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Chapter 10

The Matrix Approach to Log-Linear
Models

Analysis of variance and regression analysis are both branches of linear
model theory. Regression analysis and linear model theory are usually
taught using matrices. It is less common to teach analysis of variance with
matrices. Although standard log-linear model theory is analogous to anal-
ysis of variance, the basic results are more easily stated in matrix notation.
It is assumed that the reader is familiar with the basics of using matrices.

We begin with some simple examples of writing log-linear models with
matrices.

ExaMPLE 10.0.1. Consider a 3 x 4 table. The log-linear model
log(mij)zu—l—ul(i)—l—ug(j), i1=1,...3,57=1,...,4, (1)

can be written in matrix form as

rlog(mi)] [1 1 0 0 1 0 0 07
log(m12) 11000100
log(mas) 110000 10|71 w1
log(m14) 11000001 u1(1)
log(ma:) 1010100 0 |ug
log(ng) _ 1 01 0 01 0O U1(3)
log(ng) 1 01 0 0O010O0 Uz(1)
10g(m24) 101000 01 U2(2)
log(ma:) 100110 0 0| |uys
log(mgg) 1 0 01 0100 _U2(4)_
IOg(m33) 1 0 01 0 0 10
Llog(mss)] L1 0 0 1 0 0 0 1.
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The log-linear model

log(mijk) = u + u1(s) + uaj) + Urz(ij)

can be written in matrix form as

U
u1(1)
U1 (2)
u1(3)
'log(mn)' Ua(1)
log(mlg) U3(2)
log(mas) Us(3)
log(mai4) Un(4)
log(ma1) U12(11)
log(ma2) | _ x | w2012
log(mas) | — U12(13)
log(maa) U12(14)
log(ms1) U12(21)
log(ms2) U12(22)
10g(m33) U12(23)
Llog(msa) - U12(24)
U12(31)
U12(32)
U12(33)
| U12(34)
where
110 01 00 01 0O0O0O0O0TO0
1100 01 00O01O0O0O0O0O0
1100 0010O0O0OT1O00O0°0O0
1100 0 0010001000
101 0100O0O0O0O0O0OT1ITTUO0TO0
X_101001000000010
~11 01 0 001 O0O0O0O0O0TO0OTO0D1
1010 00O01O0O0O0O0O0TUO0OTO
10011 00O0O0O0O0O0O0O0TO0
1001 0100O0O0OO0O0O0TO0TO0
1001 0010O0O0OO0O0O0TUO0OTO
1 0 01 0001 0O0O0O0O0TUO0DTO

The uniform association model

logmi; = u + uys) + uzgjy + YTiW;
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can be written

M log(ma1) ] 110 0100 0 ziwi]
log(mi2) 1100010 0 zw| _ i
log(mis) 1100001 0 zws Y
log(mi4) 1100000 1 zuw| |M®
log(ma1) 1010100 0 zow| |"®
log(maz) | _[1 01 0 0 1 0 0 mw,| |1®
log(mas) | — [1 01 0 0 0 1 0 mows| |20
log(ma4) 1010000 1 zow| |1®
log(ma1 ) 1001100 0 zsw| |2®
log(ms2) 1001010 0 zsw| |"®
log(mss) 1001001 0 zswg| - ! -

| log(m3za) [1 0 01 0 0 0 1 zswsld

A matrix with only one column will be referred to as a vector. Let z =
(x1,-..,24) be a vector. Define

log(z) = (log(z1),log(x2), .. .,log(z,))" .

Consider a table with any number of dimensions that has ¢ cells in it. For
a 3 x 4 table, ¢ = 12. For an I x J x K table, ¢ = IJK. The expected cell
counts are denoted by the vector m = (mq,...,my)". A log-linear model is
a model

log(m) = X3

where log(m) is a ¢ x 1 vector of unknown parameters, X is a ¢ x p
matrix with known values (often X consists entirely of Os and 1s), and
B is a p x 1 vector of unknown parameters. In Example 10.0.1, the
log-linear model (1) has an X matrix with 12 rows and 8 columns
that consists entirely of 0s and 1s. The 8 vector was the 8 x 1 matrix
(u,ul(l),ul(g),u1(3),u2(1),u2(2),u2(3),u2(4))'. For model (2), the X matrix
has 12 rows and 20 columns. The g vector is a 20 x 1 matrix that contains
u, the uy(;)’s, the uy(;)’s, and the uyy(;j)’s.

ExXAMPLE 10.0.2. Consider a 2 x 3 x 2 table. The model

log(mijx) = u + uy(s) + gy + us(r)
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can be written

log(mln)' 'l 1 01 0 0 1 07

log(m112) 1 1 01 00 01

log(mi21) 1 1001010| 71 uj

log(mia2) 11001001 ui(1)

10g(m131) 1100 0110 U1(2)

10g(m132) _ 1100 01 01 Ug(l)

10g(m211) h 10110010 Uz(2)

log(mai2) 1 0110001 Uy (3)

log(maa: ) 1010101 0| |usy

log(masas) 1 01 01 0 01 L u3(2)

log(m231) 1 01 0 0110

_log(m232) _ 1 01 0 01 0 1

log(m) = X g
The model

log(mijr) = u +u1(i) + uz(j) + Us(r) + U2s(in)
can be written
[ u
rlog(mai11) 7 11 01 0 01 01 0 0 0 0 01 u1(1)
log(mi12) 1101 00O01O01O0O0O0O0 Ui(2)
10g(m121) 1 1 0 0 1 0 1 0 0 0 1 0 0 0 u2(1)
log(mi22) 11 001001O0O0O0T1O0O0 Uy(2)
log(mas1) 110001 1O0O0O0O0O0T10O0 Uy(3)
log(mis2) _ 110001 01000O0O0O0T1 Uz(1)
log(ma11) - 1 01100101 O0O0O0O00O0 u3(2)
log(ma12) 101100010 1O0O0O00O0 U23(11)
log(maa1) 1 01 0101O0O0O01O0O00O0 Un3(12)
log(ma22) 101 01001O0O0O0T1O0O0 U23(21)
log(m231) 1 0 1 0 0 1 1 0 0 0 0 0 1 0 u23(22)
Llog(mas2) L1 010 01 01 0000 0 1d U23(31)
L U23(32)

log(m) = X B

ExERCISE 10.1. For a 3 x 4 table, write model (7.1.7) in the form
log(m) = XB.

EXERCISE 10.2. For a 2 x 3 x 2 table, write the models [2][13], [13][23],
[12][23][13], and [123] in the form log(m) = X 3.
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One advantage of establishing results for a general log-linear model
log(m) = X8 is the flexibility of the model. Results apply to ANOVA type
models for any number of dimensions. The X matrix can be any known
matrix, so models that incorporate known scores for ordered categories or
use predictor variables to model interactions are also special cases of the
general log-linear model.

In this chapter, we present a summary of some basic results in maximum
likelihood theory for log-linear models. Most of the results are presented
more rigorously in Chapter 12. In Sections 1 and 2, results are presented for
multinomial sampling. In Section 3, the extension to product-multinomial
sampling is discussed. Section 4 discusses drawing inferences about model
parameters. Section 5 examines the Newton-Raphson alternative to iter-
ative proportional fitting for finding MLEs. Section 6 discusses the GSK
method of fitting log-linear models. Section 7 considers residual analysis.

10.1 Maximum Likelihood Theory for Multinomial
Sampling

Suppose we have a table with ¢ cells, observations n = (n4,...,n,)’, and
the log-linear model log(m) = X holds. Under multinomial sampling, the
likelihood function is

q

n.! .
L(p) = e [ [ #
i=1"i" 30
where p = (p1,...,p,)’- Equivalently, we can write this as a function of m
because m; = n.p; and n. is the known sample size. In terms of the m;’s,

the likelihood becomes
n.! ! e
L(m) = =—— H(m,/n) il
i=1 T i
ESTIMATION

Maximum likelihood estimates (MLEs) are values 17; that maximize L(m)
subject to the constraints of our model. There are two constraints on the
model: One is the log-linear structure

log(m) = XB for some S (1)

and the other relates to the fact that with multinomial sampling, 1 =
2321 p;. This second condition is equivalent to n. = m.. Let J be a ¢ x 1
vector consisting entirely of 1s. The condition n. = m. can be written as

n'J=m'J. (2)
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Rather than maximizing L(m), it is simpler to maximize the log of L(m),
q q q
log L(m) = log(n.!) — Zlog(ni!) + Z n; log(m;) — Zni log(n.).
i=1 i=1 i=1

The only term that involves the m;’s is Y1, n;log(m;) = n’log(m), so it
is enough to maximize
£(m) = n'log(m).

The MLE, 7, is the value that maximizes £(m) subject to conditions (1)
and (2). In other words, 7 must have the properties that

log() = X3  for some J, (3)

n'J=m'J 4)

and if 77 is any other vector with log() = X and n'J = //J, then
£(m) < £(m) .

It turns out that for a broad class of possible X matrices, the maximiza-
tion can be performed without imposing condition (2). As will be discussed
below, this occurs because the maximum of £(m) subject only to condition
(1) automatically satisfies condition (2). A standard method for finding the
maximum of £(m) subject to condition (1) is by setting appropriate partial
derivatives equal to zero. It can be shown that the partial derivatives are
zero at the point m that satisfies

nX =m'X, (5)

cf. Chapter 12. Moreover, by considering the matrix of second partial
derivatives, it can be shown that if £(m) achieves its maximum, subject
to the constraint log(m) = X, then it will be at the unique value 77 that
satisfies conditions (3) and (5). In other words, any value M that satisfies
the (marginal) constraints (5) and the model (3) is the mazimum likelihood
estimate of m provided a maximum exists. This point was made repeatedly
in Section 3.2.

If X is chosen appropriately, then any m that satisfies conditions (3) and
(5) automatically satisfies condition (2), i.e., satisfies (4). Before examining
this claim, we introduce a very useful concept in log-linear model theory,
the column space of X. The column space of X is defined to be the set

C(X)={plp=Xp forsome f}.

Thus, C(X) consists of all of the possible values for log(m) that satisfy the
log-linear model. Earlier, we discussed the fact that the models

log(mi;) = u + u1(s) + ua(j) + usk) + viij) + Uis(in) (6)
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and
log(mi;) = wia(ij) + U13(ik) (7)

are equivalent. If we write the model in equation (6) as
log(m) = X151

and the model in equation (7) as
log(m) = X»f3,,

it is not difficult to show that C(X;) = C(X3). In other words, the possible
values for log(m) are identical in models (6) and (7). That is why the models
are equivalent.

We now return to the claim that if 7 satisfies conditions (3) and (5),
then for an appropriate X matrix, condition (4) is also satisfied. Suppose
that J € C(X). In other words, for some vector b, J = Xb. If m satisfies
condition (5), then it follows that

n'J=n'Xb=m'Xb=m%'J;

hence, condition (4) is satisfied. Thus, if J € C(X) and if the MLE of m
exists, then we can find the MLE by finding /7 that satisfies conditions (3)
and (5).

We will not give a detailed discussion concerning when MLEs exist; for
such a discussion, see Haberman (1974a). However, we will mention one
result. It is an immediate consequence of Theorem 12.2.1 that if n; > 0 for
alli =1,...,q, then the MLEs exist.

The condition imposed above on X, i.e., J € C(X), is not an onerous
condition. It simply means that the model has a parameter v (with no
subscripts) or that the model is equivalent to a model that contains a u
term. The condition J € C(X) is also necessary for the asymptotic results
discussed in Section 2 and Chapter 12. We will henceforth always assume
that J € C(X).

One final point: The MLE of m does not really depend on X, it depends
on C(X). Any two parametrizations log(m) = X181 and log(m) = X>0
with C(X1) = C'(X>) have exactly the same MLE of m.

ExaAMPLE 10.1.1.  One version of the three-dimensional saturated model
is log(mjx) = u123(ijk)- If this is written in matrix form, X = I, where I,
is the ¢ x ¢ identity matrix and ¢ = IJK. The conditions for MLEs become

~

log(rh) = I,3 =f for some f3

and
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Clearly, n = n satisfies the second of these equations and 8 = log(n)
satisfies the first equation. Thus, the MLE of m is /h = n in a three-
dimensional saturated model. In fact, this argument is valid for any sat-
urated model. The idea of a saturated model is that there are enough
parameters to explain the data perfectly. This translates to the idea that
C(X)=C(I;) =R

ExAMPLE 10.1.2. Consider a three-dimensional table and the model
logmijk =u-+ U1 (5) + U2(j) + U3 (k) + U23(jk) -

If one writes out the matrix X (cf. Example 10.0.2), it is easily seen that
the condition n'X = m'X is precisely n... = ..., n;.. = Mm;.., n.j. = M.,
N.p = M., N.jr = M.j. Several of these conditions are redundant. It is
sufficient to have n;.. = ;.. and n.j; = M. ;. The other relationships follow
from these two. If the model is reparametrized as

log(mijk) = w1(s) + Uas(jk) >

then the condition n’X = m'X for the new X matrix gives only the condi-
tions n;.. = 1. and n.jp = M.j;. The MLEs of the mg;;’s are precisely the
values 755, that satisfy n;.. = m;.. and n.j, = M., and can be written as

log(rijk) = Uy(s) + Uas(jk)

for some values @y (;) and diag(;r)- It is easily seen that if i, = ng.n.jx/n...,
these conditions are satisfied.

EXERCISE 10.3.

(a) For a 3 x 4 table, find the conditions that the MLEs must satisfy in
model (7.1.4).

(b) Repeat (a) for model (7.1.7).

TESTING HYPOTHESES

One of the tests that is allowed for three-way tables is the test of [1][2][3]
versus [1][23]. If these models are written as log(m) = Xofy and log(m) =
X 3, respectively, the fact that [1][23] is a larger model is reflected in the
fact that C(Xo) C C(X). Recall that for a 2 x 3 x 2 table, X and X where
presented in Example 10.0.2.

In general, if we assume that log(m) = X8 holds and that C(X,) C
C(X), we can test the hypothesis

Hy :log(m) = Xofo
against the hypothesis

Hy, : (Hy is not true) .
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The likelihood ratio test statistic is
G? = —2[log L(1n) — log L(1h)]
where mg is the MLE of m under the assumption that Hy is true and
m is the MLE under the “unrestricted” model. However, in this case, the
“unrestricted” model is that log(m) = X . It is easily seen that
G* = —2[l(no) — £(1h)]
—2[n"log(1o) — n'log(1h)]
= 2n'[log(1h) — log(rho)]
q

i=1

where again m = (rfu,...,M,)" is the MLE of m for log(m) = X8 and
mo = (o1, - ., og)" is the MLE of m under the restriction that log(m) =

XoPBo- A
In fact, G? can be written as

q
G* =2 1;log(mi /o),

i=1
which is our usual form. To see this equivalence, note that log(ri) = X 3 for
some [, and because C(Xo) C C(X), we can write log(rig) = XofBo = X4
for some B and 4. Recall that 7' X = n'X. By substitution,
G? = 2n/[log(ih) — log(ig)] = 2n/[X B — X4]
20/ X[B - 4]
20’ X[ — 4]
= 20/ [log(rh) — log(rio)]
q
= 2 Z m; log(mi; /o) -

i=1

10.2 Asymptotic Results

This section presents a few of the primary asymptotic results for log-linear
models under multinomial sampling and mentions some applications of
those results. More precise versions of these results are available in Chap-
ter 12.

We begin by setting some notation. Let x be a ¢ x 1 vector. D(z) is used
to denote the ¢ x ¢ diagonal matrix

D(.’L‘) = [dz]] where dz',' =T;, dz'j = 0, ) 75 j .
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One diagonal matrix is used often and has a special notation:
D =D(p).
Recall that J is a ¢ x 1 vector of 1s. Define
A=X(X'DX)'X'D

and
A, =J(J'DJ)1JD

where it is assumed (but not really necessary) that a parametrization
log(m) = X has been chosen so that the inverse of X'DX exists. Note
that because D(m) = n.D, D can be replaced by D(m) in A and A, with-
out changing the resulting matrices. Note that A and A, depend on the
unknown parameters p. We can estimate A and A, simply by estimating

p.
Rather than frequently writing log(m), let

u = log(m).

If 771 is the MLE of m, i = log(r) is the MLE of the u. This follows from
the invariance of mazimum likelihood estimates; for any parameter ¢ and
MLE 6, the MLE of a function of 4, say f(6), is the corresponding function
of the MLE, f(f), cf. Cox and Hinkley (1974, p. 287).

The key asymptotic results about MLEs are given in the following sub-
sections. Throughout, let N =n..

ESTIMATION

We begin with results about the large sample distribution of the maximum
likelihood estimates.

Theorem 10.2.1. Let p = X be a log-linear model for a table with
q cells. Let n be the result of a multinomial sample of N observations:

(a) For N sufficiently large, i — p has the approximate distribution
N(0,[A — A,]D~ Y (m)).

(b) As N gets large, ji— p converges (in probability) to zero; i.e., i— 5
0.

(c) For N sufficiently large, /i — m has the approximate distribution
N(0, D(m)[A - A)).

(d) As N gets large, /N converges (in probability) to p, i.e., N~1m KIS p.
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Technically, (a) and (c) deal with convergence in distribution and are sim-
ilar in spirit to the Central Limit Theorem. In Chapter 11, we will have
occasion to write such results as (a) N2 (i — p) E N(0,[A—A,]D') and
(c) N2 (1 —m) Y N(0,D[A—A,]). The symbol % indicates convergence
in distribution. The L comes from the fact that a distribution is sometimes
referred to as a distributional law or simply as a law.

One interesting aspect of Theorem 10.2.1 is that, although fi—u converges
to zero, 1 by itself does not converge to anything. As N gets large, u =
log(m) = log(Np) also gets large. Although the difference i — p gets small,
we cannot say that i converges to u because yu changes with N.

Corollary 10.2.2. If the inverse of (X'DX) exists and j satisfies
i = X3, then 8 — 3 converges (in probability) to zero.

Consider the problem of drawing asymptotic inferences about a particu-
lar cell. The parameters of interest are p;, m;, and ;. We will start from
the premise that estimates of the m;’s are available. These can be obtained
from iterative proportional fitting as discussed in Section 3.3 or from use of
the Newton-Raphson algorithm as discussed later in Section 5. Recall that

= (1, ..., mhy,)

i = log(m) = (log(r1),. . ., log(mq))l )
and
L
N

To use Theorem 10.2.1, we need one key result. If Y is a ¢ x 1 vector
with a multivariate normal distribution, i.e.,

A

p=—=1m=(m/N,...,Mme/N)".

YNN(&E);

and if p is a ¢ x 1 vector, then the scalar random variable p'Y has a
(univariate) normal distribution. In particular,

p'’Y ~N(p'&,p'Sp).

Let e = (0,---,0,1,0,---,0) where the 1 is in the i’th place. It follows
that

and
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Applying Theorem 10.2.1, for N large we get the approximations

fi—pi ~ N(0,ej[A—A.]D " (m)e;) ,
m;—m; ~ N(0,e;D(m)[A— A.le;),

. 1
pi—pi~N <O,e;mD(m)[A - Az]ei) .

In order to use these results, we need to be able to find or at least
estimate the variances. We begin with ei[A — A4,]D~(m)e;. This value is
the i’th diagonal element of A D~!(m) minus the i’th diagonal element of
A,D71(m). To find e,AD~!(m)e;, note that

1
D '(m)e; = (E) €i,
S0 .
et AD™ (m)e; = o e;Ae; .

The value e Ae; is just a;;, the i’th diagonal element of A. This is precisely
the leverage of the i’th case. Leverages were introduced in Section 6.7 and
methods for estimating them were given. The maximum likelihood estimate
of
e;AD_l (m)ez = aii/mi
is
Gii [ .

The computation of e} 4, D~!(m)e; is even simpler. For multinomial sam-

pling,
A, =J(J'DJ)'JD=JJ'D.

This follows because J'DJ = p. = 1. Moreover,

A,D Ym) = JJ'DD™(m)

= 57 () DD om)

1 !
(%) 77

1
etA, D7 (m)e; = N

SO

Combining results, we see that

! _ -1 — % _ i
ei[A— A ]D™ (m)e; = N
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thus,
R (4771 1
; — s~ /V 07 _— .
i — Mg ( ; N)

Estimating the variance leads to the approximation

o Qi 1
i — L - —~ N(0,1).
(f1; — p:) \/ s N (0,1)

Large sample confidence intervals for u; follow immediately, e.g., a 95%
confidence interval has the end points

The a = .10 large sample test of Hy : p; = pio versus Ha : p; # pio rejects

when
“ Q;; 1
. s - 1.645.

Similar arguments lead to the asymptotic results
Var(m;) = m;aq; — m?/N

and
Var(p;) = piaii/N —P?/N-

Estimating the variances yields to the large sample distributions

mi—mi

A A A2
VM Qg — T /N

~ N(0,1)

and

__ PiThi
Di(ai; — pi) /N

Given the distributions, inferential procedures follow in the usual way.
Just as in regression analysis, leverages fall between zero and one and
the sum of all of the leverages is precisely the degrees of freedom for the
model, i.e., the rank of X. The first of these facts implies that an upper
bound on the variance can always be obtained by taking a;; = 1. This
is convenient because when iterative proportional fitting has been used,
finding a;; requires the computation of an auxiliary regression analysis.
Assuming a;; = 1 can be highly conservative because the true a;; value
may be much less than one. The second fact gives some idea of the extent
of overestimation using a;; = 1. If the table has ¢ = 24 cells and the model
has 12 degrees of freedom, the average size of the a;;’s is 12/24 = 1. Thus,
the variance terms based on a;; = 1 tend to be about twice as large as they

are using the estimates a;;.

~ N(0,1).



328 10. The Matrix Approach to Log-Linear Models

It is interesting to note that using the upper bound a;; = 1 is equivalent
to computing the variance under the saturated model. In the saturated
model, we can take X = I. This implies that

A=I(IDI) 'ID=1.

Thus, for all 4 under the saturated model, a; = 1. Clearly, the use of
reduced models serves to reduce the variance of estimated cell parameters.

ExaMPLE 10.2.3. In the abortion opinion data of Chapter 3 with the
model [RSO][OA] (cf. Table 6.7), the cell for nonwhite males between 18
and 25 years of age who support abortion has m; = 14.52 and a;; = .222.
The asymptotic standard error for rh; is 1/14.52(.222) — (14.52)2/2385 =
v/3.2234 — .0884 = 1.77. An asymptotic 95% confidence interval for m; has
end points

14.52 + 1.96(1.77) .

The interval is (11.05,17.99). Similar computations lead to a 95% confi-
dence interval for u; with end points

2.68 + 1.96(.123)
and a 90% confidence interval for p; with end points

0061 + 1.645(.000742) .

Besides the parameters for individual cells, the parameters of primary
interest are contrasts in the p;’s. Contrasts in the p;’s correspond to vectors
p in which the elements of p add up to zero, i.e., p'J = 0. The simplest
such contrasts are log odds, but log odds ratios, the log of ratios of odds
ratios, and so on, are also contrasts in the y;’s. All of these correspond to
functions p'u in which p has a very simple structure. Given the m;’s, there
is no problem in computing p'fi = p’log(m). The problem is in computing
the variance. Finding variances for estimated contrasts is more complicated
than finding them for estimates of cell parameters because contrasts involve
the covariances between the estimated cell parameters. However, the fact
that we are dealing with contrasts leads to one simplification based on
p'J=0.

p'(A—A)DH(m)p
= p'AD™'(m)p—p'A.D™ (m)p

Var(p'fi)

1
= pX(X'D(m)X)"'X'p— Np'JJ'p
= PX(X'D(m)X)"'X'p.
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Computation of the variance requires fitting the model using the Newton-
Raphson algorithm, cf. Section 5. Newton-Raphson can either be used ex-
clusively or, if the initial fit was performed using iterative proportional fit-
ting, the auxiliary regression model of Section 6.7 can be used. Recall that
the auxiliary model requires that an ANOVA type model be reparametrized
as a regression model. This is so that appropriate matrix inverses can be
taken. If traditional ANOVA type models are used, a simple way to gen-
erate a regression model is to drop all u terms involving index values of
1.

ExaMPLE 10.2.4. In Example 3.2.4, we examined data on automobile
injuries. We found that the model of no three-factor interaction,

pijk = log(mijr) = v+ u1() + Uz(j) + us(r) + U12(ij) + Uis(ik) + U2 (k) 5

fit the data very well. Below are given the data and the estimated expected
cell counts based on the model.

Tijk (m”k) Accident Type (k)

Collision Rollover
Injury (j) Not Severe Severe Not Severe Severe
Driver No | 350 (350.49) 150 (149.51) 60 (50.51) 112 (112.49)
Ejected (i) Yes | 26( 25.51) 23 ( 23.49) 19 (19.49) 80 ( 79.51)

The regression parametrization based on dropping u terms in which any
of i, j, or k equal 1 is

] [log(35049)7 1 0 0 0 0 0 07 _ . .
fi121 log(149.51) 1001000|].”

firna log( 59.51) 101000 0|]|1®
fuzs | |log(11249)| |1 0 1 1 0 0 1| | 3@
fioir |~ |log(2551) | “ |11 0 0 0 0 0of . ™
fi221 log( 23.49) 11010 1 0f]7se
fi212 log( 19.49) 1110 10 0f]/1202
Limsd  Llog(79510)] L1 11 1 1 1 1] Hiesex

Because there are 8 cells and 8 — 1 terms in the model, there is a very
simple form to the matrix necessary for obtaining asymptotic variances:

X (X'D(i)X) X' =
-1
-1
-1

D™ (i) — (5.52816) D™ " (1) [1,-1,-1,1,-1,1,1,-1] D~ ' (). (1)

-1

-1
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The equality can be verified by direct computation of both sides. This
approach requires a good matrix manipulation computer package for com-
puting the left-hand side. The equality can also be verified by hand using
orthogonality, projection operators, and the fact that rank(X) =7 =¢—1.
This approach requires facility with vector space concepts, cf. Christensen
(1996b, p. 276).

In Example 3.2.4, for both collisions and rollovers, we were interested in
the ratio of the odds of a nonsevere injury when the driver was not ejected
relative to the odds of a nonsevere injury when the driver was ejected. We
proceed to find a 95% confidence interval for

log(mi1pmazk /Mm12emaik) -

Recall that, based on the model of no three-factor interaction, this log odds
ratio does not depend on k. The estimate of the log odds ratio is

77 =log(2.16) .
This can be arrived at in either of two ways. For k = 1, define the vector
pi =(1,-1,0,0,-1,1,0,0) so that
piiv = pylog(im)
= 1Og(ﬁhnmml/mlzlmzu)
log [(350.49)(23.49)/(149.51)(25.51)]
= log(2.16).

Otherwise, for k = 2, let p}, = (0,0,1,—1,0,0,—1,1) so that

pafi = log(hii2maze/1Mi22mM212)
log [(59.51)(79.51) /(112.49)(19.49)]
= log(2.16).

The estimated variance is
piX (X'D(m)X) " X'p; = .045.

This can be computed directly using matrix manipulations, or it can be
computed by hand using equation (1), or it can be computed from the
reported standard error of 4;5(22) using the auxiliary regression (which will
be reviewed in the next example). The 95% confidence interval for the log
odds ratio with k fixed has the end points

ST +£1.96v.045

and is the interval (.35,1.19). If we exponentiate the end points, we get a
95% confidence interval for the odds ratio of

(1.4,3.3).
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Thus, the evidence indicates that the odds of a nonsevere injury when the
driver is not ejected are between, roughly, one and a half to three times the
odds of a nonsevere injury when the driver is ejected.

ExXAMPLE 10.2.5. Consider a 2 x 3 x 2 table and the model
ijk = U+ u1(g) + Uay) + Us(k) + U2s(jk) -

The design matrix X for this model is given in Example 10.0.2. Suppose
we are interested in the log odds

log(majk/majr) = paje — paje = Ui(1) — Ui(2) -

Note that in this model, the odds are the same for any values of j and k. Us-
ing the notation in Example 10.0.2, write p’ = (1,0,0,0,0,0,—1,0,0,0,0,0)
so that

p'ﬂ = M111 — 211 = U1(1) — U1(2) -

The estimate is
p'iv = log(hi11) — log(rha11) = log(1hi11 /mien1),
but this estimate does not depend on the last two subscripts. For any j
and k,
p' v = log(mha i /Thajk) -
The difficult part of the analysis is in finding the variance. The variance

is most easily computed by setting the problem up as a regression analysis.
Write

[ (111 ] 1 0 0 0 0 0 07

H112 1 0 0 0 1 0 0

H121 1 01 0 0 0 O _ _
L1122 1010110 o
[i131 1001000||"M®
ms2| _ |1 00110 1| ™
wi| T |11 00 0 0 of] ®
Li212 1 10010 0f]|7B®
li291 1 1100 0 0f]7"0e
. 1 1101 1 0f 72862-
p231 11010 00
L 1232 (1 1 0 1 1 0 1

m = w 5.

The new design matrix was arrived at by eliminating every column of the
old design matrix that corresponded to a w term involving¢ =1, j =1, or
k = 1. The estimates of the ’s are the estimates of the u’s subject to the
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side conditions 0 = uy(1) = ug(1) = u3(1) = U2s(1k) = U23(j1) for all j and &,
and .
PWy ==

! — i =
P b= p111 — M211 {p’Xﬂ = Up(1) — UL(Q2) -

Let
K = pld-AJD " ()
— JX(X'D)X)"'X'p
= pJWW'D@m)W) tW'p

so that, asymptotically,
Var(p'fs) = K .

The value K is easily obtained by performing an auxiliary regression, as
discussed in Section 6.7. In particular, fitting

Y=Wry+e
with weights m; and dependent variable
yi = log(1;) + (ng — my) [,
the regression program will report
SE(¥1(2)) = VMSEK .

Dividing by vVMSE gives the correct asymptotic standard error.
Almost any good regression program allows the user to print out the

matrix
Cov(4)/MSE = (W'D (m)W) ™" .

This is the key to obtaining asymptotic variances for log-linear models.
Consider the log odds ratio

log(m21miza/MizaMiys1) = fhio1 — iz — Mis1 + His2
= Ugz(21) — U23(22) — U23(31) T U23(32) -

This log odds ratio does not depend on the value of i. Picking ¢ = 1 for
convenience, let

pl = (0707 ]-7 _17 _17 1707070707070)7

SO
Plu=pXp= Ugg(21) — Ua3(22) — U23(31) + U23(32) -

In the p = W+ parametrization, this becomes

p'u=p'Wv = Ya3(32) — Yo3(22) -
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There are two ways to arrive at this result. First, one can substitute the
appropriate functions of the +’s in place of the p;;’s. This leads to

Pl = pi21 — 22 — pis1 + pase

[Y0 + 7202)] = [0 + 7202) +¥3(2) + V23(22)]

= [vo + v23)] + [0 + Y2(3) + v302) + V23(32)]
= 723(32) — 723(22) -

Second, one can notice that
pIW = (07 07 07 0, 07 _17 1),

so that
plp=pWy= Y23(32) — V23(22) -
If we write
N = p'W,
then the estimated large sample variance is
PX(X'D)X) X'p = pWW'DE)W) *W'p
= XNW'D@m)W) A

which is easily computed if the regression program provides
(W'D(m)W)~1L.

Variances for other estimated log odds ratios are computed in a similar
manner. Because of the model, any log odds ratio with either j or k fixed,
e.g., log(mijimajo/mijomaji1 ), is zero by assumption. Estimates of log odds
in the j or k indices, e.g., log(m;j1 /m;j2), can also be estimated and large
sample variances computed. However, because of the existence of the us3
interaction, the log odds will depend on the value of j. These issues are
considered in more detail in the next example.

ExAMPLE 10.2.6. Consider again the data on classroom behavior used
in Examples 3.0.1 and 3.2.2. The data and estimated expected cell counts
for the model in which behavior is independent of risk and adversity are
given below.

Nijk Adversity (k)
(Mijn) Low Medium High
Risk (j) N R N R N R
Non. 16 7 15 34 5 3
Classroom (14.02) (6.60) (14.85) (34.64) (4.95) (4.95)
Behavior (i) Dev. 1 1 3 8 1 3
(2.98) (1.40) (3.15)  (7.36) (1.05) (1.05)

The ANOVA type model is

ijk = U+ uy(g) + Ug@y) + Us(k) T U2s(jk) -
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Except for the fact that this is a 2 x 2 x 3 table instead of a 2 x 3 x 2 table,
the model is exactly as in the previous example.
Dropping all u terms with ¢, j, or k£ equal to 1 leads to

rian] [log(14.02)7 1 0 0 0 0 0 07

fa21 log(6.60) 1 010000

fia12 log(14.85) 1001000 . .
fua2a log(34.64) 1011010]|]|.”

firs log(4.95) 100010 0™
fuss | |log(4.95) | |1 0 1 0 1 0 1|]| @
forn |~ |1og(2.98) | {1 10 0 0 0 0of ]| 3@
fiza log(1.40) 111000 0f]|B®
fia12 log(3.15) 110100 0f]7s
fizn log(7.36) 11110 1 of 7289
213 log(1.05) 1100100

[ fizes ] Llog(1.05) 1 L1 1 1 0 1 0 1]

or, alternatively,
p=w5.

In particular, any weighted or unweighted regression analysis provides

¥y = 2.640,
Yy = -—1.548,
Y22y = —0.754,
Y32) = 0.057,
Y33y = —1.041,

%3(22) = 1.601,
F23(23) = 0.754.

(Actually, these are based on more significant digits for the 7;;;’s than
were reported above.) The matrix of asymptotic variances and covariances
for the 4’s is obtained from doing the appropriate auxiliary regression. It
is

¥ Y1(2) Y2(2) A3(2) Y33)  Yes(22)  Ye3(23)
o 0610 —-.0125 —.0588 —.0588 —.0588 —.0588 —.0588
’3/1(2) —.0125 .0713 .0000 .0000 .0000 .0000 .0000
’3/2(2) —.0588 .0000 1838 .0588 0588 —.1838 —.1838
’3/3(2) —.0588 .0000 .0588 1144 .0588 —.1144 —.0588°
’?3(3) —.0588 .0000 .0588 .0588 2255 —.0588 —.2255
%3(22) —.0588 .0000 —.1838 —.1144 —.0588 .2632 1838
A3z —0588 0000 —.1838 —.0588 —.2255 1838 5172

This matrix is the basis for all subsequent variance estimates.
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The estimate of the log odds of nondeviant behavior is

log(1hjk /aje) = fuajk — b2k
= d() — s
= —%(2)
= 1.548.

The equivalence between the u parametrization and the v parametrization
is easily obtained by inspection of W~. The asymptotic standard error is
v/.0713, so a 90% confidence interval has end points

1.548 + 1.645v.0713.

The odds of having a home situation that is not at risk depend on the
adversity level. The log odds satisfy

log(miik /ior) = o1y + Uag(r) — Ua(2) — Uas(2k)

W N =

_’?2(2) ) k
—Ya(2) — V23(22) s K
—Yo(2) — V23(23) s K

The estimated value when k = 2 is
754 — 1.601 = —.847.
With
Var(—%a(2) — Ja3(22)) = Var(§2(2)) + 2Cov(Ya(2), Ya3(22)) + Var(§23(22)),
the asymptotic estimated variance is
.1838 — 2(.1838) + .2632 = .0794.

The interesting odds ratios involve the changes in the odds as k changes.

log(miiimisa /mizimi2) = Ug3(11) — U23(21) — U23(12) T U23(22)
Y23(22) >

log(miiimaas/mizimasz) = Y23(23)

log(mi12mi23/mi22mil3) = 723(23) — 723(22) -

The last of these has an estimate of
754 — 1.601 = —.847
and an estimated asymptotic variance of

5172 — 2(.1838) + .2632 = .4128 .
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A 95% confidence interval for the log odds ratio is
(—.2.106, .412).
Transforming to the original scale gives an interval for the odds ratio of
(.12,1.5).

The odds of being not at risk for medium-adversity schools is between .12
and 1.5 times those for high-adversity schools. The large interval is related
to the very small numbers available at high risk. The result does not depend
on the classroom behavior.
As a matter of fact, the need for including the us3 terms in the model is
driven by the fact that
’3’23(22) = 1.601

with an asymptotic standard error of
Vv.2632 = .513.

Thus, there is clear evidence that the odds of being not at risk are higher
for low-adversity schools than for high-adversity schools. In fact, the odds
are roughly between 2 and 13 times larger with 95% confidence.

As we have seen, there is a problem with the output from standard
regression software. Using a regression parametrization

p=Wn,
the key matrix to be obtained is
AD™(1h) = W(W'D()W) " W'

which does not depend on the choice of W. Unfortunately, most regression
software does not report AD~!(1h); it only reports

(W'D()W) L.

(The fact that there are good reasons for doing this makes it no less unfor-
tunate for our purposes.) If the software allows computation of AD~1(m),
then the simple structure of the p vectors allows simple computation of the
estimated variance p'W (W'D ()W) 1W'p. If the software does not allow
direct computation of AD~1(h), then it is necessary to compute the vector
A = p'W. In other words, the simple function p'p must be reparametrized
into A'y.

Given X and (W'D(m)W)~!, the variance X' (W'D (1)W)~!]\ is easily
computed. The problem is in identifying A, i.e., identifying the function of
that is equivalent to p’'u. Even though the interesting functions p'p are sim-
ple, the functions of v get progressively more complex as the model, (i.e.,
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the matrix W) gets more complex. For example, the asymptotic variance
of a log odds in terms of model parameters gets progressively more com-
plicated as the model involves more higher-order interactions, even though
the log odds is an extremely simple function of u. With a good matrix ma-
nipulation package, keeping track of the parameters can be accomplished
numerically.

ASYMPTOTIC VARIANCES FOR SATURATED MODELS

In Chapter 2, an asymptotic standard error was presented for estimated
log odds ratios. The standard error is a consequence of applying Theo-
rem 10.2.1a to a saturated model. Generally, standard errors for contrasts
in the p;’s are easily obtained for saturated models. Recall that for a satu-
rated model, fi = log(n). Applying Theorem 10.2.1a, log(n) — p is approx-
imately N(0,[A — A,]D~1(m)). We wish to characterize [A — A,]D~1(m).
The model is saturated, i.e.,

A=IIDN™ID =1,

so AD~Y(m) = D~1(m). For multinomial sampling (regardless of the log-
linear model),

1
A. DY (m)==JJ".
. (m) NJJ

Thus, for a saturated model with a large multinomial sample, we have the
approximation

log(n) — 1 ~ N(o,D—l(m) - %JJ’) .

Let p = (p1,...,pq)" be a vector with p'J =0, i.e.,, p. =0, 50 p'p is a
contrast in the y;’s. The large sample distribution of p’log(n) is

p'log(n) — p'p ~ N(0,p'[D~H(m) — (1/n.)JJ']p).

With p'J = 0, we have

p'log(n) — p'n ~ N(0,p' D" (m)p)

or, equivalently,
1 o
Plos(n) =Pt nio.1y.
p'D=H(m)p

For this distribution to be useful in drawing inferences about p'u, an es-
timate of the unknown standard deviation /p’D~1(m)p must be incor-
porated. By Theorem 10.2.1d, the vector n/N converges to the vector p,
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S0 p'D_l(m)p/p’D_l( )p = p'D (p)p/p'D~*(n/N)p converges to 1 and
VP D=1 (m)p/+/p'D="(n)p converges to 1. Hence, for large samples,

p'log(n) — p'p _ p'log(n) — p'u /p'D~1(m)p
VP D I(n)p /P D=t (m)p \/p' D (n)p

This result can be very useful, especially for examining odds ratios.

~N(0,1).

ExaAMPLE 10.2.7. For the 2x2x2 table of Example 3.2.4 concerning auto
injuries, we were interested in whether the odds ratios pi11p221/p121P211
and p112p222/p122p212 were equal. Because

Pi1kP22k _ Mi1kM22k

7
DP12kP21k Mi12rM21k

the log odds ratios are

mi1kmozg
log| ————

) = M1k — H12k — M21k T+ K22k -
M12EM21k

The odds ratios are equal if and only if the contrast in the p;jz’s

(H111 — 121 — Mo11 + p221) — (112 — P22 — P12 + Ha22)

equals zero. [Note that if p = (p111, 112, f121, P12, B211, P12, P21, B222),
then p' =(1,-1,-1,1,-1,1,1, —1).] The estimated odds ratios were

D111Peo1 /PizaPon =  350(23)/26(150)
2.064
and
Pr12Paza/Pr2aP212 = 60(80)/19(112)
= 2.256.

The estimate of the contrast is
log(2.064) — log(2.256) = —0.089.

The standard error for the estimate is

D(n)p = \/—+—+—+i+i+i+i+i
p p 350 26 " 150 ' 60 ' 80 ' 19 ' 112

= .4268.

We can now test the hypothesis that the contrast is zero. The test statistic
is —.089/.4268 = —.21. For an « level two-sided test, | — .21| is compared
to z(1 — a/2). The hypothesis that the contrasts are equal is not rejected



10.2 Asymptotic Results 339

for any reasonable size of a. A 95% confidence interval for the contrast has
limits

—.089 + (1.96)(.4268) .
The test based on the asymptotic standard error is an alternative to the

likelihood ratio and Pearson chi-squared tests for no three-factor interac-
tion.

To examine an individual cell, the term A,D!(m) must be accounted
for in the covariance matrix. It is easily seen that for large samples, the
appropriate distribution for p;;i is

I~ N(0,1).
Dijk (1 — Pijr) /N

Similar results hold for r;;, and fiz;p-

TESTING MODELS

Consider the problem of testing a model y = X8y against a larger model
p = Xp. In particular, assume that g = X is valid and examine the test
of

Hy:p=XoBy for some Sy

versus
Hy:p# XoBo forany pfo,

where C'(X,) C C(X), i.e., Xo = X B for some matrix B. Let i be the
MLE of m under the assumption that 4 = X and let mg be the MLE of
m under the assumption that pu = X¢8q. The likelihood ratio test statistic
is

q
G2 =2 Z m, log(m,/mm) .
i=1
The Pearson test statistic is

q
X2 =) (v — 1i0;)? /1ing; -
i=1
The main asymptotic results for testing hypotheses are given in the follow-
ing theorem.

Theorem 10.2.8. Let r = rank(X) and ry = rank(Xp).

(a) If Hy is true and N = n. is large, the following distributions are
approximately valid:
G? ~ x*(r —10)
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and
X%~ % (r=rp).

Moreover,
9 P
G*-X*50.

(b) If Hy is not true, then both G2 and X2 get arbitrarily large as the
sample size increases.

It is interesting to note that the degrees of freedom for the test are
rank(X) — rank(Xj). This is the reason that degrees of freedom are com-
puted exactly as in analysis of variance. In both cases, it is simply the linear
structure of the model that determines the degrees of freedom.

10.3 Product-Multinomial Sampling

With a few minor changes, all of the results of Sections 1 and 2 hold for
product-multinomial sampling. Suppose that we have ¢ multinomial popu-
lations instead of just one. We can write the observations as n;;, i =1,...,¢t,
j=1,...,58;, where s; is the number of categories in the ¢’th multinomial.
(Note that ¢ = Egzl s;.) The probabilities and expected cell counts can be
written similarly as p;; and m;;, respectively.

In place of the condition from multinomial sampling that all the proba-
bilities in the table add to 1, cf. equation (10.1.2), we now have

pi_:]_, izl,...,t,
and because m;; = n;.p;;, we have
m;. = n;., 1=1,...,t.

Write the vectors n = (n11,n12,...,n,)" and m = (myg, mia, ..., mys,)"
Let Z be a g x t matrix of indicator variables for the ¢ samples. Specifi-
cally, each column of Z corresponds to a different multinomial. A particular
column of Z, say the i¢’th column, has ones in the rows corresponding to
Nit,- - ., MNis; and zeros in all other rows. (Note that if n;; = p; + e;; was
a one-way ANOVA, Z would be the design matrix for the linear model.)
With this definition of Z, the condition m;. = n;., i = 1,...,t, becomes

n'Z=m'Z.
Suppose now that we have the log-linear model log(m) = p = X . It can
be shown that maximizing the log-likelihood under product multinomial

sampling is equivalent to maximizing £(m) = n'log(m), cf. Chapter 12.
The MLE of m must maximize £(m) subject to the conditions

log(m) = X8 (1)
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and
n'Z=m'Z. (2)

Just as in Section 1, if 7 maximizes £(m) subject only to condition (1),
then m must satisfy
n'X =m'X. (3)

In order to get condition (2) satisfied, we restrict our attention to models
log(m) = X8 in which C(Z) C C(X). For such models, Z = X B for some
matrix B; hence, (3) implies that

n'Z=n'XB=m'XB=m'Z.

The assumption that C(Z) C C(X) is not difficult to deal with. For
an I x J table in which rows are independent multinomial samples, the
condition C(Z) C C(X) is the requirement that every log-linear model
include (the equivalent of) ;) terms for rows. In an I x J x K table in
which there is an independent multinomial sample for each combination of
row and layer, the condition C'(Z) C C(X) is the requirement that every
log-linear model include wu;3(;x) terms or their equivalent. Note that, for
example, the models

log(mijr) = uis(ir) + U123(ijk)

and
log(mijr) = U123(ijk)

are equivalent models, so in spite of the fact that log(mijx) = u123(;jx) does
not contain wu;3(;;) terms, it does contain the equivalent of u;3(;;) terms.

Under product-multinomial sampling, the asymptotic results of Section 2
change very little. The matrix D(p) is no longer of interest. Instead, define
m* = (miy,...,mf,) where mj; = n;.p;;/n... Redefine

D =D(m*).

The matrix A is defined as before except that the new version of D is used.
Also, redefine A, as
A, =2Z(Z'DZ)"'Z'D.

For asymptotic results, let N = n.. get large and let n;./n.. remain fived
for each i. Write N; = n;. = m,;..

Before restating the asymptotic results, note that multinomial sampling
is just a special case of product-multinomial sampling. In particular, it has
t=1,Z=J (Jisaqx1vector of 1s), N =n. =ny. =n.., and m* = p.

Theorem 10.3.1. For multinomial or product-multinomial sampling,
the following distributions are approximately valid when Ny,..., Ny are
large:
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(a) fi—p~N(0,(A-A,)D"'(m)),

(b) m—m ~ N(0,D(m)(A - A;)).
In addition,

() p—p 50,

d) Nt 5 mx.

Estimation for product-multinomial sampling is similar to that for multi-
nomial sampling. Theorem 10.3.1 looks identical to Theorem 10.2.1. The
difference is that A, stands for something different. Again, the only prob-
lem is in computing asymptotic variances. Under product-multinomial sam-
pling, the variance of p'f1 is p'[4 — A,]D~1(m)p. Note that

Z'D(m)Z = D(Ny,---,Ny),

_ 1 1
Z’Dm)Z)' = D|—, -, —
(2'D(m)2) (7 %)
and
A.D7Y(m)=ZD i i VA
z - Nl’ ,Nt N
The variance of p'ji is
PAD " m)p— pZD (-, =) Z'p
N, TN '

The second term can be computed exactly. The first term must be estimated
and, even then, requires a computer to evaluate. For example, taking p’ =
!

et = (0,---,0,1,0,---,0) with the 1 in the column corresponding to the

1]

ij cell, Theorem 10.3.1 yields
fig = iy = ey — ) ~ N (0,288

] () ij ) mz’j Nz

where a;;,;; is the diagonal element of A corresponding to the ij cell.
Similarly,
Var(m,-j — mij) = MijQij.i5 — mfj/N,-

and with Dij = mij/Ni,

Var(pij — pij) = pijaijij /Ni — p};/Ni
pij(aij,ij — pij)/Ni -

If p'u is a log odds or a log odds ratio that happens to be computed
entirely within a particular multinomial, then p'Z = 0 and

p'[A— A 1D~ (m)p = p' AD™  (m)p.
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This is computed exactly as in Section 2. Unfortunately, it again requires
a computer to evaluate.

For testing hypotheses, the large sample results appropriate for product-
multinomial sampling are given in the following theorem.

Theorem 10.3.2. Assume p = X and let Xo be a matrix with
C(Z) c C(Xo) C C(X). Let rank(X) = r and rank(X,) = ro. For testing
Hy : p = XoBg for some By versus Hu : u # XofBo for any By, under multi-
nomial or product-multinomial sampling, if IV is large, then the following
approximate distributions hold:

(a) if Hy is true, G% ~ x2(r — rq),
(b) if Hp is true, X2 ~ x2(r — o),
also,
(c) if Hy is true, G? — X2 £ 0,
(d) if Hy is false, G% and X? tend to infinity as N gets large.

Note that by (c), if Hy is true, the difference between G? and X? can
be used as an indication of how good the large sample approximation is. If
Hy is not true, then G? and X2 need not be equivalent in large samples.

10.4 Inference for Model Parameters

Thus far, we have been primarily concerned with estimation of m and pu.
It may be of interest to estimate the parameter vector 8 in the log-linear
model p = X 3. Estimates of 3 are obtained as in analysis of variance and
regression, except that instead of performing operations on the data (y
values), the operations are performed on j.

Suppose that rank(X) = p so that g = XS is a regression model. /5’
satisfies

=X,

SO
X'X)'X'p=(X'X)'X'XB=4.

The MLE of B is obtained by performing a regression on fi. (In fact, any
weighted regression will give the same B J)

Essentially the same argument holds for ANOVA type models. If one
imposes side conditions on the parameters (something the author is loathe
to do), then estimates of the parameters in ANOVA models are available.
For example, in the model log(m;;) = u + (5 + ua(j) + u12(i5) if the side
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conditions uy(.) = Uz(.) = U12(;.) = U12(.;) = 0 are imposed and if we denote
Wij = ﬂ,’j, then

A _

U = ..,
Uiy = Wi —w.,
Uaj) = Wyj—W-,

Uia(ij) = Wi — Wi +W.j +W...

Again, these are precisely the estimates obtained by doing an ANOVA on

.
Tests and confidence intervals for functions p' X 3 can be obtained from
the asymptotic distribution

pPi—p'XB
VPA-A)D(mp
For example, an asymptotic 95% confidence interval for p’ X3 has limits

p'i£1.96\/p'(A—A,)D1(n)p and an o = .05 test of Hy : p'XB = 0
versus Ha : p' X # 0 rejects if

~N(0,1).

P
> 1.96
2)D1(n)

or if

pi
< —1.96.
VP (A=A)DT(n)p

ExXAMPLE 10.4.1. In this and the previous three sections, a lot of machin-
ery has been developed for analyzing log-linear models. In this example, we
apply the matrix approach to the analysis of model (6.2.2) in Example 6.2.6.
Our analysis also employs the data from Example 6.2.1 as summarized in

Example 6.2.5.
In matrix form, model (6.2.2) can be written as

- A
log(muu) A1
log(m1112) A2
log(mnzl) A3
log(m1122) A4
log(miz211) A12
log(mi212) A13
log(mia1) | _ X A4
log(mi2a2) | — A23
log(mai11) A24
log(ma112) A34
log(mai21) A123
log(ma122) A124
log(ma221) A134
log(ma222) A234

| A1234 |
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where
X =
r+ 1 1t 1 1 1 1 1 1 1 1 1 1 1 1 17
i1 1 1 -1 1 1 -1 1 -1 -1 1 -1 -1 -1 -1
i1 1 -1 1 1 -1 1 -1 1 -1 -1 1 -1 -1 -1
1 1 1 -1 -1 1 -1 -1 -1 -1 1 -1 -1 1 1 1
i1 1 -1 1 1 -1 1 1 -1 -1 1 -1 -1 1 -1 -1
11 -1 1 -1 -1 1 -1 -1 1 -1 -1 1 -1 1 1
1 1 -1 -1 1 -1 -1 1 1 -1 -1 1 -1 -1 1 1
i 1 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 -1 -1
1t -1 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1 1 -1
1t -1 1 1 -1 -1 -1 1 1 -1 -1 -1 1 1 -1 1
i -1 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1
i -1 1 -1 -1 -1 1 1 -1 -1 1 1 1 -1 1 -1
1t -1 -1 1 1 1 -1 -1 -1 -1 1 1 1 -1 -1 1
i -1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 1 -1
1 -1 -1 -1 1 1 1 -1 1 -1 -1 -1 1 1 1 -1
L1 -1 -1 -1 -1 1 1 1 1 1 1 -1 -1 -1 -1 1]
The columns of the design matrix X can be identified as Xy, ..., X1234

with the subscript of X identical to the subscript of the corresponding
A term. (Xo corresponds to A.) Note that, say, X2 can be obtained by
multiplying together the elements of X; and X,. Similarly, the elements of
X134 can be obtained by multiplying together the elements of X7, X3, and
X4. In fact, any column with more than one subscript can be obtained by
multiplying together the appropriate columns with one subscript.

Another important fact is that any two columns, for example X;5 and
Xi34, have the property that X],Xi34 = 0. Any column, say X2, has
X{,X12 = 16 = ¢, so we have 15 X{, X = Ai». The estimate of A1 is
%X{2Xﬂ = (1/16)X{2ﬂ = (1/16)(,&11 — ﬂlg.. — ﬂgl.. + ﬂgg..) = 4(’11_)11.. —
W12.. — Wai.. + Wa2..) where wyijr = log(npijr) because the model is satu-
rated.

The variance of & X{,/ is (%)2 X1{5[D~t(m) — A, D=1 (m)] X1, for large
samples. If the parameter A;o is not forced into the model to deal with
product-multinomial sampling, then X, A4, D~ (m)X;2 = 0, so the asymp-
totic variance is

(é)Q X1, D7H(m) X1z = (2)2 h%% (m:ijk>

where ¢ = 16. The estimated asymptotic variance of A2 is

s = (3)' 5 ()

In fact, the same asymptotic variance applies to all of the A terms that are
not forced into the model.
Using the asymptotic distribution

5\12 - )\12

\/<ql2) 2 hijk (ﬁ)

~ N(07 1);
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a test of Hy : A2 = 0 is based on comparing the test statistic

A2 —0

\/(q%) 2hijk ("’117)

to a N(0,1) distribution. Using the numbers in Example 6.2.5, we see that

[Azw|=0.914/16 = .0571,

the standard error is
1.307/16 = .0817,

and the test statistic is
0571 -0

.0817
just as reported in Example 6.2.5. There is very little evidence that Ay #
0.

Similarly, an asymptotic 95% confidence interval for A7y has end points

.0571 +1.96(.0817) .

=0.70,

10.5 Methods for Finding Maximum Likelihood
Estimates

In general, some sort of iterative technique is necessary to find MLEs for log-
linear models. The two commonly used methods are iteratively reweighted
least squares and iterative proportional fitting. Iterative proportional fit-
ting was discussed in Section 3.3. It works only for ANOVA type models.
Fitting of general log-linear models is usually performed using iteratively
reweighted least squares.

ITERATIVELY REWEIGHTED LEAST SQUARES

Maximum likelihood estimates for log-linear models can be found by per-
forming a sequence of weighted linear regressions. This method is an ap-
plication of the Newton-Raphson algorithm.

Given a vector function f(3), Newton-Raphson is a method for finding
a solution to f(8) = 0. It begins with an initial guess of 3, say So. Newton-
Raphson then defines a sequence of (’s, say fi, (2, ..., that converge to
a value B that satisfies f(3) = 0. The sequence is defined recursively;
we begin with an initial value By and define ;11 given the value of 3.
Specifically, let df(8) be the matrix of partial derivatives of the vector-
valued function f(3). By Taylor’s theorem, if 8; and B;41 are close to each
other and §; = B¢+1 — B¢, then the approximate equality

F(Biv1) = f(Be) + [df (B)]6:
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holds. We are seeking a zero of f(3) so Newton-Raphson sets
0= f(Be) + [df (Be)]:

so that
& = —[df (B)] ™" f(Be) -
With (St = ,Bt+1 - Bt, we have

Biy1 = Bt + 0¢ .

Consider a log-linear model 4 = XS where X is a ¢ x p matrix with
rank(X) = p. Note that any log-linear model can be reparametrized so
that rank(X) = p. The MLE of m will be the same regardless of the
parametrization. We wish to find the maximum of the function ¢(m). In
particular, this can be done by setting appropriate partial derivatives of
£(m) equal to zero. The Newton-Raphson method can be used to find the
zero of the partial derivative vector.

Before applying the Newton-Raphson method, we set some notation. If
z = (®1,...,%4), write e* = (e*,...,e%)". With log(m) = XB, m is
a function of 3. Write log(m(8)) = X8 and m(B8) = eX?. In applying
Newton-Raphson, we find 8 with f(3) = 0 where

£(B) = de(e™?)

and df(eX?) is the matrix of partial derivatives of £(eX?) with respect to
the vector . It follows that m = eX? will maximize £(m) subject to the
constraint that log() = X for some f.

It is shown in Chapter 12 that f(8;) = X'(n —m(8;)) and that df (8;) =
—X'D(m())X; thus,

8¢ = [X'D(m(Be) X]™' X' (n — m(By))

and
Bir1 = B + [X'D(m(B))X] 1 X' (n —m(By)) .

The value B¢y1 can be obtained from f; simply by doing a weighted
regression analysis. Let

Y = X8 + [D(m(B:)] " (n — m(Br)) - (1)
If we fit, the regression model
Y =XB+e, E(e) =0, Cov(e) = [D(m(B:))]™",
the estimate of 3 is

By = [X'D(m(B:)X]~'X'D(m(B:))Y
= Bi+6-
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The matrix D(m(f;)) is diagonal, so this is the simplest form of weighted
regression and can be performed on most standard regression programs.
The weights are simply the individual values of the vector m(3;).

This method of finding MLESs, because it consists of a series of weighted
regressions in which the weights continually change, is called iteratively
reweighted least squares. The method does not depend on any particular
choice of X except for the condition that rank(X) = p. Any log-linear model
can be reparametrized so that X has full column rank, i.e., rank(X) = p,
so the method is perfectly general.

10.6 Regression Analysis of Categorical Data

In this section, we present an alternative to maximum likelihood, namely
the weighted least squares method of fitting log-linear models. This method
was introduced by Grizzle, Starmer, and Koch (1969). It consists of fitting
a linear model (regression model) to the logs of the counts while also using
the counts as weights. We begin by explaining and illustrating the method.
Mathematical justifications are given at the end of the section.

Recall that for a saturated model, m = n is the MLE. For large samples,
Theorem 10.3.1 applies and, because A = I, we have the approximation

log(n) ~ N(u, D™'(m) — A.D"'(m)).
If we assume a log-linear model

p=Xg,

then
log(n) ~ N(XB3,D~'(m) — A,.D~'(m)),

which can be rewritten as
log(n) = XB+e, e~ N(O,D (m)—A.D m). (1)

This is just a linear model, but it has an unusual covariance matrix for the
errors. Most commonly in regression analysis, it is assumed that Cov(e) =
o21. Courses on applied regression analysis often deal with weighted least
squares, where Cov(e) = 02D (w) and w is some ¢ X 1 vector of known con-
stants. This covariance structure can be handled very easily. In particular,
most computer programs for doing regression analysis can handle this form
of weighted regression. Unfortunately, the covariance matrix for model (1)
is more complicated.

As will be discussed later in the subsection on Mathematical Justifica-
tions, estimates in model (1) are precisely the same as estimates in

log(n) = XB+e, e~ N(0,D7 (m)). (2)
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This is much closer to the standard form of o2 D(w). There are two differ-
ences. One is that in model (2) there is no variance o2 to be estimated;
we know that ¢2 = 1. The second difference is that w is supposed to be
known but m is not known. This problem is evaded by estimating m from
the saturated model. Thus, the regression method is to fit the model

log(n) = XB +e, e~ N(0,D7*(n)). (3)

This procedure has essentially the same asymptotic properties as maximum
likelihood estimation.

Although we are using model (3) as a device for fitting the log-linear
model, our real model is model (1). Model (3) gives a valid estimate for
[, but it cannot be used for the entire analysis. Fortunately, when con-
sidering the most interesting parameters in 3, model (3) can be used to
construct asymptotically valid tests and confidence intervals. In particular,
this works for parameters that are not forced into the model to account
for the sampling scheme. Remember, we assume that C(Z) C C(X) where
Z is the matrix of indicators for the product-multinomial samples, cf. Sec-
tion 3. Any log-linear model can be reparametrized so that X = [Z, X;]
and ' = [&, B]]. The parameter vector a consists of parameters that are
forced into the model to account for the sampling scheme. For drawing
inferences about (1, model (3) gives valid tests and confidence intervals.

Because 02 = 1, when drawing inferences about model (3) one uses tests
based on the normal distribution and the chi-square distribution rather
than the ¢ distribution and the F' distribution. When performing chi-square
tests, the test statistic is the numerator sum of squares from the usual F’
statistic with the appropriate number of degrees of freedom. Again, infer-
ences must be restricted to parameters that are not forced into the model.

ExaMPLE 10.6.1. Drug Comparisons.

The hypothetical data presented below has been analyzed in Koch, Imrey,
Freeman, and Tolley (1976). They also mention other references. Three
drugs A, B, and C were given to each of 46 subjects. The response of each
subject to each drug was noted as favorable (F) or unfavorable (U). Assume
a multinomial sampling scheme. The data are

Drug B F U

Drug C ‘ F U F U
DrugA F 6 16 2 4

U ‘ 2 4 6 6

First, consider fitting the log-linear model [AB][C] by fitting the corre-
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sponding linear model

rlog(6) 1 1 1 1 1]

log(16) 1 1 1 1 -1

1ogg2g 1 1 -1 -1 1 Z

log(4 _ |1 1 -1 -1 -1

og2 |1 -1 1 -1 1 B +e 4)
log(4) 121 1 -1 -1 | |

log(6) 1 -1 -1 1 1 v

L log(6) |1 -1 -1 1 -1 |

using the weights (6,16,2,4,2,4,6,6). The parameters «, 8, af, and v can
be described as main effects for drugs A and B, the A x B interaction, and
the drug C main effect. A regression program gave the following results for
fitting this model:

Regression Output

Coefficient Std Error t
1 1.5662 1335 11.73
a .1436 .1300 1.11
B8 .1436 .1300 1.11
af .5128 .1294 3.96
o~ —.3055 1201 —2.54

Sum of squared errors (SSE) = 1.7348
Degrees of freedom error (dfE) = 3
Mean squared error (MSE) = .5783

As discussed above, the regression program acts as if there is a scale
parameter o that needs to be estimated. For log-linear models, the scale
parameter is one, so the regression output must be modified to remove the
adjustments for scale. This consists of dividing the regression standard er-
rors and multiplying the ¢ values by (MSE)!/2. Doing this gives

GSK Estimates

Coefficient Estimate Std Error z
n 1.5662 — —
o .1436 1710 .844
B8 .1436 1710 .844
af 5128 1702 3.011
o —.3055 .1579 —1.932

The z values can be compared to the standard normal distribution for
an asymptotic test of whether the coefficients are zero. The fact that no
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standard error is reported for u is due to the fact that u is forced into the
model by the multinomial sampling.

SSE is not used in the standard errors of coefficients, but it is used for
testing different models. For example, fitting the model [A][B], i.e.,

rlog(6) 7 1 1 1

log(16) 1 1 1

log(2) 1 1 -1 i

log(4 1 1 -1

1o§§2§ =11 -1 1| |o|te (5)
log(4) 1 -1 1 p

log(6) 1 -1 -1

[ log(6) |1 -1 -1 |

with the counts as weights, gives
SSE[model (5)] = 14.017

with 5 degrees of freedom. To test model (5) against model (4) [i.e., to test
Hy : af = v = 0], compare the difference in the error sums of squares,
14.0173 — 1.7348 = 12.2825, to a chi-square distribution with 5 — 3 = 2
degrees of freedom. Of course, to test the significance of one parameter,
either the chi square or the normal test can be used. The tests are identical.

Saturated models present some different features. Saturated models must
fit perfectly; so for such a model, the SSE is zero. The fact that the sat-
urated model has SSE = 0 causes a problem in finding standard errors
and z values for regression coefficients. The regression output will try to
use a scale parameter of zero, so the regression standard errors will all be
reported as zero and the t values will be reported as infinite. It also follows
that for any model other than the saturated model, the SSE reported in
the regression output provides a direct test of lack of fit, i.e., a test of the
model against the saturated model, when compared to a chi-square distri-
bution with dfE degrees of freedom. For example, in the model [AB][C],
comparing 1.7348 to a x2(2) provides a test for lack of fit.

Finally, many regression programs give additional output on the sums of
squares for the different coefficients such as Sum of Squares explained by
each variable in the order they are entered into the model. For model (4),
this is

Due to df SS

Regression 4  18.3901
a 1 4.4353
B 1 1.6723
af 1 8.5381
~ 1 3.7444
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The test of Hy : v = 0 can be performed by comparing 3.7444 to a chi-
squared distribution with 1 degree of freedom. The test of Hy : v = af =0
can be performed by comparing 8.5381 + 3.7444 = 12.2825 to a chi square
with 2 degrees of freedom. Both of these tests are equivalent to previously
discussed versions of the tests.

Three things should be noted about the estimation technique of Grizzle,
Starmer, and Koch (GSK). First, the method consists of performing one
step of the Newton-Raphson algorithm. If the initial guess in the Newton-
Raphson equation (10.5.1) is taken as X3y = log(n), then one iteration
gives the GSK estimate. Second, the GSK method of estimation depends
on an asymptotic result. It is only asymptotically that model (1) is valid.
Maximum likelihood, on the other hand, is a valid method of estimation for
any sample size. Similarly, likelihood ratio statistics are reasonable statis-
tics on which to base tests for any sample size. With maximum likelihood,
all procedures will be based on sufficient statistics. Only the distributions
depend on large samples. Finally, the GSK method has trouble with obser-
vations that are zero. Taking the log of zero is usually a problem.

Koch et al. (1976) propose a compromise between maximum likelihood
and weighted least squares. Suppose we wish to fit some model that cannot
be conveniently fitted by iterative proportional fitting, say

log(myjr) = u 4 uy(s) + uaj) + usr)y + vi23ij) + Vik - (6)

If software is available for iterative proportional fitting but not for itera-
tively reweighted least squares, perform the maximum likelihood fit of a
slightly larger ANOVA type model, say

log(mijk) = w12(ij) + U1s(ik) -

The estimated vector 7 obtained from this can be used in place of n in
the GSK procedure. The analysis follows the standard GSK methods. The
compromise essentially provides GSK with better starting values.

MATHEMATICAL JUSTIFICATIONS

There are two things that require justification. First, that estimates are the
same in models (1) and (2) and, second, that estimates of functions of f;
have the same variance in models (1) and (2).

Why do models (1) and (2) have the same estimates? Note that

A.DYm) = Z(Z'D(m)Z) 'Z'D(m)D 1 (m)
Z(Z'D(m)Z)*Z'.

Thus, the covariance matrix in model (1) is

D™ Y(m)—Z(Z'D(m)Z)"'Z".
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The covariance matrix in model (2) can be written
D™ '(m)=[DY(m) - Z(Z'D(m)Z)"'Z'| + Z(Z'D(m)Z)* Z".

Because C(Z) C C(X), this is precisely the condition needed to apply
Theorem 10.1.3 in Christensen (1996b). The theorem implies that best
linear unbiased estimates in models (1) and (2) are identical.

The idea behind Christensen’s theorem is that because C(Z) C C(X),
for some (non-negative definite) matrix B, the covariance matrix of (1) can
be written

D 1(m) - XBX'.

Model (2) is equivalent to model (1) but with an additional independent
error term added in. In particular, model (2) is equivalent to

log(n) = XB+ (e+eo),
e ~ N(,DYm)-2(Z'Dm)Z) 12", (7
eo ~ N(0,Z(Z2'D(m)Z)~1Z"),

where e and eg are independent. The covariance matrix for the entire error
is

Cov(e+ey) = D '(m)—Z(Z'Dm)Z) 'Z'+2(Z'D(m)Z)'Z'
D—l

= (m).
The trick involves the covariance matrix associated with eg. With prob-
ability one, eg € C(Z(Z'D(m)Z)~1Z') c C(Z) C C(X), cf. Christensen
(1996b, Lemma 1.3.5). Because g € C(X), we are adding error that we
cannot distinguish from the mean X . The only thing an unbiased estimate
can do to such error is ignore it. Thus, the estimates with the additional
error ey and the estimates without the additional error are identical.

We now examine the fact that estimates of estimable functions of 8; have
the same variance in models (1) and (2).

Estimates are the same in models (1) and (2), so using model (2) and
standard linear model results, we have

ji=Xp = Alog(n)

where A = X(X'D(m)X) 1X'D(m). A is a projection operator onto
C(X); this means that AX = X, so, in particular, AA = A and, because
C(Z)cC(X), AZ=Zand AA, = A,.

Again, write p = X = Za + X181 Consider an estimable function of
B1, say M. For this to be estimable, by definition we must have \'§; =
pP'uw=p'Za+ p' X6, for some g x 1 vector p. In particular, we must have
p'Z =0 and p'X; = X. Now consider the asymptotic variance of \'f3;
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under model (1),

Var(XB1) = Var(p'i)
= Var(p'Alog(n))
= pAID7'(m)— A,D7'(m))A'p
= pAD™'(m)A'p— p'AA. D™ (m)A'p
= pAD Y (m)A'p.

The last equality follows from the fact that
pAA, =p'A, = p'Z(Z'D(m)Z)"*Z'D(m) = 0

because p'Z = 0.
The variance of X' under model (2) is

Var(N'B;) = Var(p'Alog(n))
= p'A[D™H(m)]A'p,

so the variances are the same under models (1) and (2). Thus, for estimable
functions of f;, the standard error reported from fitting model (2) is iden-
tical to the true standard error which is computed using model (1). For
estimating functions that involve «, model (2) cannot be used to obtain
standard errors.

In practice, neither model (1) nor (2) can be used because the covariance
matrices involve the unknown parameter vector m. Model (3) substitutes
the estimate n for m in the covariance matrix of (2). The same substitution
in model (1) gives the most proper usable form for the GSK analysis. As
above, the two models give the same estimate and the same standard errors
for estimates of 3. For drawing inferences about X' 31, use the approximate
distribution .

AP — Ny
p' D= (n)p

In particular, a large sample 95% confidence interval for \'3; has end points

~N(0,1).

Npy £1.96v/p'D-1(n)p.
An « level test of Hy : )\’Bl = 0 rejects Hy when
|\ B
p'D=1(n)p
In summary, model (3) can be fitted very simply because it has a diagonal
covariance matrix. Model (3) gives valid estimates of 5. Model (3) yields

valid estimates of the variance for parameters that are not forced into the
model to deal with the sampling scheme. However, there are constraints

> 2(1—a/2).
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on the forced parameters due to the sampling scheme that do not appear
in model (3). These constraints reduce the variability to which the forced
parameters are subject. Thus, instead of a covariance matrix D~!(n), the
appropriate covariance matrix has a term subtracted from D! (n) to reduce
certain aspects of the variability.

10.7 Residual Analysis and Outliers

Residuals are used in regression analysis to check normality, look for serial
correlation, examine possible lack of fit, look for heteroscedasticity of vari-
ances, identify outliers, and generally to examine whether the assumptions
of the regression model appear to be appropriate. Addressing many of these
issues is somewhat less appropriate in analysis of variance. For example,
appropriate tests for lack of fit are readily available and the question of
serial correlation comes up less frequently.

For log-linear models, we will be interested in residuals primarily for iden-
tifying outliers and checking approximate normality. We define residuals by
analogy with regression analysis.

In a regression model

Y =Xg+e, (1)

the residuals é = (é,...,é,) are defined as the difference between the
observations and their estimated expected values. Symbolically,

é=Y - XB=(1-H)Y,

where 3 = (X'X)'X'Y is the least squares estimate of 8 and H =
X(X'X)"' X', If
e~ N(0,0%1),

then
é~N(0,0%(I — H)). (2)

In most applications of residual analysis, the residuals are standardized
before they are used. For example, in checking for outliers, we are checking
for residuals that have unusually large absolute values. How large does
a residual have to be before it is large enough to cause concern? If we
standardize residuals so that they have a variance of about one, then we
have a handle on what it means to have a large residual.

There are two methods of standardizing residuals that have been com-
monly used. One method is a crude standardization

7; = &;/0,

where 62 is the mean squared error from fitting model (1). Recall that the
object of standardization is to make the variance of the residual about 1.
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Clearly, we should be dividing the residual by an estimate of its standard
deviation. The standard deviation of €; is o+/1 — h;;, where h;; is the i’th
diagonal element of H. The problem with the crude standardized residuals
is that they ignore H. Instead of using the correct distribution (2), crude
standardized residuals behave as if é ~ N(0,0%I). This is the correct dis-
tribution for e = Y — X3, but it ignores the fact that B is estimated in
é =Y — Xp. In other words, the crude standardized residuals give just
that: a very crude standardization. The only advantage to the crude stan-
dardized residuals is that they do not require the computation of the h;;
values.

The second method of standardizing residuals consists simply of doing it
right. The standard deviation of é; is 0v/T — hy;, so define the standardized

residual as
Tr; =éi/&\/1—hi,~.

We now argue similarly for log-linear models. Again define the residuals
as the difference between the observations and their estimated expected
values. Symbolically, the residuals are

éizni—mi. (3)

The need for standardizing these residuals is so glaring that it is almost
unheard of to define residuals as in (3). To repeat an intuitive argument
given earlier, suppose we have a cell in which n; = 7 and m; = 2, then
é; = 7 —2 = 5, which is not a very good fit. Now, suppose n; = 107
and m; = 102. Again, é; = 5, but 7m; seems to fit n; quite well. With our
standard sampling schemes, variability tends to be large when the numbers
n; and Mm; are large. For example, under multinomial sampling, for each 4,
Var(n;) = Np;(1 — p;) = m;(N —m;)/N. Unless p; is very close to zero or
one, the variance is large when n;, and implicitly IV, are large.

In order to standardize the residuals, we need a relationship similar to (2)
for log-linear models. This relationship is essentially that, for large samples,
the approximate distribution is

n — 1 ~ N(O,D(m)(I — A)).

A more formal statement is given in the following theorem in which we
make explicit the dependence of n and m on the sample size N.

Theorem 10.7.1. For multinomial, or product-multinomial sampling,
if the log-linear model p = X holds, then as N — oo,
N~Y2(ny —1an) 5 N(0,D(I — A))

where D = D(m*), m* is defined as in Section 3, 4 = X(X'DX)~1X'D,
and N is n. for multinomial sampling and n.. for product-multinomial sam-
pling.
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Proof. An argument similar to that in the proof of Lemma 12.3.3 gives
NY2IN Yy — N'my — DAD N Y(ny —mn)] 5 0.

[This is obtained by doing a Taylor expansion of the function (-) rather
than fi(-).] Adding and subtracting N ~'/?ny and multiplying by —1 gives

NY2[N"Y(ny — i) — N~ Yny — my) + DAD N (ny — my)]
= [N""*(ny —1an) = (I = DAD"YN"*(ny —mn)] 5 0.

It follows that N—'/?(ny —1y) and (I — DAD-YYN~/2(ny —my) have
the same asymptotic distribution. By Theorem 12.3.1,

N=2(ny —my) 5 N(0,D — DA,).
Some algebra shows that

(I— DAD YN 2(ny —my) 3 N(0,D(I — A)).

For large samples, Theorem 10.7.1 gives the approximation
n — 1 ~ N(0, D) (I — A(ri)))

where A(h) = X(X'D(m)X)~1X'D(m). We are now in a position to de-
fine both standardized residuals and crude standardized residuals. Crude
standardized residuals are defined by ignoring the fact that m is estimated
or, in other words, by ignoring the matrix A(ri). Thus,

L Ny — My
r;, =

m;
In discussions of residuals for contingency tables, these values are often
called the residuals or the standardized residuals. In previous chapters,
these were referred to as the Pearson residuals. As in linear models, the
primary advantage of the crude standardized residuals is that they do not
require the computation of the diagonal elements of a complicated matrix
depending on X. Note also that the sum of the squared crude residuals is
precisely the Pearson test statistic for lack of fit.
The standardized residuals are defined as
n; — ’I’;’lz
ri = —F/—
where a;; is the i’th diagonal element of the square matrix A(m). In some
discussions of residuals, a;; is defined to be the i’th diagonal element of
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D(Vm)X(X'D(n)X)~'X'D(v/m). It is easily seen that the diagonal el-
ements of these matrices are the same. These standardized residuals are
also known as adjusted residuals. The term “adjusted” was introduced to
distinguish these from the crude standardized residuals because the crude
standardized residuals are often referred to as standardized residuals.

Given the standardized residuals, we can check for normality. Although
maximum likelihood estimates and tests based on the likelihood ratio test
statistics make sense with any sample size, we have discussed particular
confidence intervals and tests that assume the validity of asymptotic dis-
tribution theory. We would like to know if this assumption is reasonable.
One way to check is to see whether the standardized residuals really seem
to be normally distributed. As in regression analysis, we can check this
assumption by doing a normal (rankit) plot or a Shapiro-Francia test, cf.
Christensen (1996a, Section 2.4). Note that the validity of these procedures
depends on having a valid log-linear model.

Another way to check the validity of the asymptotic distributions is by
comparing G? and X?2. If the asymptotic approximations are good and the
model is true, then G? and X2 should be about equal.

If the asymptotic distributions do not seem to be valid, we have a prob-
lem. One possible solution is simply to accept the fact that significance
levels and confidence coefficients given by asymptotics are very crude. If
our assumed sampling schemes are appropriate, the point estimates and test
statistics are reasonable, but without valid distributions only crude conclu-
sions can be made. The conditional approaches discussed in Section 3.5 or
Bayesian methods similar to Chapter 13 can also be used here. Finally, an-
other possibility is to try to incorporate a more realistic sampling scheme
than the simple multinomial and product-multinomial schemes considered
here.

The other primary use of standardized residuals is in identifying outliers.
Standardized residuals are asymptotically distributed as N(0,1), so we can
test whether residuals really have mean zero. Typically, we would be in-
terested in the standardized residuals with largest absolute values. This is
equivalent to testing all residuals, so a multiple comparison method would
be appropriate. The Bonferroni method is easy to apply (cf. Christensen,
1996a, Sections 6.2, 7.9 or Christensen, 1996b, Section 5.3). We declare
that a case is an outlier if

|ri] > 2(1 — a/2q)

where z(n) is the n’th percentile of a standard normal distribution, « is the
size of the test, and ¢ is the number of cells in the table.

An alternative method for identifying outliers is based on exploratory
data analysis. This method does not rely on asymptotic distributions.
Treating the standardized residuals as a sample, compute the quartiles
and the interquartile range (IQR). Any case with a residual more than
(1.5)IQR from the nearest quartile is considered an outlier.
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Rather than using an ad hoc test for outliers based on standardized
residuals, we can construct a likelihood ratio test. Suppose our model is

nw=Xp. (4)

Without loss of generality, consider testing whether the observation in the
g’th cell, ng, is an outlier. An outlier in the ¢’th cell can be modeled by
fitting a separate parameter to the cell. Let vy = (0,...,0,1)" and consider
the model

p=XB+uvy. ()

The likelihood ratio test of this model against the reduced model (4) is a
test of whether the ¢’th cell is an outlier.

Typically, we would want to examine each cell for being an outlier; thus,
we need ¢ likelihood ratio test statistics. Again, applying the Bonferroni
method for multiple comparisons would be appropriate.

Computing each of the ¢ likelihood ratio test statistics requires an iter-
ative procedure for obtaining estimates in models like model (5). In com-
puting estimates of m, u, and 8 in model (5), we can use estimates from
model (4) as starting values. To reduce costs, we might stop after just one
step of the iterative procedure. For these one-step procedures, closed forms
for the likelihood ratio test can be obtained. Unfortunately, there are sev-
eral possible approaches to deriving one-step approximations and it is not
clear which, if any of them, work well. The remainder of this section is
devoted to deriving a one-step approximation to Cook’s distance.

DERIVATION OF COOK’S DISTANCE

Rewrite model (5) as

pq = log(myg) = XB +vyv,

where i, and my, are used to distinguish the parameters in model (5),
where cell ¢ may be an outlier, from the parameters in model (4). The MLE

of mpy must satisfy
(XI> (XI)
n = m[ ]
v v 1

where log(rfg) € C(X,v,). In the discussion below, a subscript (g) indi-
cates that the row corresponding to case ¢ has been deleted from a matrix

or vector, so X = [)i(,Q) ] . Notice that C(X,v,) =C ([Xéq) (1)] ) Thus,
q

X/, 0 X/, 0] .

My, satisfies
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or, equivalently, writing qu] = (qu] (q),m[q]q),
Xigma) = X{g ()

and
Mg = Mgq -
Thus, Mg, can be obtained by fitting the model, say u) = X(4)8(y), in
which cell ¢ has been deleted and () denotes the new parameter vector
that applies to this model. In particular, fijg)q) = fi(q)-
A natural version of Cook’s distance that is appropriate for log-linear
models is
A (6 = B)) X' D)X (B — Bro))
Cq (X'D(m)X,p) — (Q) » (Q) .
This is the same measure as used in Section 6.7, but is written in a differ-
ent form. Note that X'D(r1)X is the inverse of the estimated asymptotic
covariance matrix for § under model (4) with Poisson sampling. A one-step
version of Cook’s distance is

(B — B}, X' D)X (B - B},

Cy(X'D(m) X, p) = »

where B(lq) is a one-step approximation to B(q).

Using the Newton-Raphson method with a starting value of ﬂA and a
result similar to Proposition 13.5.1 in Christensen (1996b) on the inverse
of a sum of matrices, the one-step estimate is

Bly = B+I[XwD0ie)) X)) Xigne — muq)
B + [X’D(m)X - quqwlq]_l[X’(" — 1) — xq(ng — 1hq)]
= B + [X'D(ﬁz)X - quqm;]_l[_@”q("q — 1)
m,

—2L (X' D(1h)X) " tzqzl, (X' D) X)

= B- (X' D) X) ' +

X [Tq(ng —myg)]

N 1 F g oA _ N
= pB- 1-a (X' D(h)X) 15311("11_7’%)-
qq
The equation X
A s Mg —mMm . _
/B(Iq) =p- ﬁ(XID(m)X) 1ﬂfq
qq

leads to a computational formula for the one-step version of Cook’s dis-
tance. The one-step version can be written as

(B = Bly)' X' D)X (B - Bl,)

Co(X'D(m)X,p) = ’
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_ 1 Qqq (ng — m11)2 _ 17“2 Ggq

p (1 —agq)? g pl—dg

As mentioned just prior to Subsection 6.7.1, this definition of Cook’s dis-
tance has weaknesses. Primarily, it does not take into account the marginal
constraints imposed by multinomial or product-multinomial sampling, so
it is most appropriate for Poisson sampling. In general, the implications of
deleting a cell in a multinomial distribution are hard to grasp. Anderson
(1992) has a valuable idea. For multinomial sampling, rather than merely
deleting cell ¢, he proposes looking at the probabilities than an observation
occurs in the other cells conditional on the observation not appearing in
cell i. He then develops a version of Cook’s distance that can be written in
terms of the standardized residuals. Unfortunately, Anderson (1992) uses
standardized residuals that seem to conflict with Theorem 10.7.1; i.e., he
seems to have a different asymptotic variance for N ~1/2(n;—1;). The prob-
lem appears to be that he does not use the term A, in Theorem 10.3.1b.
[Of course, the really fun thing about this is that the reader gets to wonder
who is making the mistake. Anderson’s standardized residuals are based
on Rao (1973, p. 394). Theorem 10.7.1 is, I believe, identical to a result in
Haberman (1974a).] In any case, the reported results should be used with
care. In other work, Thomas and Cook (1989, 1990) discuss influence for
generalized linear models (which include log-linear models, cf. Chapter 9).

10.8 Exercises

EXERCISE 10.8.1. Show that for a 3 x 3 table with n1; = ni3, N31 = N33,
and n.; = n.3 that the m’s for the independence model are also the m’s for
the uniform association model.

EXERCISE 10.8.2. Waite (1911) reports data on classifications of general
intelligence made for students from a secondary school in London. Clas-
sifications were made after two different school terms and each student
was classified by two instructors. Classifications were based on Pearson’s
criteria as explained in Exercise 2.6.3. The data are given in Table 10.1.
The entry for Term 1, row C, column D of 55 indicates that there were
55 people who were classified as C by one instructor and D by the other.
We want to develop interesting log-linear models for such data. For the
moment, consider only Term 1. A model of interest is that the two teachers
have the same marginal distribution of assigning various classifications and
that they assign them independently. Write the marginal probabilities for
the categories C, D, E, F, and G as p1, p2, p3, P4, and ps, respectively.
What are the table probabilities p;; in terms of the marginal probabilities?
Take logs of the p;;’s to identify a log-linear model. Write the log-linear
model log(m;;) = a; + (; for these data in matrix form. Incorporate the
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restrictions a; = (; to get a model log(m) = X+ and fit the model to the
data of Table 10.1. What conclusions can you reach about the data?

TABLE 10.1. Intelligence Classifica-

tions
Term 1
C D E F G
C 13 55 29 1 0
D 123 326 24 0
E 421 253 17
F 107 31
G 5
Term 2
C D E F G
C 17 51 17 1 0
D 129 479 46 5
E 700 343 28
F 109 72
G 21

EXERCISE 10.8.3.  Use the saturated model and Theorem 10.2.1 to find
the large sample distribution of a multinomial sample in terms of its cate-
gory probabilities.

EXERCISE 10.8.4.  The Delta Method.
Let vy be a sequence of ¢ x 1 random vectors and suppose that

VN(oy —8) 5 N(0,3(9)).

Suppose that F(-) is a differentiable function taking ¢ vectors into r vectors.
Let dF be the r x ¢ matrix of partial derivatives of F'. Then

VN (F(vn) — F(8)) 5 N(0,dF £(6) dF").

For technical reasons, it is advantageous to assume that dF' and X(6) are
also continuous. For mathematical details, see Bishop, Fienberg, and Hol-
land (1975, Section 14.6.3).

Assuming the saturated model for a 2 x 2 table, use Theorem 10.2.1c and
the delta method to find an asymptotic standard error and asymptotic con-
fidence intervals for the odds ratio. Show that the intervals do not change if
based on Theorem 10.3.1b. Apply this method to the data of Example 2.1.1
to get a 95% interval. How does this interval compare to the interval given
at the end of the subsection on The Odds Ratio in Section 2.17
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EXERCISE 10.8.5. Use the delta method of the previous exercise to show
that if
VN(uy - 6) 5 N(0,%(6)),

then for any r x ¢ matrix A,
VN (Avy — A8) 5 N (0, AZ(6) A').
Show that if Cov(vNun) = X(6), then Cov(v/NAuy) = AZ(9)A'.

EXERCISE 10.8.6.  Testing Marginal Homogeneity in o Square Table.
For an I x I table, the hypothesis of marginal homogeneity is

Hy: pi. =pg,

i = 1,...,I. A natural statistic for testing this hypothesis is the vector
d=(n1. —n.,...,n1. —n.y)’ Clearly,

E(d;) = pi. — pai -
Use the results of Exercise 1.6.5 to show that

Var(d;) = N [(pi. + p.i — 2pii) — (pi. — pi)?]

and
Cov(dn,d;) = N [(pri + pin) + (Pr- — p-n) (5. — p43)] -

Use the previous exercise to find the large sample distribution of d. Show
that Pr(J'd = 0) = 1. Show that the asymptotic covariance matrix of d has
rank I — 1 and thus is not invertible. It is well known that if Y ~ N(0,V)
with V an s x s nonsingular matrix, then Y'V =Y ~ x2(s). Use this fact
along with the asymptotic distribution of d to obtain a test of the hypothesis
of marginal homogeneity. Apply the test of marginal homogeneity to the
data of Exercise 2.6.10.
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Chapter 11
The Matrix Approach to Logit Models

In this chapter, we again discuss logistic regression and logit models, but
here we use the matrix approach of Chapter 10. Section 1 discusses the
equivalence of logit models and log-linear models. This equivalence is used
to arrive at results on estimation and testing. Because the data in a typical
logistic regression correspond to very sparse data in a contingency table, the
asymptotic results of Section 10.2 are not appropriate. Section 6 presents
results from Haberman (1977) that are appropriate for logistic regression
models. Section 2 discusses model selection criteria for logistic regression.
Direct fitting of logit models is considered in Section 3. The appropriate
maximum likelihood equations and Newton-Raphson procedure are given.
Section 4 indicates how the weighted least squares model-fitting procedure
is applied to logit models. Models appropriate for response variables with
more than two categories are examined in Section 5. Finally, Section 7
considers the discrimination problem.

11.1 Estimation and Testing for Logistic Models

In general, if the dependent variable has only two categories, regardless
of the number of predictor variables, the table can be considered as a
two-dimensional table with two columns (one column for each category of
the dependent variable). In this structure, all predictor variables are being
pooled into the rows of the table. For ¢ distinct sets of predictor variables,
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we can write the 2¢ x 1 vector of observations as
— !
n = (TLll,TLzl, cee s M1, M12, - - .,nt2)

with similar notations for p, m, and u. A logistic model is a linear model
for the values log(p;1/piz). Note that we are modeling the log odds of
category 1 compared to category 2. These are the log odds of observing
category 1 given that the observation falls in row 4. If each row constitutes
an independent binomial, then we are simply modeling the log odds for the
various binomials.

Logistic models are nothing more than log-linear models. All of the re-
sults of Chapter 10 apply to logistic models. We now consider the exact
nature of this equivalence for prospective studies.

Let n = (log(pu/plg),10g(p21/p22),...,log(pﬂ/ptz))l be the vector of
log odds. A linear logistic model is a model n = X3, where X is a t x k
matrix. Define

L' =[L,-I]

and note that for prospective studies, log(pi1/pi2) = log(mii/miz) =
log(m1) — log(m;2), so
n=L'p.
Thus, the logistic model can be written as
L'n=XgB.

Now define a log-linear model

p=X.&

X*z[ﬁ )0(] and g:[g].

It is easily seen that if p = X,.&, then L'y = Xj. It is only moderately
more difficult to see (cf. Section 12.4 and Christensen, 1996b, Section 3.3)
that

where

{plL'p=XB} = C(X,).

Thus, the restriction on p imposed by the logistic model n = X 3 is precisely
the same as the log-linear model p = X,£. In other words, the logistic model
1 = X is identical to the log-linear model p = X ,£.

Unfortunately, there can be problems with the asymptotic results of
Chapter 10 when applied to logistic models. The asymptotic results of
Section 10.2 are based on the assumption of a fixed number of cells ¢ in
the table. This number is ¢ = 2¢. It is assumed that the sample size in each
cell gets large. Often, logistic models are used in situations that are more
similar to regression than analysis of variance. In such cases, any additional
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observations obtained typically correspond to new rows of the design ma-
trix X . This implies the addition of a new row to the ¢ x 2 table; thus, the
assumption of a fixed number of cells is invalidated. These issues are dealt
with in Section 6.

In practice, the data are fixed and neither the sample sizes nor the num-
ber of cells increases. Both remain constant. If the number of observations
in each cell is reasonably large, the usual asymptotic theory should work
adequately. If the number of cells is large relative to the number of ob-
servations, new asymptotic results are required as a basis for statistical
inference.

Frequently, when the dependent variable has two categories, the data
are collected so that for each unique set of predictor variables (i.e., for each
row of the ¢ x 2 table), the counts are independent and have a binomial
distribution. As in Section 10.4, the existence of product-multinomial sam-
pling (product-binomial, in this instance) restricts us to a special form for
the design matrix of the log-linear model. In particular, it is required that
C(Z) C C(X.) where Z is a matrix of indicators for the rows of the ¢ x 2
table. With n = (/J,ll, ey M1, U125y /J/tz)l,

_ |1
z_[lt].
Since
[ X
X*_[It 0]’

it is clearly the case that C'(Z) C C(X.). It follows that hypothesizing
a logistic model automatically makes the model appropriate for product-
binomial sampling.

Moreover, when fitting logistic models, it suffices to imagine fitting a
log-linear model to a table with product-binomial sampling. This mental
device of imagining product-binomial sampling assures that the structure
of the log-linear model implies the existence of a valid logistic model. To see
this, note that a quite arbitrary model appropriate for product-binomial
sampling can be written with the design matrix

I X3
I Xo|®

I, X, _ I, Xi—-X, L, X\-X,
However,C([It X2]> —C([It 0 ]) where [It 0

has the form given earlier for logistic models.

ESTIMATION

We now consider the problem of estimation in a logistic model n = Xg.
Recall that X is ¢ x k and that 5 and 8 are ¢t and k vectors, respectively.
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In particular, consider estimation of a linear function p'n, where p is an
arbitrary ¢ x 1 vector. Note that p'n = p' X3, so these functions can be
considered as functions of 8. If rank(X) = k and e; is a ¢ vector of Os with
a 1 in the ith position, then choosing p' = el(X'X) 1 X' gives p'X 3 = S,
where 8 = (B1,..., )"

XL = |:)(§:| 3

Write
where X is 2t x k and 0 is a t x k£ matrix of zeros. As above, n = X is
equivalent to

p=X.6 = [ﬁ ﬂ mz[z,XL] m
= Z’y_'—XLIB’

where f is identical in the logistic and log-linear models.
Using invariance of the MLEs, the MLE of p'n comes directly from the
MLE of p. Because n = L'y,

P =p'L'fi.

In terms of estimating 3, we get
PXB = pi

= pL'i

= PL(Z7+ X1h)

— pILIXLB

= p'XpB.
Thus, p' X can be estimated in either the logistic model or the log-linear
model and the estimates are identical.

To form tests and confidence intervals for p'X 3, we need a distribution
for p' X 3. Asymptotically, for any vector px,

pift — piXi&

N/ArET Ry R @
and
A-A, = X, X!DX,)'X!D-2(Z'DZ) Z'D
= X.(X'D(m)X,)"X!D(m) - Z'(Z'D(m)Z)"*Z'D(m),
SO

(A—A,)D ' (m) = X, (X.D(m)X,) ' X, - Z(Z'D(m)Z)~' Z".

*
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For estimating p' X 8 in a logistic model, let p! = p'L’, so p! i = p'1j and
p.X.E = p'XB. To apply (1), we need to find p. (A — A,)D~1(m)p.. In the
appendix to this section, it is shown that

pu(A—A)D H(m)p. = p'X[X'D(D)X] ' X'p, 2)

where

b=(by,...,b)

and
bi = mijmia /(Mg + my2) .

Taking b; = 1110 /n;. and b= (51, e, l;t)’ gives, asymptotically,
p'n—p'XB
\/ P X[X'D(b)X]-1X"p

~N(0,1).

Tests and confidence intervals follow in the usual way. In particular, using
p=e,=(0,---,0,1,0,---,0), for large samples

log(pi1 /Piz) — log(ps1 /piz) ~ N(0,1) (3)

aii [ bi
where a;; is the leverage as found in Section 4.3 as modified by Subsec-

tion 4.4.1. The asymptotic variance for log odds ratios can also be com-
puted. Except for the difference in the weights b;, the value

Var(p'i) = p'X (X'D(b)X) ™" X'p

looks like that used in Section 10.2. Methods for evaluating variances are
similar.

Using the delta method of Exercise 10.8.4, the logistic transform, (3),
and writing N; = n41 + n42, asymptotic inferences for p;; are based on

Dij — Dij
/Pij (1 — Pij)aii/N;

NN(OJ]')J

cf. Exercise 11.8.5

TESTING HYPOTHESES

Assume a logistic model 7 = X and consider the problem of testing a
reduced model 7y = X80 against n = X 8, where C'(Xo) C C(X). This test
can be performed by testing log-linear models. The full model corresponds
to = X«&. We can write the reduced model as

to = Xsoo,
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where
X0 =1[Z, Xro]
and
_ | Xo
=[]

The degrees of freedom for the chi-square test is rank(X,) —rank(X.o) =
rank(X) — rank(Xg). The likelihood ratio test statistic is

t 2
G* =2 rhui;log(rhi; [1iis) -

i=1 j=1

APPENDIX

To simplify notation somewhat, let
D,, = D(m).
In this appendix, we wish to show equation (2), i.e., for p, = p'L’,
P XX D X X p — pLZ[Z' Dy Z) 2 pe = p X[X'D(0)X] ' X p.
The algebra necessary for this demonstration is quite nasty. We break it
up into several parts.

Lemma 11.1.1. P.Z[Z' Dy Z) 1 Z e = 0.

Proof. p.Z =p'L'Z but L'Z = 0. O
Now, all we have to deal with is
PLX[X. D X] ™ X p.

We will rewrite this using a perpendicular projection operator (cf. Chris-
tensen, 1996b, Appendix B) and then use a property of perpendicular pro-
jection operators to derive the result. Let

Din/z = D(\/mn, ey \/mtg)

so that

PLX[X. D X.] X p,
= PL'X.[X'DpX.] 'X'Lp
p'L'D71/? [D},PX* [X;DmX*]—IX,iD},{2] DI\ Lp  (4)
— pIL’Df;Ll/z-PDT_nl/szy
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where P = D,ln/QX* [XiDmX*]_lXiD,ln/Z. The matrix P is the perpendicu-
lar projection operator onto

C(DY%X,) = C(DY?*Z, D}?X}).

We need one property of the perpendicular projection operator (cf. Chris-
tensen, 1996b, Section 9.2), namely

P = M + M,
where

M, = D}?Z[Z'D,,Z) ' Z' D}/? (5)
and

M, = (I — My)DX2 X [X, DY/?(I — My)DY/?X ]t
x Xy DY*(1 — My). (6)

From (4), we see that

PLX XD X.] " XL p
:pILID;ll/leD,;Ll/2Lp+pILID,;11/2M2DT_nl/2Lp.

The first term on the right-hand side vanishes.

Lemma 11.1.2.  p'L'D;*/*M,D;/?Lp = 0.

Proof. Note that 0 = L'Z = L’D,}l/z[Din/zZ]. Using formula (5) for
M, we see that 0 = L’D;1/2M1. O

By Lemmas 11.1.1 and 11.1.2, we have reduced the demonstration of
equation (2) to showing

p'L'D;Y MDY 2 Lp = p' X[X'D()X] 1 X'p. (7)

Again, we break the demonstration into parts.
Lemma 11.1.3.  p'L'D;,"/*(I — My)DLY*X, = p'X.

Proof. As in the proof of Lemma 11.1.2, L’D,}l/le = 0. Thus,
pILID;II/Q(I_Ml)D}T{2XL — pILIDT;‘l/ZD}n/QXL
= pILIXL
= pX. O
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Define my = (mn, .. .,mtl)' and mo = (mlz, PN ,mtz)l.
Lemma 11.1.4. X DnZ = X'D(my).

Proof.

X,Dn2Z x', 0| Pm) 0 ][It]

0 D(ms) | | It
= X'D(ml) . O
A similar argument yields

Lemma 11.1.5. X DX =X'D(m1)X.

We need two additional results.

Lemma 11.1.6. [Z'DyZ) = D(my + ma).
Proof.
! _ D(ml) 0 It
2onz = 11|70 ool
= D(my)+ D(my)
= D(m1 +m2). O

Lemma 11.1.7. X} Dy/*(I — My)DY*X, = X'D(b)X.

Proof. Using Lemmas 11.1.4, 11.1.5, and 11.1.6 gives

X} DY*(I — My)DM? X,

= X;DnX,—X;D,.Z[Z'D,,Z] ' Z'D,, X1,

= X'D(my)X — X'D(my)D ™' (my +my)D(my) X
X'[D(my) = D(m1)D~ ' (my + ma)D(my)]X
= X'DOb)X. o

We can now obtain equation (7). Using (6), Lemmas 11.1.3 and 11.1.7
give
p'L'D;Y2MyDM2Lp = p! X[X'D(b)X] 1 X'p

and we are done.
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11.2 Model Selection Criteria for Logistic
Regression

The purpose of this section is to show that not only do the model selec-
tion criteria of Section 3.6 apply to logistic regression, but that they have
interpretations similar to those in normal theory regression.

For a logistic regression model = X 3 or, equivalently,

_ It X (0]
w1 5[5
write the likelihood ratio test statistic for testing the model against the
saturated model as G?(X). Let J be a t x 1 matrix of one’s.
A natural definition of R? for logit models gives precisely the same def-
inition as for log-linear models. In defining R? for logistic regression, the

smallest interesting model is typically the model that contains only the
intercept

n=Jy.
The corresponding log-linear model is
_ |t J||¢
w1 al[f] ®
which is equivalent to
!
_ _ | J 0
M—XO(S:[It 0 J] " - (2)
Y2

These are equivalent because the u vectors that can be obtained from the
models are identical. Any g from model (1) can be obtained from model
(2) by taking a = £, v1 =, and 2 = 0. Conversely, any u from model (2)
can be obtained from model (1) by taking £ = a + Jy2 and v = 71 — ¥a.
This is really just a demonstration that C'(Xy) is identical to the column
space of the model matrix in (1). If we think of logistic regression as the
analysis of a t x 2 table, model (2) is

log(mi;) = i + ;5

which is the model of independence. So comparing the logistic model n =
X to the logistic intercept model n = Jv is the same as comparing the
log-linear equivalent of n = X to the independence model.

The G?(X) statistic is the same whether considering logit models or
their log-linear equivalents. If k¥ = rank(X), the degrees of freedom are the
number of cells in the table minus the rank of the log-linear model design
matrix, 2t — (t+k) = t— k. Note that this can also be viewed as the number



11.3 Likelihood Equations and Newton-Raphson 373

of cases (number of independent binomials) minus the rank of the logistic
model design matrix, just like the degrees of freedom error in a normal
theory model. The independence model is equivalent to fitting an intercept
in logistic regression, so G?(Xj) has degrees of freedom 2t —t —1 =1 — 1.
Note that this is the number of cases minus 1 for the intercept, just like
the error for fitting only an intercept in normal theory regression.

The log-linear model definition

G*(Xo) - G*(X)
G?(Xo)

R? =

(cf. Section 3.6) makes perfect sense when applied to logistic regression
models. The definition of Adj R? when applied to logit models gives

G*(X)/(t — k)

AdjRP=1—- —— 2+~ 7
J & (Xo) /(1)
Finally, Akaike’s information criterion suggests picking X to minimize

G*(X) - [(2t) —2(t + k)]
= G*(X)+2k.

Ay

Because t is fixed, minimizing A, is equivalent to minimizing
Ay —q=A, =2t =G*(X) = 2[t —k].

As illustrated in Section 4.1, it is common to report A*, the information
relative to a full model.

11.3 Likelihood Equations and Newton-Raphson

When dealing with logit models, some simplification occurs in the likelihood
equations and the Newton-Raphson algorithm. Write the log-linear model
version of the logit model n = Xf as

_ | X| |
I )
where X is a t x k matrix. Write m; = (myj,...,my;)" and n; =
(n1j,...,ng) for j = 1,2, so m' = (mf,my) and n' = (ni,n}). Also

write N = (Ny,...,N;)', where
Ni =mni1 +ns.

As in Chapter 10, the likelihood equations are

I I
[Xf, Ot] (n—m)=0.
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Noting that no = N — n;, we get the equations
Ié Ié ng —my =0
X' 0 N — ng —1mse o

R T R

or

which simplifies to

=0. 2)

et |

We are seeking values 4 and B that give solutions to equation (2). We
now show that the value of 4 can be determined by the value of 5. Write

Ty
X=1:
Ty
and ’? = (&17 s 7’%)1; then;
my = explf + wiﬁ] ) 3
S Y 3)
Mg = exp[yi]-

Because 4 and 3 provide a solution to (2), N; = 1hy; + mg; and

Ni = exp[y + =}8] + exp[4i]
= [l +exp(aiB)],
SO
¥ = Ni/[1+ exp(z}3)] (4)
and
5 = log(Ni/[1 + exp(}B)]) .

This completes the demonstration.

Because 4 is a function of /3’, the likelihood equations can be reduced to
the bottom half of (2), which is solely a function of 8. The top half of (2)

is satisfied for any B by taking 4 as indicated above. To write the bottom
half of (2) as a function of 3, we need only write m; as a function of .
From equations (3) and (4)

my = €%
(Ni/[L + e")eve? (5)
e$;ﬁ
‘14 emif
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We can use the Newton-Raphson algorithm to find a solution to the likeli-
hood equations
X'(m - ml) =0.

The highlights of using Newton-Raphson are given below. More detailed
discussions are given in Chapter 10 and Section 12.4. To apply Newton-
Raphson, we need the derivative of X'(n; —m4(8)) with respect to 3, i.e.,
the matrix of partial derivatives with respect to the 3;’s. Using the chain
rule, this is just —X' times the matrix of partial derivatives of m;(3) with
respect to 8. Note that

ml(ﬂ) [mll(ﬂ)a"'amtl(ﬂ)]l
= [Nlez’lﬁ/u +emB), .. Ne™P /(1 + eziﬂ)]

!

The partial derivative of my;(3) with respect to §; is

om (B)

= Nzije"P (1 +e%F)~!
aﬂ] ] ( )

+ Npe®B (=1)(1 + €)= 2156738 (6)

1 1 2
N ewiﬂ ewiﬁ
= iLij 7 - 7
ilig (l—f-eziﬁ) 1_'_69:,.6

Recalling equation (5), define

pi =ma [N; = ezgﬁ/(l +e%P). (7)

For product-binomial sampling, p; is the probability of an observation in
the ith row occurring in the first column of the table. Substituting p; into
(6), the partial derivative is

om;
“27255) Nizij(pi — p?)

= Nipi(1 - pi)zij -
The matrix of partial derivatives can be written as

Nipt(L=p1)zin -+ Nipi(1 — p1)zik
dm4(B) : :

Nepe(1—pze -+ Nepe(1 — pr)zer
= D(Nipi(1 —ps))X .

The matrix of partial derivatives for X'(n — m(f)) is then

X'dmy(8) = X'D(N;pi(1 — pi))X -
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Note that N;p;(1 — p;) = b; from (11.1.2).
We can now apply the Newton-Raphson algorithm. Given a current es-
timate (s, the next estimate is

ﬂs—i—l = /Bs + 68 )

where
85 = [X'D(Nipi(1 = pi)) X] 7 X" (n1 — ma (Bs))

and p; in N;p;(1 — p;) is actually p; = p;(8s) as defined by equation (7).
As with log-linear models, the estimates can be found by doing a series
of weighted regressions. Let y; = x}8s + [ni1 — ma (8s)]/Nipi(1 — p;), so
that
Y = XBs + D(Nipi(1 = pi) ™" (n1 = ma(Bs)) -

If the weighted regression model
Y =Xp+e, E(e) =0, Cov(e) = D™ (Nipi(1 — p3))
is fitted, then the estimate of g is

Bsr1 = [X'D(Nipi(1—p:))X] " X'D(Nip;(1 - p;))Y
Bs + 05 .

11.4 Weighted Least Squares for Logit Models

The methods introduced by Grizzle, Starmer, and Koch (1969) are actually
quite general and can be applied to logit models as well as log-linear models,
cf. Section 10.6. As before, asymptotic properties of the GSK method are
often the same as maximum likelihood, but the small sample justification is
less compelling. Moreover, for some small samples, the GSK method cannot
be used at all unless ad hoc modifications to the data are introduced.

As with log-linear models, the GSK method amounts to performing one
step of the Newton-Raphson algorithm. For a logit model

n=Xg,
where
n = [Nn — M21,. -5 M1t —N2t]'
= [log(p11/p21); - - -, 10g(pre/p2r)] -
The model

Y =Xf+e, E(e) =0, Cov(e) = D™ (N;p;(1 — ps))
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is fitted where
Pi = Pir = na [N; (1)
and
Y =[y1,---,u
with
yi = log[pi/(1 — pi)] .

The justification for the GSK procedure is asymptotic. The estimates
obtained are asymptotically optimal if the N;’s are all large. As the justifi-
cation for the GSK procedure is based on its large sample optimality, there
is no apparent reason to use GSK for small samples. Moreover, it is not
clear that the sort of asymptotic arguments which involve large numbers
of small samples can be extended to the GSK approach.

Perhaps the most obvious difficulty with the GSK approach is that if p; is
either zero or one, y; is not defined. When N; = 1, y; is always undefined. Of
course, the corresponding weight from the inverse of the covariance matrix
is also zero, so one could argue that GSK simply ignores such cases. But
this could result in ignoring great quantities of data. For the Chapman
data of Section 4.1, all of the data would be ignored. An ad hoc correction
for this problem has been proposed, which is simply to substitute for any
value p; that is 0 or 1, the values p; £ ¢;, where the substitution forces p; to
be between 0 and 1 and ¢; is some small number. It is frequently suggested
that any values n;; = 0 be replaced by n;; = 0.5.

It may be noted that the p;’s given in (1) are also the natural start-
ing values for the Newton-Raphson algorithm and that small samples also
require that p;’s of 0 or 1 be adjusted before they can be used. The key
difference is that the justification for MLEs does not depend on properties
of the starting values. Any starting values that lead to MLEs are perfectly
acceptable. The GSK method depends crucially on the initial estimates.

The details of a GSK logit model analysis will not be given because, for
uniformly large samples, they are exactly analogous to the log-linear model
analysis given in Section 10.6. For large N;’s, the SSE can be used to give
a chi-square test for lack of fit. The degrees of freedom for the test are the
degrees of freedom for error. Models can be compared by comparing sums
of squares for error. Reported standard errors must be corrected for the
root mean square error; t statistics must be corrected for the root mean
square error and compared to the standard normal distribution. The only
difference is that a valid standard error exists for the intercept.

11.5 Multinomial Response Models

An integral point in the definition of logistic regression models is that the
response variable has only two categories. The model posits a linear mean
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structure for log(m;i/m;2). As discussed in the previous chapter, if the
response variable has more than two categories, it is by no means clear
how to extend the logistic regression model to deal with the additional
categories. It may then be somewhat surprising to find that it is clear how
to extend the log-linear model version of the logistic regression model to
more than two categories. We will discuss the appropriate log-linear model
for a three-category response model. Extensions to responses with more
than three categories follow the same pattern.

Before beginning with three-category responses, we reconsider the nature
of the log-linear model for a two-category response. The model is

w= o] 5] ®

This model lacks symmetry in the categories. The model matrix has an X
submatrix corresponding to the first category of each response, but for the
second category, the submatrix is zero. A model that treats the first and
second categories on the same basis is the model

a
I X 0
i=|7 8 ]| ©)
72

The important thing to note about model (2) is that it is equivalent to
model (1). Any vector u from model (1) can be obtained from (2) and vice
versa. To see this, note that

(i 3])=e(lr v 5)

Any two models with the same column space are equivalent models. Model
(2) is a reparametrization of (1).

Given model (2), there is an obvious generalization to a three-category
response. Simply take

I X 0 o0]]“
p=|I 0 X ol |™ (3)

I 0 0 X||™

Y3

where p = (f11, .-+, t1, 1125 - - - 5 [ht2, P13, - - -, #43)" - As model (2) is equiv-
alent to model (1), it is easily seen that model (3) is equivalent to

I X 0 a
p=|I 0 X||&
I 0 O B
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Writing

gives model (3) as

log(mi;) = pij = i + x7; (4)
where ¢ = 1,...,t and j = 1,2,3. With this notation, it becomes a simple
matter to consider models such as

log(ma;/mi j41) = x5 (7; — Vi) j=1...,J-1,

or
log(mij/mi) = zi(vj —vs), §=1,...,J—1,
as were discussed in Chapter 4. Note that if X contains a column of ones,

model (4) includes a term for column effects; thus, both the row and column
margins of the ¢ x 3 table are fixed.

11.6 Asymptotic Results

We now consider asymptotic results for log-linear models contained in
Haberman (1977). The results are quite general. In particular, we will show
that they give the standard asymptotics for log-linear models and we will
show how they apply to logistic regression. In Section 11.1, no explicit
discussion was given concerning the nature of the asymptotic theory used
to justify the results on estimation and testing. If the expected count in
each cell approaches infinity, the usual asymptotic theory applies. Unfortu-
nately, in regression settings, this is often not appropriate. For regression
problems, a more reasonable approach is to allow additional observations
to have distinct values of the predictor variables rather than having them
occur at values of the predictor variables that have already occurred. These
additional observations with new predictors constitute new cells in the ta-
ble, so the table itself is getting larger. We need to think in terms of the
convergence of a sequence of models. Haberman’s results do this. They ap-
ply when fitting log-linear models to many situations in which there are few
observations relative to the number of cells in the table. In particular, they
satisfy our need for asymptotic results appropriate to logistic regression.
Frequently, they do not apply when testing a log-linear model against the
saturated model with data from a large sparse multinomial distribution.
For asymptotic results that apply to this case, see Koehler (1986). Other
results on large sparse multinomials are contained in Koehler and Larntz
(1980), Simonoff (1983, 1985, 1986), and Zelterman (1987). The mathemat-
ics in this section are the most sophisticated in the book (with the possible
exception of Chapter 12).
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Before discussing Haberman’s asymptotic results, we set notation for a
fixed sample size problem. Consider a log-linear model

p=Xg (1)

where p = log(m). To deal with the sampling scheme, assume that C(Z) C
C(X). We are interested in the asymptotic distribution of those estimable
functions of B that do not depend on the parameters that are forced into the
model to deal with the sampling scheme. In other words, we are interested in
functions v'u = 7' X 8 for which v'Z = 0. Moreover, to avoid trivial cases,
we assume that v/ X # 0. The MLE of p is denoted fi. The asymptotic
variance of 4'fi will be related to the function

o’ (') =+ A(m)D ™" (m)y

where A(m) = X(X'D(m)X)~'X'D(m). This function can be estimated
by
(') = ' A(m) D™ () .
Also of interest are the asymptotic distributions of the Pearson test
statistic X2 and the likelihood ratio test statistic G? for testing model (1)

against a reduced model
p=Ws (2)

where C(Z) ¢ C(W) C C(X). Let r = rank(X) — rank(Z) and s =
rank(W) — rank(Z).
The asymptotic results require one more concept. Let

A, = Z(Z'D(m)Z)~*Z'D(m)
and let A'(A,) be the null space of A4,, i.e.,
N(A,) = {z] A,z = 0}.

If we write a vector in C(X) as ¢ = (21, ...,2,)’, define d to be

d=sup{|$,~|/\/a:’D(m)m : xGN(Az)ﬂC(X)}. (3)

To get asymptotic results, consider a sequence of log-linear models in-
dexed by t. Thus, the log-linear models are

e = X¢fy

where p; = log(m;) and C(Z;) C C(X}). Our estimable functions of interest
are ~y;ut, where v;Z; = 0. The MLE of ~; s is 74 fi¢. Similarly,

o? (i) = v As(my) D™ (me) v
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and
6% (i) = YA (1he) D™ (1) e -

The reduced model of interest in testing models is
Mt = Wydy

with C'(Z;) € C(Wy) C C(X¢). The ranks are r; = rank(X;)—rank(Z;) and
s¢ = rank(W;) —rank(Z;). Note that r; is also the rank of N'(4,,)NC(Xy),
cf. Proposition 11.6.5. Finally,

dy = sup {|xi|/\/a:’D(mt)x txeN(A4,)N C(Xt)} .

Obviously, the standard asymptotic results will not hold for all sequences
of log-linear models. There must be some restrictions on the models. The
restriction involves d;.

Theorem 11.6.1. If r¢dy — 0 as t — oo, then
~ ~ L
(a) Difie —vime] [V Gife) 5 N(0,1),

(b) &2(vifae) [o® (vhie) = 1.

Corollary 11.6.2. If rydy — 0 as t — oo, then

P = vind] [V/E (i) 5 N(0,1).

Let G? and X? be the likelihood ratio and Pearson test statistics for
testing model (2) against model (1).

Theorem 11.6.3. If redg - 0and ry — sy — fast — oo and if
ut € C(Wy) for ¢t > 0, then

I
(a) G} = x*(f),
I
(b) X7 = x*(f),
© G2-xz50.
These results imply the usual asymptotic results, cf. Chapter 12. In the
usual results, replace the index ¢ by the sample size N. For all N, we

have Zy = Z, Wy = W, Xy = X, and 7y = . Moreover, ry = r,
ry — sy =71 — 8, and my = Nm*, where m™* is defined as in Section 10.3.
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With these adjustments, Theorems 1 and 3 give the standard results. For
the theorems to apply, we need rydy — 0. Because ry is fixed, this is
simply the condition that dy — 0. To see that dy — 0, use the Cauchy-
Schwartz inequality. Let e; = (0,...,0,1,0,...,0)" where the 1 is in the ith
place. Thus, for any vector z, z; = ejx.

Proposition 11.6.4. As N = o0, dy — 0.

Proof. By Cauchy-Schwartz, for z € C(X)

(efz)? ([e;D(1//mn)|[D(y/mn)x])?
(eiD(1/mn)e;)(z' D(my)z) .

IN

By the definition of dy,

B, < sup{(ef)?/a'Dimn)a : 7 € C(X)}
< mla,xegD(l/mN)e,-

= N! max e;D(1/m*)e; .

Because max; e, D(1/m*)e; is a fixed positive constant, d4 — 0; thus, dy —
0. O

A primary use of these theorems is in their application to logistic re-
gression models. In logistic regression, the model is = X, where =
(log(m11/m21),. .. ,log(mi¢/ma))’. The equivalent log-linear model is

o[} 3)[3] =l

As discussed in Section 1, rather than letting the m;;’s get large (i.e.,
taking additional observations in existing cells), it is more realistic to let
the number of cells get large while retaining the same basic structure in
the logistic regression model. In other words, as the sample size increases,
we add new rows to the design matrix while the expected counts in each
cell are allowed to remain small.

Setting the notation for this case, y; is a 2¢ x 1 matrix,

L Xt] |:at:|
= 4
w=1 ][5 @
where I; is a t x t identity matrix, 0 is a ¢ X p matrix of zeros, and X; is
a t x p design matrix for the logistic regression model. We assume that for

t large enough, the matrix X; has rank(X;) = p. For testing (4) against a
reduced model, write the reduced model as

w1 ®
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where C(Xo;) C C(X};) and rank(Xo;) = po. Note that the full model
is a log-linear model where the rank of the design matrix is ¢ + p and
ry = (t+p) —t = p. Similarly, for the reduced model, s; = (¢t +po) —t = po-

As a practical matter, we never really have a sequence of models. We
have one model. Thus, ¢ is fixed (it is the number of binomial populations
in the logistic regression). To apply Theorem 11.6.1, we need rid; — 0;
thus, if rd is small for our model, we use the approximation

1y A
LR N(0,1).
6>(v'ir)
To apply Theorem 11.6.3, we need r;d; — 0 and (r; — s¢) — f. In our
current setup, 7; — ¢ = p — Po, which is fixed; so, again, if rd is small and
the reduced model is adequate, we use the approximations

G? ~ x*(p — po)
and
X%~ x*(p—po) -

It remains for us to get a handle on what conditions are necessary to have
r¢dy — 0. Before doing that, we comment on why lack of fit tests often work
poorly for logistic regression. The standard test for lack of fit of a logistic
regression model is to test a model against the saturated log-linear model.
To simplify notation, we will use model (5) as the model to be tested, but

now, instead of testing model (5) against a model with similar structure
like model (4), we test it against the saturated model. The saturated model

can be written
|: t ) :| |: : :|
e I; 0 ﬂt ’

The difference between the saturated model and model (4) is that X; is
replaced by I;. Whereas rank(X;) = p, we now have rank(l;) = t. With
the saturated model as the full model, we have r; = t. For Theorem 11.6.3
to apply, we need r;d; — 0 and, for some value f, r; — s; — f . First,
r—s; = t—pg — 00, so there is no appropriate number of degrees of freedom
for the asymptotic test. More importantly, because the condition r;d; — 0
is the condition used to ensure that the model behaves well asymptotically
and because the saturated model has r;d; = td;, for the saturated model
to behave well asymptotically it must have d; — 0 very rapidly. Under
standard sampling schemes, this does not happen and Theorem 11.6.3 does
not apply. This is not to say that the lack of fit test will always work poorly.
If the expected counts in each cell are large, we do not need to appeal to the
sequence of models argument and, thus, the usual asymptotic results give
an approximate x? distribution for the lack of fit test. However, if expected
cell counts are not large, there is no reason to believe that the asymptotic
lack of fit test will work well and experience indicates that it does not work
well.
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A condition under which r,d; — 0 for a sequence of logistic regres-
sion models is that the logistic regression leverages a;; all approach zero
while the b;’s do not, cf. equation (11.1.2). The remainder of this sec-
tion is devoted to mathematical details associated with this demonstra-
tion. It requires a facility with linear models comparable to that developed
in Christensen (1996b). The primary result is finding an explicit form for
(A= A,)D~(m).

With r; = p for all ¢, it suffices to show that d; — 0. To do this, we will
characterize d for an arbitrary logistic regression model.

The expected cell counts are m = (M1, Ma1,..., M, M1a,. .., M)
Write m; = (myj,...,my;) for j = 1,2 so that m' = (m{,m}). For a
logistic regression model, write

_ I X
wex.-[1 %],
so the symbol W is playing the role generally reserved for X in a log-linear
model. Write A = W(W'D(m)W)~*W'D(m).

For logistic regression, the value of d is defined as the sup of a function
of w over all w’s in N'(A4,)NC(W). First, we need to characterize N'(4,)N

C(W).
Proposition 11.6.5. NAYNCW)=C(A-A,).

Proof. A is a projection operator onto C'(W). In particular, for w €
C(W), Aw = w and AA = A. Similarly, A, is a projection operator onto
C(Z). Moreover, AA, = A,.

If we N(A,) NC(W), then (A — A,)w = Aw — A,w = Aw = w; thus,
we C(A-A),).

Ifwe C(A—A,), clearly w € C(W). We need to show that w € N'(4,).
The matrix (A — A.) is a projection operator, so (A — A, )w = w and, thus,
w=(A—-A)w=Aw—-A,w=w-A,w,s0 A,w=0. a

We now examine the behavior of d. For i = 1,...,2¢, let e; =
(0,...,0,1,0,...,0) where the 1 is in the ith place. By (3),

d=sup{m?x|e;$|/\/m 1T € C(A—AZ)} i

Because z € C(A — A,) can be written as z = (A — A,)b for some b, write

d = sup {max e} (A — A)b|/\/b'(A— Ay D(m)(A—A)b : all b} .
Note that
|€;(A - Az)b|
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= |€;(A - A)(A- Az)b|
[ei(A — A)D~H(Vm)][D(Vm)(A — A,)b]]
< \Jel(A— 4D (m)(A - A.)er/FA— A ) D(m)(A - A.)b

where the inequality is just the Cauchy-Schwartz inequality. It follows that

d < max Vei(A — A)D1(m)(A - A.Ye;

Proposition 11.6.6. (A—A,)D Y (m)(A—A,) = (A—A,)D"1(m).

Proof. Using the definitions of A and A, the fact that (A—A,)Z =0,
and that AZ = Z,so0 Z'A' = Z', we find

(A—A4;)D ‘1( )(A
A:)D
= A2l

!

-A)
(A ~Hm)D(m)[W (W'D(m)W)™'W' — Z(Z'D(m)Z)~' Z']
(A (W'D(m)W) W' — Z(Z'D(m)Z) 2]
= (A A)W(W'D(m)W)~'W']
AW (W' D(m)W) ™Y W'] — A [W (W' D(m)W) ™ W']
= [W(W'Dm)W) W]
— Z(Z'D(m)Z) "1 Z' D(m)[W (W'D (m)W) W]
AD™Y(m) - Z(Z'D(m)Z)~ ' Z' A’
= ADY(m)-Z(Z'D(m)Z)'Z'
AD Y(m) — A.D *(m)
= (A-A,)D '(m). =

w
w

Using Proposition 11.6.6, we now have

d < max \/e;.(A — A,)D-(m)e; . (6)

So far, we have not used the logistic regression structure of the log-linear
model. We now use the special structure of logistic regression to further
characterize inequality (6).

Proposition 11.6.7.

D(m1)D7Y(my +ma) D(ma)D~t(my +ms)

Az = | D(m)D L my +my) D(ma)D L (my +my)

Proof. This follows immediately from Lemma 11.1.6, the definitions
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of Z and A,, and the fact that

D(ml) 0
= O
D(m) 0  D(my)

To simplify notation, for vectors v = (v1,...,vy)" and u = (u1,...,uq),
let vu = (viug,...,vquq)" and v/u = (vi/u1,...,v4/uq)’. As in (11.1.2),
b= mlmz/(ml + m2).

Proposition 11.6.8.
A-A,
D(m2/(m1 +m2))X ' -1 ; ]
= X'D(b)X X'D(b), —X'D(b)] .
—D(ma /(m1 +ma)) X [X'D(b)X]" [X"D(b) ()]
Proof. The perpendicular projection operator onto C(D(y/m)W) is

D(y/m)AD~1(y/m) = M,, and the perpendicular projection operator onto
C (D(y/m)Z) is D(y/m)A,D~1(y/m) = M,. Tt follows that

My —-M, = D(\/ﬁ)A‘D_l (\/ﬁ) - D(\/E)AZD_I(\/E)
= D(Vm)(A - A)D7'(Vm).

If we can find M, — M, then A — A, = D='(/m)(M,, — M,)D(\/m).
The matrix M,, — M, is the perpendicular projection operator onto

c(a-ampwm 7).
cf. Christensen (1996b, Sections 9.1, 9.2).
1~ aypwim |3 ]
- [P - [l

_ [D(\/m_lmQ/(m1+m2))X]
~ | -D(ymzm1i/(mi +m2))X | -

Multiplying out to get the perpendicular projection operator and simplify-
ing gives the result. |

Finally, the main result is

Proposition 11.6.9.

D(ma/(m1 + m2))X
—D(m1/(m1 +m2))X

X [X'D(my/(my +my)), —X'D(my/(my + ms))]

(A—A,)D'(m) = [X'D(b)X]!



11.7 Discrimination, Allocation, and Retrospective Data 387

Proof. Multiply A — A, by D~1(m). O

We can now examine the exact nature of ef(A — A,)D~!(m)e;. Write

7
5

i
then fori =1,... ¢, let j =14 and
ei(A— A.)D™H(m)e; = [mya/(mj1 + mys) [ X' D) X] ™ a;
fori=t+1,...,2t,let j =i—t and
ei(A— A)D™ (m)e; = [my1/(mj1 + my) [ X' D) X] ™ ;.

If these terms approach zero for a sequence of logistic regression mod-
els, then inequality (6) implies that Theorems 11.6.1 and 11.6.3 hold. In
practice, if these terms are small for all 4, then Theorems 11.6.1 and 11.6.3
should provide reasonable approximate distributions. The key (cf. Exercise
11.1) is that the X matrix needs to have the property that z}[X'D(b) X ]~ 'z;
is small for all ¢.

This condition can also be related to linear model theory. If the elements
of my and my are bounded above zero, then the terms

[ X' D(b)X]

will converge to zero if and only if the terms z[X'X]~'z; converge to zero.
The condition that the terms zi[X'X] 'z, all converge to zero is known
as Huber’s condition. This is the condition assumed by Arnold (1981) to
show that the usual distributions hold asymptotically for linear models
with non-normal independent errors. Similarly, if Huber’s condition holds
for a logistic regression model, then the usual asymptotic results for logistic
regression hold. Note that Huber’s condition is sufficient to imply that
asymptotic results hold; it is not a necessary condition.

EXERCISE 11.1.  Show for logistic regression that d; — 0 as the maximum
leverage goes to zero.

11.7 Discrimination, Allocation, and Retrospective
Data

The Chapman data of Section 4.1 are the result of a prospective study; a
large number of people were sampled and they were classified by whether
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they had experienced a coronary incident and by their values on the vari-
ables age, systolic blood pressure, diastolic blood pressure, cholesterol,
height, and weight. Only 26 of the 200 people had coronary incidents,
so most of the information in the data is about people who did not have
coronaries.

Retrospective studies are commonly used to examine events that are rel-
atively rare, like coronary incidents. They address the problem of having
a sample that contains few observations on the rare event. Consider a re-
sponse variable with three levels: no incident, mild coronary incident, and
severe coronary incident. One might take a sample of 125 people with no
incidents, a sample of 40 people with mild incidents, and a sample of 35
people with severe coronary incidents. Thus, the sample sizes in the rare
event categories are fixed by design. Once again, the case variables age,
systolic blood pressure, diastolic blood pressure, cholesterol, height, and
weight can be measured for each of the 200 individuals. When the response
categories are also the populations sampled, it is easier to get substantial
numbers of observations in each response category. Prospective and retro-
spective studies were discussed earlier at the beginning of Chapter 4.

While all of the case variables discussed above are really continuous,
there are only a finite number of values that one could actually measure
for any of the variables. For example, one often measures age in integer
values of years and height in integer values of inches. Moreover, there are
upper bounds on these values. Similar limitations based on the accuracy of
the measuring instruments exist for all continuous variables. Thus, there
are only a finite number of combinations of the case variables that can
be considered. Call this very large but finite number S. The retrospective
study described above yields a 3 x S table in which each of the three rows is
an independent multinomial sample. We wish to model these multinomials
so that we can explain the data and, perhaps more importantly, predict
the population into which a new case would fall when only the information
on the case variables is available. The modeling problem can be thought of
as discriminating among the three populations. The prediction problem is
one of allocating new cases to the appropriate population.

Consider the allocation problem in more detail. Write the case variables
as a vector x; = (Ag;, S;, Di, Chy, Hi , W), i = 1,...,5. The value py; is
the probability under population h of being in the category determined by
z;. Here, h=1,2,3 and i = 1,...,5. Write

f(@ilh) = phi -

The function f(z;|h) is just the discrete density (probability mass function)
of population h. The value of h is a parameter. Given a new case with known
case variables z in one of the S observable categories, we can view f(x|h) as
a likelihood function. The maximum likelihood allocation rule assigns the
new case z to the population h that has the largest value for the likelihood.

The only problem with this procedure is that the probabilities f(z|h)
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are not known. They have to be estimated from the data. S is typically ex-
tremely large, so there are typically many more parameters (probabilities)
to be estimated than observations with which to estimate them. Some sort
of additional assumptions must be made in order to proceed.

One way to proceed is to abandon the fact that the observed data are
discrete and assume a continuous density f(z|h) as a model for the obser-
vations. If the underlying but unobservable case variables are continuous,
this is extremely reasonable. In fact, it is so reasonable that people often
overlook the fact that it is an approximation to what is properly a discrete
distribution for the observations. The problem is not in approximating a
discrete distribution with a continuous distribution but in finding a con-
tinuous distribution that provides an appropriate model. Traditionally, the
case variables have been modeled with a multivariate normal distribution.
For multivariate normals, estimating the mean vector and the covariance
matrix for each population leads to natural estimates for the f(z|h)’s. This
approach to discrimination and allocation is originally due to R. A. Fisher
(1936). More recently, nonparametric density estimation has been used to
model the distributions, cf. Seber (1984, Section 6.5).

Rather than invoking continuity, another way to proceed is to cut down
the number of categories to a manageable size. Rather than using all S
categories, one can restrict attention to the x values that were actually
observed. In our hypothetical example, if all the x;’s are distinct, this re-
striction yields a 3 x 200 table. The z;’s are frequently distinct when any
of the case variables are continuous, but if they are not distinct, it simply
reduces the number of columns in the table. We will assume that the x;’s
are distinct.

The original sampling scheme for the 3 x.S table was product-multinomial
in the rows and the standard method of analysis, as illustrated in Section
4.7, also treats the 3 x 200 table as product-multinomial in the rows. Alas,
restricting the table invalidates this product-multinomial sampling scheme
for the reduced table. For example, under product-multinomial sampling,
there is a positive probability of getting zeros for all three of the counts in
a given column. We are using only the z;’s that are actually observed, so
every column must have at least one observation in it.

There are two ways to analyze the data in the 3 x 200 table. The standard
method illustrated in Section 4.7 is both a partial likelihood analysis and an
extended likelihood analysis. Alternatively, one can perform a conditional
likelihood analysis to obtain information on some parameters.

Partial likelihood analysis depends on having a likelihood that can be
factored into the product of two terms. One term, the partial likelihood,
must involve all of the parameters of interest and only those parameters.
The second term involves only nuisance parameters. Without loss of gener-
ality, assume that the actual observations occur in the first 200 categories.
For each population h, let pp, = (Pn1,-.-.,Prs)’ be the probability vector
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and let N = ny. be the sample size. The likelihood is

3 S

L(pi,p2,ps) = ][] I]pne

h=11i=1

_ {H Hp} {H I p;:;ff}

h=11i=1 h=11=201

{f[ ﬁpﬁﬁ’}

h=1i=1

where the last equality holds because for ¢ > 200, ny; = 0 and any log-
linear model has pp; > 0 for all A and 7. With all the zero counts, the
likelihood cannot be maximized subject to the condition of positive cell
probabilities. However, this function is also the partial likelihood involving
only the parameters pp;, h = 1,2,3, ¢ = 1,...,200. As such, it can be
maximized.

Technically, write

3 200

L(p1,p2,p3) = {H Hp,’:;‘} -T(pri: h=1,2,3; i =201,...,95)

h=11i=1

where
T(ppi - h=1,2,3; i =201,...,5) = 1.

We have factorized the likelihood appropriately, so the partial likelihood
for pp; : h=1,2,3,i=1,...,200 is

3 200
T hi
H thz' :
h=11i=1

Obviously, the log of the partial likelihood is

3 200

> nnilog(pai) -

h=1 i=1

We now incorporate a log-linear model into the analysis. Assume a typical
multinomial response model for the parameters

Mpi = Npphi

that consists of

log(mhi) =qw; + .’L‘;’Yh (].)
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for all h and 1, cf. model (11.5.4). Dropping a constant that depends only
on the Np’s, the log-likelihood becomes

Z nipi 10g(mp;)

—

s

= nhi [ + 277
h=1i

6(717727737011'77::17"'78) =

=,

>
w || w
—

w |
oo
S
S =

= npi [ + iy

h=1 ¢

._.
I
-

where, again, the last equality follows from the fact that np; = 0 for i =
201,...,S. In the 3 x S table, the row totals are fixed by the product-
multinomial sampling scheme. The standard analysis of the 3 x 200 table
also treats the rows as product-multinomials, so the row totals are fixed.
Fixing the row totals requires the inclusion of main effects for rows in the
log-linear model. These can be incorporated into the z}vy, terms. Write
x; = (1,2,...,%;p), where the case variables are x;2, ..., ;. Then with
Y = (Yn1,---5Ynp) ; the intercept parameters v, are the row main effects.

For a partial likelihood analysis, observe that the log-likelihood is the
sum of two terms, one of which depends on the parameters of interest
Y1,7Y2,73, %, © = 1,...,200, and another, which in this case is identically
equal to zero, that depends only on «;,i = 201,...,S. (The second function
is identically zero, so it depends on anything we want it to depend on.)
A partial likelihood analysis then obtains estimates of ~v1,72,7v3, 4,1 =
1,...,200, by maximizing the term that involves only those parameters.
Of course, the only difference between the log partial likelihood and the
log-likelihood is that the log partial likelihood is considered as a function
of fewer parameters. In particular, the log partial likelihood is exactly the
same as the log-likelihood for the 3 x 200 table under product-multinomial
sampling. Thus, the MLEs from the standard analysis are maximum partial
likelihood estimates for the full 3 x S table.

Another productive way to use the log-likelihood is to consider eztended
mazimum likelihood estimates, cf. Haberman (1974a, p. 402). An estimate
M is an extended maximum likelihood estimate if the log-likelihood £(m)
converges to its supremum as m converges to M. In this setup, the usual
MLEs from the 3 x 200 table are extended MLEs. The log-likelihood func-
tion only depends on ~y1,72,7vs3,04, i = 1,...,200, so the reduced table
MLEs together with pgp; = 0 for h = 1,2,3, i = 201,...,S maximize the
full table log-likelihood function subject to the constraints p,. = 1. The
only problem is that log-linear models do not allow pp; = 0 for any A, <.
Allowing extended MLEs removes the problem.

Whether the justification is partial likelihood or extended likelihood, we
arrive at an analysis based on the MLEs for the 3 x 200 table with product-
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multinomial sampling in the rows. Details of the analysis are given in the
next subsection.

The conditional likelihood analysis simply defines the likelihood in terms
of the conditional distribution of the 3 x 200 table given that these were the
only 200 columns of the 3 x S table that were observed. The conditional
likelihood of the 3 x 200 table is

3 200 3 200
HHW#ZHH%% ©)

h=1i=1 T h=1i=1
where the sum is over all 3 x S tables of counts r = (r11,...,735)" with
rh. = np. = Np, h=1,2,3,
rs=n; =1, 1=1,...,200,
ri=0, i=201,...,S.

It is not difficult to see that the conditional likelihood does not depend
on the a;’s or the intercept terms -y, cf. Exercise 11.8.4. Thus, any in-
ferences that require estimates of these quantities cannot be made using
the conditional likelihood approach. In particular, it will be seen in the
next subsection that allocation of observations depends on the vectors 4,
including the components v,1. Thus, the conditional likelihood approach
cannot be used for allocation.

The key early paper on logistic discrimination was written by Anderson
(1972). Anderson and Blair (1982) clarified several aspects of the theory
and introduced another basis for analysis: penalized maximum likelihood.
Some other relevant works are Farewell (1979), Prentice and Pyke (1979),
and Breslow and Day (1980).

THE PARTIAL LIKELIHOOD ANALYSIS

We have a vector of allocation variables z} = (z;1,...,%;p) that are ob-
served on each of t individuals. Thus, far in the section, we have always
used t = 200, but the conclusions hold for any value of ¢. In addition to
observing the z;’s, we know to which of the three populations each indi-
vidual belongs. Our goal is to use the information on these ¢ individuals in
order to allocate future individuals into an appropriate population.

To do this, we set up a model similar to the standard multinomial re-
sponse model. Let

Our data are

!
n= (nlla---7n1t7n217---7n2t;n317---7n3t)
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where ny,; = 1if the ith case belongs to population A and ny; = 0 otherwise.
For a prospective multinomial response model, the 3 x ¢ table either is or
can be considered to be the result of taking ¢ independent trinomial samples
and can be analyzed by standard logistic regression. With the retrospective
sampling appropriate for discrimination problems, the sampling scheme
is the result of taking three independent multinomial samples each with
S categories where S is large and unknown. As discussed above, for the
purpose of estimation the samples can be treated as three independent
multinomials with ¢ categories. The standard prospective approach assumes
that column totals of the 3 X t table are fized by the sampling scheme,
whereas the retrospective (discrimination) approach assumes that the row
totals are fized by the sampling scheme.

With a 3 x t table in which the row totals are fixed, indicator variables
must be included in the model to ensure that the estimated row totals
equal the observed row totals. This is accomplished by requiring that the
X matrix include a column of 1s (or its equivalent). In other words, for lo-
gistic models, the sampling scheme requires that models for discrimination
data include intercepts. It is a common practice to include an intercept in
multinomial response models, so the fact that an intercept is required for
retrospective data is easily overlooked.

The log-linear model log(mp;) = a; + iy, for the 3 x ¢ table is written
in matrix form as

L x 0o o][*®
loglm)=p=|L; 0 X 0 n
I, 0 0 x| |™

V3

This model is of exactly the same form as a standard multinomial response
model and is fit in exactly the same way. The difference is in the interpreta-
tion of the underlying probabilities. In prospective sampling, the multino-
mial expected cell counts are mp; = n.;pp; where p.; = 1. For retrospective
sampling,
Mhi = Nh-Phi = NhPhi
where
Ph. = 1.

In particular,
log(pni) = o + @iyn —log(nn.) .

The MLE of log(pn;), under the device of treating the sampling as product-
multinomial in the rows of the 3 x ¢ table, is both the maximum partial like-
lihood estimate and an extended maximum likelihood estimate of log(pp;)
in the full 3 x S table.

The maximum likelihood allocation method applied to the observed data
assigns case ¢ to the population h with log(pr;) = maxy{log(pk:)}. The es-
timated maximum likelihood allocation method assigns ¢ to the population
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h with
log(pni) = ml?x{log(ﬁki)}- (3)

Note that equation (3) is equivalent to
&; + ziAn — log(ng.) = max {&; + Ak — log(ng.)}
which is equivalent to
@i — log(nn.) = max {zifx —log(ne.)} - (4)

Equation (4) does not depend on the &;’s; thus, the allocation procedure
depends on the individual only through the value of z;.

Equation (4) can also be used as the basis for classifying new cases from
an unknown population into one of the three possible populations. If the
new case has observation vector z, the estimated maximum likelihood al-
location rule is to classify the new case into population h if

z'Jp, — log(ng.) = max {z'4, — log(ng.)} -

This result depends on the fact that the allocation rule is really a function
of the likelihood ratios of the various populations. The likelihood ratios
depend only on z, the v’s, and the log(ny.)’s. All of these are either known
or can be estimated. For a given value of z, the corresponding value of
does not enter into the analysis. Moreover, as illustrated in Section 4.7, if
the likelihood ratios can be estimated, the posterior probabilities can also
be estimated.

To evaluate how well the model discriminates between populations, check
to see how often the cases in the data are allocated to the correct popula-
tion. In other words, when case i is really in population h, see how often
the probability that case ¢ comes from population A is larger than the prob-
abilities that case ¢ comes from any of the other populations. Because the
evaluation is carried out on the same data that generated the estimates of
the pp;’s, the results of the evaluation will be biased in favor of the dis-
crimination method; i.e., the method will look better than it really is. See
Section 4.7 for more discussion of this problem.

11.8 Exercises

EXERCISE 11.8.1.  Analyze the data of Exercise 8.4.1 as a logistic re-
gression with nodal involvement as the response. Include the investigation
of higher-order interactions in your analysis. The original investigator was
particularly interested in whether acid was a valuable predictor of nodal
involvement.



11.8 Exercises 395

EXERCISE 11.8.2.  Asymptotic Inference for the LD(50).

In Exercise 4.8.9, models and methods for estimating the LD(50) were
discussed. Use the delta method of Exercise 10.8.4 to obtain an asymptotic
standard error for the LD(50). Using the data of Exercise 4.8.11, give a
99% confidence interval for the LD(50).

EXERCISE 11.8.3.  Fieller’s Method for the LD(50).

Fieller’s method is an alternative to the delta method for obtaining an
asymptotic confidence interval for the LD(50), cf. Exercise 11.8.2. Fieller’s
method is thought to be less sensitive to the high correlation that is typi-
cally present between & and 3. From standard results, one can obtain the
estimated asymptotic variance and covariance for & and f; thus, for any
fixed but unknown value w, an asymptotic standard error for & + fw is
readily available as a function of w. Denote this standard error by &(w).
If a + Bw is some known value @, a 99% confidence region for w can be
obtained from

(6 + Bw) - Q
o (w)

Pr ((d + fw — Q)? — 2.57582 6% (w) < 0) .

99

Pr (—2.5758 < < 2.5758)

The 99% confidence region consists of all values of w that satisfy
(& + Bw — Q)% — 2.575826> (w) < 0.

Show how to use the quadratic formula to find the end points of the region.
Under what conditions is the confidence region an interval? What other
possibilities exist? How does this result apply to estimating the LD(50)?
Using the data of Exercise 4.6.11, give a 99% confidence interval for the
LD(50).

EXERCISE 11.8.4. Show that the conditional likelihood given by equation
(11.7.1) and display (11.7.2) does not depend on the a;’s or the intercept
terms yp1. Here, 2/, = (1, 2i2,...,zi) and v = (Ya1,- - - Vhk) -

EXERCISE 11.8.5.  Use the delta method of Exercise 10.8.4, the logistic
transform, and (11.1.3) to show that

Dij — Dij
/i (1 — Pij)aii/N;

where N; = n;; + ngs.
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