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Chapter 12

Maximum Likelihood Theory for
Log-Linear Models

This chapter presents the basic theoretical results of fitting log-linear mod-
els by maximum likelihood. The level of mathematical sophistication is
considerably higher than in the rest of the book. The presentation assumes
knowledge of advanced calculus, mathematical statistics, and large sample
theory. Although the results in this chapter are proven in a different man-
ner than for regular linear models, the results themselves are quite similar
in nature. The common linear structure of the two techniques leads to the
well-known analogies between them. A familiarity with log-linear models
at the level of, say Fienberg (1980), is assumed.

In order to simplify proofs, the o(-), O(:), 0p(+), Op(-) notations have been
used extensively. See Bishop, Fienberg, and Holland (1975) for a detailed
discussion of these.

Section 1 introduces notation and recalls some analytic results. Section 2
discusses finite sample properties of maximum likelihood estimators. Sec-
tion 3 treats asymptotic results. Section 4 examines how the theory ap-
plies to weighted least squares, obtaining variance estimates, and logit and
multinomial response models. Section 5 contains two proofs that are more
involved than the rest of the chapter.

12.1 Notation

All vectors are considered as column vectors unless otherwise stated.
We will frequently apply the same real valued function to each element
of a vector. Let = be a vector in R® and f a function from R to R, then
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the function from R?® to R® that maps = elementwise is denoted

F@) = (f@1),---, f(zs)) .

The most common choice of f will be the log function; thus, log(z) =
(logzy,...,logzs)".

A diagonal matrix with the values of the vector z on the diagonal will
be written D(x). As usual, an s X 1 vector of ones is written J; with the
subscript dropped when the dimension is clear.

Proofs using the o,(-), O,(+) notation are usually divided into an analytic
argument and a stochastic argument. To reduce the length of the discussion,
these arguments have frequently been run together. Therefore, if f(z) =
o(g(z)) and Xn is a sequence of random variables, we write f(Xy) =
0(9(Xn)). Two frequently used properties are (a) o(Op(N %)) = 0p(N )
for any a > 0 and (b) o(0p(1)) = 0p(1). For example, if g(Xn) = 0,(1), we
have f(Xn) = o(g(Xn)) = o(0p(1)) = 0p(1).

If F is a function from R? into R? with F(z) = (f1(z),..., fi(z))’, then
the derivative of F' at c is the ¢t X s matrix of partial derivatives,

dF(c) = [0fi]0zj|z=c)-

If g maps R? into R, then dg(c) is a 1 X s row vector. The second derivative
matrix of g at ¢ is

d’g(c) = d[(dg(2))'|o=c] = [0°9/0i0z|o=c],
which is an s x s matrix. Taylor’s theorem can be written

9(z) = g(c) + dg(c)(z — ) + (z = ) [d%(c)] (z — ) /2 + o(||lx — cI*),

where ||z—c||? = (z—c)'(z—c). Critical points are points ¢, where dg(c) = 0.
The chain rule can be written as a matrix product: If f : R® — R! and
g9 :R" = RY, then d(g o f)(c) = dg(f(c))df (c)-

12.2 Fixed Sample Size Properties

Consider a table of counts with g cells. The observations are denoted n =
(n1,...,nq)". The n;’s are assumed to be the result of Poisson, multinomial,
or product-multinomial sampling. Let E(n) = m and let X be a known ¢xp
matrix. The log-linear model is log(m) = u = Xb for some vector b. The
log-linear model is simply the requirement that u € C(X). Unless otherwise
indicated, X will be assumed to have rank p.

If the observations n; in the cells are independent Poisson(m;) random
variables, the likelihood function is

e~ m/nal]. (1)

q
i=
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The log-likelihood is

Pn,p) = [—m; + n;logm; — log(n;!)]

M-

=1

g
= > [—€" +nipi — log(ni)] (2)
i=1
g g
= Z —e! +n'p— Zlog(ni!).
i=1 i=1

If the log-linear model holds, u = Xb, so

q q
P(n,p) =n'Xb— Ze’“ - Zlog(ni!).
i=1

i=1

Since the distribution of n is in the exponential family, X'n is a complete
sufficient statistic.

If the observations come from a product-multinomial sampling scheme,
certain of the margins are fixed. Assume that there are r independent
multinomials. (If » = 1, the sampling scheme is a simple multinomial.)
Partition {1,...,q} into r sets Q1,...,Q,, each set containing the indices
for one of the multinomials. Fori =1,...,¢q,j =1,...,r, let z; be a vector
with ith row, z;; = dg, (i) where dq, (i ( ) isoneif i € Q] and zero otherwise.
Thus, z; is a column of dummy variables indicating the jth population. By

the sampling scheme, n'z; is fixed for j = 1,...,r. In particular, n'z; =
m'xz; = Nj, the sample size for the jth multinomial. It will be convenient
to combine the vectors z; into a matrix, say Xo = [z1,...,2,].

With product-multinomial sampling, there are two restrictions on the
parameters: (a) p € C(X), and (b) n' Xg = m'Xq. Estimates of the parame-
ters also need to satisfy these conditions. If we assume that C'(Xy) C C(X),
we will see that the MLE of m, based only on condition (a), will automat-
ically satisfy condition (b).

We will assume throughout that C(Xy) C C(X). For Poisson sampling,
X, can be taken as a matrix of zeros. We also need the assumption that
Jy, € C(X). For product-multinomial sampling, J, € C'(Xj), so this is not
a new restriction. For Poisson sampling, we are requiring that an overall
mean (or its equivalent) be fitted.

Recall that the probability of an occurrence in the ith cell under product-
multinomial sampling is m;/N;, where ¢ € Q;, so the likelihood function

/T | 11 I ()" 3)

1€EQw

Let £™(n, u) be the log of (3). For £™(n, u) to be a log-likelihood, u must
have the property that n' Xy = m'X,, where m = e/. In fact, Em(n,u) is
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only defined for such p. In particular, the maximum likelihood estimate
of p, under product-multinomial sampling, must be a value of u for which
£™(n, p) is defined. We will expand the domain of £™(n, u) to include all
real vectors p. For a log-linear model p € C(X) with C(Xy) C C(X),
we will find the maximum of ™ (n, u) without reference to the condition
n'Xo = m'Xo. We will then observe that the value of p that maximizes
£™(n, ) also satisfies the condition n'Xo = m'Xy. This value of x must be
the maximum likelihood estimate.

We now proceed to expand the domain of £™(n,u). Since 3, o, ni =
> icg, Mi = N, (3) can be rewritten as

T

H Nk!eN’“Nk_N’c H (m?"e*m"/ni!)

k=1 1€Qk

or

T q
lH Nk!eN’“Nk_N’“] [H emim?"/ni!] . (4)
k=1 i=1
The second term in (4) is exactly (1). The first term depends only on the
Np’s. If we write a(Ny, ..., N,) as the log of the first term we can write the
log-likelihood for product-multinomial sampling as

ém(n,,u) = a(NIJ"‘JN”‘) +6p(n7u)

Since £™(n, u) is defined only for values of p satisfying n'Xo = m' X,
this relationship holds only for such values of u. However, the relationship
can be used to define the function £™(n, ) for all values of u, because
£P(n,u) is defined for all values of u. Since the difference of #P(n, u) and
£™(n, p) does not depend on p, the maximums of the two functions, with
respect to u, will occur at the same place.

Rather than using either ¢P(n, u) or £™(n,u), remove the term in (2)
that does not depend on p to define

q
Z(n,,u):n'u—Ze‘“ =n'p—J'm. (5)

i=1

For any of the sampling schemes considered, it will be enough to find MLEs
by maximizing £(n, ).

If the log-linear model p € C(X) holds, we need to maximize £(n, u)
subject to the condition that u € C(X). Since X is of full rank, u can be
written uniquely as pu = Xb. We need to find the unconstrained maximum

of
fn(b) = £(n, p).
Taking derivatives with respect to b (and u)

dfn(b) = [de(n, p)] du(b),
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g
dl(n,p) = d(n'u - Ze‘“) =n'—(eM,...;e!) =n" —m/,
i=1

and
du(b) = d(Xb) = X.

Substituting, we get
dfn(b) = (n —m)'X. (6)

It should be recalled that m is a function of b (m = m(b)).

Critical points are found by setting the partial derivative matrix, df;, (b),
equal to zero. As will be seen below, 13, the MLE of b, must occur at a
critical point, so b must satisfy

X'm(b) = X'n. (7)
In particular, since C(Xp) C C(X), we have X{m(b) = X}n. As indi-
cated above, if C(Xy) C C(X) the additional restriction on the MLEs
from product-multinomial sampling is automatically satisfied.
By considering d?f,(b), we can investigate the nature of the critical
points.

d*f,,(b) = d(df,(b)") = d(X'n — X'm(b)) = —X'dm(b). (8)
Write
3
X=|:|=[zy4],
zq
then
! z1b z'b !
m(b)_(mla qu) :(ela 7eq)
Therefore,
—$116z’1b .Z‘lpezllb
dm(b) = : :
waew;b xqpem;b
[ e®1h zhmy
z'b
| 7 e"s Tumyg
= D(m)X,

where m = m(b). Substitution into (8) gives

df,(b) = —X'D(m(3)) X. (10)
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In a log-linear model, m; is always positive because m; = e*i; therefore,
d?f,,(b) is negative definite and f,(b) is strictly convex. If f,(b) takes on its
maximum, it must be at a critical point and the maximum is unique. The
maximum is the MLE b = b(n). b uniquely determines MLEs ji = ji(n) =
Xb and 1 = m(n) = m(a) = m(b).

A simple condition exists that ensures that f,,(b) takes on its maximum.

Theorem 12.2.1. If there exists £ 1L C(X) such that n; + & > 0 for
i=1,...,q, then £(n,u) = f,(b) attains its maximum.

Proof. .
Ln,p)=n'p— Ze’“.
i=1

Let £ L C(X), then for u € C(X), £(n,u) = g(n) where

q
9w = M+ = e
i=1
q
D (i + &)pi — €.

i=1

With all the n; + &;’s positive, as any u; — —oo, g(u) = —oo. Similarly, if
any p; — 00, g(u) — —oo. This establishes that the convex function g(u)
must take on its maximum. Moreover, g(u) must take on its maximum for
€ C(X) because C'(X) is a closed set. O

In particular, if all the n;’s are positive, the MLE of u exists. Henceforth,
we assume that the (unique) MLE of p exists.

In finding MLEs of u and m, we relied on a particular parameterization
= Xb. Any alternative parameterization y = Z+ where C'(Z) = C(X) is
equally valid. Regardless of the parameterization, we are maximizing £(n, u)
subject to the constraint that u € C(X). Since we found a unique MLE
[, it must be valid for any parameterization. Similarly, 7 does not depend
on the parameterization. In particular, Z need not be of full column rank.
When Z is not of full rank, 7 is not estimable. The problem of estimability
can be handled as it is for standard linear models.

For testing hypotheses, the likelihood ratio test statistic (LRTS) is often
used. To test

Hy: p= po versus Ha: u # po where po € C(X),
the LRTS is —2[¢(n, po) — £(n, i1)]. For testing

Ho:p € C(Xy) versus Ha: p ¢ C(X1) where C'(X;) C C(X), (11)
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the LRTS is —2[(n, f11) — £(n, )], where fi; is the MLE of y for the log-
linear model g € C(X;). [The reduced model is also assumed to have
C(Xo) C C(Xl) and J € C(Xl)]

In both cases, the LRTS simplifies considerably. We investigate the LRTS
for hypothesis (11). From (5), £(n, fu1) — &(n, i) = n'(fn — i) — J' (1 — ).
Since J € C(X1) C C(X), from (7) we get J' (1 —m) = J'n — J'n = 0.
Substitution gives

e(na ﬂl) - Z(’I’L, ﬂ) = nl(ﬂl - ﬂ)
Since i1, i € C(X), (7) also gives
n'(fn — ) = n'M(fn — ) = m'M (i — ) = m'(fn — f1),

where M = X(X'X)71X' is the perpendicular projection matrix onto
C(X). Thus, the LRTS is

—2[/ (fu — f1)] = 2 Zﬁ% log(rii /i) (12)

i=1

Contingency tables with structural zeros (m; = 0) frequently occur. Un-
der the sampling schemes considered here, m; = 0 implies that Pr(n; =
0) = 1; therefore, without loss of generality, such cells can simply be
dropped from the model and the theory does not change.

12.3 Asymptotic Properties

In establishing asymptotic properties, we let N go to infinity, where N is
the total sample size in product-multinomial sampling and the sum of the
expected values for the g cells in Poisson sampling. For product-multinomial
sampling, we assume that the probabilities in each cell remain constant
and that the individual sample sizes for each population remain in a fixed
proportion; i.e., N; /N remains constant. For Poisson sampling, we assume
that the ratio of any pair of expected values remains constant.
Terminology appropriate for product-multinomial sampling will be used,
but the results also hold for Poisson sampling. N will be referred to as the
sample size. ny is a sample of size N with E(ny) = my. By our assump-
tions, my = Nm™* for some vector m*. For multinomial sampling, m* is
the vector of probabilities. For product-multinomial sampling, m* is the
vector of normalized probabilities. The probabilities are normalized by the
relative sizes of the populations so that J'm* = ;-1:1 m} = 1. In particu-
lar, if 4 is a cell in the jth multinomial population, m} is p;(N;/N) where p;
is the probability of getting an observation from the jth population in the
ith cell. For Poisson sampling, m* is the vector of expected values divided
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by N, thus my = Nm*. Note that for all sampling schemes, J'my = N,
hence J'm* = 1.

For a log-linear model to be valid, we need additional restrictions on
mpy. In particular, writing puy = log(my), we need uy € C(X). Since
my = Nm*, we have uy = log(mn) = (log N)J + log(m*). Since J
is assumed to be in C(X), it is sufficient to require log(m*) € C(X).
Henceforth, we make the assumption that for some b*, log(m*) = Xb*.
Define p* = Xb*; then, uny = p* + (log N)J.

Some special matrices will be used frequently in the sequel. Let D =
D(m*) and A = X(X'DX) 1X'D. Let Ag and A; be defined as A, with
Xo and X; replacing X. Note that A is a projection matrix onto C(X).
(In fact, A is the perpendicular projection matrix for the inner product
determined by D.) A has the same form as a matrix giving best linear
unbiased estimates in a regular linear model with covariance matrix D~!.
Taking D'? = D(v/m*) we see that P = D AD~'7 is the perpendicular
projection matrix onto C'(D2X) (with the usual inner product).

We first consider properties of ny for large samples. These results are
well known but necessary for the rest of the development.

Theorem 12.3.1.

(1) N~ lny = m* as.,

2) N-lny 5 m*,
(3) N~Y2(ny —my) 2 NO, D[I — Ao]), and
(4) N7Y(ny —mn) = O, (N~12).

JUSTIFICATION.  For product-multinomial sampling, (1) is a direct ap-
plication of the strong law of large numbers applied to the elements of
ny. For Poisson sampling, (1) follows from Chebyshev’s inequality and the
Borel-Cantelli Lemma. Part (2) follows from (1). Part (4) follows from (3).
It remains only to show (3).

(a) Poisson sampling. For Poisson sampling, Xy = 0, so Ag = 0. Since
the nn;’s are independent, it suffices to show the N 12 (nni —mn;) is
asymptotically N(0,m}). We use a moment generating function argument.
The moment generating function of a random variable w is ¢, (u) = E(e*").
These behave similarly to characteristic functions, but moment generating
functions do not exist for some random variables. The moment generating
function we need is

SON—W(nNi—mNi)(u) = Pnn; (Nilpu) eXp(_Nil/sziu);

where
Py, (u) = exp[—mpy;(1 —e*)].
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Using a Taylor’s expansion,
e™ =1+ au + a’u*/2 + a*@%/6,
for some 4 € [0,u], we can write

log -1 (nNi—mni) (u)

= —mpy; [1 — eN_l/Z”] — Nfl/sz,-u
= —mng [1 - (1 + N~y + N2+ N—3/2a3/6)] — N~""Pmyu

= N7 'myiu?2+ N3 mya%/6
= miu?/2+ N2l ad /6.

As N — oo,
log SON_lﬂ(nNimei)(u) - m;u2/27

SO
Nﬁl/z('I’LNi — mNi) £> N(O,mf).

(b) Multinomial Sampling. For multinomial sampling, Xo = J, and Ag =
JJ'D, so D[I — Ap] = D — DJJ'D. Part (3) is then the standard large
sample result for multinomials, which is an immediate consequence of the
multivariate central limit theorem.

(¢) Product-Multinomial Sampling. The different multinomial populations
are asymptotically normal and they are independent by assumption. It
remains only to establish that D[I — Ag] is the correct block diago-
nal covariance matrix. Write ny so that all observations in the first
multinomial population are listed first, the second population is listed
second, etc. Considering the implied structure of Xy, it is easily seen
that (X}DXe)"" = ND*, where D* = Diag(N;',...,N; 1), and that
D[I — Ag] =D - NDX,D*X{D. It is easily seen that D — NDX,D*X|D
is precisely the block diagonal matrix needed. |

The main result used in finding asymptotic properties of maximum likeli-
hood estimates is a relationship between the MLE /iy and the observations
ny.

Lemma 12.3.2.  N"2(jiy — un) — (ADY) N"2(ny — mp) 5 0.

Proof. See Section 5. O

Since the asymptotic distribution of N=Y?(ny —my) is known, the
lemma gives the asymptotic distribution of NY2(jixy — pn) and, by a Tay-
lor’s expansion, the asymptotic distribution of N="2(1hx — mx).
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Theorem 12.3.3.
(1) N¥2(in — pn) 5 N(0,[A — Ag] D 1),
(2) v — pn 5 0.
(3) N~Y2(1y —my) 3 N(O,D[A — Ag)) .
(4) N~y 5 m*.

Proof.
(1) Theorem 12.3.1 and Lemma 12.3.2 imply that

N"(fiy — pn) 5 N(0, AD 1 [D(I — Ap)|D ' 4").
It is easily seen that
AD7UD(I - Ag)]D'A' = AD'A'— AAD A
= AD ' —AyD!
= (A—Aq)D™.
(2) From (1), N2(an — pn) = Op(1), 50 in — puv = Op(N~12) = 0,(1).

(3) Recall that exp(y) = (e¥:,...,e%)". Taylor’s theorem gives

exp(y) = exp(z) + [dexp(z)] (y — ) + o(lly — =)
= exp(x) + D(exp(x)) (y — z) + o[y — ). (1)

Lety = fin—(3log N) Jand z = pun— (% log N) J. Since iy —pn = 0p(1),
rearranging equation (1) and evaluating exp(y) and exp(z) gives

N~""pn — N~ Pmy — [D(N_lﬂmN)] (v — pn) = 0(0p(1)) = 0p(1).
Since my = Nm*, we have
N~y —mn) — [DI N (iin — pn) = 0p(1).
Applying part (1) of the theorem, we see that
N~ (y —mn) 5 N(0,D(A - 49)D™'D),

but D(A — Ao)D_lD = D(A — Ao)
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(4)  N-2@hx—mn) = O0,(1) by part (3), so N~'(thy —mpy) =
O, (N~2) = 0,(1). Now part (4) follows by observing that N~'my = m*.

a

It is of interest to note that Theorem 12.3.3 implies jiy — (log N)J KRS w,
so fin is not consistent for p*.

The following corollary will be useful in examining the likelihood ratio
test.

Corollary 12.3.4. by — by = O, (N~'2), therefore by —by 5 0.

Proof. From Theorem 12.3.3, XIA)N — Xby = 4N — un
Op(N ). Tt follows that by — by = (X'X) 'X'[Xby - Xby] =
(X'X)TIX'O)(N7V2) = O)(N12). 0

We now consider the problem of testing

Hy: uy = pon  versus Ha: pun 7# fon- (2)

As the sample size N gets larger, my gets larger and so does pn. Using a
fixed value for the hypothesis, say Hg: uny = po, is not appropriate.

pon must be in C(X) and compatible with having a sample size of N, i.e.,
J'moy = N. In accordance with our other assumptions, we consider only
the case where pon = (log N)J + p§ with pf € C(X), and J'm§ = 1. mop,
bon , m§, and bf are defined in the usual way. Note that (2) is equivalent to

Ho:m* =mg versus Ha:m* #mg,

so one can think of the hypothesis as being on the (normalized) vector of
probabilities.
The asymptotic distribution theory for the more interesting hypothesis

Hy: py € C(X1) versus Hy:pn ¢ C(X1), (3)
where C(Xy) C C(X;1) C C(X), can be handled quite simply after dealing
with (2).

We want to show that the likelihood ratio test statistic (LRTS),
—2[l(nn, pon) — £(nn, )], has an asymptotic x? distribution.

Theorem 12.3.5. If uny = pon, then —2[l(ny, pon) — €(nn, in)] L
2
xX*(p—r).

Proof. The proof is in four parts. The first three find statistics
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asymptotically equivalent to the LRTS. The last one establishes the distri-
bution of the LRTS.

(a) Let f(b) = £(n, u(b)). A Taylor’s expansion of f,(b) about b gives
) = Full) + G0 - D) + 508 [@haB)] 6-D)
+ o(||b - 5||2) :

Substituting for df,(b) and d?f, (b) as found in (12.2.6) and (12.2.10), we
get

1a®) = 1) = [0 = m(B)] X (b - )
(b—b) [X’D(m(E))X] (b—15) = o(||b— 5||2) @)

N | =

+

Apply equation (4) with n = ny, b = by, and b = by. From Corollary
12.3.4, by — by = 0p(1), s0
nn, pn) — Ly, fon) = (n = 10y) X (by = by)
+ 5w = b [X'D () X )b — b) = o(op(1)). (3)
By (12.2.7), (ny — n)'X = 0. After multiplying by —2, (5) becomes
=2[l(nn, pun) — L(nn, in)] = (v — an)' D) (py — fin) = 0p(1). (6)
The quadratic form in (6) can be rewritten as

N"(uy — jin)' D(N "0y ) NV (un — i) (M)

(b)  For random variables Yy and Zy, it is well known that if Yy Ly
and Zy KR 0, then YnZn £o. Repeated application of this gives the

result: if Yy 5 Y and Zy 5 Z, then Y}, ZnyYn — Y}, ZYx 5 0 where Yy
is a ¢ vector and Zy is a ¢ X ¢ matrix. Let Zy = D(N~'7y) in (7). Since

N_l’ﬁ’lN 5) m*,
N"2(un — i)' D(N~ ian) N (un — fin)
~ N¥(un — in) DN (uy — fin) 5 0.

(¢) Applying Lemma 12.3.2 gives

NY(un — in) DN (un — jin)
— N"(ny —my)' D' A'DAD'N~ " (ny —my) 5 0. (8)
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It is easily seen that
D'A'DAD™' = AD™' = D72pD~1~.
Recall that, D™%2 = D(1/y/m*) and P is the perpendicular projection

matrix onto C(D~2X). Rewrite the second quadratic form in (8) as

[D—lsz—lﬂ(nN - mN)] ‘P [D_l/zN_w(nN - mN)] : (9)

(d) From Theorem 12.3.1, D"V2N~Y(ny — my) 5 Y, where Y ~
N(0,DY2[I — Ap)D~%2). As in part (c), it is easy to see that DY2[I —
Ag]D~? = I — P,, where P, is the perpendicular projection matrix onto
C(D~'"X,). The quadratic form (9) converges in distribution to Y'PY".
By Theorem 1.3.6 in Christensen (1996b), Y’ PY will have a x? distribution
with ¢r[P(I — Pp)] degrees of freedom if

(I - Po)P(I - R)P(I - FR)=I-PF)PI-F). (10)

Since C(Py) C C(P), we have PPy = Py. Simplifying gives both sides of
(10) as (P — P).

The theorem follows by observing that under Hy, un = pon, so the

asymptotic distribution of (9) is the same as that of the LRTS, and that
tr[P(I — Py)] = tr[P — Py =tr(P) —tr(Py) =p—r. O

We would like to show that the likelihood ratio test is consistent. That

is, if pon # pn, then —2[8(ny, pon) — £(nn, AN)] £ . Consistency is an
immediate result of the following theorem.

Theorem 12.3.6.
—2N'[t(nn, pon) — E(nn, in)] 5 —2[(m*, ) — £(m*, u*)] .

If oy — pnv = p§ — u* # 0, the right-hand side is strictly positive.

Proof.

—2N"'[l(nn, pon) — £(nn, fin)] (11)
= —2N"'[l(nn,pon) — bnn, pN)] — 2N [l(nn, pn) — £(nn, on)] -

Consider the second term of (11). From (6),

—2N"l(nn,pun) — Unn, foin)]
— N Mun — i) Dy ) (pn — i) = 0p(N71) = 0,(1).
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Since (uny — fin) £ 0 and N-liy 5 m*, we have N~ '(un —

fin)' D(1n)(un = finv) = 0. Therefore, —2N " [£(ny, pv) — £(ny, fin)] =
0.
Now consider the first term on the right of (11). By definition,

—2N"l(nn, pon) = £(nn, pn)]
= 2N '[nfypon — J'mon] + 2N [nyun — J'my]
= —2N '[niy(pon — pn) — J'(mon —mn)].

) _ N B P
Since pon — pun = p§ — p*, N tmon = mé, N 'my =m*,and N Iny =
m*, we have

—N"[l(ny, pon) — E(nn, pn)] B —2im*(u — p*) — J'(mg —m*)]
= =2[(m", pg) — £(m”, pu")].
As discussed in Lemma 12.5.3, p* is the unique MLE of p when the data

are m* [i.e. p* = fi(m*)], so £(m*, u*) is the unique maximum of £(m*, y).
If pg # p*, =2[6(m*, ug) — £(m*, p*)] > 0. O

We now consider the problem of testing (3).

Theorem 12.3.7.  If uy € C(X1), then —2[¢(ny, fian) — (N, fin)] K
x2(p—p1), where ji; y is the MLE of py under the model uy € C(X;) and
T(Xl) =pP1-

Proof.

=2[l(nN, fun) — L(nn, an)]
= =2[l(nn, pn) = £(nn, AN)] + 2[l(nn, pn) — Enw, fan)] -

Since C(X1) C C(X), the proof of Theorem 12.3.5 applies to both terms
on the right-hand side. In particular, (9) can be applied as is and also
with X, substituted for X. If P, is the perpendicular projection matrix
onto C(D~"2X,), then P, = PP, = P, P, so the LRTS is asymptotically
equivalent to [D™YV2N~Y2(ny — mN)]' (P - P) [D~Y2AN"2(ny —mn)].
Since (P — Py)(I — Py)(P — P;) = (P — Py), verification of the conditions of
Theorem 1.3.6 is trivial. The LRTS has a x? distribution with (P — P,) =
p — py degrees of freedom. |

Theorem 12.3.8 establishes the consistency of the likelihood ratio test for
hypothesis (3).
Theorem 12.3.8.

—2N " lnn, fun) — L, fin)] S —2[m”, jia (")) — £m*, 1))
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un ¢ C(Xy) if and only if the right-hand side is positive.

Proof. The proof involves several arguments from the proof of
Lemma 12.3.2, so it is deferred until Section 5. a

Finally, we establish the asymptotic equivalence under Hy of the LRTS
and the Pearson test statistic (PTS). The Pearson test statistic is

(i — ) D™ (i N) (y — 1iw) (12)
for the hypothesis (3).

Theorem 12.3.9. If uy € C(X1), then

—2[(nn, un) — £nn, fin)] — (n — M) D™ () (hy — M) 5o.

Proof. The PTS can be written elementwise as
! 2
Z (i — Muni)” /M. (13)
i=1

The elementwise form for the LRTS is found in (12.2.12). Note that (13)
is equivalent to

q
NZ [N~ (ni — mlNi)]2/N71m1Ni

i=1
and the LRTS is

q
2N Z (N_lle) [log(N_lmN,-) — log(N_lmlNi)] - (14)
i=1
To simplify notation, let (z,y) = (N~Yy, N~ ). Taking a second-
order expansion of (14) about (m*, m*) gives

q
2NZ z; [log z; — log y;]
i=1

q
= ZNZ m} [log m; — log m;]

i=1

q
+2N > [log 2 —log yi + £i(1/2:)] |(0,5)=(m* ,m*) (@i —m})

i=1
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q
+ 2N Y [=2i(1/90)] |(0,5)=(m* me) (Ui — ™)

i=1
q
+N [w;l] lz=m= (i — m;'k)2
i=1
q
+2N Y [—y; ] ly=me (2 — m}) (y: — m7)
i=1
q

+ NZ [mzyz_Q] |(z,y):(m*,m*)(yi - mr)z
i=1

+No(llz = m*[* + [ly — m*||?) .

This easily simplifies to

q
2N Zm, [log z; — log y;]
i=1
q

2N Y (zi — i)

i=1

+ NZ(l/m?) [(zi = mi)? = 2(zi = mi) (yi — m]) + (i —m})?]

+ No(llz —m*||* + [ly —m”||*)

q
N (2 —y:)°/mi + No(|lz — m*||* + [ly — m*||*) .
i=1

The last equality is because J € C(X1) C C(X), so that by (12.2.7),
NJ'z=Jny=NJ'yand J'(z —y) =0.
In our regular notation,

q q
2 me [log (i /mini)] = Z (N — ani) /mai
=1 i=1

+ No([[NT (y — mn) [I” + [N~ (lun — mn) [?) -
Investigating the argument of o(-),
[N~ iy —mu) [P+ IN 7 (iuy —ma) |2
= [op(z\rl/?)]2 + [0 (1\7*1/2)]2 =0,(N71).

Since 0(0,(N71)) = 0,(N~1) and No,(N~') = 0,(1), we have the LRTS
asymptotically equivalent to

q
Z (i — 1)/ ma

i=1
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= (an —nun)' D7 HmN) (i — ) (15)
N=(iy — 1y n) D™ m*) N2ty — 11w

Under Ho, D=*(N~ 10, n) L D—1(m*), so (15) is asymptotically equiva-
lent to (12) the PTS. O

A similar argument holds to show that the LRTS and the PTS are asymp-
totically equivalent under Hy for testing the hypothesis (2). Results similar
to Theorems 12.3.6 and 12.3.8 also exist for the PTS. For a more extensive
discussion of the asymptotic properties of log-linear models, see Haberman
(1974a).

12.4 Applications

a) Weighted Least Squares. We now consider two methods of obtaining
estimates for log-linear models. The first is the Newton-Raphson technique,
which is an iterative method for obtaining the maximum likelihood esti-
mates. The Newton-Raphson method can be performed by doing a series
of weighted least squares regression analyses. The second method is an ap-
proximate technique based on the asymptotic results that we have derived.
It is a noniterative weighted least squares regression approach.

The Newton-Raphson technique is an iterative procedure for finding
where a function equals the zero vector. Let g be a function mapping R?
into RP. We wish to find b, such that g(b,) = 0. Let by be an initial guess
for b.. Newton-Raphson defines (recursively) a sequence b; that converges
to b«. By Taylor’s theorem, if by;11 is near by, we have the approximate
equality

9(bev1) = g(be) + [dg(be)] b,

where §; = by11 — b. The Newton-Raphson technique assumes that b is
known, sets g(b;+1) = 0, and seeks to find bg4q, i.e.,

0= g(bt) + [dg(bs)] ¢
S0
8¢ = — [dg(be)] " g(be) (1)
and
bit1 = by + 04

For finding maximum likelihood estimates, we wish to find where the deriva-
tive of f,(b) = £(n,Xb) is zero. With g(b) = [df,(b)]' and substituting
(12.2.6) and (12.2.10) into (1), we get

8 = [X'D(m(b,)) X]™" X'(n — m(by)).
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The sequence b; converges to a critical point of £(n, Xb) which, as we have
seen, must be the MLE of b under fairly weak conditions.

A weighted least squares computer program can be used to execute the
Newton-Raphson procedure. Fit the model Y = Xb+e, E(e) =0, Cov(e) =

D(m(by)) ~" where Y is taken as

Y = Xb+Dm(b) ' (n—m(by)
= log(my) + D(my) " (n—my).

Let byy1 denote the estimate of b obtained from this procedure. Clearly,

[X'D(m(b)) X] ™" X' D(my)Y
= b+ [X'D(m(B))X] "' X' (n - m(b),

bit1

which is the Newton-Raphson value for by41.

The second method is based on the asymptotic results of Theorem 12.3.3
and the fact, shown in Theorem 10.1.3 in Christensen (1996b), that best
linear unbiased estimates (BLUES) for the linear model Y = X 3+e, E(e) =
0, Cov(e) = V, are the same as those for the model Y = X3+ e, E(e) =0,
Cov(e) =V + XUX', where U is any non-negative definite matrix.

The saturated log-linear model, u € RY always fits the data. For the
saturated model i = log(n) and A = I. If N is large, Theorem 12.3.3 gives
the asymptotic relation

log(n) — p ~ N(0, (I — Ag)D ™ '(m)) . (2)
It will be convenient to rewrite the term AgD~Y(m). It is easily seen that
AgDYm) = Xo (X,D(m)Xo) " X}

Now consider the term XD (m)Xy. The matrix X, has the same structure
as the design matrix for a one-way ANOVA model, say

Yij = Mi T €ij5.

Exploiting the simple form of Xy and the fact that Xin = Xim =
(Ni,...,N,)', it is easily seen that

X{D(m)Xo = D(X{n).

We now have
AoD_l(m) = XO_D_I(X(I)’I’L)X(I],

and the asymptotic distribution of log(n) is

log(n) — p ~ N(0,D~Y(m) — XoD~H(X{n)X}) - (3)
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Imposing the linear constraint p = Xb, the asymptotic distribution (3)
leads to fitting the linear model

log(n) = Xb+e, E(e)=0, Cov(e)=D"Ym)— XoD ' (Xjn)X]. (4)
By Theorem 10.1.3, the BLUEs in model (4) are the same as those in
log(n) = Xb+e, E(e)=0, Cov(e)=D"m). (5)

Of course, m is unknown, so (5) cannot be used directly. Estimating m
with n gives the model

log(n) = Xb+e, E(e)=0, Cov(e)=D '(n). (6)

Note that n is the MLE of m under the saturated model. One virtue of
model (6) is that it can be fit with any regression program that does
weighted regression.

Besides the rationale just given, there are two other justifications for
using this approximate procedure. First, if we take mg = n in the Newton-
Raphson algorithm, then the first step of the algorithm is precisely fit-
ting model (6). Second, for product-multinomial data, fitting model (6)
is the same procedure as that proposed by Grizzle, Starmer, and Koch
(1969). In their paper, they consider modeling the vector of probabili-
ties p = (p1,--.,pq)’"- Their method specifies a generalized linear model
F(p) = Xb, where F is a quite general function from RY into R?. In
particular, one can choose F(p) = log(m). With this choice of F', their es-
timation procedure amounts to a weighted least squares analysis with the
covariance matrix

Cov(e) = DY (n) — Xo D1 (X{n)X,.

Because C(Xg) C C(X), the best linear unbiased estimates under this
covariance matrix are the same as those using model (6).

b) Asymptotic Variances Under Saturated Models. The relation (2) is the
basis for a number of asymptotic variance formulas commonly used with
saturated models. For a saturated model, Cov(i) = D~Y(m) — AgD~Y(m).

Suppose that we write a saturated model y = Xb, where X = [X,, X1]
and b = [by,b}]. The parameter by is forced into the model to deal
with the product-multinomial sampling. [Recall that to deal with product-
multinomial sampling, we always assume that C(Xo) C C(X).] For a linear
function p'p where p L Xg, one gets p'u = p' Xobo + p' X1b1 = p'X1b1 and
Var(p'ji) = p'D~Ym)p because p' AgD~Y(m)p = 0. The maximum likeli-
hood estimate of p'D~Ym)p is p’D~n)p. In other words, for estimable
functions of the parameters that are not forced into the model (i.e., func-
tions involving only b;), the estimate of the variance of p'fi = p'X1b; is

p' D~ (n)p.
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ExaMPLE 12.4.1. Consider now a 2 x 3 table. One log-odds ratio is
11 — H12 — P21 + poo, with estimate log(niinas/niang:). The estimated
variance is then nj;' +npy + ny + ny, -

c) Logit and Multinomial Response Models.  Suppose that the sam-
pling scheme is product-multinomial where each multinomial has ex-
actly two categories. Without loss of generality, we can write n =
(n11,---yMp1,M12, .. .,Npg)" where the pairs (n;,n;2) are the multinomial
outcomes. (This two-subscript notation will be used for all vectors dis-
cussed.)

LOgitS are defined by log(mﬂ/mig) = Mi1 — 2. Let n = (/J,11 —
12, - - -, b1 —ir2)' be the vector of logits. A logit model is a model n = Z 3,
for some 8., where Z is an r X p matrix.

We wish to show that the logit model defines a log-linear model for u.
Let I, be an r x r identity matrix, and let L' = [I,,, —I,], so that n = L'p.
Then the restriction placed on p is that p € M, where M = {u|L'p =
Z B, for some S.}. Because of the product-multinomial sampling, we have
Xo = [I, I)]. Now let

x= )

Orp

where 0, is an r x p matrix of zeros. It is easily seen that M = {u|L'y =
L' X, B, for some f.}. Arguing as in Section 3.3 of Christensen (1996b), M
is a vector space, so the logit model has defined a log-linear model.

ExamprLE 12.4.2. For a 3 x 2 table, a linear logit model is defined by
i1 — Mi2 = Yo + 71ti, ¢ = 1,2,3. The equation L'y = L'X, 3, becomes

p11 1 t
100 -1 0 oT7|r 100—100}:2
010 0 -1 o0f[M™]=]lo10 0 -1 o0 00 [7"]
00100—1% 00100—100“71
32 0 0

Continuing as in Section 3.3, M can be rewritten as M = {u|p = po +
p1, where pg L C(L) and py € C(X.)}. Thus, M is the space spanned by
the columns of X, and any spanning set for the orthogonal complement of
C(L). In particular, X, is a matrix with C'(Xo) = C(L)*. We can write
the log-linear model as p = Xofo + X« Px.

It was assumed at the beginning of the discussion that the sampling was
product-multinomial with two categories in each multinomial. Normally, we
consider only log-linear models p = Xb such that C(Xp) C C(X). In the
current case, we have defined the logit model, i.e., p € M, M = {u|L'u =
L' X, B, for some B,}. We have then shown that M = C(Xo, X,), so that
a logit model must satisfy the condition C(Xy) C M. It is interesting to
note that even if the two-category product-multinomial sampling scheme
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had not been assumed, the logit model would still correspond to a log-linear
model consistent with that sampling scheme.

ExXAMPLE 12.4.3. Write the log-linear version of the logit model as y =
X3, where X = [Xo,X.] and 8" = [, 0.]. Because the MLEs satisfy
X'n = X', we have Xjn = X{m, i.e., n;. = m;. for ¢ = 1,...,7r. The
log-linear model must be of the form

log(m;) = w1y + .

The notation we have used is quite general, but it lends itself best to two-
dimensional tables. Consider a four-dimensional log-linear model with a
logit model in the last variable. If the observations are np;;;, we have done
nothing but substitute the three subscripts hij for the one subscript k. The
argument presented here implies that the MLEs must satisfy npij. = ;.
and the log-linear model must be of the form

log(mnijk) = U123(hij) + - -

Consider now the problem of estimating pj7; we can write p = Lpy so
that pin = pi L'y = p'u. Because of the particular structures of L and X,
and the fact that C(L) L C(Xp), the estimate of pin is

piii = p'fi = L L' (Xofo + XuBe) = piL' XuBs = p ZB.

The estimates in the logit model come directly from the log-linear model
and all the asymptotic distribution results continue to apply. In particular,
the estimate of n = Zf, is 1 = Z P, where (B, is estimated from the log-
linear model.

Consider a logit model n = Zg, and a corresponding log-linear model
w= XpB, where X = [Xo, X.] and g’ = [5), B.]- We wish to be able to test
the adequacy of a reduced logit model, say n = Z17., where C(Z;) C C(Z).
If the log-linear model corresponding to 5 = Ziv., say u = X3, has
C(X1) € C(X), then the test can proceed immediately from log-linear
model theory. If Z; is a 7 x p; matrix, we can write X{, = [Z],0;,, ] and
X1 = [Xo, X14]. Clearly, if C(Z1) C C(Z), we have C(X1.) C C(X.) and
C(X,) C C(X), so the test can proceed.

The hypothesis that a logit model n = Ziv, fits the data relative
to a general log-linear model © = Xf is equivalent to hypothesizing,
for X1, with C(X;.) € C(X), that u € M, where M = {ulp €
C(X) and L'y = L' X1,y for some v}. We can rewrite M as M = {u|p =
to + p1, where u; € C(Xix), po € C(X) and po L C(L)}. Thus, M is
the space spanned by the columns of X, and any spanning set for the
subspace of C(X) orthogonal to C(L). The usual test for lack of fit of a
logit model is Ho: u € M versus Hy: p € RY, ie., C(X) = RY.
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Many types of multinomial response models can be written as log-linear
models using the method outlined here. An exception are continuation ratio
models. They do not correspond to a single log-linear model.

d) Estimation of Parameters. Estimation of parameters in log-linear
models is very similar to that in standard linear models. A standard linear
model

Y=X83+e, E(e) =0

implies that
E(Y) = Xg.

The least squares estimate of X3 is Y = MY. The least squares estimate
of P XBis pP MY = p' MY
Similarly, in a log-linear model we have

log(m) = p = Xb.

Computer programs often give the MLE of m, i.e., m. From this, one can
obtain i = log(rh). Because i € C(X), the MLE of p'Xb is p'ji = p' M ji.

The key to finding the estimate of an estimable function X' or A'b is
in obtaining Mp so that X' = p'X = p'MX. Given Mp, estimates in the
standard linear model can be obtained from Y and estimates in a log-linear
model can be obtained from fi. Finding such a vector M p depends only on
A and X. It does not depend on whether a linear or a log-linear model
is being fitted. Christensen (1996b) discusses, in great detail, how to find
estimates of estimable functions for standard linear models. The procedure
amounts to finding M p. Precisely the same vectors M p work for log-linear
models. In other words, if one knows how to use Y to estimate something
in a standard linear model, exactly the same technique applied to g will
give the estimate in a log-linear model.

ExaMPLE 12.4.4. Consider a two-dimensional table with parameteriza-
tion
pij =7+ i + B + (af)i; -

In discussions of log-linear models, this model would commonly be written
as

frij = U Uiy + Uz(j) F Una(i)
but it is the same model with either parameterization. Estimates follow just
as in a two-way ANOVA. To simplify this as much as possible, let z;; = fi;;
and assume the “usual” side conditions, then

'Y - z )
a; = Z.—2Z.,
Bi = 25— 2.,
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It seems very reasonable (to me at any rate) to restrict estimation to es-
timable functions of b. In that case, the choice of side conditions is of no
importance.

Tests and confidence intervals for p’ Xb can be based on Theorem 12.3.3.
A large sample approximation is

pi—p'Xb
V' (A= Ag) D~ (m)p

Of course, AD~Y(m) has to be estimated in order to get a standard er-
ror. [AgD~Y(m) does not depend on unknown parameters.] As indicated
in application (b), variances are easy to find in the saturated model; un-
fortunately, the estimable functions of b are generally quite complicated
in the saturated model. If one is willing to use side conditions, the side
conditions can sometimes give the illusion that the estimable functions are
not complicated.

~ N(0,1).

12.5 Proofs of Lemma 12.3.2 and Theorem 12.3.8

Two results from advanced calculus are needed. Recall that if F' : RY x
R? — RP, then dF(z,y) is a p by ¢ + p matrix. Partition dF(x,y) into a
p X ¢ matrix, say d, F' = [0F;/0z;], and a p x p matrix, d,F = [0F;/0y;].

The Implicit Function Theorem. If F:R?xRP - R?, F(a,c) =
0, F(a,y) is differentiable, and d, F' is nonsingular at y = c, then F(z,y) =
0 determines y uniquely as a functlon of £ in a neighborhood of ( a,c).
This unique function, say £(x), is differentiable and satisfies £(a) = ¢ and
F(z,&(z)) =0 for z in a neighborhood of a.

Proof. See Bartle (1964). O
Corollary 12.5.1. dé(z) = —[dyF|7[d, F] where y = &(2).
Proof. See Bartle (1964). O

Lemma 12.5.2. If a is a scalar and n is a ¢ vector of counts, then
(1) m(an) = am(n)

(2) filan) = [log(@)}] + ji(n).

Proof. m(an) is the unique solution of [an — m]'X = 0 with
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log(m(an)) € C(X). We will show that am(n) is also a solution with
log(am(n)) € C(X), so m(an) = am(n). m(n) is the unique solution of
[n — m]'X = 0 with log(m(n)) € C(X). Clearly, if [n — m(n)]'X = 0,
then [an — am(n)]' X = 0, but log(am(n)) = [log(a)]J + log(m(n)) € C(X)
because both J and log(ri(n)) are in C'(X).

Taking logs gives ji(an) = [log(a)]J + fi(n). O

Lemma 12.5.3. a(m*) = p* and m(m*) = m*.

Proof. By definition, m* = m(b*), so b* is a solution of [m* —
m(b)]'X = 0. Since ji(m*) is unique, we must have ji(m*) = Xb* = p*.

(m*) = explji(m*)] = exp[u*] = m". 0

Lemma 12.3.2  N"2(iiy — pun) — (AD~Y) N"%(ny —mn) 5 0.

Proof. The MLE jy is defined by an = Xby, where by is a
function of ny which is defined implicitly as the solution to df,, (b) =
[ny —m((b)]X =0.

The proof follows from investigating the properties of the Taylor’s ex-
pansion

fi(n) = (no) + dfi(no)(n — no) + o(|ln — noll). (1)

The expansion is applied with n = N7'ny and ng = N-'my = m*.

Rewriting (1) gives
AN "tnn) = p(m*) = dig(m*) (N~ ny —m*) = o [N "'y —m*[)). (2)
We examine the terms ji(N~!ny) — ji(m*) and dji(m*) separately.
(a) We show that for any observations vector ny,
A(N~"'nn) = f(m*) = fi(nn) — pn-
By Lemmas 12.5.2 and 12.5.3,
AN nx) = m*) = log N~'1 + () — "
Since pn = [log N]J + p*, we have the result.

(b)  We characterize the ¢ x ¢ matrix dji(m*). fi(n) = Xb(n), so dji(n) =
X[db(n)], with b(n) defined implicitly as a zero of F(n,b) = X'[n — m(b)].
For any fixed vector by, let ng = m(bg). Then F(ng,bgs) = 0, so by the
Implicit Function Theorem, there exists b(n) such that if n is close to ng,
F(n,b(n)) = 0 and (from Corollary 12.5.1) db(n) = —[d;F]~[d,F]. To
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find db(n), we need dF(n,b) = [X',—X'dm(b)]. From (12.2.9), dm(b) =
D(m(b))X, s0 dF(n,b) = [X",—X'D(m(b))X],
db(n) = [X'D(i) X] X',
and dji(n) = X[X'D(m(b))X]~1X". In particular, dfi(ng) is always defined.
We need dji(m*). From Lemma 12.5.3, we have that F(m*,b(m*)) =0,
so dji(m*) is defined and dji(m*) = X[X'D(/(m*))X] 1X'. Again, from

Lemma 12.5.3, m(m*) = m*, so D(m(m*)) = D(m*) = D and dag(m*) =
X[X'DX]~'X' = AD1.

(¢) Using [|[N~'ny —m*|| = O, (N~*2) and the results of (a) and (b) in
(2) gives
filnn) — pn — (AD™Y ) N~ (ny —mn) = o(Op(N_l/z)) = op(N_l/Q) .
Multiplying through by N2 gives
N (jix — i) = (ADY) N=(ny, — ma) = o,(D). .

Theorem 12.3.8.
—2N"He(nw, fun) — Unn, in)] D —2[60m*, fin (m*)) — £m*, 1)
un ¢ C(X1) if and only if the right-hand side is positive.

Proof.
—2Nlnn, an) = L(nn, v )]

= 2N '[l(nn, un) — £(nn, pn)] + 2N Hl(nw, fin) — £, pn)] -
As in Theorem 12.3.6,

2N~ [e(nw, fin) = bn, iv)] 5 0,
so we need only investigate the behavior of
—2N '[l(nn, fun) — L(nn, pN)]
= 2N niy(fan — pn) = J'(an —mn)] .-

From Theorem 12.3.1, N~lny 5 m*. As in the proof of Lemma 12.3.2,
ﬂlN —uUN = ﬂl (N_lTLN) —/L* and N_l(mlN — mN) = ml(N_lnN) —m*.
By the continuity of 1 (-) and fi;(-) (ensured by the Implicit Function

Theorem), 71 (N ~'ny) B u(m*) and (N "'ny) B f(m*), so
2N lnn, fun) = L(nn, pn))]
B =2m (i (m*) — p*) = J'(ha (m*) —m*)]
= =2[(m", fiu(m”)) — €{m*, p*)].
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Since ji(m*) = p*, £(m*,p*) is the unique maximum of £(m*,u) for pu €
C(X). Since fi;(m*) is in C(X), if fi1(m*) # p*,

—2[f(m”", fu (m™)) — £(m™, p")] > 0.

This occurs whenever p* ¢ C(X;) because ji;(m*) € C(X1). Finally, p* ¢
C(Xy) if and only if ux ¢ C(X1). O
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Chapter 13

Bayesian Binomial Regression

Standard methods for analyzing binomial regression data rely on asymp-
totic inferences. Bayesian methods performed using simple computations
apply for any sample size. We discuss Bayesian inferences for binomial re-
gression with an emphasis on inferences for the probability of “success.”
Furthermore, we illustrate diagnostic tools, perform model selection among
non-nested models, and examine the sensitivity of the Bayesian methods.
This chapter is closely related to Bedrick, Christensen, and Johnson (1997)
and to earlier drafts of that article.

Section 1 introduces Bayesian binomial regression. Section 2 discusses
standard Bayesian inference procedures with an emphasis on the predictive
distribution. Section 3 presents Bayesian diagnostics including influence
measures, global model checking methods, and a procedure for selection of
the appropriate link function. Section 4 discusses computations.

13.1 Introduction

The purpose of this chapter is to illustrate the simplicity of a fully Bayesian
approach to binomial regression models. Historically, it has been difficult
to specify realistic prior information on regression coefficients in nonlinear
models, and computations for inference and diagnostics were difficult due
to intractable integrations. These difficulties no longer exist. We illustrate
a fairly complete analysis for two data sets using methods that are simple
and easy to apply. In particular, we discuss a method for specifying the
prior distribution that focuses on binomial probabilities, rather than es-
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oteric regression coefficients. For computations, we focus on Monte Carlo
methods because of their flexibility and their ease of implementation. We
show how Monte Carlo sampling is used for prediction, making inferences
on regression coefficients and probabilities, diagnostics, model checking,
link selection, and sensitivity analysis of the prior.

Leonard (1972) first discussed Bayesian hierarchical models for binomial
data. Zellner and Rossi (1984) gave a overview of Bayesian methods for bi-
nomial regression models. Johnson and Geisser (1985) and Johnson (1985)
introduced general Bayesian predictive and estimative case deletion diag-
nostics that apply to binomial regression. We integrate these ideas along
with Box’s (1980) work on model checking to provide a variety of tools
appropriate for analyzing binomial response data.

Consider regression data (y;,z}), ¢ = 1,...,n, where the z;’s are known
k vectors of covariates and the y;’s are independent binomial random vari-
ables with N; trials. The probability of success p for any single trial y
with covariate z is F(z'B), i.e., F(¢'8) = p = Pr(y = 1|z, ). Here, the
vector B is an unknown k vector of regression coefficients. Although the
function F'(-) could be an arbitrary cdf, we consider logistic, probit, and
complementary log-log regression models in which F(z'8) is modeled as
one of

ewlﬁ/ [1 + ez'ﬁ] Logistic
F(z'B) =< ®(«'B) Probit
1—exp [—ezlﬂ] Complementary log-log .

Here, ®(u) is the cdf of a standard normal distribution. The success prob-
ability p is related to 3 through F~!(p) = 2’3, which is the link function
from Chapter 9. For the logistic, probit, and complementary log-log mod-

els, F~1(p) = log{p/(1 —p)}, ®~1(p), and log{—log(1 — p)}, respectively.
The likelihood function for the complete data Y = (y1,...,yn)" is

L) = [[ 26w = [] (z;) (FEaP [ - . (1)

i=1 i=1 !

For a prior distribution on , say (3), obtaining posterior and predictive
distributions requires computing the posterior of 3,

__LBM)=(B)
") = T Bas

Most interesting aspects of a Bayesian analysis can be obtained from var-
ious integrals involving this posterior density. Integrals involving w(S|Y")
are intractable, so we must use approximations.

Monte Carlo methods yield a discrete approximation to the posterior
distribution that takes values 8" with probability §., r = 1,...,t. Methods
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for obtaining a discrete approximation are discussed in Section 4. Given a
function h(f), the posterior expectation E{h(8) | Y'} is approximated by

/ BBV )dB =3 h(B)g,. @)

Typically, the Strong Law of Large Numbers implies that the error in the
approximation converges almost surely to zero as the simulation sample
size t increases.

13.2 Bayesian Inference

13.2.1 SPECIFYING THE PRIOR AND APPROXIMATING THE
POSTERIOR

Bayesian inference requires the specification of a prior distribution 7 (8).
In the past, several methods of specifying priors for binomial regression
problems have been used. The standard approach has been to assume either
a normal distribution for 8 or the “noninformative” diffuse prior 7(8) = 1.
These are convenient in large sample situations where the posterior on § is
approximately normal. See Zellner and Rossi (1984) for relevant discussion.
Another type of prior focuses on the assessment of “success” probabilities
for various choices of covariate values, rather than on the assessment of
regression coefficients.

ExaMPLE 13.2.1. Consider a simple situation with k£ = 2. Imagine that
we are recruiting statistics students into a graduate program. We will at-
tempt to recruit from two populations: domestic students (¢ = 1) and
international students (¢ = 2). If N; domestic students apply and N, inter-
national students apply, assuming independence of students we successfully
recruit y; ~ Bin(N1,p;) domestic students and ys ~ Bin(Na, p2) interna-
tional students. We can write a one-way ANOVA logit model

log{pi/(1 = pi)} = p + i,

1 = 1,2. This model is overparameterized, so we impose the side condition
a1 = 0 to make the model a logistic regression. We now have

log{p1/(1 —p1)} = p, log{p2/(1 —p2)} = u + as.

The graduate advisor has specified prior distributions p; ~ Beta(4,4) and
p2 ~ Beta(4, 1), reflecting (in part) the beliefs that about 80% = E(py) =
4/(4+41) of the international students and half, [4/(4 +4)], of the domestic
students will be successfully recruited. The prior specification includes the
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assumption that p; and p, are independent. Having placed a joint distribu-
tion on p; and ps, it is a calculus problem to determine the corresponding
distribution on the “regression” parameters u and as. We discuss the exact
procedure later. While we assumed that the distributions of p; and ps were
independent, the approach can, in theory, be carried out with any joint
distribution for p; and ps. The problem is not in doing the calculus, but in
specifying a realistic joint distribution when the independence assumption
is not appropriate.

The independence assumption is a key part of the procedure. With p; and
p2 independent, if we were told the value of p;, we should not be inclined to
revise our thinking about p2. That certainly seems reasonable if we are told
that p; is something near its expected value .5. It seems less reasonable if we
are told, say, that p; > .95. Knowing that p; > .95 would probably make us
want to revise our distribution of p, to make larger values more probable.
However, .95 is 2.7 prior standard deviations above the prior mean for py,
so this event is extremely unlikely under the prior specification. If p; > .95
is more likely than the original prior specification allows, the entire prior
should be recalibrated, at which point the independence assumption may be
called in question. However, if, after reflection, those situations that might
cause concern about the independence assumption are thought unlikely,
then we believe the independence assumption is reasonable.

Lack of independence can also occur if the international students were
thought to be very similar to the domestic students regardless of the behav-
ior of the domestic students. In this case, knowing p; is highly informative
about ps and our prior is not appropriate.

The main idea in Example 13.2.1 was to specify prior distributions for
p1 and ps rather than on the regression parameters p and as. We do this
because p; and ps have natural interpretations. In a simple logistic regres-
sion,

log{p/(1 —p)} = Bo + b7,
there are again only two regression parameters (8o and 1), but there is
no obvious choice for probabilities p; and ps at which to specify the prior.
In such cases, we must pick two values, say 7, and 75, and specify prior
distributions for p;, the probability of success when 7 = 7, and ps, the
probability of success when 7 = 75.

ExAMPLE 13.2.2.  O-Ring Data.

Consider fitting a simple regression model on temperature to the data in
Table 2.1. Let p; be the probability that any O-ring fails in case ¢ and model
this as F~1(p;) = Bo + B17i = z!3, where 7; is the temperature. Our prior
is defined by giving independent distributions to the probabilities of O-ring
failure at temperatures 7y = 55 and 7» = 75 degrees Fahrenheit. Write

Bo + Bu7i = [1,74] [g?] =I;p
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and define p1 and P2 by p; = F(&8). The 7;’s should be chosen in the
expected range of the observed temperatures but far enough apart so that
information about the corresponding probabilities can be reasonably as-
sumed independent. The selected temperatures should also be amenable to
expert opinion. Qur priors on p; and P2 are Beta(1,.577) and Beta(.577,1)
respectively. The prior on p; was chosen because it has a “J” shape and
gives Pr[p1 > 1/2] = 2/3. The prior on p» has a “J” shape and gives
Prp, < 1/2] = 2/3.

The prior on 8 = (B, 1) is determined using the change-of-variables
method. Under the logistic model, the prior on g is a data augmentation
prior (DAP) in the sense that it has the same functional form as the like-
lihood function, i.e.,

2

a(B) o [J[F @)% [1 — F@8)N7,

i=1

where Ny = N, = 1.577, §1 = 1, and §j» = .577. With this DAP, the prior
on p; can be thought of as one prior O-ring failure out of 1.577 trials at
71 = 55, and for ps, it can be thought of as .577 prior O-ring failures out
of 1.577 trials at 7 = 75. The weight attached to the prior is equivalent
to Ny + Ny “prior” observations, about 3. The posterior density for 3 also
has the same functional form as the likelihood, i.e.,

2

m(BY) o H[F(ﬂféﬁ)]y" [1 = F(i@)Nv T]IF(@E8)]7 1 - F(&8)]% 7.

i=1 i=1

Many standard computer programs, e.g., GLIM and SPLUS, can be used
to find the posterior mode Bs and an asymptotic dispersion matrix X(8ar)
for the posterior. To compute the mode, simply augment the observed
data with a prior “binomial” observation at 55 degrees consisting of 1.577
trials and 1 observed O-ring failure and include a prior observation at 75
degrees with 1.577 trials and .577 O-ring failures. The posterior mode of
B is the maximum likelihood estimate (MLE) from the augmented data.
The asymptotic covariance matrix computed from the augmented data is
the asymptotic dispersion matrix for the posterior. These quantities are
of interest in themselves and can also be used to create a good discrete
approximation to the posterior.

Figures 13.1 and 13.2 give contour plots of the prior and posterior distri-
butions on f, respectively. Note the high correlation between 8¢ and f; in
both the prior and the posterior. The posterior exhibits appreciable skew-
ness, with longer tails in the direction of small slopes and large intercepts.
The high correlation between g and (3 is largely eliminated if we stan-
dardize the temperature to have mean zero, i.e., if we change the model to
logit(p;) = Bo + B1(7; — T.). For some problems, this may be preferable to
ease the computational burden. As there were no computational difficulties
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with these data, and as prediction and model validation are independent
of the regression parameterization, we consider only the original version of
the model.

In general, we derive the prior on § for a model with k regression param-
eters from a prior elicited on success probabilities p; at k suitably selected
predictor vectors Z;. We place independent Beta(§;, N; —§;) priors on the p;,
regardless of the choice of the link function. For an arbitrary link function,
the induced prior on £ has the form

«H (#B)]7 11— F(&8)]% 51 £(7,5),

where f(-) is the first derivative of the function F'(-). In the case of logistic

regression,
k

w(8) o [[[F@B]%[1 - F@E /Y, (1)
i=1

which has the same form as the likelihood function. Therefore, (1) is a
data augmentation prior (DAP), so named because the likelihood times
the prior has the form of a likelihood with additional “prior” data (§;, N;),
i = 1,...,k. In other words, for the logistic model we can think of the
parameters of the prior distribution as a prior sample size N; and a prior
number of successes §j; corresponding to the vector of predictors Z;.

Incidentally, this procedure can also be executed with priors for the §;’s
other than betas. In fact, with different link functions, different distribu-
tions on the p;’s lead to different DAPs. (Note that the likelihood depends
on the link function, so DAPs depend on the link function.)

We now consider our primary example.

ExamMPLE 13.2.3.  Trauwma Data.

We analyze data on a randomly selected subset of 300 patients admitted
to the University of New Mexico Trauma Center between the years 1991
and 1994. For each patient, we have their injury severity score (ISS), their
revised trauma score (RTS), their AGE, the type of injuries (TI), that
is, whether they were blunt (T'I = 0), e.g., the result of a car crash, or
penetrating (T'I = 1), e.g., gunshot wounds, and the dependent variable,
whether the patient eventually survived the injuries. The ISS is an over-
all index of a patient’s injuries based on the approximately 1300 injuries
catalogued in the Abbreviated Injury Scale. The ISS can take on values
from 0 for a patient with no injuries to 75 for a patient with severe injuries
in three or more body areas. The RTS is an index of physiologic injury
and is constructed as a weighted average of an incoming patient’s systolic
blood pressure, respiratory rate, and Glasgow Coma Scale. The RTS takes
on values from 0 for a patient with no vital signs to 7.84 for a patient with
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FIGURE 13.1. O-Ring Data: Prior on 3
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FIGURE 13.2. O-Ring Data: Posterior on
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normal vital signs. The data are available electronically from STATLIB as
well as from my web homepage:

http://stat.unm.edu/"fletcher

Additional information is given in the Preface.

Figure 13.3 gives side-by-side boxplots comparing the 278 survivors and
22 fatalities on RTS, ISS, and AGE. Seventeen of the 225 patients with
blunt injuries died. Five of the 75 patients with penetrating injuries died.

The data were provided by Dr. Turner Osler, a trauma surgeon at the
University of Vermont and former head of the Burn Unit at the University
of New Mexico Trauma Center. Dr. Osler proposed a logistic regression
model to estimate the probability of a patient’s death using an intercept
and predictors ISS, RTS, patient’s AGE (used as a surrogate for physiologic
reserve), TI, and an interaction between AGE and T1I. Similar logistic mod-
els are used by trauma centers throughout the United States. Dr. Osler’s
expert opinions formed the basis for our prior distribution.

To induce a proper prior distribution on the £ = 6 dimensional vector £,
we require a joint distribution on death probabilities for 6 sets of conditions
&, = (1,188, RTS;, AGE;,TI;, AGE; x T1I;). Based on discussions with
our expert and two-dimensional plots of the data, we defined a 2% factorial
design having ISS at levels 25 and 41, RTS at levels 3.34 and 7.84, AGE
at levels 10 and 60, and TI at levels 0 and 1. The idea was to pick values
of the variables that were relatively extreme within the data but still had
substantial probabilities for both success and failure. The prior conditions
were chosen as a 1/4 replicate of this 2¢ with two center points. However,
the center points were taken to be values that could actually exist — none
of ISS, RTS, and TT are truly continuous variables. In fact, TI is a binary
variable, so one “center point” was taken with 77 = 0 and the other with
T1I = 1. Bedrick, Christensen, and Johnson (1996) (henceforth referred to
as BCJ) recommend calculating the condition number of the matrix X =
(£1,...,%)" to ascertain that the chosen Z;’s are not too close or too far
apart. See Belsley (1991) for discussion of condition numbers. Beta priors
were found to be suitable for the p;’s with parameters given in Table 13.1.
Figure 13.4 gives plots of the priors on the p;’s as well as the posteriors. The
priors are generally consistent with the posteriors. Relative to the amount
of data, the priors are not overwhelming, being the equivalent of 57.5 =
E?Zl N; observations compared to 300 data points. (The posterior densities
were obtained by sampling from the discrete approximate posterior and
smoothing the samples.)

Our initial discussion with Dr. Osler involved eliciting 1’st, 50’th, and
99’th percentiles for each p;. These actually overspecify a beta distribution.
We wrote a computer program to find the beta distributions that most
nearly satisfied the specifications, plotted these distributions, and validated
them with our expert.

The first probability §; corresponds to an individual that “has good
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FIGURE 13.3. Trauma Data: Box Plots
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FIGURE 13.4. Trauma Data: Priors and Posteriors on p’s
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TABLE 13.1. Trauma Data: Prior Specification

Design for Prior Beta (§i, N; — §;)
i 7 Ji Ni — i
1|1 25 78 60 0 0] 1.1 8.5
2|1 25 33 10 0 0] 30 11.0
3|1 41 334 60 1 60 | 5.9 1.7
4|1 41 784 10 1 10 | 1.3 12.0
5|1 33 574 3 0 0] 1.1 4.9
6|1 33 574 35 1 35| 1.5 5.5

physiology, is ‘not bad hurt,” does not have a lot of reserve,” and for whom
there is “added uncertainty due to age.” The Beta(1.1, 8.5) suitably reflects
Dr. Osler’s uncertainty about p;. The median of his prior is around .09. The
second type of individual “has bad physiology, is very ill, but is young and
resilient and is not so bad hurt.” The prior for ps is Beta(3, 11) with median
around .20. Incidentally, “bad physiology” and “very ill” apparently refer
to bad RTS scores, while how badly hurt one is relates to ISS. The third
individual has “bad physiology, a pretty bad injury, and there is much more
uncertainty here due to the age factor.” The prior is Beta(5.9, 1.7) with
median around .8. Prior individual four “is young, resilient, and has a big
injury.” The prior is Beta(1.3, 12) with a median of around .07.

Dr. Osler had more difficulty with the 5’th and 6’th types of individuals
because their conditions were both less extreme and more related than
those already considered. The priors for ps and pe are Beta(1.1,4.9) with
approximate median .15, and Beta(1.5, 5.5) with approximate median .19,
respectively.

The assumption of independence seems reasonable with the possible ex-
ception of p5 and pg. If our expert were told that s = .3, he would definitely
want to revise his probability for pg upward. This is because he is fairly
confident that the difference between these two probabilities, pg — Ps, is
positive but reasonably small, while he is less certain about the magnitude
of the probabilities themselves. Having pg — ps small but positive is reflect-
ing his perception that penetrating injuries are worse than blunt ones but
not a lot worse.

Because of our concern about possible lack of independence for the two
values pg and P5 only, we also considered a prior in which the information
about pg was left out of the specification. This results in a partially infor-
mative prior (see BCJ, Sec. 4.1, for a full discussion) which is an improper
DAP using five prior observations instead of the six required for a proper
DAP. We found that all statistical inferences were essentially the same for
the two priors, so we have presented results only for the full prior.

Finally, it should be pointed out that the process of coming up with a
prior is very much a collaboration between the expert and the statisticians.
The judgement and expertise of both are needed. It is also quite a bit of
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work for everyone involved.

Bedrick, Christensen, and Johnson (1996, 1997) give further details on
this approach to specifying priors for regression problems, including dis-
cussions of priors with order restrictions on the $;’s and partial prior in-
formation. As mentioned above, a particularly useful form of partial prior
information is specifying k' < k values p;.

The genesis of this approach lies with Tsutakawa (1975), Tsutakawa and
Lin (1986), and Grieve (1988) who considered independent prior distribu-
tions on two probabilities of “success” in simple linear binomial regres-
sion problems. Tsutakawa and Lin (1986) argued that eliciting information
about success probabilities should be much easier than eliciting information
about regression coefficients, a position with which we heartily agree. This
is clearly true if one entertains the possibility of two or more models, such
as logistic regression versus probit regression. The regression coefficients for
these two models require separate elicitations, whereas if one has elicited a
prior for probabilities, it is straightforward to induce the requisite prior on
B for either model.

BCJ extended the Tsutakawa approach to generalized linear models
(GLMs) with multiple covariates. For a hypothetical observation §; with
covariate vector Z;, BCJ specify a prior on the mean value E(g;|%;). This
is done for k locations Z;, i = 1,...,k, where k is the common dimen-
sion of the Z;’s. The prior on the regression coefficient vector § is induced
by transforming the distribution on the E(g;|%;)’s into a distribution on §.
BCJ call such priors conditional means priors (CMPs) and elaborate on the
approach in considerable detail. The conditional means provide parameters
that are more intuitive than regression coeflicients and thus easier to spec-
ify prior information for. BCJ also make connections between CMPs and
DAPs. (Note that to make the GLM approach apply to binomial regression,
just as in Chapter 9, the y;’s have to be defined as binomial proportions
rather than our usual binomial counts.)

A key feature in this approach is assuming prior independence of the
E(9:|#;)’s. This assumption might be unreasonable if the Z;’s are “too close”
together (cf. Grieve, 1988). There are also technical difficulties if they are
“too far apart.” BCJ (Sec. 5) examined these issues in detail.

13.2.2 PREDICTIVE PROBABILITIES

The predictive probability of success in one new trial y with covariate z is
Pr(y =1|Y,z) = E[F(z')|Y, 2] = /F(w'ﬂ)ﬁ(ﬂly) dp. (2)

Using the discrete approximation to the posterior gives
t

Pr(y = 1|Y,2) = 3 F(2/B")d-

r=1
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FIGURE 13.5. O-Ring Data: Predictive Probabilities and MLEs

Unless specifically stated otherwise, the examples henceforth use logistic
models.

EXAMPLE 13.2.2 CONTINUED. Figure 13.5 presents the Bayesian pre-
dictive probability of O-ring failure, Pr(y = 1|Y,z), and the MLE of the
probability of an O-ring failure, F(z'Bpm;), as temperature varies from 30
degrees to 80 degrees. Predictive probabilities are less than the MLEs for
temperatures below about 67 and are greater for larger temperatures.

The predictive probability of “success” can be interpreted in two ways. It
is the subjective probability of at least one O-ring failure on the next flight
at the given temperature. It is also the Bayes estimate of the proportion of
flights at the given temperature in which there would be at least one O-ring
failure. With the second interpretation, one may be interested in interval
estimates. Geisser (1982) established that posterior interval estimates for
probabilities can be viewed as (asymptotic) prediction intervals for the
proportion of successes from a large number of future trials.

Figure 13.6 contains a plot of the predictive probabilities of O-ring fail-
ure as z varies from 30 to 80 degrees along with 90% interval estimates.
In other words, it gives E[F(2'()|Y,z] and a Bayesian posterior interval
estimate based on our subjective prior. The Bayesian interval is obtained
by determining the 5’th and 95’th percentiles of the approximate posterior
distribution for F'(z'f), i.e., the distribution that takes values F'(z'8") with
probability §,.. For low temperatures, the posterior distribution of F(z'3)
is highly skewed to the left; thus, the mean E[F(z'8)|Y, z] is lower than the
median.



436 13. Bayesian Binomial Regression

FIGURE 13.6. O-Ring Data: Predictive Probabilities and 90% Intervals

ExXAMPLE 13.2.3 CONTINUED. Figure 13.7 presents predictive probabili-
ties of death as a function of ISS for blunt and penetrating traumas. These
are given for various values of RTS and AGE. Note that for 60-year-olds,
there is essentially no difference in the probability of death due to blunt
or penetrating injury. However for 10-year-olds, the probability of death is
higher for a penetrating injury.

13.2.3 INFERENCE FOR REGRESSION COEFFICIENTS

The posterior mean E(5|Y) and covariance matrix
Cov(BY) = E(BB'|Y") — E(BIY)E(B[Y)'

of the regression coefficients are approximated by 8 = Eizl B"Gr and

Cov(BY) =

t
ZWWQ—mz
r=1

respectively. The cdf of 3; (j = 1,..., k) and histograms for approximating
the marginal posterior density can be obtained from probabilities of the
form

t
Pr(a < §; < bY) = / La (B)m(BIV)AB = 3 L0y (D)
r=1

where I, 5(8;) is 1 if a < 8; < b and 0 otherwise.
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FIGURE 13.7. Trauma Data: Predictive Probabilities
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EXAMPLE 13.2.2 CONTINUED. Table 13.2 presents posterior means, stan-
dard deviations, and percentiles of By and f; for the O-ring data. Using
our prior, Pr(8; < 0]Y) > .99, which suggests the slope is not zero. Fig-
ure 13.8 gives the Bayesian marginal posterior density for 8; in the O-ring
data. As before, this was actually generated by smoothing 5000 samples
from the approximate posterior distribution, i.e., using Rubin’s (1987) SIR
algorithm.

TABLE 13.2. Posterior Marginal Distribution: O-Rings

Full Data Case 18 Deleted

Bo B Bo B1
Bi = E(B:]Y) 12.97 —.2018 16.92 —.2648
Std. Dev.(8;|Y) 5.75 .0847 7.09 .1056
5% 4.56 —.355 6.85 —.459

25% 9.04 —.251 11.98 —.324

50% 12.44 —.194 16.13 —.252

75% 16.20 —.144 20.86 —.191

95% 23.38 —-.077 29.96 —.114

EXAMPLE 13.2.3 CONTINUED. Table 13.3 presents posterior means, stan-
dard deviations, and percentiles for the 3;’s from the trauma data along
with the maximum likelihood estimates, and asymptotic standard errors as
well as posterior summaries obtained from the diffuse prior 7(8) = 1. In
addition, the informative prior gives Pr(8; > 0|Y) > .99, which suggests
that the coefficient of ISS is not zero. Recall that low values of RTS are
bad for the patient, so the tendency of the RTS coefficients to be negative
is reasonable. Central 90% posterior intervals for the §;’s are about 3/4’s
as wide using the informative prior as with the diffuse prior.

13.2.4 INFERENCE FOR LD,

With the O-ring data, it is of interest to estimate the temperature at which
the chance of O-ring failure is, say 50%, or some other prespecified amount
a. This percentile is often called the LD, in bioassay problems (LD for
“lethal dose”), and satisfies LD, = {F '(a) — Bo}/Bi. The LD, is a
function of the vector 3, so its approximate posterior distribution is easily
obtained. The approximate posterior takes on the value {F~(a) — 85}/87
with probability ..

Table 13.4 presents the posterior median and central 90% intervals for
LD, using five values of a for the O-ring data. In particular, the Bayesian
analysis gives 69.8 degrees as the posterior median temperature at which
the chance of O-ring failure is .25. The tails of the LD,’s are very heavy
due to a non-negligible probability of getting £; values near zero.
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FIGURE 13.8. O-Ring Data: Marginal Density for §:
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TABLE 13.3. Fitted Trauma Model

Informative Posterior Summaries Maximum Likelihood
Based on informative prior

Variable Estimate  Std. Error .05% .95% | Estimate  Std. Error
Intercept —1.79 1.10 —3.54 .02 —2.73 1.62
ISS .07 .02 .03 .10 .08 .03
RTS — .60 .14 — .82 —.37 — .55 17
AGE .05 .01 .03 .07 .05 .01
TI 1.10 1.06 — .66 2.87 1.34 1.33
AGE x TI — .02 .03 — .06 .03 — .01 .03

Posterior Summaries

Based on diffuse prior
Variable Estimate  Std. Error .05% .95%
Intercept —2.81 1.60 —5.34 —.18
ISS .09 .03 .05 .13
RTS — .59 17 — .86 —.32
AGE .06 .02 .03 .09
TI 1.46 1.36 —.79 3.69
AGE x TI — .01 .03 — .07 .05

TABLE 13.4. Posterior Summaries for LD, ’'s

Full Data Case 18 Deleted

Percentiles Percentiles
% 5% 50% 95% % 5% 50% 95%
90 | 30.2 529 60.4 90 | 39.8 55.1 61.2
.75 | 43.4 58.5 64.0 .75 | 48.9 59.4 64.0
.50 | 55.9 64.2 68.5 .50 | 57.5 63.8 67.5
.25 | 65.1 69.8 76.4 .25 | 64.1 68.1 73.0
.10 | 70.3 75.4  88.3 .10 | 68.3 724  80.9
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13.3 Diagnostics

In this section, we examine a variety of influence diagnostics based on delet-
ing cases. We also explore Box’s (1980) method of model checking. Finally,
we consider the choice of an appropriate link function and an associated
case deletion diagnostic.

13.3.1 CASE DELETION INFLUENCE MEASURES

Case deletion diagnostics were pioneered by Cook (1977), Belsley, Kuh
and Welsch (1980), and Pregibon (1981). Johnson and Geisser (1982, 1983,
1985) introduced Bayesian predictive and estimative case deletion diag-
nostics for the linear model and Johnson (1985) introduced diagnostics
for the estimation of probabilities in logistic regression. Here we present
the Johnson-Geisser influence measures for this nonlinear Bayesian setting.
Our purpose is to detect those cases that, upon deletion from the data,
noticeably affect inferences. For example, if the predictive probability of
O-ring failure were to change radically upon deletion of a single case, it is
incumbent upon us to report and quantify that fact. It may or may not be
appropriate to delete such cases in a final analysis.

The effect of case deletion on the posterior of 3 is easily formulated.
Recalling (13.1.1), the likelihood for S based on all the data except y; is

L(B|Y)
L(BlY ) = == 2
P0) = T
where Y(;) denotes the data Y with y; deleted. It follows that
L(B|Y; Y)/L i
m(B|Y(s)) = BIYa)r(B)  w(B]Y)/L(Bly:) )

~ JLBYa)n(B)ds [ n(BY)/L(Blyi)ds”
If we renormalize the probability weights in our discrete approximation,
4/ L(B"|yi)
Ykmr @/ L(B* o)

then the distribution taking values 3" with probability G,.(;) gives a discrete
approximation to the posterior (1). Expectations with respect to m(3[Y{;))
are evaluated using this approximate distribution.

Gr(i) =

ESTIMATIVE INFLUENCE

Kullback-Leibler (KL) divergences can be used as in Johnson and Geisser
(1985) and Pettit and Smith (1985) to measure the discrepancy between
full and reduced data posteriors. The KL divergence with respect to the
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posterior density with the i’th case deleted is defined as

(1Y
Df, = [ 1og| S | (aivig)as >

A large value of Du indicates that deletion of case i results in a differ-
ent posterior for § than if it were retained, possibly resulting in different
inferences for 3.

We now present a computational formula for Dfi. The predictive proba-
bility that a future binomial observation y with covariate vector x; equals
the observed y; value, given Y(;), can be expressed in two equivalent ways:

L(Bly)r(BlY(o)

Pr(y = wl¥.a) = [ LB (BIYiy)dp = ZELZ @)
To see this, note that from (1),
L(Blyi)r (Bl¥(0) _ |
m(BY) Jm(BIY)/L(Blyi)dp
Also, from (1),
[ £@n(aivias =
J L(Bly)m(BIY)/L(Bly:)dB _ 1

J7BIY)/L(Bly:)ds [ =(BIY)/L(Bly:)dB
Equation (2) gives

Dy, = /log[ L3l9:) ] W(ﬂIY(i))dﬂ

log Pr(y = yil Vi 1) — / log L(Bly:)w(8|Ys)dp

t t
log {ZLWWM)@T(@')} =Y log L(B"|yi)dr (-

r=1 r=1

The KL divergence with respect to the posterior based on all observations
is defined as (BIY)
Dﬁ.z/lo [L]wm/dﬂ
Using equation (2),

t t
DS, = " log L(B"|y:)d- — log {Z L(Brlyi)dr(z-)} :

r=1 r=1

The symmetric divergence is deﬁned to be the sum of the divergences for
the deleted and full posteriors, D} = D?, 4+ D5
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PREDICTIVE INFLUENCE

The predictive distribution for a single trial is Bernoulli, i.e., takes on the
values 0 and 1. The symmetric KL divergence is used to measure the dis-
crepancy between full and reduced data predictive distributions. The sym-
metric KL divergence between two Bernoulli distributions with probabili-
ties p and ¢ reduces to

J(p,q) = (p—q)log (1(71(1—7_17)2) .

As in Johnson (1985), we define a symmetric predictive divergence diag-
nostic for predicting new observations at the original data locations when
case i is deleted:

D} =3 J(Pr(y = 1|Y, ), Pr(y = 1Y), 2;)) -
j=1

Here, Pr(y = 1|Y, z) is the predictive probability of success from all the data
as defined in (13.2.2), and Pr(y = 1]¥{;), z) is the predictive probability of
success based on all the data except case 4:

t

Prly = 11¥(,5) = [ POr(3IY0)d8 = 3. F@'8)ar-

r=1

The symmetric predictive divergence diagnostic for predicting observa-

tions at an arbitrary set of locations, say =3, j =1,...,r, is

pl=%" J(Pr(y =1|Y,2),Pr(y = 1|Y(z')aﬂff)) -

j=1

A large value of D? or D! indicates that deletion of case i results in dif-
ferent predictive probabilities than if it were retained, possibly resulting in
different inferences or decisions.

ExAMPLE 13.3.1.  O-Ring Data.
Figure 13.9 gives index plots of D¥ and D{ for the O-ring data. The new

locations used in defining sz were :1:; = 31,33,35,...,51. The plots for

Dfi and Dgi were similar to the plot of DY, so they are not included.
Case 18, which corresponds to the flight where O-rings failed at the highest
launch temperature, consistently stands out. Note that the values of sz are
larger for cases with low temperatures. This occurs because the predictions
being made are also at low temperatures. The estimative measures and the
predictive measure DY are qualitatively similar for these data, although
they need not be in general.
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FIGURE 13.9. O-Ring Data: Index Plots of D} and le

The influence of case 18 was evaluated by repeating the analysis with
case 18 deleted. Summary statistics for the Bayesian analysis are provided
in Tables 13.2 and 13.4. Omitting case 18, the probability of O-ring failure
increased at low temperatures and decreased at high temperatures. The
difference in the predictive probabilities for the analyses with and without
case 18 are not dramatic. The actual influence of case 18 on the posterior
summaries is minor.

ExamMPLE 13.3.2.  Trawma Data.

Computing the D¥’s we found cases 52 and 232 to be most influential. Case
52 is a 66-year-old person who had very little wrong with him (ISS =9,
RTS = 7.84) with a penetration injury who died. Case 232 is a very sick and
damaged (RT'S = 2.19, ISS = 50) 50-year-old person with a blunt injury
who managed to survive. An ISS score of 50 is characteristic of a person
who has very severe injuries to two different parts of the body. The actual
statistics are D, = .46 and D%,, = .41, with the next highest value being
DY.. = .25. Figure 13.10 contains an index plot of the difference in the
predictive probabilities of death, p(y = 1|Y,z;) — p(y = 1|Y(52), ;). These
probabilities depend on the specified prior. Note that having deleted a case
in which a relatively healthy person died, most of the probability differences
are very near 0 but slightly positive; e.g., most peoples probabilities of death
have decreased. Moreover, all of the changes in probabilities are relatively
small. Deletion of case 232 seems to change the regression coeflicients even
less and would seem to have even less effect on the fitted probabilities.
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FIGURE 13.10. Trauma Data: Index Plot of p(y = 1|Y, z;) — p(y = 1|Y(52), 25)
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13.3.2 MODEL CHECKING

We consider two methods for model checking. The first is a global model
check due to Box (1980). This involves finding the probability that a new
vector Y, has a marginal probability smaller than that of the vector Y that
we actually observed, i.e.,

Prp(Y.) <p(Y)],

where

p(Y) = / L(B[Y)r(B)dB.

This is essentially a P wvalue, so small values are of significance. For the
O-ring data, this value is approximated as .58. The probability is large,
so there is no indication of a substantial problem with the model. If the
improper diffuse prior 7(8) = 1 is used, the required marginal distribution
of the data may not exist.

Another model check considers the criterion for one element of the Y
vector at a time, i.e.,

Prp(yix) < p(ys)] -

This can be viewed as a Bayesian outlier check because we are assessing
whether each observation is unusual relative to the model. For the O-ring
data, all of these values are 1 except the two identical cases 13 and 14 that
give .43 and case 18 that gives .37. This diagnostic gives no indication of
substantial problems with the model.

The model checking computations were performed by sampling from
the prior distribution. We sample pairs (p1,P2) and solve the equations
F1(p;) = Bo + B1&i, i = 1,2, to obtain samples of By and B;. Sampling
the pairs (P1,P2) is easy with our prior because the p;’s have independent
beta distributions. Given a sample 8, r =1,...,v, from the prior,

L1 -
p(V) = = ST LY.
r=1
For an individual component,
pu) = 25" LB
K3 v —~ # )"

Computing Pr[p(Yy) < p(Y)] for a new vector Y, requires an additional
round of sampling. For each S, r = 1,...,v, generate new independent
random variables yir«, i = 1,...,n, that are Bin(V;, F'(z;})), respectively.
The y;.+’s form vectors Y., for which we can compute p(Y;.) as above.
Pr[p(Y:) < p(Y)] is approximated by the proportion of p(Y;.)’s that are no
greater than p(Y). Computation of Pr[p(yi.) < p(y;)] is similar.
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Rubin (1988) advocated Bayesian model checks using predictive rather
than marginal distributions. On the O-ring data, Rubin’s analogues of the
global and local model checks lead to identical conclusions. Chaloner and
Brant (1988) check for outliers using the posterior of 5. Similar methods
also apply to the trauma data.

13.3.3 LINK SELECTION

We now allow the Bayesian paradigm to indicate which of the three link
function models is most appropriate for the data: logistic (M;), probit
(M), or complementary log-log (Ms3). Bayes factors for comparing models
M; and M}, are numbers BFj such that

P(M;Y) [ jk] P(M;)

P(MY) P(My)

The Bayes factor is the multiplier that changes the prior odds for the models
into the posterior odds. It is a simple application of Bayes’s theorem to show
that M)
p J
BFj, = ———*.

T p(Y | My)
p(Y'|M;) was computed previously as p(Y'); it is the marginal probability of
obtaining Y from the logistic model. Computing p(Y | M) for an alternative
model M involves integrating the corresponding likelihood function with
respect to the induced prior on 3 for that model. As in the logistic case,
p(Y'|M) is estimated using samples generated from the prior on the p;’s.

EXAMPLE 13.3.1 CONTINUED. O-Ring Data.

For the O-ring data, the Bayes factors under our prior are BF5 = 1.086,
BF31 = 1403, and, thus, BF32 = BF31/BF21 = 1403/1086 = 1.292.
None of these values is large enough to suggest a serious preference for one
of the three models. In particular, if the prior odds for the probit versus
logit models are 1, the posterior odds are merely 1.086.

EXAMPLE 13.3.2 CONTINUED.  Trauma Data.
For the trauma data, the Bayes factors under our prior are BFy; = 1.05,
BFy3 = 2072, and, thus,

BFy3 = BFy,/BF3; = BFy BFy3 = 1.05(20.72) = 21.83.

There is a suggestion against the complementary log-log model, but there
is little to choose from between the logistic and probit models. If the prior
odds for the probit versus logit models are 1, the posterior odds are merely
1.05. (These numbers were based on an importance sample of 10,000 ob-
servations. Based on only 2000 observations, we got BFy; = 1.97, BFi3
was about the same. Similarly, the values Df,, D5.,, and DY, were .525,
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FIGURE 13.11. O-Ring Data: Bayes Factors with Case Deletion

.519, and .234 based on 2000 samples rather than those reported earlier.
The numbers changed, but the message did not!)

We also formed a link selection case deletion diagnostic by computing

P(Y(i)|Mj)
BFjp = — 737
k() p(Y(iy| M)’

where

p(¥y| M) = / L(8[Y), M)(8|M) dB.

Figure 13.11 contains a simultaneous plot of BFy;(;) versus ¢ and BFz;
versus ¢ with ¢ = 1,...,23 for the O-ring data. The full data Bayes factors
are given by the intercept at “case index 0.” Case 18 has the largest effect
on the Bayes factors. The deletion of case 18 decreases the posterior odds
for the complementary log-log relative to the logistic link, and increases
the posterior odds for the probit over the logistic. The actual effect of this
case on the Bayes factors is small, and so our decision to use the logistic
link is not altered by case deletion.

13.3.4 SENSITIVITY ANALYSIS

The sensitivity of posterior inferences to the choice of the prior can be
evaluated by recalculating posterior summaries based on alternative pri-
ors. In situations where the prior changes radically, Monte Carlo samples
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from the new posteriors might be needed. When changes in the prior are
not dramatic, renormalization of the original Monte Carlo weights might
be sufficient. For example, the posterior based on a prior 7*(8) is approx-
imated by the discrete distribution taking values 8" with probabilities ¢,

where
Sl Cio T Y IO I
TS ™ (B%)dk /(B

EXAMPLE 13.3.1 CONTINUED. O-Ring Data.

We used two additional priors to evaluate the sensitivity of our analysis.
Each of the priors is a product of independent beta distributions placed at
71 = b5 and 72 = 75 degrees. Prior II [p1 ~ Beta(.9,.1) and p» ~ Beta(.1,.9)]
places a prior (mean) probability of .9 for O-ring failure at 55 degrees
and prior probability of .1 for O-ring failure at 75 degrees, while making
the beliefs equivalent to one prior observation. Prior III placed Jeffrey’s
“noninformative” Beta(.5,.5) priors on the p’s. The posteriors using the
original prior and Prior IIT were similar, whereas the posterior using Prior IT
was similar to the posterior obtained from the original prior after omitting
case 18. Given the small effect of case 18 on our original analysis, we felt
that our posterior analysis was not overly sensitive to these changes in the
prior.

EXAMPLE 13.3.2 CONTINUED.  Traume Data.

To examine sensitivity to the prior specifications, we considered case dele-
tions of the “prior observations.” In Figure 13.12 we present plots of
p(y = 1Y, mj,f’) —ply = 1}, a:j,f’(,-)), where each is a predictive prob-
ability of success but based on different prior information. Here, the data
are the same and the priors involve case deletion. In Figure 13.10, the data
involve case deletion but the priors are the same. Note that f’(,-) represents
partial prior information in the sense of BCJ.

13.4 Posterior Computations and Sample Size
Calculation

In recent years, Bayesian analysis has been performed by using numerical
integrations (Naylor and Smith, 1982; Smith et al., 1985), by using the an-
alytic Laplace approximation (Leonard,1982; Tierney and Kadane, 1986;
Kass et al., 1988), and by using Monte Carlo methods (Zellner and Rossi,
1984; Gelfand and Smith, 1990; Dellaportas and Smith, 1993). See Gel-
man et al. (1995, Chaps. 9-11) for a nice summary of these methods. We
prefer Monte Carlo methods to Laplace approximations in regression prob-
lems because when performing many predictions, only a single Monte Carlo
sample is necessary to perform all predictions, while the Laplace method
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FIGURE 13.12. Trauma Data: p(y = 1|V, z;,Y) — p(y = 1|V, z;, f’(l))
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requires a separate analytic approximation for each prediction. We prefer
Monte Carlo methods to numerical integration because of their potential
to deal with high-dimensional problems. Monte Carlo methods provide a
discrete approximation to the posterior distribution. We discuss a variant
of importance sampling that is especially simple when used with a DAP.

In importance sampling, one chooses a density function g(8) that is sim-
ilar in shape to the known kernel of the posterior L(8|Y)n(8) with tails
that do not decay more rapidly than the tails of the posterior. Then sam-
ple 8,..., B¢ from the distribution with density g(3). For r = 1,...,t,
compute the weights

LB Y)m(8")

v =alf) = 9(B7)

(1)

t
Gr = QT/Z(]k-
k=1

The discrete approximation to the posterior distribution takes values "
with probability §,.

Under fairly weak assumptions (cf. Geweke, 1989), the approximation in
(13.1.2) has a large sample normal distribution with estimated variance

t
& =Y _AnB") = 0n}’4r 2)

where 8}, is the approximation from (13.1.2). The variance of 8, depends
critically on the tails of g(83) through the weight function ¢(8) of (1).
Geweke (1989) concluded that to attain high efficiency across a variety of
functions, g(8) should be reasonably constant with small tails. If the tails
of the importance function were allowed to decrease much more rapidly
than the tails of the posterior density, the normalized weights ¢, could be
dominated by individual importance samples in the tail of the approximate
posterior. This needlessly inflates the variance of 8. Similar difficulties can
arise with any renormalization of the weights for dealing with case deletions
or different priors.

A natural choice for the importance density g(3) is a multivariate Stu-
dent’s t density with v degrees of freedom, with location equal to the
posterior mode Sy, and dispersion proportional to X(8ar), the asymp-
totic posterior covariance matrix evaluated at the mode. The approximate
N(Bum,X(Bum)) posterior density is an alternative possibility, but the thin
tails of the normal often cause problems; see Zellner and Rossi (1984). John-
son (1987) gives simple algorithms for generating the multivariate normal
and t(v) distributions.

Prior to selecting the importance sampling density g(f3), plot the kernel
of m(B|Y") along the asymptotic principal component directions and choose
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the degrees of freedom v so that the tails of g(3) are at least as heavy as
those of w(B|Y). Specifically, with ¥(8y) = TT", where the columns of T
are orthogonal, plot g(Bar + 0Te;) as a function of § in each of the unit
directions e;, i = 1, ..., k, and similarly for the kernel of the posterior. (e; is a
vector of 0s except for a 1 in the i’th place.) In cases of extreme asymmetry
along these directions, we recommend sampling from split-¢ distributions.
The split-t distributions allow for different tail heights in each direction, in
addition to asymmetry about the mode; see Geweke (1989) for details.

Figure 13.13 gives a plot of the posterior kernel and the normal, ¢(6), and
split-£(6) densities in the direction of the first principal component for the
O-ring data. Each function was normalized to have a maximum value of 1.
The plot of the posterior reflects the skewness seen in Figure 13.2. The nor-
mal density is inferior to the ¢(6) density as an importance function because
the normal underestimates the posterior upper tail in this direction. The
weights ¢(8) in this direction at 3, 4, and 4.5 standard deviations above
zero are 5, 40, and 150 times greater than the weight at zero for the normal
density. For the ¢(6) density, this ratio is below 3. The corresponding plot
along the second principal component was similar, with the exception that
the posterior is skewed to the left. The split-#(6) density has heavier tails
than the posterior in each direction and reproduces the shape in the center
of the posterior. We concluded that the split-¢(6) is best among the three
importance functions, with the ¢(6) a close second. Heavier tails on the ¢
distribution could have been obtained by reducing the degrees of freedom,
but this was unnecessary. The posterior summaries based on both #(6) and
split-¢(6) sampling were obtained; they were similar.

For the O-ring data, we decided on the importance sample size by first
generating a pilot study of 500 samples. Prediction was a primary goal.
We decided that the estimates for the probability of O-ring failure F'(z'f)
and success 1 — F'(z'3) at the 23 observed lift-off temperatures must be
accurate. The maximum coefficient of variation across estimates under our
prior was 4.4%. To reduce this to a target value 2%, the sample size needed
to be increased by a factor of (2.2)2 = 4.84, to approximately 2500. We
decided to sample 5000 observations. The estimated maximum coefficient
of variation for the parameters of interest based on 5000 samples was 1.4%.
Similar methods were used for the trauma data, with a pilot study of 2500
samples and a total sample of 10,000 from a split-£(6).

We noted earlier that Sy and X(Bar) are easily computed using stan-
dard software when the prior is a DAP. An interesting special case is the
improper prior 7(3) = 1, where 8y is the MLE 3,,,; based on the original
data and X(B)~" is the observed Fisher information evaluated at Bn.
For non-DAP priors, the posterior mode 33 must be computed using spe-
cialized software for numerical maximization. Typically, Bs is the solution
to S(B) = 0, where S(B) is the vector of partial derivatives of the log of
the posterior kernel, i.e., log{L(8|Y)7(8)}. The inverse of minus one times
the matrix of second partial derivatives of the log kernel evaluated at Sas



13.4 Posterior Computations and Sample Size Calculation 453

FIGURE 13.13. O-Ring Data: Importance Function Diagnostic Plots

serves as X(fBur). Alternatively, the maximum likelihood estimate and the
inverse of either the observed or expected Fisher information can be used
in place of Sy and X(Bar), cf. Berger (1985, p. 224).

Except for this added computational component, there is no intrinsic
problem with using importance sampling with arbitrary priors. Importance
sampling can be inefficient when the shape of the posterior density is hard
to match. This difficulty might arise when the posterior is highly non-
concave or restricted to a subset of the natural parameter space. However,
this problem usually does not occur when normal, diffuse, and DAP priors
are used with logistic or probit models because the posterior densities are
concave. Dellaportas and Smith’s (1993) rejection method is also attractive
in these cases because the posterior mode is not needed to sample the
posterior. Unfortunately, no single method works well, regardless of the
prior and link function.

In related work, Smith and Gelfand (1992) presented an introduction to
the use of importance sampling and the rejection method. They use the
prior distribution as an importance function, while we use the posterior
mode Sy and asymptotic posterior dispersion matrix X(8ar) to determine
an importance function. Casella and George (1992) explained the Gibbs
sampler. When applicable, this provides a random sample of size t from
the posterior, so g, = 1/t for all r. Dellaportas and Smith (1993) combine
the Gibbs sampler with the rejection method to obtain samples from the
posterior in generalized linear models.

The recent books by Carlin and Louis (1996), Gelman et al. (1995), and
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Gilks, Richardson and Spiegelhalter (1996) examine a variety of complex
modeling problems that can be handled easily using Bayesian methods.

Standard references for Bayesian prediction are Aitchison and Dunsmore
(1975) and Geisser (1993).



