ 8C‖f‖_1 λ . (18)

On the other hand ⟨b, h_J ⟩ = 0 for J dyadic unless J ⊂ I_j for some j. Thus by assumption, |{x : |(T b)(x)| ≥ λ 2 }| ≤ | ⋃ j I_j | ≤ ‖f‖_1 λ . (19)

Now applying (18) and (19) to (17) shows that T is of weak type (1,1) which was to be shown. 2

Lemma 10 The constant Haar multiplier T f = ∑ I∈D c_I ⟨f, h_I ⟩h_I is bounded in L^p if and only if the sequence {c_I }_{I∈D} is bounded.

Proof: The necessity follows immediately from applying T to the Haar functions.

The sufficiency is a consequence of the previous lemma. Clearly, the multiplier T satisfies the hypotheses of Lemma 9. Thus T is of weak type (1,1). Thus by the Marcinkiewicz Interpolation Theorem T is bounded on L^p(R) for all p with 1 < p ≤ 2. But T is selfadjoint. Thus T is bounded on L^p(R) for all 1 < p < ∞. 2 We will now use Cotlar’s Lemma in L^p to prove the main theorem of this section. See [P] for a different argument.

Theorem 1 Let ω be a weight. Define the operator T_ωf(x) = ∑ I∈D ω(x) m_I ω ⟨f, h_I ⟩h_I (x) = w(x)(M_ω f)(x), where M_ω is the (possibly unbounded) Haar multiplier with coefficients^1_{mI ω} . Then T_ω is bounded on L^p if and only if ω ∈ RH^d_p .

Remark: If^1_λ < ω(x) < λ for a.e. x, then there is a trivial bound, far from being sharp. Just observe, ‖T_ωf‖^p = ∫ ω^p|M_ωf|^p ≤ λ^p‖M_ωf‖^p ≤ Cλ^{2p}‖f‖^p, where the last inequality uses the fact that M_ω is a constant Haar multiplier with symbol bounded by λ.

Proof: The necessity of ω ∈ RH^d_p follows immediately from applying T_w to the Haar functions.

For the proof of sufficiency, it suffices to prove the theorem for T f(x) = ∑ I∈D([0,1]) ω(x) m_I ω ⟨f, h_I ⟩h_I (x). If ω ∈ RH^d_p , by the Weight Lemma, the stopping time J = J_ω([0, 1]) is decaying. We will abuse our notation denoting by ⋃ J^n(I) the set ⋃ J∈J^n(I) J, and F^j = F^j ([0, 1]), similarly for J^j .

We define T_j = T Δ_F j = ωM_j , where M_j f(x) = ∑ J∈F^j 1 m_J ω ⟨f, h_J ⟩h_J (x). We define for every dyadic I, the multiplier

M_I f(x) = ∑ J∈F_ω (I) 1 m_J ω ⟨f, h_J ⟩h_J (x).

Then M_j = ∑ I∈J^j�1 M_I . Each M_I is a bounded constant Haar multiplier since by the definition of the stopping time, (m_J ω)^{−1} ≤ λ(m_I ω)^{−1} for all I ∈ D and for all J ∈ F_ω(I). Therefore, for any f ∈ L^p and for each I, there is C(p) > 0 depending only on p such that ‖M_I f‖_p ≤ C(p) λ m_I ω ‖f‖_p. Here λ is fixed, depending just on p, so that J is decaying. In fact, defining

Δ_I f = ∑ K∈F_ω (I) ⟨f, h_K ⟩h_K ,

we have M_I Δ_I f = M_I f hence, ‖M_I f‖_p ≤ C(p) λ m_I ω ‖Δ_I f‖_p. (20)

Also notice that f_j = Δ_F j f = ∑ I∈J^j�1([0,1]) ΔI f.

We shall prove that the T_j ’s satisfy the condition (13) in Cotlar’s Lemma. We will begin by proving that each is bounded on L^p. We write ∫ |T_j f|^p = ∫ ⋃_{J j}�_{1([0,1])\} ⋃_{J j ([0,1])} |Tj f|^p + ∫ ⋃_{J j ([0,1])} |Tj f|^p, (21)

and we will estimate each term separately.

Observe that for every I, on I\ ⋃ J (I) one has almost everywhere that ω ≤ λm_I ω. Thus by the remark right before this proof and (20) we conclude that, ∫ ⋃_{J j}�_{1([0,1])\} ⋃_{J j ([0,1])} |Tj f|^p = ∑ J∈J^j�1([0,1]) ∫ J\ ⋃_{J (J)} |Tj f|^p ≤ ∑ J∈J^j�1([0,1]) (λm_J ω)^p ∫ J\ ⋃_{J (J)} |MJ f|^p ≤ ∑ J∈J^j�1([0,1]) C(p)λ^{2p}‖Δ_J f‖^p ≤ C(p)λ^{2p}‖f_j ‖^p.

Here the last line comes from the disjointness of the elements of J^{j−1}. We have completed our estimate of the first term of (21).

Observe that for every I, we have that M_I f is constant on all J ∈ J (I). We denote its value on J by (M_I f)(J). Also observe that for such J, we have by the definition of J that m_J ω ≤ 2λm_I ω. Now we estimate using the RH^d_p condition, and (20), ∫ ⋃_{J j ([0,1])} |Tj f|^p = ∑ J∈J^j�1([0,1]) ∫ ⋃_{J (J)} |Tj f|^p = ∑ J∈J^j�1([0,1]) ∑ K∈J (J) ( M_J f(K) )_p ∫ K ω^p ≤ C ∑ J∈J^j�1([0,1]) ∑ K∈J (J) ( M_J f(K) )_p |K|m^p_K ω

≤ C ∑ J∈J^j�1([0,1])

2^pλ^pm^p_J ω ∫ J |M_J f|^p ≤ C2^pλ^{2p}‖f_j ‖^p. Thus we have shown that there exists C(p) so that ∫ |T_j f|^p ≤ C(p)‖f_j ‖^p. We claim further that there exists 0 < c < 1 so that for any k > j, one has that ∫ ⋃_{J k}�_{1([0,1])} |Tj f|^p ≤ C(p)c^{k−j} ‖fj ‖^p. (22) We will use Hölder’s inequality, the decaying of J and the fact that ω ∈ RH^d_{p+ϵ} to compute ∫ ⋃_{J k}�_{1([0,1])} |Tj f|^p = ∑ J∈J^j ([0,1]) ∫ ⋃_{J k}�_j�_{1(J)} |Tj f|^p = ∑ J∈J^j ([0,1]) |(M_j f)(J)|^p ∫ ⋃_{J k}�_j�_{1(J)} ω^p

≤ ∑ J∈J^j ([0,1]) c^{ϵ(k} �j�1) p+ϵ |(M_j f)(J)|^p (∫ ⋃_{J k}�_j�_{1 (J)} ω^{p+ϵ} )^p_{p+ϵ} |J|^{ϵp+ϵ}

≤ ∑ J∈J^j ([0,1]) c^{ϵ(k} �j�1) p+ϵ |(M_j f)(J)|^p|J| ( 1 |J| ∫ J ω^{p+ϵ} )^p_{p+ϵ}

≤ C ∑ J∈J^j ([0,1]) c^{ϵ(k} �j�1) p+ϵ |J| ( 1 |J| ∫ J w (M_j f)(J) )_p

≤ ∑ J∈J^j ([0,1]) Cc^{ϵ(k} �j�1) p+ϵ ∫ J ω^p|M_j f|^p

= Cc^{ϵ(k} �j�1) p+ϵ ∫ |T_j f|^p ≤ C(p)c^{ϵ(k} �j�1) p+ϵ ‖f_j ‖^p.

This proves (22). But (22) implies (13) because T_kf is supported on ⋃ J^{k−1}([0, 1]).

Thus the theorem is proven. 2

Remark: Notice that T_ωh_J =^{ω(x)}_{mJ ω} h_J (x) is supported on J, and the previous theorem for p = 2 will give the strong type (2,2) for the operator (for this result ordinary Cotlar’s Lemma is all that is needed, not the L^p version), hence by Lemma 9, T_ω is of weak type (1,1). Thus by interpolation it is of strong type (p, p) for 1 < p < 2. It is not true that the adjoint T^∗_ω is localized when acting on Haar functions, hence we cannot repeat the argument and then use duality to get 2 < p < ∞.

5.2 Some corollaries

We can consider the following one parameter family of Haar multipliers:

T^t_ωf(x) = ∑ I∈D ( ω(x) m_I ω )_t ⟨f, h_I ⟩h_I (x) = ω^tM^t_ωf(x), where t ∈ R, and M^t_ω is the constant Haar multiplier with symbol (m_I ω)^{−t}.

Checking the action on the Haar functions one obtains a necessary condition for the boundedness of T^t_ω in L^p(R), namely Condition C_{tp}: m_I ω^{tp} ≤ (m_I ω)^{tp}, ∀I ∈ D. Clearly condition C_s coincides with RH^d_s when s > 1, with A^d_{1−1/s} when s < 0, and it always holds when 0 ≤ s ≤ 1.

The following lemma will allow us to deduce the boundedness of T^t_ω as a simple corollary of Theorem 1.

Lemma 11 If ω ∈ C_{tp} ∩ A^d_∞ then (i) ω^t ∈ RH^d_p and (ii) m_I ω^t ≤ C(m_I ω)^t for all I ∈ D.

Proof: The proof of (i) follows from Lemma 1. Enough to show that ω^{tp} ∈ A^d_∞ since that would imply that ω^t ∈ RH^d_p .

The cases tp = 0 and tp = 1 are trivial. For 0 < tp < 1 then ω ∈ A^d_∞ implies that ω^{tp} ∈ RH^d_{1/tp} ⊂ A^d_∞. For 1 < tp then ω ∈ RH^d_{tp} if and only if ω^{tp} ∈ A^d_∞. For tp < 0 then ω ∈ A^d_{1−1/tp} if and only if ω^{tp} ∈ A^d_{1−tp} but Lemma 2 implies that ω^{tp} ∈ RH^d_q for some q > 1 therefore ω^{tp} ∈ A^d_∞.

The proof of (ii) is a simple application of Hölder’s inequality for 1 < p < ∞ and the use of the C_{tp} condition:

(m_I ω^t)^p ≤ m_I (ω^{tp}) ≤ C(m_I ω)^{tp}. 2

Corollary 2 Assume ω ∈ A^d_∞, t ∈ R, and 1 < p < ∞. Then T^t_ω is bounded in L^p(R) if and only if ω ∈ C_{tp}.

Proof: We already pointed out the necessity of the C_{tp} condition.

As for the sufficiency, notice that we can factorize T^t_ω as a composition of two bounded operators. In fact: T^t_ω = T_ωt S_{ω,t}, where S_{ω,t} is the constant Haar multiplier with symbol c_I =^{mI ωt}_{(mI ω)t} which is a bounded sequence by Lemma 11, therefore S_{ω,t} is a bounded operator in L^p. Since ω ∈ A^d_∞ ∩ C_{tp} also by Lemma 11, ω^t ∈ RH^d_p , therefore by the Theorem 1, T_ωt is bounded in L^p. 2

Corollary 3 Assume ω ∈ A^d_∞ ∩ C_{tp} for some 1 < p < A_∞ then T^t_ω is of weak type (1, 1), for all t ∈ R.

Proof: By Corollary 2 T^t_ω is of strong type (p, p), and it clearly satisfies the hypothesis of Lemma 9. Therefore it is of weak type (1, 1). 2

6 Haar multipliers and weighted inequalities

As an example on how to prove weighted inequalities with the aid of the Haar multipliers T^t_ω, we show that A^d_p is a sufficient condition for the boundedness in L^p(ω) of constant Haar multipliers, the dyadic square function Sf, and dyadic paraproducts.

Recall that, for ω some weight, and for t any real number, we denote by M^t_ω, the multiplier given by

M^t_ωf = ∑ I∈D ( 1 m_I ω )_t ⟨f, h_I ⟩h_I .

Corollary 4 Let ω ∈ A^d_p. Then for any 1 < p < ∞, the operators ω^{1p} M^{1p}_ω and M^{− 1p}_ω ω^{− 1p} are bounded on L^p(R).

Proof: Since, by Lemma 2, A^d_p ⊂ A^d_∞, setting t = 1/p, t = −1/p in Corollary 2 we get, respectively that T^{1p}_ω = ω^{1p} M^{1p}_ω is bounded in L^p and ω^{− 1p} M^{− 1p}_ω is bounded on L^{pp}�^1 (R). Since^p_{p−1} is the dual index of p and M^{− 1p}_ω ω^{− 1p} is the

dual of ω^{− 1p} M^{− 1p}_ω , we have shown that ω^{1p} M^{1p}_ω is bounded in L^p. 2

This allows us to interchange the weight ω and the multiplier M^{−1}_ω when proving weighted norm inequalities. We will give some easy applications.

Corollary 5 Let {α_I }_{I∈D} be a bounded set of numbers and T_α be the associated Haar multiplier, i.e T_αf = ∑ I∈D α_I ⟨f, h_I ⟩h_I .

Let 1 < p < ∞ be given and let ω ∈ A^d_p. Then T_α is bounded from L^p(ω) to L^p(ω).

Proof: It suffices to show that ω^{1p} T_αω^{− 1p} is bounded on L^p(R). Since Haar multipliers commute, T_α = M^{− 1p}_ω T_αM^{1p}_ω , and is bounded on L^p(R). Then ω^{1p} T_αω^{− 1p} = (ω^{1p} M^{1p}_ω )(M^{− 1p}_ω T_αM^{1p}_ω )(M^{− 1p}_ω ω^{− 1p} ).

Since all three factor of the right hand side are bounded, then so is the left hand side. 2 Corollary 6 Let ω ∈ A^d_p and b in dyadic BMO. Then π_b, the dyadic paraproduct defined by π_bf = ∑ I∈D b_I m_I f h_I , is bounded on L^p(ω).

Proof: We will prove the result for p = 2 and then an extrapolation argument proves it for p ≠ 2 , see [GC-RF].

It suffices to bound ω^{12} π_bω^{− 12} on L^2. We may write ω^{12} π_bω^{− 12} = (ω^{12} M^{12}_ω )(M^{− 12}_ω π_bω^{− 12} ).

Thus it suffices to bound M^{− 12}_ω π_bω^{− 12} on L^2. However for any f ∈ L^2, ‖M^{− 12}_ω π_bω^{− 12} f‖^2 = ∑ I∈D (m_I ω)b^2_I (m_I (ω^{− 12} f))^2.

We use the fact that ω, ω^{−1} ∈ A^d_2, which implies that ω^{−1} ∈ RH^d_{2+ϵ2} for some ϵ > 0, Carleson’s Lemma 5, boundedness of the maximal function on L^{2+2ϵ2+ϵ} , and Hölder’s inequality to estimate

‖M^{− 12}_ω π_bω^{− 12} f‖^2 ≤ ∑ I (m_I ω)b^2_I (m_I ω^{− 2+ϵ2} )^{22+ϵ} (m_I f^{2+ϵ1+ϵ} )^{2+2ϵ2+ϵ} ≤ C ∑ I (m_I ω)b^2_I (m_I (ω^{−1}))(m_I f^{2+ϵ1+ϵ} )^{2+2ϵ2+ϵ} ≤ C ∑ I b^2_I (m_I f^{2+ϵ1+ϵ} )^{2+2ϵ2+ϵ} ≤ C ∫ ( sup_{I∋x} m_I f^{2+ϵ1+ϵ} )^{2+2ϵ2+ϵ} dx ≤ C‖f^{2+ϵ1+ϵ} ‖^{2+2ϵ2+ϵ}_{2+2ϵ2+ϵ} = C‖f‖^2.

Which was to be shown. 2

We can also prove weighted inequalities for dyadic square functions. For an alternative proof see [B]. In particular the classical dyadic Littlewood-Paley Theory can be deduced setting ω = 1. The next result can be viewed as weighted Littlewood-Paley Theory.

Corollary 7 Let ω ∈ A^d_p then the dyadic square function Sf(x) = ( ∑ j |Δ_j f|^2

) 1_2 , Δ_j f = ∑ I∈D_j ⟨f, h_I ⟩h_I , is bounded in L^p(ω).

Proof: We prove it for p = 2 and use extrapolation for p ≠ 2 as Steve Buckley did in his proof of the same fact, see [B].

It suffices to show that ω^{12} Sω^{− 12} is bounded on L^2. Computing we get

‖ω^{12} Sω^{− 12} f‖^2 = ∑ j ∫ ω(x)|Δ_j (fw^{− 12} )|^2 = ∑ I∈D |⟨fω^{− 12} , h_I ⟩|^2m_I ω = ‖M^{− 12}_ω w^{− 12} f‖^2 ≤ C‖f‖^2.

The last inequality by Corollary 4. 2

For operators like the Hilbert transform it is more complicated than these, see for example [TV1], [KP]. But the same ideas are used. The following tautology holds: an operator T is bounded from L^p(u) into L^p(v) if and only if the operator v^{1p} T u^{− 1p} is bounded from L^p(R) into itself. As we mentioned before, and we hope has been highlighted by the examples, the Haar multipliers will allow us to replace multiplication on space side by multiplication on frequency side, whenever it is convenient. For example to show the boundedness of the Hilbert Transforming from L^2(ω) into itself it is enough to check that S = M^{12}_ω HM

�1_{2ω} is bounded in L^2(R). In this case the estimates are more laborious to obtain than in the cases presented here. The strategy followed in [TV1], [KP] follows a method introduced by Coifman and Semmes, widely used in Wavelet Theory. One studies the decay of the matrix t_{IJ} = ⟨Sh_I , h_J ⟩ using, for example, Schur’s Lemma [CJS]. Some pieces will be analized like if they were constant Haar multipliers, others as if they were paraproducts, very much in the spirit of the T (1) Theorem of Journé and David [DJ].

References

[B] S. Buckley, Summation conditions on weights. Michigan Math. J. 40, 153–170 (1993).

[Bo] J. Bony, Calcul symbolique et propagation des singularités pour les equations aux dérivées non-linéaires. Ann. Sci. Ecole Norm. Sup. 14, 209–246 (1981). [C] A. Carbery, A version of Cotlar’s lemma for Lp spaces and some applications. Contemp. Math. 189, 117–134 (1995).

[Ch] M. Christ, Lectures on singular integral operators. Regional Conferences Series in Math. AMS. 77, (1990).

[CF] R. Coifman, C. Fefferman, Weighted norm inequalities for maximal functions and singular integrals. Studia Math. 51, 241–250 (1974).

[CJS] R. Coifman, P. W. Jones, S. Semmes, Two elementary proofs of the L^2 boundedness of Cauchy integrals on Lipschitz curves. J. of the AMS 2, 553–564 (1989). [CS1] M. Cotlar, C. Sadosky, On the Helson-Szegö theorem and a related class of modified Toeplitz kernels. Proc. Symp. Pure Math. AMS. 35 (1979). [CS2] M. Cotlar, C. Sadosky, On some Lp versions of the Helson-Szegö theorem. In “Conference on harmonic analysis in honor of Antoni Zygmund.” Eds. Beckner et al., Wadsworth (1983).

[CU-N] D. Cruz-Uribe (SFO), C. J. Neugebauer, The structure of the reverse Hölder classes. Trans. of the AMS. 347 #8, 2941–2960 (1995).

[DJ] G. David, J.-L. Journé, A boundedness criteria for generalized Calderón-Zygmund operators. Ann. of Math. 20, 371–397 (1984).

[G] F. W. Gehring, The Lp-integrability of the partial derivatives of a quasiconformal mapping. Acta Math. 130, 265-277 (1973).

[H] A. Haar, Zur theorie der orthogonalen funktionen systems. Math. Ann. 69, 331–371 (1910).

[HMW] R. Hunt, B. Muckenhoupt, R. Wheeden, Weighted norm inequalities for the conjugate function and the Hilbert transform. Trans. AMS 176, 227–252 (1973). [HS] H. Helson, G. Szegö, A problem in prediction theory. Am. Math. Pura Appl. 51, 107–138 (1960).

[K1] N. Katz, Matrix valued Paraproducts. To appear in the Proceedings of El Escorial Conference, June 1996.

[K2] N. Katz, Remarks on maximal operators over arbitrary sets of directions. To appear J. Lond. Math. Soc.

[K3] N. Katz, Lecture notes. Preprint 1996.

[KP] N. Katz, M. C. Pereyra, On the two weights problem for the Hilbert transform. Rev. Mat. Iberoamericana 13 # 1, 211-243 (1997). [M] Y. Meyer, Ondelettes et Opérateurs II. Herman (1990). [N] N. K. Nikolskii, Treatise on the shift operator. Springer-Verlag (1985).

[NT] F. Nazarov, S. Treil, The Hunt for Bellman function: applications to estimate of singular integral operators and to other classical problems in harmonic analysis. Preprint 1996.

[NTV1] F. Nazarov, S. Treil, A. Volberg Counterexamples to infinite dimensional Carleson embedding theorem. Preprint 1996.

[NTV2] F. Nazarov, S. Treil, A. Volberg The solution of the problem on Haar multipliers in two-weighted L^2 spaces. Preprint 1996.

[P] M. C. Pereyra On the resolvent of dyadic paraproducts. Rev. Mat. Iberoamericana 10 # 3, 627–664 (1994).

[TV] S. Treil, A. Volberg, Wavelets and the angle between past and future. J. Funct. Anal. 143, no 2, 269-308 (1997).

[V] A. Volberg, Matrix Ap weights via S-functions. Preprint 1996, 1-24.

Nets Hawk Katz Math., Stat. & Comp. Sci. Dept. University of Illinois/Chicago 851 S. Morgan St. Chicago, IL 60607-7045 E-mail: nets@math.uic.edu

María Cristina Pereyra Department of Math. and Stat. University of New Mexico Humanities Building, 4th floor Albuquerque, NM 87131-1141 E-mail: crisp@math.unm.edu