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Logistic Regression, Logit Models, and
Logistic Discrimination

In logistic regression, there is a (binary) response of interest, and predictor
variables are used to model the probability of that response. More gener-
ally, in a table of counts, primary interest is frequently centered on one
factor that constitutes a response (dependent) variable. The other factors
in the table are only of interest for their ability to help explain the response
variable. Special kinds of models have been developed to handle these sit-
uations. In particular, rather than modeling log expected cell counts or log
probabilities (as in log-linear models), when there is a response variable,
various log odds related to the response variable are modeled.

The special case in which the response variable has only two categories is
of particular interest and lends itself to an especially nice treatment. This
is because, with only two categories, there is essentially only one way to
define the odds. If p; is the probability in the first category and ps is the
probability in the second category, then the odds of getting category one
are p1 /pa2. The odds of getting category two are p2/p;. The important point
is that either of these numbers, together with the fact that p1 + p2 = 1,
completely determine both p; and ps. So with two categories, the two
choices for the odds lead to the same results. (In the last section of this
chapter, we look at ratios p;/ps but without p; + p» = 1; this causes
complications.)

With a two-category response variable, we will examine models for
log(p1/p2). When these models are regression type models, they are called
logistic Tegression models. When these models are ANOVA type models,
they are often referred to as logit models. The two terms “logit” and “lo-
gistic regression,” as applied to models, are essentially two names for the
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same idea. Technically, the terms logit and logistic are names for transfor-
mations. The logit transformation takes a number p between 0 and 1 and
transforms it to log[p/(1 — p)]. The logistic transformation takes a number
z on the real line and transforms it to e*/(1 + €®). Note that the logit
transformation and the logistic transformation are inverses of each other.
In other words, the logistic transformation applied to log[p/(1 — p)] gives p
and the logit transformation applied to e /(1 + e®) gives z. Doing an anal-
ysis of data requires both of these transformations. It is largely a matter
of personal preference as to which name is associated with the model.

The situation when there are more than two categories in the response
variable is considerably more complicated because it is not clear which
sets of odds to model. Several choices have been suggested; some of these
are discussed in Section 6. As will be discussed in this chapter and shown
in Chapter 11, the log odds models turn out to be equivalent to a log-
linear model. It is important to remember that log odds models are for use
when relationships between the nonresponse factors (explanatory variables)
are not of interest. It is implicit in the definition of a logit model that
no structure between the explanatory variables is taken into account. It
is possible to use models for log odds that incorporate explanatory factor
structure, but such models are not what are generally known as logistic
regression or logit models.

Goodman (1973) proposes a multistep modeling procedure for response
factors. His procedure involves collapsing on the response factor and fit-
ting a log-linear model to the marginal table of the explanatory factors.
This is followed by fitting a logit model for the response factor. Taken to-
gether, these give the probability of any cell in the table as the product of
the marginal probability of its explanatory categories and the conditional
probability of the cell given its explanatory categories. These recursive re-
sponse models may or may not be log-linear models. Asmussen and Ed-
wards (1983) give conditions for the equivalence of log-linear models and
these multistep response models. Fienberg (1980, Chapter 7) gives a good
brief discussion of response models and their limitations. More recently,
graphical response models have been discussed by Asmussen and Edwards
(1983), Edwards and Kreiner (1983), Kiiveri, Speed, and Carlin (1984),
Kiiveri and Speed (1982), and Wermuth and Lauritzen (1983). Graphical
models are discussed in the next chapter. Holland (1986) discusses statis-
tics and causal inference, as do Glymour et al. (1987). The latter authors
seem to have a substantially different perspective than that presented here.
Goodman’s basic procedure can be applied with more than one response
factor and with responses involving more than two categories. In this chap-
ter, attention is concentrated on models for one response factor that con-
dition on all the explanatory factors. If more than one response factor is
present, one simple approach just restricts the fitted models to log-linear
models that condition on the explanatory factors.

Section 1 examines regression models for two category responses. Sec-
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tions 2, 3, and 4 discuss measuring the fit of models, logistic regression
diagnostics, and variable selection, respectively. Analysis of variance type
models are examined in Section 5 for responses with two categories and in
Section 6 for responses with more than two categories. Section 7 examines
the analysis of retrospective studies via logistic discrimination; the distinc-
tion between retrospective and prospective studies is discussed in the next
subsection.

RETROSPECTIVE VERSUS PROSPECTIVE STUDIES

It is important to distinguish between prospective and retrospective studies.
It is important because aspects of the material in this chapter do not apply
to retrospective studies. For our purposes, the distinction is based on the
nature of the sampling scheme.

If the sampling is independent Poisson or if the categories of the response
factor are in the same multinomial for every combination of the explana-
tory factors, the study is prospective. This is probably the most common
way of thinking about data collection. For example, a prospective study
of heart attack victims might take 250 people and examine each to de-
termine whether they have had a heart attack and their levels of various
explanatory factors. The explanatory factors may be such things as age,
blood cholesterol, and blood pressure. In the prospective study, each com-
bination of explanatory factors can be used to determine a population and
an individual randomly falls into a response category. So, typically, there
are many populations, and often each individual in the study is sampled
from a different population. Prospective studies are (or can be thought
of) as product-multinomials in which the multinomial categories are the
categories of the response factor.

Obviously, in a random sample of 250 people from the general popu-
lation, very few would have had heart attacks. An alternative sampling
method is often used in the study of such rare events as heart attacks.
One might sample 100 people who are known to have had heart attacks
and 150 people who have not had heart attacks. Again, each individual
is characterized by their levels of the explanatory factors. There are only
two populations here: the heart attack victims and the subjects without
heart attacks. The categories of the multinomials for the two populations
are the different categories of explanatory factors. The analysis of such
data involves describing the characteristics of the two groups in terms of
the explanatory factors. The key fact in this second example is that the
response factor categories define different multinomial populations and the
multinomial categories are the different combinations of the explanatory
factors. Generally, if, for all combinations of the explanatory factors, the
various categories of the response factor occur in different multinomials,
then the study is retrospective. In medical research, retrospective data col-
lection corresponds to a case-control study. Clearly, for rare events, this
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procedure has advantages over selecting a simple random sample. In a
multinomial sample, so few of the rare events will occur as to give little
power for determining their likelihood.

In the hypothetical retrospective study of heart attacks, let the index 4
denote a set of explanatory characteristics; let p1; be the probability of that
set for the heart attack population and p2; be the probability for the popula-
tion who have not had heart attacks. A parameter of interest is p1;/p2i, the
ratio of the probabilities. (Note that, in general, pi; + p2; # 1, so these are
not odds.) The parameter addresses the question of whether the explana-
tory characteristics ¢ are more or less likely among heart attack victims
than among subjects who have not had heart attacks. Unfortunately, this
does not address the issue of cause and effect. It simply describes character-
istics of the two populations. As will be seen in Section 7, inferences about
log(p1i/P2i) will be complicated by the fact that the probabilities apply
to different multinomials. The asymptotic covariance of log(py;/P2;) does
not simplify like it would if the probabilities were from the same multino-
mial. Moreover, one does not typically have the simplification that p1;/p2;
is equal to mq;/ma;; thus, inferences about log(pi;/p2i) cannot be made
directly by examining log(;/m2;).

Prospective studies do not directly address the issue of cause and effect
either, but they come closer than retrospective studies. As discussed earlier,
both multinomial sampling and some forms of product-multinomial sam-
pling generate prospective studies. An example of a product-multinomial
prospective study is to independently sample people for each set of explana-
tory characteristics and see how many have had heart attacks. In medical
research, the data given by this sampling scheme are called cohort data, and
cross-sectional data are used to indicate the results of simple multinomial
sampling.

For cohort data, take py; to be the probability of a heart attack in the
population defined by the ith set of explanatory variables. Obviously, ps; =
1 — py; is the probability of no heart attack in that population. The ratio
p1i/p2i is the odds of having a heart attack for that population. (Recall
that describing p1;/p2; as an odds is not appropriate in a retrospective
study.) In a cohort study, one can argue that the ith population is a cause
and that the ratio p1;/p2; is an effect. Unfortunately, populations usually
involve more than the explanatory factors used to define them. Aspects of
the ith population other than the values of the explanatory factors may
be the true cause for p1;/p2;. We hope that random sampling within the
population of people minimizes these effects.

For cross-sectional data, one can use the mental device of conditioning
on the number of people who fall in each explanatory category to get an
independent multinomial sample for each set of explanatory characteris-
tics. Thus, we can treat cross-sectional prospective data as if they were
cohort prospective data. In fact, any prospective study can be thought of
as product-multinomial sampling with an independent sample for each set
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of explanatory characteristics. This results from the fact that a prospective
study is defined to be one in which all of the categories of the response
factor are contained in the same multinomial.

Except for the last section, we restrict attention in this chapter to
prospective studies. A convenience of dealing with prospective studies is
that log odds defined for the response factor are the same using either
probabilities or expected cell counts, i.e., log(p1;/p2i) = log(mi;/ma;).

3.1 Multiple Logistic Regression

This section is devoted to regression models for the log odds of a two-
category response variable. The difference between this section and Sec-
tion 2.6 is that here we consider the use of multiple predictor variables.
The discussion will be centered around an example.

ExaMPLE 3.1.1.  Chapman Data.

Dixon and Massey (1983) present data on 200 men taken from the Los An-
geles Heart Study conducted under the supervision of John M. Chapman,
UCLA. The data consist of seven variables:

Abbreviation Variable Units
Ag Age: in years
S Systolic Blood Pressure: millimeters of mercury
D Diastolic Blood Pressure: millimeters of mercury
Ch Cholesterol: milligrams per DL
H Height: inches
W Weight: pounds
CNT Coronary incident: 1 if an incident had

occurred in the previous
ten years; 0 otherwise

Of the 200 cases, 26 had coronary incidents. The data are available elec-
tronically from STATLIB as well as through my web homepage:

http://stat.unm.edu/"fletcher

Additional information is given in the Preface.

As discussed in Section 2.6, such data can be viewed as a 200 x 2 contin-
gency table in which the columns indicate presence or absence of a coronary
incident and the rows indicate the 200 combinations of the explanatory vari-
ables Ag, S, D, Ch, H, and W associated with the men in the study. Each
row is considered an independent binomial involving one trial. (If more
than one person has the same combination of explanatory variables, it is
irrelevant whether they are treated as binomials with one trial or grouped
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together yielding a table with less than 200 rows.) The table has 200 counts
and 400 cells, so the data are very sparse. As discussed in Section 2.6, when
testing a logistic regression model against the saturated log-linear model
(i.e., testing the logistic model for lack of fit), the asymptotic x? approxi-
mation is notoriously bad. The test statistics are reasonable things to look
at, but formal x? tests are generally inappropriate because of the sparse
data. Somewhat surprisingly, asymptotic x? approximations do work for
testing one logistic regression model (a full model) against another logistic
regression (a reduced model).

Let p; be the probability of a coronary incident for the ith man. We
begin with the logistic regression model

log[pi/(1 — pi)] = Bo + BrAgi + B2S; + B3D; + BsCh; + Bs H; + B Wi, (1)

i=1,...,200. As discussed in Section 2.6 and Chapter 11, this is equivalent
to a log-linear model for a two-way table in which the predictor variables
are used to model the interaction, cf. Exercise 3.8.15. The model can be
fitted using methods for log-linear models or the methods can be specialized
for fitting logistic regression models, cf. Subsection 3.4.2 for SAS, BMDP,
and GLIM commands. The actual methods for fitting logistic models will
be examined in later chapters. The maximum likelihood fit of this model
is given below.

Variable  Estimate Std. Error z
Intercept —4.5173 7.451 —0.61
Ag 0.04590 0.02344 1.96
S 0.00686 0.02013 0.34
D —0.00694 0.03821 -0.18
Ch 0.00631 0.00362 1.74
H —0.07400 0.1058 -0.70
W 0.02014 0.00984 2.05

G? =134.9, df =193
The formula for G2 is as in Section 2.6. The df is the number of cases, 200,
minus the number of fitted parameters, 7. Based on the z values, none of
the variables really stand out. There are suggestions of age, cholesterol, and
weight effects. The G? would look good except that, as discussed earlier,
there is no basis for comparing it to a standard.
Prediction follows much the same form as in Section 2.6,

log[i/ (1 — $:)] = Bo + B1Agi + B2S; + B3D; + BaChi + Bs H; + BsW; .
For a 60-year-old man with blood pressure of 140 over 90, a cholesterol
reading of 200, who is 69 inches tall and weighs 200 pounds, the estimated
log odds of a coronary incident are
log[p/(1 — p)] = —4.5173 + .04590(60) + .00686(140) — .00694(90)

+.00631(200) — 0.07400(69) + 0.02014(200) = —1.2435.
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FIGURE 3.1. Coronary incident probabilities as a function of age. Solid curve—
Ch = 200; dashed curve—Ch = 300.

The probability of a coronary incident is estimated as

6_1'2435

ﬁ: 71 +e_1-2435 = 224

Figure 3.1 gives plots of the estimated probability of a coronary incident
as a function of age for people with § = 140, D = 90, H = 69, W = 200,
and either Ch = 200 (solid line) or Ch = 300 (dashed line).

3.1.1 INFORMAL MODEL SELECTION

We now consider fitting some reduced models. Simple linear logistic regres-
sions were fitted for each of the variables with high z values, i.e., Ag, Ch,
and W. Regressions with variables that seem naturally paired were also
fitted, i.e., S,D and H,W. Listed below are the models, df, G?, A — ¢, and
A*. The first two of these are the degrees of freedom and the likelihood
ratio test statistic for testing against the saturated model. No P values
are given because the asymptotic x? approximation does not hold. Also
given are two analogues of Mallow’s C,, statistic, A — ¢ and A*. A — g was
discussed in detail in Section 3.6. A* is a modification of A — ¢ for logistic
regression. A — g = G? — 2(df) and is the Akaike information criterion less
the number of cells (200 x 2) in the table. A* is a version of the Akaike
information criterion defined for comparing submodels of model (1) to the
full model. It is defined by

A* = (G* —134.9) — (7T —2p).
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Here, 134.9 is G2 for the full model (1), 7 comes from the degrees of
freedom for the full model (6 explanatory variables plus an intercept),
and p comes from the degrees of freedom for the submodel (p = 1 +
number of explanatory variables). The information in A — ¢ and A* is
identical: A* = 258.1 + (A — ¢). (The value 258.1 = number of cells —
G?[full model] — p[full model] = 400 — 134.9 — 7.) A* is listed because it is
a little easier to look at and takes values similar to Cp.

Model
Variables af  G? A—q A
AgSD,Ch,HW 193 1349 —251.1 7

Ag 198 142.7 —-253.3 4.8
W 198 150.1 —245.9 122
HW 197 146.8 —247.2 10.9

Ch 198 146.9 —249.1 9.0
S,.D 197 1479 —-246.1 12.0
Intercept 199 154.6 —243.4 14.7

Of the models listed,
log[pi/(1 — pi)] = 0 + 11 Ay (2)

is the only model that is better than the full model based on the information
criterion; i.e., A* is 4.8 for this model, less than the 7 for model (1).

Asymptotically valid tests of submodels against model (1) are available.
These are performed in the usual way; i.e., the differences in degrees of
freedom and G?’s give the appropriate values for the tests. For example,
the test of model (2) versus model (1) has G2 = 142.7 — 134.9 = 7.8 with
df =198 — 193 = 5. Other tests are given below.

Tests against Model (1)
Model df G?
Ag 5 7.8

W 5 15.2*%*
HW 4 1L9*
Ch 5 12.0%*
SD 4 13.0%

Intercept 6  19.7**

All of the test statistics are significant at the .05 level, except for that
associated with model (2). This indicates that none of the models other
than (2) is an adequate substitute for the full model (1). In the table
above, one asterisk indicates significance at the .05 level and two asterisks
denotes significance at the .01 level.

Our next step is to investigate models that include Ag and some other
variables. If we can find one or two variables that account for most of the
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value G? = 7.8, we may have an improvement over model (2). If it takes
three or more variables to explain the 7.8, model (2) will continue to be
the best-looking model. [Note that x?(.95,3) = 7.81, so a model with three
more variables than model (2) and the same fit as model (1) would still not
demonstrate a significant lack of fit in model (2).]

Below are fits for all models that involve Ag and either one or two other
explanatory variables.

Model
Variables df G2 A
AgSD,ChHW 193 1349 7.0
Ag,SD 196 1414 7.5
AgS,Ch 196 139.3 5.4
Ag,SH 196 1419 8.0
Ag,S,W 196 1384 4.5
Ag.D.Ch 196 139.0 5.1
Ag,DH 196 1414 7.5
AgDW 196 138.5 4.6
AgChH 196 139.9 6.0
Ag,ChW 196 1355 1.6
AgHW 196 138.1 4.2
Ag.S 197 1419 6.0
Ag,D 197 1414 55
Ag,Ch 197 139.9 4.0
AgH 197 1427 6.8
Ag W 197 138.8 2.9
Ag 198 1427 4.8

Based on the A* values, two models stand out:

log[pi/(1 — pi)] = Y0 + 1149 + 72 Wi (3)

with A* = 2.9 and

log[pi/ (1 —ps)] = 10 + M Agi +n2Wi + nsCh; (4)
with A* = 1.6.
The estimated parameters and standard errors for model (3) are
Variable Parameter Estimate SE
Intercept Yo —-7.513  1.706
Ag " 0.06358 0.01963
W Y2 0.01600 0.00794

For model (4), these are
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Variable Parameter Estimate SE
Intercept 7o —9.255 2.061
Ag M 0.05300  0.02074
W Mo 0.01754  0.003575
Ch 73 0.006517 0.008243

The coefficients for Ag and W are quite stable in the two models. The
coefficients of Ag, W, and Ch are all positive, so that a small increase in
age, weight, or cholesterol is associated with a small increase in the odds of
having a coronary incident. Note that we are establishing association, not
causation.

As in regular regression, interpreting regression coefficients can be very
tricky. The fact that the regression coefficients are all positive conforms
with the conventional wisdom that high values for any of these factors
increases one’s chance of heart trouble. However, as in standard regression
analysis, correlations between predictor variables can make interpretations
of individual regression coefficients almost impossible.

It is interesting to note that from fitting model (1), the estimated re-
gression coefficient for D, diastolic blood pressure, is negative. A naive
interpretation would be that as diastolic blood pressure goes up, the prob-
ability of a coronary incident goes down. (If the log odds go down, the
probability goes down.) This is contrary to common opinion about how
these things work. Actually, this is really just an example of the fallacy of
trying to interpret regression coeflicients. The regression coeflicients have
been determined so that the fitted model explains these particular data as
well as possible. As mentioned, correlations between the predictor variables
can have a huge effect on the estimated regression coefficients. The sample
correlation between S and D is .802, so estimated regression coefficients for
these variables are unreliable. Moreover, it is not even enough just to check
pairwise correlations between variables; any large partial correlations will
also adversely affect interpretations. Fortunately, such correlations should
not normally have an adverse affect on the predictive ability of the model;
they only adversely affect attempts to interpret regression coefficients. In
Chapter 13, we will see that the regression coefficients also depend on the
precise form of the logit model. Other methods for modeling the probabili-
ties that are both reasonable and very similar to logistic regression can have
very different regression coefficients while giving very similar probabilities.
Finally, in this particular example, another excuse for the D coefficient (3
being negative is that from the z value, 83 is not significantly different from
Z€ro.

The estimated blood pressure coefficients from model (1) also suggest an
interesting hypothesis. (The hypothesis would be much more interesting
if the individual coefficients were significant, but we wish to demonstrate
a modeling technique.) The coefficient for D is —.00694, which is approx-
imately the negative of the coefficient for S, .00686. This suggests that
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perhaps the difference S — D would be just as valuable a predictor as the
individual predictors S and D. We can evaluate this by fitting

log[pi/(1 —pi)] = Yo + 11 Agi + 72(Si — D;) + v3Ch; + v4H; + v Wi,

which gives G? = 134.9 on df = 194. This model is a special case of model
(1), so a test of it against model (1) has

G?=1349-1349=0

with df = 194 — 193 = 1. The G? is essentially zero, so the data are consis-
tent with the reduced model. Of course, this reduced model was suggested
by the fitted full model, so any formal test would be biased — but then one
does not accept null hypotheses anyway, and the whole point of choosing
this reduced model was that it seemed likely to give a G? close to that of
model (1). We note that the new variable, S — D, is still not significant; it
only has a z value of .006834/.01877 = .36.

Another way to view the procedure of the previous paragraph would be
as a test of Hg : B3 = —f32 in model (1). If we incorporate this hypothesis
into model (1), we get

log[pi/(1 — ps)]
= o+ P1Agi + 2Si + (—B2)D; + B1+Chi + B H; + B W;
= Bo+ P1Agi + B2(S; — D;) + B+Ch; + BsH; + BsW;

as displayed above. (Whether we call the parameters 8’s or 7’s is irrelevant.)

We learned earlier that, relative to model (1), either model (3) or (4)
does an adequate job of explaining the data. This conclusion was based
on looking at A* values, but would also be obtained by doing formal tests
of models. Thus, we know that age and weight are important variables in
explaining coronary incidents. Moreover, cholesterol may also be an impor-
tant variable. However, we have not explained most of the variability in
coronary incidents.

Consider a measure analogous to R2. The smallest interesting logistic
regression model is log[p; /(1—p;)] = 7o. As seen earlier, this has G? = 154.6
on 199 degrees of freedom. The percent of variability explained by model (3)
is
154.6 — 138.8

T

which seems pretty pathetic. In fact, the R? from the full model is not
much better

R*(Ag,W) =

154.6 — 1349

R*(Ag,S,D,Ch,H,W) = 516 =.13.

We are a very long way from fitting the data as well as the saturated
model fits. In fact, if we fit a 28-parameter model including all variables,
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all squares of variables, and all two-factor cross-product terms, G2 is 108.8,
so R? is still only .30.

Granted, we have not explained most of the variation in the data, but
it was probably not reasonable to think that we could. In standard regres-
sions, a perfect fitting model can have a low R%. This happens when there
is substantial pure error in the model. The same thing happens in logistic
regression. That fact will be illustrated in the next section.

3.2 Measuring Model Fit

In regression and ANOVA, R? is large when the pure error Var(y;) = o2 is

small. When ¢2 is unknown, there is always the hope that it will be small (if
we can find the correct model). In logistic regression, Var(y;) = N;p;(1—p;)-
There isn’t any hope of making this universally small. You can only make
it truly small by looking at uninteresting data — those with p; near 0 or 1.
Cases with a realistic chance of going either way make for large variability.

We begin our examination of how well models fit by looking at the like-
lihood ratio and Pearson test statistics as applied to logistic regression. As
before, we have I independent binomials, each consisting of one trial. Thus,
we have a logistic regression with I cases and the dependent variable y is
either 0 or 1. Equivalently, we have an I x 2 table with counts n;;, where
n;1 + ng = 1. Let the variable y correspond to counts in the first column
of the table so that y; = n;; and 1 —y; = n;. If a logistic regression model
for log[p; /(1 — p;)] is fitted, we obtain estimates p; of the p;’s. For the cor-
responding log-linear model, p; = ;1 and (1 — p;) = M. The likelihood
ratio and Pearson test statistics against the saturated model were given in
Section 2.6.

ExAMPLE 3.2.1. Suppose that in a true and very accurate model, there

are 30 observations (¢ values) each with p; = .1 = p; and 30 with p; =
.9 = p;. From the first 30, we could then expect to get about three obser-
vations with y; = 1. From (2.6.6), each of these observations has a crude
standardized residual of about

1-.1)

v 1(1-.1)

The other 27 observations will have residuals of
(0-.1)

VI1=1)

Similarly, from the second 30 observations, three would be about (0 —

9)/v/-9(1 —.9) = —3 and 27 would be about (1 —.9)/4/.9(1 —.9) = .333.

= -.333.



3.2 Measuring Model Fit 82

It is disturbing that this perfect model with a perfect fit has what usually
would be considered large residuals.
Using the formula for X2 from Section 2.6, the Pearson statistic will be
about
X2 = 6(3%) + 54(.333%) =60,

which is the number of cases. No matter how accurate the model is, the
Pearson statistic for these observations will still be about 60. It will never
get small. A similar phenomenon holds for the likelihood ratio test statistic.
Under the same circumstances as discussed above,

G? = 2[6log(1/.1) + 54log(1/(1 — .1))] = 33.32.

(Asymptotic theory does not hold for these tests, so there is no reason to
expect X2 and G? to be about the same.) Note that a constant model for
these data would have p; = .5 and

G? = 2(60) log(1/.5) = 83.18,
so for this essentially perfect model which is fit perfectly,

_ 83.18 —33.32

2 — .
R = 8313 = .599;

not very high under the circumstances. In fact, since the probabilities in this
example were chosen to be quite extreme (near 0 and 1), the observations
have unusually low variability, which should actually inflate R?. The moral
is simply that one should not expect to see the very high R?’s that one
sometimes gets in standard regression.

No matter how accurate the fitted model, the test statistics will not be-
come arbitrarily small nor will R? approach 1. The likelihood ratio statistic
G? will become small only as the intrinsic variability of the true model
decreases, i.e., as all probabilities approach 0 or 1. The Pearson statistic
evaluated at the true model will remain near I, the number of cases.

There are two morals to all of this. First, R? type measures can be used
to measure relative goodness of fit but may be misleading if used to measure
absolute goodness of fit. Models with low R?’s can fit great. Models with
high R?’s can exhibit lack of fit. Second, residuals from logistic regression
cannot be used without special consideration given to the 0-1 nature of the
data (cf. Jennings, 1986).

EXAMPLE 3.2.2. Using model (4.1.4), one finds that of the 200 cases in
the Chapman data, 26 cases had a crude standardized residual in excess of
.97. The 26 cases were precisely the 26 cases that had coronary incidents.
A method for identifying unusual cases that indicates that every case with
a coronary event is unusual leaves something to be desired.
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3.2.1 CHECKING LACK OF FiT

Methods of checking for lack of fit in logistic regression have been dis-
cussed by Tsiatis (1980), Landwehr, Pregibon, and Shoemaker (1984), and
Fienberg and Gong (1984). Their approaches are based on clustering near
replicates of the regression variables so that something akin to pure error
can be identified. We present here a method of evaluation inspired by stan-
dard residual analysis. Rather than clustering near replicates, it clusters
cases with similar p;’s.

A standard method for identifying lack of fit in regression analysis is
to plot the residuals against the predicted values. This plot should form
a structureless horizontal band about zero (cf. Christensen, 1996b, Sec-
tion 13.4). An equivalent plot would be the observations versus the pre-
dicted values. This plot should form a structureless band about the line
with slope 1 and intercept 0. For logistic regression, a plot of observations
versus predicted values should show predicted values near 0 having most
observations equal to 0, and predicted values near 1 having most observa-
tions equal to 1; predicted values near .5 should have about equal numbers
of observations that are 0Os and 1s, etc. Such a plot could be difficult to
interpret visually, so let’s get cruder.

Break the predicted values into, say, 10 intervals: [0,.1), [.1,.2), [.2,.3),
..+, [.9,1]. For each interval, find the number of cases that have p in the
interval and the number of those cases that have y = 1. The midpoint of the
interval multiplied by the number of cases should be close to the number
of cases with y = 1. The fit within each interval can be summarized by
looking at components of a Pearson-like statistic

[(cases with y = 1) — (total interval cases)(midpoint)]?
(total interval cases)(midpoint) '

These case values can be added to obtain a summary measure of the good-
ness of fit.

ExaMPLE 3.2.3. For the Chapman data using model (4.1.4), no p; val-
ues are greater than .6. Intervals, total cases, coronary incidents, expected
values (cases times midpoints), and components are listed below.

Cases
Number of Coronary X
p Interval Cases Incidents Midpoint Components
[0,.1) 99 5 4.95 0.0005
[.1,.2) 60 10 9 0.1111
[.2,.3) 22 2 5.5 2.2273
[.3,.4) 10 5 3.5 0.6429
[4,.5) 7 2 3.15 0.4198
[.5,.6) 2 2 1.1 0.7364

Total = 4.138
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The component for the interval [.2,.3) is much larger than the others. If
there is a lack of fit in evidence, it is most likely that people with esti-
mated probabilities of a coronary incident between .2 and .3 actually have
a considerably lower chance of having a coronary. On the other hand, if
the components are at all analogous to x?’s, even the interval [.2,.3) is not
clear evidence of lack of fit. Based on this rather questionable comparison,
neither the individual value 2.2273 nor the total 4.138 are unreasonable.

A possible improvement to this technique is, rather than taking the mid-
point of the interval, to average the p’s in the interval. For the interval
[.2,.3), the average of the 22 p’s is .24045 with a corresponding cell compo-
nent of 2.0461. This indicates even less lack of fit.

3.3 Logistic Regression Diagnostics

We assume that the reader is familiar with diagnostics for standard regres-
sion. The diagnostics for logistic regression to be discussed are analogues
of common methods used for standard regression. In standard regression,
some of the usual diagnostic statistics are the residuals, standardized (stu-
dentized) residuals, standardized predicted (deleted) residuals (¢ residuals),
Cook’s distances, and the leverages, i.e., the diagonal elements of the pro-
jection operator (“hat matrix”).

A primary use of residuals is in detecting outliers. However, as we have
seen, for data consisting of Os and 1s, the detection of outliers presents
some unusual problems. When there are only two outcomes, it is difficult
to claim that seeing either of them constitutes an outlier. If we have too
many Os or 1s in situations where we would not expect them (e.g., too
many 1s in situations that we think have a small probability of yielding
a 1), then we have a problem, but the problem is best thought of as a
lack of fit. Moreover, we have seen that with 0-1 data, perfectly reasonable
observations can have “unusually large” residuals.

Another use for residuals is in checking normality. For log-linear models,
this can be thought of as checking how well the asymptotic theory holds.
Unlike ANOVA type log-linear models, for 0-1 data the residuals are not
asymptotically normal, so, again, the usual residual analysis is not appro-
priate.

All in all, the residuals (and modified residuals) do not seem very useful
in and of themselves. We will concern ourselves with examining leverages
and influential observations. In particular, we will examine the logistic re-
gression analogue of Cook’s distance that was discussed in Pregibon (1981)
and Johnson (1985).

There are two questions frequently asked about influential observations.
One is, “In what sense is this observation influential?” The question is
crucial. Observations are not “influential” in a vacuum. They may be in-
fluential to the estimated regression parameters; they may be influential
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to the fitted probabilities. They may be influential to just about anything.
When examining influential observations, one first decides on the impor-
tant aspects of the model and then examines influence measures appropriate
to those aspects. The author agrees with Johnson (1985) that, typically,
the primary concern should be about influence on the fitted probabilities.
In logistic regression, Cook’s distance is a direct influence measure rela-
tive to the fitted regression coefficients, but, as Johnson has shown, it can
be viewed as an approximation to his Kullback-Leibler (K-L) divergence
measure and Cook and Weisberg’s (1982) likelihood distance measure. Al-
though the author’s inclination is toward the K-L divergence measure, the
absence of readily available computer software dictates that the discussion
be focused on Cook’s distance.

The second frequently asked question about influential observations is,
“Given some influential observations, what do you do about them?” My
answer is that you should worry about them. Primarily, you should worry
about whether it is more appropriate to ignore the fact that they are influ-
ential or eliminate their influence by deleting them from the data and then
refitting the model. Of course, all of this is complicated by the fact that
whether or not a case is influential depends on what model is being fitted.
In the end, the answer to this question must depend on the data and the
purpose of the analysis.

Many standard logistic regression programs provide diagnostics. For ex-
ample, SAS PROC LOGISTIC and BMDP-LR both provide them and
they can also be obtained from GLIM. Some sample commands are given
in Subsection 3.4.2. In addition, many standard regression programs rou-
tinely provide diagnostics and these can also be used to obtain logistic
regression diagnostics because the Newton-Raphson method of fitting lo-
gistic regression models amounts to doing a series of weighted regressions.

Standard diagnostic quantities for each case are the log odds

log[pi/(1 = ps)] = Bo + B1Agi + BChi + B3 Wi,

the predictive probability p;, the leverage a;;, the large sample standard
error of p;, which is \/p;(1 — p;)(1 — @;;), the standardized residual

A~

— Yi — Di
Vil —pi) A — @)’

Ti

the Pearson residual A
Fi = ZA/z — PiA ’
pi(1 — p:)
the square of which is the ith component of Pearson’s chi-square, the de-
viance residual

+£/2[y; log(yi/pi) + (1 — i) log((1 — ;) /(1 — py))]
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where the sign is taken to be the same as the sign of y; — p;, and a version
of Cook’s distance for logistic regression. These formulae are for y; either
0 or 1 and, as discussed earlier, residuals are not very interesting in this
case. When y; is a binomial count between 0 and V;, the residuals can be
useful for reasonably large N;. The standardized residuals then become

_ Yi — Nipi

VNipi(1 = pi)(1 — @)
with similar adjustments to other quantities, cf. Subsection 3.4.1.

It should be mentioned that, properly defined, the logistic regression
version of Cook’s distance for the ith case requires computation of both
the estimated logistic regression coeflicients and the estimated coefficients
when the ith case is deleted from the data. Both sets of estimates require
iterative computations and it will be desired to investigate Cook’s distance
for every case in the data. This can be expensive. To reduce costs, it is
common practice to use estimates when the ith case is deleted that are the
result of one iteration of Newton-Raphson with starting values taken as the
estimates from the full data set. In other words, this involves doing only
one weighted regression. These one-step procedures will be the subject of
our discussion.

We now present the procedure for obtaining diagnostic values in the
context of fitting the model

log[pi/(1 — p;)] = Bo + B1Agi + B2Ch; + B3 W;

to the Chapman data. Specifically, we discuss how to use the diagnostic
procedures in standard regression to obtain diagnostics for logistic regres-
sion.

Using a logistic regression program, we get the fit

ri

Variable Parameter Estimate SE
Intercept Bo —9.255 2.061
Ag B1 0.05300  0.02074
Ch B 0.006517 0.003575
W B3 0.01754  0.008243

Having fit the model, create a data file that contains Ag, Ch, W, y, and p,
where y consists of the 0-1 counts y; and p is a new variable that consists
of the 200 values for ;. This data file is used as input into a regression pro-
gram that allows (a) transformations of variables, (b) weighted regression,
(c) computation of leverages, and (d) computation of Cook’s distances.
Using the transformation capability, define weights for the regression, say
RWT, with RWT; = p;(1 — p;). Also, define two variables Y and Y with

Yoi = log[ps/(1 = pi)]
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and
Y; = Yoi + (yi — pi)/RWT;.

See Subsection 4.4.1 for computing methods when the data are not binary.
The variable Yp; can be used to help verify that things are working as
they should. Use the regression program to fit

Yoi = Bo + B1Ag; + B2Ch; + BsW; +e;

with the weights RWT;. The regression coefficients from this fit should be
identical to those obtained from the logistic regression program.
Now fit
Yi = Bo + B1Agi + B2Chi + BsW; + e;

with weights RWT;. This gives estimated regression coefficients that are
one additional step of the Newton-Raphson algorithm beyond those ob-
tained by the logistic regression program. In this example, the regression
gives

Variable Parameter Estimate SE
Intercept Bo —9.256 2.066
Ag B 0.05300  0.02077
Ch B 0.006518 0.003578
W B3 0.017539 0.008248
MSE = .9942

The parameter estimates are very close to the original logistic regression
estimates, but need not be identical to them. (They are close enough that
the logistic regression program concluded that the results had converged.)
The M SE is close to one, so the reported standard errors are also very close
in the regression and the logistic regression. In logistic regression, there is
no variance parameter to be estimated, as there is in standard regression,
so for logistic regression, anything from a standard regression that involves
the M SE must have that involvement eliminated. Appropriate standard
errors are the reported standard errors divided by v M SE.

From this standard regression fit, we can also obtain leverages, standard-
ized residuals, and Cook’s distances. The leverages are precisely those sug-
gested by Pregibon (1981). The standardized residuals and Cook’s distances
reported by a standard regression program also involve adjustments for the
MSE. For logistic regression, those adjustments must be eliminated. The
reported Cook’s distances from the standard regression are essentially the
one-step logistic regression Cook’s distances. The difference in the Cook’s
distances is that the reported values are the true one-step estimates di-
vided by the M SE. In the discussion below, the reported Cook’s distances
have been multiplied by M SE to give the appropriate values. In any case,
because the values from the program are all being divided by the same
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number, to make comparisons among cases the values could be used with-
out modification. Another difference is that in standard regression, Cook’s
distance involves dividing by the number of regression parameters. Often
in logistic regression programs, this division is not used. So in this example,
to get the Cook’s distances given by, say, BMDP-LR, the Cook’s distances
reported by the regression program have to be multiplied by 4 M SE. For
what they are worth with 0-1 data, the standardized residuals reported by
the regression program times v M SE are the correct standardized residu-
als.
The nine cases with the highest leverages are

Case 19 38 41 8 108 111 116 153 157
Leverage .104 .081 .149 .079 .147 .062 .067 .090 .093

The two that really stand out are Cases 41 and 108. Case 41 has Ag = 40,
W = 169, and C'h = 520. This is an exceptionally high cholesterol value.
Of the 200 cases, only 9 have Ch values over 400 and only 3 have Ch values
over 428. These are Case 116 with Ch = 453, Case 38 with Ch = 474,
and Case 41. A similar phenomenon occurs with Case 108. It has Ag = 51,
W = 262, and Ch = 269. The weight of 262 pounds is extremely high
within the data set. Of the nine cases with high leverage, only Cases 19,
41, and 111 correspond to men that had coronary incidents.

Denote the Cook’s distances as C;’s. There are 32 cases with C; > .01.
These include all 26 of the individuals who had coronary incidents. Of the
other six cases, four were also among the highest leverage cases and the
remaining two also had reasonably high leverages.

Only four cases had C; > .05. These are

Case C; Leverage
41 112 .149
86 .078 .008

126 .079 .042
192  .064 .022

All of these correspond to individuals with coronary incidents. If we com-
pare the values 4 C; to a x2(4) distribution as suggested by Johnson (1985),
we can get some global idea of the amount of influence each case is having.
The conclusion is that none of the cases has much effect on the fitted model.
The multiplier and df of 4 for calibrating C; were the number of regression
coefficients in the logistic regression. Of course, to compare these values to
a chi-squared distribution, it is vital that the C;’s be computed properly;
i.e., values from a standard regression program have to be multiplied by
MSE.

Case 41 is easily the most influential, so it is of interest to examine what
happens if this case is deleted from the data. For the most part, the fitted
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pi’s are similar. The estimated coefficients with Case 41, without Case 41,
and standard errors without Case 41 are given below.

Estimate Estimate SE
Variable with Case 41 without Case 41 without Case 41
Intercept —9.255 —8.813 2.058
Ag 0.05300 0.05924 0.02138
Ch 0.006517 0.004208 0.003881
W 0.01754 0.01714 0.008216

The estimates have changed but not dramatically. Perhaps the most
striking aspect is the change in the evidence for the effect of choles-
terol. With Case 41 deleted, the estimate divided by the standard er-
ror is .004208/.003881 = 1.08. With Case 41 included, this value is
.006517/.003575 = 1.82. The inclusion of cholesterol in the model was
questionable before; without Case 41, there seems little need for it.

With Case 41 deleted, G?(Ag, Ch, W) = 132.8 on 195 degrees of freedom.
G?(Ag,W) = 134.0 on 196 degrees of freedom. The difference in G?’s is
134.0 —132.8 = 1.2 with 1 degree of freedom. There is virtually no evidence
for including cholesterol in the model. The estimated coefficients without
Case 41 using only Ag and W are

Variable Estimate SE

GM —7.756 1.745
Ag 0.06675 0.02013
w 0.01625 0.008042

Thus, we have found that almost all of the evidence for a cholesterol effect
is based on the fact that one individual with a very high cholesterol level
had a coronary incident. We can just drop that individual and state that for
more moderate levels of cholesterol, the numerical level of cholesterol does
not enhance our predictive ability. But this conclusion is already indicating
that qualitatively different things happen at different cholesterol levels.
Why not try to incorporate that idea into the models being considered?
One could group cases based on cholesterol levels and fit different models
to different groups. Rather than forming groups, perhaps cholesterol levels
should be transformed before being used in the model. Whatever course
the eventual analysis takes, Case 41 has directed our attention to the role
of cholesterol. We now must question whether the current forms of our
models are adequate for approximating the effect of cholesterol or whether
the effect of cholesterol may be an oddity caused by one individual who
just happened to have a coronary incident and very high cholesterol.
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3.4 Model Selection Methods

Formal model selection methods can be based either on stepwise methods
or finding best subsets of variables based on some criterion (e.g., Akaike’s
information). Fitting lots of models can be very expensive because each
fit requires an iterative procedure. Stepwise methods are sequential, hence
cheaper than best subset methods.

Standard computer programs are available for doing stepwise logistic
regression, e.g., BMDP-LR and SAS PROC LOGISTIC. These operate in
a faghion similar to standard regression (cf. Christensen, 1996a, 1996b;
Draper and Smith, 1981; Weisberg, 1985). They are also very similar to
the methods discussed in Sections 6.1 and 6.3. We will not give a detailed
discussion.

To the best of the author’s knowledge, the only standard computer pro-
gram available for doing best subset logistic regression is SAS PROC LO-
GISTIC. This procedure is based on doing score tests, a subject that will
be discussed below. In addition, programs for doing standard best subset
selection can be used with one-step estimates of logistic regression parame-
ters to identify good candidate models. To do this, the best subset program
must allow weighted regression.

ExaAMPLE 3.4.1. Model (3.1.1) was fitted to the Chapman data to obtain
pi’s. We then defined two variables: a weight variable

RWT; = pi(1 — p;)
and a dependent variable
Yi = log[pi/(1 — ps)] + (yi — pi)/RWT; .

The best subset regression program BMDP-9R was used employing the
weights RWT to get best subsets of

Y = Bo + P1Agi + B2S; + B3D; + BaCh; + Bs H; + B Wi + ;.

(Note the similarities to the procedure for getting diagnostic statistics.)
The fits used in comparing various models are not fully iterated maximum
likelihood fits. They involve one-step of the Newton-Raphson algorithm
starting at the maximum likelihood fit for model (3.1.1). Determinations
of best-fitting models are based on residual sums of squares rather than
G?’s.

Based on the C), statistic, the five best-fitting models are
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Variables Cp
Ag,Ch, W  1.66
Ag, W 2.88
Ag,Ch, H, W 3.13
Ag,S,Ch, W 349
Ag,D, Ch, W 3.59

The last three models are among the best because adding a worthless vari-
able to the good model based on Ag, Ch, and W cannot do too much harm.
The two most interesting models are precisely those identified earlier by less
systematic means. In fact, in this example, the C), statistics are very similar
to the corresponding A* values.

Of course, the C), statistics are based on one-step fits. Below, we compare
the MLEs for the model with Ag, Ch, and W to the one-step fit.

Variable MLE One-Step
Intercept —9.2559 —9.21822
Ag 0.053004 0.0529624
Ch 0.0065179 0.00647380
W 0.017539 0.0174699

(Note that the MLEs differ slightly from the values given previously. The
earlier values were obtained from the program GLIM. These values were
obtained from BMDP-LR. It is normal for different [correct] programs to
give slightly different answers.) The Cp’s are not based on fully iterated
fits, so it is probably a good idea to consider a larger number of models
than one ordinarily would in standard regression. One hopes that the best
fitting fully iterated models will be among the best fitting one-step models,
but the relationship need not be exact.

This method of obtaining best subsets using one-step approximations
is very natural, so it is not surprising that it has been discovered inde-
pendently several times. The earliest references of which I am aware are
Nordberg (1981, 1982).

As mentioned earlier, to the best of my knowledge, the only method for
best subset regression that appears in a standard computer package is a
method in SAS PROC LOGISTIC that gives the models with the best
score tests. Score tests are arrived at in a similar fashion to the procedures
discussed above. With regard to Example 3.4.1, to get the score test for
dropping all of Ag, S, D, Ch, H, and W, fit the full regression model as
indicated in the example but with one exception. The exception is that
RWT and Y are defined as indicated using the $;’s, but in Example 3.4.1,
the p;’s were obtained from a maximum likelihood fit of the full model,
whereas for a score test, the p;’s are obtained from a maximum likelihood
fit of the model that contains only an intercept. The score test statistic
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for whether the six variables can be dropped is just the sum of squares
for regression in the six-variable weighted regression model. The statistic
is compared to a x2(6) distribution.

One nice thing about score tests is that the p;’s depend just on the
intercept-only model, so getting the score statistics for testing any model
against the intercept-only model is merely a matter of fitting a regression
on that model. In other words, with the same definitions for RWT; and Y;,
one can test the full model as well as models such as

Y; = Bo + B1Ag; + BsCh; + ¢;

and
Y; = Bo + B1Agi + BaChi + BeW; + e;

simply by fitting the regressions and evaluating the sums of squares for
regression.

Of course, the method presented in Example 3.4.1 is essentially the same
except that the p;’s are taken from the (presumably more accurate) full
model rather than the no-intercept model (which nobody takes seriously
as a model). Also, some account of model size is being taken by looking at
C), statistics. If one specified best subset selection using the R? criterion
in the regression program, the only difference in the Nordbert and score
procedures for choosing the best models would be in the choice of p;’s.

3.4.1 COMPUTATIONS FOR NONBINARY DATA

In this section and Section 3, we have considered only the case where the
counts are either Os or 1s. In Section 2.6 and in later chapters, we consider
logistic models and/or theory for data involving counts that may be greater
than 1. The computing methods discussed here are easily adapted to those
situations. If the ith case has N; trials (i.e., the possible values for y; are
0,1,...,N;), then the appropriate weights are

RWT; = N;ipi(1 — p;)

and the dependent variable in the regressions is
Y; =loglpi/(1 = pi)] + (yi — Nipi) /| RWT; .
Note that
Pi/(1 = pi) = Nipi/(N; — Nips) -

Often logistic regression computer programs will provide the values N;p;
rather than p; as diagnostics. Finally, if all of the N;’s are large, then looking
at the standardized residuals becomes reasonable. Also, when all the N;’s

are large, tests against the saturated model can be validly compared to a
chi-squared distribution.
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3.4.2 COMPUTER COMMANDS

Below are SAS, BMDP, and GLIM commands for obtaining a logistic re-
gression. The data are in a file 'chapman.dat’ with eight columns: the case
index, Ag, S, D, Ch, H, W, and Cnt. The file looks like this.

144 124 80 254 70 190 0

2 35 110 70 240 73 216 0

3 41 114 80 279 68 178 0

4 31 100 80 284 68 149 0
data continue

199 50 128 92 264 70 176 O

200 31 105 68 193 67 141 0

We begin with SAS commands.

Perhaps the simplest way to fit the logistic regression model (4.1.4) in
SAS is to use PROC GENMOD. The first line controls printing. The next
four lines involve defining and reading the data and creating a variable
“n” that gives the total number of possible successes for each case. The
remaining lines specify the model and that a logistic regression is to be
performed.

options ps=60 1ls=72 nodate;
data chapman;
infile ’chapman.dat’;
input ID Ag S D Ch H W Cnt;
n=1;
proc genmod data=chapman ;
model Cnt/n = Ag Ch W / link=logit
dist=binomial;
run;

A more powerful program for logistic regression is PROC LOGISTIC.

options ps=60 1s=72 nodate;
data chapman;
infile ’chapman.dat’;
input ID Ag S D Ch H W Cnt;
proc logistic data=chapman descending;
model Cnt=Ag Ch W / waldcl waldrl plcl
influence iplots lackfit rsq;
output out=chdiag predicted=phat;
run;
proc print data=chdiag;
run;
proc logistic data=chapman descending;
model Cnt=Ag S D Ch H W / selection = score
best = 3 details;
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run;

This program includes two calls of PROC LOGISTIC. The first is a stan-
dard procedure for obtaining a logistic regression. The second involves
model selection. On the line with “proc logistic”, one specifies the data
being used and the command “descending”. The command “descending”
is used so that the program models the probabilities of events coded as 1
rather than events coded as 0. In other words, it makes the program model
the probability of a coronary incident rather than the probability of no
coronary incident. Standard output includes the estimated regression coef-
ficients, standard errors, values of 22, P values, and eP*’s. The model state-
ment is straightforward, specifying the dependent variable and the predic-
tor variables. After the / on the model line, options are specified. “waldcl”
causes the program to give the confidence intervals Bk + 1.96 SE(Bk); call

the interval (a,b). “waldrl” causes the program to give the values e’ and
intervals (e?,e?). “plcl” gives alternative confidence intervals for the S;’s
based on profile likelihoods. The command “influence” causes diagnostics
to be presented, basically everything discussed by Pregibon (1981). This in-
cludes leverages, Cook’s distance C; (the same version as BMDP presents),
and something called Cbar, which is (1 — a;;)C;. Index plots are given by
specifying “iplots”. For binary data, G® does not give a valid lack of fit
test, “lackfit” gives a test similar in spirit to that discussed in Section 2.
“rsq” gives values for R? and Adj. R?, but R? is defined differently than
it is here. The “output” command creates a SAS data set containing the
diagnostics, so they can then be printed or manipulated in other ways.

The second proc logistic line was set up to do model selection. It uses the
“selection” option. This can be set to “forward”, “backwards”, “stepwise”,
or “score”. With the score option and “best = 3”, the three one-variable
models with the best score statistics, the three best two-variable models,
the three best three-variable models, and so on, are all presented.

For BMDP, the commands are similar. You actually run the program
BMDP-LR, so no statement of this being a logistic regression procedure is
needed. Again the data are specified. The variables to be used are specified
along with the dependent variable and the model. Interval and categorical
variables must be specified prior to specifying the model.

/ INPUT FILE = ’CHAPMAN.DAT’.
FORMAT = FREE.
VARIABLES = 8.
/ VARIABLE NAMES = Index, Ag, S, D, Ch, H, W, Cnt.
USE = Ag TO Cnt.
/ REGRESS  DEPENDENT = Cnt.
INTERVAL = Ag, S, D, Ch, H, W.
MODEL = Ag, Ch, W.
MOVE = 0, 0, O.
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METHOD = MLR.
/ PRINT CELLS = MODEL.
/ END

The program is actually set up to do forward, backward, or stepwise re-
gression. The “move” command was used to make the program fit only the
model desired. Diagnostics are obtained by the “cells = model” specifica-
tion.

Finally, for anyone who might want to use GLIM (still one of my fa-
vorites):

$units 200%

$data I Ag SDCh HW Cnt $
$dinput 6%

$calc n = 1$

$yvar Cnt$

$error binomial n$

$fit Ag+Ch+W$

$display e$

$extract %vl$

$calc ahat=%vlx*%wt/%sc$ (leverages)
$calc r=(Cnt-%fv)/lsqrt(%scx(l-ahat))$ (std. resids)
$calc C=(ahat/(1-ahat))*(r**2)$ (Cook’s distances)

$look ahat r C$

“units” specifies the number of cases in the regression. After “dinput 67,
DOS versions of GLIM prompt you for a file name, i.e., “chapman.dat”.
The Cook’s distances are the same as those used in SAS and BMDP and
4 times those defined here. GLIM is similar in spirit to PROC GENMOD.

3.5 ANOVA Type Logit Models

In this section, analysis of variance type models for the log odds of a two-
category response variable are discussed. We begin with a standard exam-
ple.

ExAMPLE 3.5.1. Consider the muscle tension data of Example 3.7.1. Re-
call that the factors and levels are

Factor Abbreviation Levels
Change in muscle tension High, Low
Weight of muscle High, Low

Muscle type
Drug

Type 1, Type 2
Drug 1, Drug 2

o=
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and the data are

Drug (k)
Tension (h) Weight (/) Muscle (j) | Drug 1 Drug 2
High Type 1 3 21
Type 2 23 11
High
Low Type 1 22 32
Type 2 4 12
High Type 1 3 10
Type 2 41 21
Low
Low Type 1 45 23
Type 2 6 22

Change in tension can be viewed as a response factor. Weight, muscle
type, and drug are all explanatory variables. Thus, it is appropriate to
model the log odds of having a high change in muscle tension. The three
explanatory factors affect the log odds for high tension change. The most
general model available is to use a model that includes all main effects and
all interactions between the explanatory factors, i.e.,

log(prijk /p2ijk) = G+ Wi+ M;+ Dy
+ (WM),'J‘ + (WD)zk + (MD)jk (1)
+ (T/VMD)U;c .

As usual, this is equivalent to a model with just the highest-order interac-
tions; in this case,

log(p1ijk/p2ijr) = (WMD);jp .

Model (1) can be fit by maximum likelihood. Reduced models can be
tested. Estimates and asymptotic standard errors can be obtained. In other
words, the analysis of model (1) is similar to that of an (unbalanced) stan-
dard ANOVA model or a log-linear model.

Of course, the analysis of model (1) should be similar to that of a log-
linear model analysis because in a profound sense (alluded to in Section 2.6
and discussed in detail in Chapter 11), model (1) is precisely the same
model as the saturated log-linear model, i.e.,

log(mpijx) = (Twpd)hijk , (2)

where we have used Greek equivalents of T, W, M, and D to emphasize that
the parameters in (1) and (2) are different. Note that in both models (1)
and (2), there is at least one parameter on the right-hand side for every
term on the left-hand side. In both models, the data are fitted perfectly. In
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examining the correspondence between logit models and log-linear models,
it is crucial to keep in mind the fact that this is a prospective study, so

Diijk /pZijk = Miijk /mZijk .

Now consider a more interesting logit model than the saturated logit
model (1). Consider, say,

log(p1ijk /p2ijk) = Wi + (M D) i, 3)

where we have eliminated the redundant terms G, Mj, and D; and as-
sumed that the terms (WM);;, (WD);, and (WMD);;, add nothing to
model (1). We wish to find the corresponding log-linear model. Model (3)
is a model that explains tension change odds, so an effect, say W;, alters
the odds of high tension change. The odds cannot be altered without alter-
ing both the probability of high tension change and the probability of low
tension change; thus, W; affects both of these probabilities. In other words,
the probabilities (and the expected cell counts) depend on both the tension
change level T and the weight W. It follows that the logit effect W; cor-
responds to a log-linear model interaction, say (7w);. Similarly, the logit
effect (M D);;, corresponds to the interaction (7ud)pjx- As shown in Sec-
tion 11.1, the log-linear model must contain (wud);jr terms, so model (3)
is equivalent to

log(mpije) = (Tw)hi + (TRO)hjk + (W) ijk - (4)

Inclusion of the terms (wpd);jx is required to deal with the sampling scheme
when thinking of the sampling as product-multinomial (i.e., independent
binomials) for every combination of the explanatory factors. This mental
device was discussed in the subsection of the introduction on retrospective
versus prospective studies.

In fact, these ideas extend to all logit and logistic regression models.
Note that the shorthand notation used for ANOVA type log-linear models
is easily adapted to ANOVA type logit models. Using this shorthand, the
correspondence between logit models and log-linear models is illustrated in
Table 3.1.

In each case, the effects in the logit model correspond to log-linear model
effects that are the interaction between T and the logit model terms. In
addition, the log-linear models always include the three-way interaction
between the explanatory factors. Note that models (3) and (4) correspond
to line 7 of Table 3.1. As another example, line 3 of the table indicates that
the model

log(p1ijk/p2ijr) = G + Wi+ M + Dy + (W M) + (MD) j,
is equivalent to the model

log(mpijr) = v +wi+pj+ 6+ (wp)i; + (W6)ik + (u6)jx + (Wpd)ijk
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+ 7 + (Tw)ni + (Tp)nj + (T70)
+ (Twp) pij + (TwWO) hik -

Of course, the log-linear model can be written much more simply as

log(mniji) = (wpd)ijk + (Twi)nij + (Twd)nik -

TABLE 3.1. Correspondence Between Some Logit and
Log-Linear Models

Logit Model Log-Linear Model
1) {WM}HWD}{MD} [WMD][TWM][TWD][TMD)]
2) {WM}{WD} [WMD][TWM][TWD)]
3) {WM}{MD} [WMD][TWM][TMD]
4) {WD}{MD} [WMD][TWD][TMD]
5) {WM}{D} [WMD][TWM][TD]
6) {WD}M} [WMD][TWD][TM]
7)) {MD}{W} [WMD][TMD][TW]
8) {WHMHD} [WMD][TW][TM][TD]
9)  {WHM} [WMD][TW][TM]
10) {W}{D} [WMD][TW][TD]
11) {M}{D} [WMD][TM][TD]

Given the log-linear models, the logit models can be obtained by sub-
traction. Using model (4), observe that

log(piiji/D2ijr) = log(masje/maijk)
IOg(mlz’jk) - IOg(mZijk)
= (Tw)1i + (Tpd)1jk + (WHd)ijn
= (Tw)2; = (Tpd)2k — (WHd)ijk
= [(rw)ii = (Tw)2i] + [(Tp6) 1k — (T126)25k]
= Wi+ (MD)j

where W; = [(Tw)1; — (Tw)2;] and (M D), = [(Tp0)1x — (T6)25k]- Thus,
model (4) implies model (3). Conversely, as will be seen in Chapter 11, the
logit model (3) implies the log-linear model (4).

It is interesting to note that models other than (4) will also imply a logit
structure of log(p14x /p2ijk) = Wi+ (M D). Any reduced model relative to
(4) where the reduction involves only the (wpd);;r terms also implies that
log(p1ijk /p2ijr) = Wi+ (MD);y,. For example, if log(mpijr) = (Tw)ni +
(Twb) njk + (wi)ij + (6)k, then log(puijk /p2ijk) = log(maijr) — log(maiji) =
Wi 4+ (MD) ;. Such models imply that the logit structure holds plus some
additional conditions on the explanatory factors. The logit structure of
model (3) without any other conditions is equivalent to model (4), so if one
is fitting logit models, the corresponding log-linear model must contain the
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three-factor effects (wpd);jk- It will be recalled that our original argument
for including the (wpd);jx effects was based on the existence of product-
binomial sampling. This condition is not necessary; a logit model implies
the existence of the (wpd);jr terms regardless of the sampling structure,
cf. Section 11.1. Of course, in the absence of product-binomial sampling, it
would seem to be difficult to interpret the terms log(piijr/p2ijx) because
we no longer have pi;r + p2ijr = 1. Fortunately, if we condition on ex-
planatory variables (i.e., if we condition on the marginal totals n.;;;), then
for any of the standard prospective sampling schemes, the conditional sam-
pling scheme is product-binomial and the standard interpretations can be
used for the conditional distribution.

Before examining the actual analysis of the muscle tension data, we make
one final comment about the logit model—log-linear model relationship. A
logit model can be thought of as a model fitted to a two-factor table, where
one factor is tension and the other factor consists of all combinations of
weight, muscle type, and drug. The smallest interesting log-linear model is
the model of independence:

log(mh,-jk) =Ty + (wué)ijk .

Looking at log(piijk/p2ijk) = log(maijr) — log(masjk), we see that this
model corresponds to a model log(piijk/p2ijk) = 71 — 72 = G, i.e., just
fitting a grand mean. Intuitively, this would be the smallest interesting
logit model. The saturated model for the two-factor table is the interaction
model

log(muijr) = Th + (Wpo)ijk + (Twid) hijk »

which is the logit model log(piijr/p2ijr) = G + (WMD);j,. The more
interesting logit models correspond to modeling the interaction in this two-
way table. They posit more interaction than complete independence, but
less interaction than the saturated model. Note that thinking of this as a
two-way table is also consistent with the idea of product-binomial sampling.
The muscle tension data corresponds to a 8 x 2 table. Each row is a distinct
set of explanatory variables, indexed by ijk. The columns are the two
categories of the response, indexed by h. Each row is thought of as an
independent binomial, so the row totals should be fixed by inclusion of a
main effect for rows, i.e., the W, M, D three-way interaction.

We now return to the data analysis. Table 3.2 gives a list of logit models,
df, G2, P values, and A— q values. The df’s, G*’s, P’s, and A—q’s were ac-
tually obtained by fitting the corresponding log-linear models. Clearly, the
best fitting logit models are the models {MD}{W} and {WM}{MD}. Both
involve the muscle type—drug interaction and a main effect for weight. One
of the models includes the muscle type—weight interaction.

We now take a closer look at the logit model {MD}{W}. As mentioned
earlier, Table 3.2 was obtained by fitting the log-linear models correspond-
ing to the logit model. The log-linear model corresponding to {MD}{W}
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TABLE 3.2. Statistics for Logit Models

Logit Model df G2 P A—gq
[WM}{WD}{MD} 1 0.111 7380 _1.889
{WM}{WD} 2 2810 .2440 —1.190
{WM}{MD} 2 01195 .9417 —3.8805
{WD}{MD} 2 1.050 5948  —2.941
{WM}{D} 3 4669  .1966 —1.331
{WD}{M} 3 3.726 2919  —2.274
{MD}{W} 3 1.060 .7898 —4.940
{W}{M}{D} 4 5311 2559 —2.689
{W}H{M} 5 1135 0443 1.35
{W}{D} 5  12.29 0307 2.29
{M}{D} 5 7.608 1727  —2.302

100

is [WMD][TMD][TW]. Each logit model term becomes an interaction with
the response factor T and there is an interaction between all of the explana-
tory factors. The estimated expected cell counts for [WMD][TMD][TW] are

given in Table 3.3.

TABLE 3.3. Estimated Expected Cell Counts for the
Log-Linear Model [WMD][TMD][TW]

Drug (k)
Tension (h)  Weight (¢) Muscle (j) | Drug1  Drug 2
High Type 1 2.31 20.04
Type 2 23.75 11.90
High
Low Type 1 22.68 32.96
Type 2 3.26 11.10
High Type 1 3.69 10.97
Type 2 40.24 20.10
Low
Low Type 1 44.32 22.03
Type 2 6.74 22.90

By taking the ratio of the high tension change estimates to the low ten-
sion change estimates, we obtain the estimated odds from the logit model.
For example, as in Table 3.3, the high-tension, high-weight, type 1, drug 1
estimate is 2.308; the low-tension, high-weight, type 1, drug 1 estimate is
3.693. The ratio is 2.308/3.693 = .625. This is the logit model estimate
of the odds of a high-tension change for high-weight, type 1, drug 1. The
estimated odds for all cells are given in Table 3.4.

The estimated odds of having a high tension change are 1.22 times greater
for high-weight muscles than for low-weight muscles. For example, in Ta-
ble 3.4, .625/.512 = 1.22 but also 1.22 = .590/.483 = 1.827/1.495 =
592/485 To put it another way, mlljkm22jk/m12jkm21jk = 1.22. This
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TABLE 3.4. Estimated Odds of High
Tension Change for the Logit Model

{MDHW}
Drug
Weight Muscle | Drug 1  Drug 2
High Type 1 .625 1.827
Type 2 .590 .592
Low Type 1 512 1.496
Type 2 .483 .485

corresponds to the main effect for weight in the logit model. The odds also
involve a muscle type—drug interaction. The nature of this interaction
is easily established. Consider the four estimated odds for high weights,
a1k /Ma1k- These are the four values at the top of Table 3.4; e.g., for
muscle type 1, drug 1, this is .625. In every muscle type—drug combina-
tion other than type 1, drug 2, the estimated odds of having a high tension
change are about .6. The estimated probability of having a high tension
change is about .6/(1 + .6) = .375. However, for type 1, drug 2, the es-
timated odds are 1.827 and the estimated probability of a high tension
change is 1.827/(1 + 1.827) = .646. The chance of having a high tension
change is much greater for the combination muscle type 1, drug 2 than for
any other muscle type—drug combination. A similar analysis holds for the
low-weight odds 12, / Ma2;, but the actual values of the odds are smaller
by a factor of 1.22 because of the main effect for weight.

The other logit model that fits quite well is {WM}{MD}. Tables 3.5
and 3.6 contain the estimated odds of high tension change for this model.
The difference between Tables 3.5 and 3.6 is that the rows of Table 3.5
have been rearranged in Table 3.6. This sounds like a trivial change, but
examination of the tables shows that Table 3.6 is easier to interpret.

TABLE 3.5. Estimated Odds for the
Logit Model {WM}{MD}

Drug
Weight Muscle | Drug 1 Drug 2
High Type 1 .809 2.202
Type 2 .569 512
Low Type 1 .499 1.358
Type 2 .619 557

Looking at the type 2 muscles, the high-weight odds are .919 times the
low-weight odds. Also, the drug 1 odds are 1.111 times the drug 2 odds.
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TABLE 3.6. Estimated Odds for the
Logit Model {WM}{MD}

Drug
Muscle  Weight | Drug 1  Drug 2
Type 1 High .809 2.202
Low .499 1.358
Type 2 High .569 .512
Low .619 557

Neither of these are really very striking differences. For muscle type 2, the
odds of a high tension change are about the same regardless of weight and
drug. Contrary to our previous model, they do not seem to depend much
on weight, and to the extent that they do depend on weight, the odds go
down rather than up for higher weights.

Looking at the type 1 muscles, we see the dominant features of the pre-
vious model reproduced. The odds of high tension change are 1.622 times
greater for high weights than for low weights. The odds of high tension
change are 2.722 times greater for drug 2 than for drug 1.

Both models indicate that for type 1 muscles, high weight increases
the odds and drug 2 increases the odds. Both models indicate that for
type 2 muscles, drug 2 does not substantially change the odds. The differ-
ence between the models {MD}{W} and {WM}{MD} is that {MD}{W}
indicates that for type 2 muscles, high weight should increase the odds,
but {WM}{MD} indicates little change for high weight and, in fact, what
change there is indicates a decrease in the odds.

Incidentally, the reason for changing from Table 3.5 to Table 3.6 was the
nature of the logit model. The model {WM}{MD} has M in both terms,
so it is easiest to interpret when fixing the level of M. For a fixed level of
M, the effects of W and D are additive, although the size of those effects
change with the level of M.

This analysis of the data on change in muscle tension was intentionally
performed at the lowest level of technical sophistication. The estimated
expected cell counts were obtained by iterative proportional fitting. The
entire analysis was based on these fitted values and the associated likeli-
hood ratio test statistics. For example, conclusions about the importance
of estimates were drawn without the benefit of standard errors for those
estimates. Obtaining standard errors requires more computational sophisti-
cation. In particular, it requires fitting an auxiliary regression as discussed
in Sections 6.7 and 10.2. However, it is interesting to see how much can be
obtained from such a small computational investment.

There are two ways to fit an analysis of variance type logit (logistic)
model. One way is to fit the corresponding log-linear model. The second
way is to fit the logit model directly. This section has dealt exclusively
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with fitting the corresponding log-linear models. Section 1 deals exclusively
with fitting the logistic (logit) model directly. Although Section 1 deals
specifically with regression models, the procedures for a direct fit of an
ANOVA model are similar.

To reiterate, there are two principles that define the correspondence be-
tween logit models and log-linear models. Recall that effects in the logit
model only involve the explanatory factors; e.g., logit effects for the tension
change data never involve T, the response factor, only the explanatory fac-
tors. The first principle is that any effect in the logit model corresponds in
the log-linear model to an interaction between the response factor and the
logit effect. For example, a logit effect {MD} corresponds to a log-linear
effect [TMD]. The second principle is that the log-linear model always in-
cludes the full interaction between the explanatory factors; e.g., all log-
linear models include the [WMD)] interaction. These principles also hold
for logistic regression models. If g is an index or group of indexes that
identify all levels of the predictor variables (i.e., explanatory factors), the
log-linear model will have a term u(,) which is essentially the full interac-
tion between the explanatory factors. Also, any linear logistic effect Sz,
becomes a log-linear interaction n,z, where h indexes the two levels of the
response factor.

3.5.1 CoMPUTER COMMANDS

The muscle tension data are listed in the file ‘tenslr.dat’ with one column
for the number of high tension scores, one column for the low tension scores,
and three columns of indices that specify the level of weight (high is 1),
muscle type, and drug, respectively.

3 3111
2110112
2341121
1121122
2245211
3223212

4 6221
12 22 2 2 2

The following commands fit the model {WM}{WD}{MD} using SAS
PROC GENMOD. This procedure works very much like GLIM. Note that
the variable “n” is the total number of individuals with each level of weight,
muscle type, and drug. As in Subsection 3.7.1, the “class” command is used
to distinguish ANOVA type factors from regression predictors.

options ps=60 1s=72 nodate;
data tension;
infile ’tenslr.dat’;
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input HL W M D;

n = H+L;
proc genmod data=tension;
class WM D;

model H/n = WxM WD M*D / link=logit
dist=binomial;
run;
proc print data=chdiag;
run;

Alternatively, the log-linear model for [WMD][TWM][TWD][TMD] can be
fitted as in Subsection 3.7.1. To fit other models such as {WM}{MD} or
{WM}{D} using GENMOD, the model statement uses WM MxD or W+M
D, respectively.

3.6 Logit Models for a Multinomial Response

The basic method for dealing with a response variable (factor) with more
than two levels is to arrange things so that only two things are compared at
a time. One way of doing this is to identify pairs of levels to be compared.
For example, if the response factor has R levels, comparing each level to
the next level leads to modeling

10g(m,-/m,-+1), i=1,...,R—1, (1)
or, equivalently,

log(pi/piy1), i=1,...,R—1.

These are the odds of getting level i relative to getting level 1+ 1. They can
be viewed as conditional odds given that either level ¢ or ¢ + 1 occurs. To
illustrate multinomial response models, consider the data of Exercise 3.7.2
presented in Table 3.1. The data involve factors of which we will treat
abortion opinion as a response. The levels of abortion opinion are Yes, No,
and Undecided. These indicate levels of support for legalized abortion. The
model scheme indicated by equation (1) dictates looking at a series of odds:
the odds of Yes to No and the odds of No to Undecided. In this case, the
nominal levels of the response can be rearranged to suit us. For example,
we could choose to look at the odds of No to Yes and of Yes to Undecided.
These latter odds can be viewed as the conditional odds of No to Yes for
people who have a clear opinion, and the odds of Yes to Undecided for
people who are not opposed.

An alternative modeling scheme is for each level to be compared to a
particular level; e.g., models can be formed for

log(mi/mR), 7:=].,...,R—].. (2)
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With abortion opinions given in the order Yes, No, Undecided, these models
involve the odds of Yes to Undecided and of No to Undecided. Again, one
could (and in this case probably would) rearrange the order of the levels
so that the level everything is compared to is a particularly interesting
category.

If the same form model is used for each value of i, these methods are
equivalent and both are equivalent to fitting a log-linear model. For exam-
ple, the models

log(mijk/mi_H jk) :'11)2(]') +w3(k), 1= 1,...,R— ].,

and

log(mijk/ijk) = Va(j) + V3(k), i=1,...,R—1,
are equivalent. (Note that the w and v parameters will also depend on 3.)
Both of these models are equivalent to

log(mijr) = uaz(jr) + Ui2(ij) + U1s(ik) -

Just as in two-category logit models, the interaction between all explana-
tory factors, uas(jx), is included in the model. The logit effects correspond
in the log-linear model to interactions with the response factor. Given the
log-linear model, the various logit models can be obtained by looking at
differences. For example,

log(mijn /miy1 jk) = log(mijk) — log(mit1 jk)

and
log(mjx /mpix) = log(miji) — log(mrjk)

lead to parametrizations such as

Wa(j) = U12(ij) — U12(i+1 j)

and
V3(k) = U13(ik) — U13(Rk) *

(Note that, as mentioned above, w2 and vz depend on the category i that
is being examined.) Fits for all of the models in (1) and (2) can be obtained
by fitting one log-linear model.

Another way of reducing several response levels to binary comparisons
is to pool response levels. One way to do this is to compare each level to
the total of all other levels, e.g., model

m; .
log| =———1|, i=1,...,R. 3
g(Eh#mh) 3)

These are the odds of getting category ¢ relative to not getting level .
Fitting these models requires fitting at least R — 1 logit models. One log-
linear model will not do. With the abortion opinion data, these are models
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for the odds of Yes to not Yes, the odds of No to not No, and the odds
of Undecided to not Undecided. These models focus on one category of
response and ignore the structure of all other categories.

If the response levels have a natural ordering, say from smallest to largest,
then it may be appropriate to look at continuation ratios

1%<——TL—>, i=1,...,R—1. (4)

R
Eh:z’+1 Mp

These are the odds of getting level i relative to getting a category higher
than level i. As always, we can rearrange the ordering of the response
categories if it suits us. This method works very nicely for the abortion
data, even though the response levels have no natural ordering. Think of
the categories as being ordered as Undecided, Yes, No. Then the first model
here has the odds of undecided to everything else, i.e., the odds of undecided
to being decided. The second model has the odds of Yes to No, i.e., the
odds of supporting legalized abortion relative to opposing it.

The odds in (4) are actually conditional odds. The probability of level
i divided by the probability of a higher level is the odds of getting level ¢
given that level ¢ or higher is obtained. For example, the odds of Support
to Oppose are actually conditional on being decided. As is seen in Exer-
cise 3.8.14, fitting continuation ratio models for all 7 is equivalent to fitting
a series of log-linear models.

Yet another possibility is to fit cumulative logits,

1%(2¥ﬂﬁl>, i=1,...,R—1.

R
h=i+1 Th
For abortion opinions ordered as Undecided, Yes, No, these models describe
the odds of undecided to decided and the odds of not opposed to opposed.

ExXAMPLE 3.6.1. We now examine fitting models to the data on race,
sex, opinions on abortion, and age from Section 3.7. In a log-linear model,
the variables are treated symmetrically. The analysis looks for relation-
ships among any of the variables. Here, we consider opinions as a response
variable. This changes the analysis in that [RSA] must be included in all
models. Table 3.7 presents fits for all the models that include [RSA] and
correspond to ANOVA type logit models.

The best fitting model is clearly [RSA][RSO][OA]. This model can be
used directly to fit either the models in (1)

log(muik /mpiok) = wllllS(hi) + wil(R) ’
log(mpiok /Mnisk) = w%zs(hz') + wil(k) ’
the models in (2)

log(mhik/Mhisk) = VRs(hiy + VA
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TABLE 3.7. Log-Linear Models for the Abor-
tion Opinion Data

Model df G2 A—gq
[RSA][RSO][ROA][SOA] 10 6.12 —13.88
[RSA][RSO][ROA] 20 7.55  —32.45
[RSA][RSO][SOA] 20 13.29  —26.71
[RSA][ROA][SOA] 12 16.62 —17.38
[RSA][RSO][OA] 30 14.43  —45.57
[RSA][ROA][SO] 22 17.79  —26.21
[RSA][SOA][RO] 22 23.09  —20.91
[RSA][RO][SO][OA] 32 24.39  —39.61
[RSA][RO][SO] 42 87.54 3.54
[RSA][RO][OA] 34 3441  —33.59
[RSA][SO][OA] 34  39.63  —28.37
[RSA][RO] 44  97.06 9.06
[RSA][SO] 44 101.9 13.9
[RSA][OA] 36 49.37  —22.63
[RSA][O] 46  111.1 19.1
log(mpior /Mmpizk) = U%%S(h.i) + U,%l(k) ;

or some variation of these. As discussed earlier, the first pair of models
looks at the odds of supporting legalized abortion to opposing legalized
abortion and the odds of opposing legalized abortion to being undecided.
The second pair of models examines the odds of supporting legalized abor-
tion to undecided and the odds of opposing to undecided. Of these, the
only odds that seem particularly interesting to the author are the odds of
supporting to opposing. In the second pair of models, choosing the cate-
gory “undecided” as the standard level to which other levels are compared
is particularly unintuitive. The fact that undecided is the last category is
no reason for it to be chosen as the standard of comparison. Either of the
other categories would be a better standard, so one of these should be used.
Neither is obviously better than the other.

Neither of these pairs of models are particularly appealing, so we will
only continue the analysis long enough to illustrate salient points and to
allow comparisons with other models to be discussed later. The fitted values
for [RSA][RSO][OA] are given in Table 3.8.

We consider only the odds of support relative to opposed. The odds can
be obtained from the fitted values. For example, the odds for young white
males are 100.1/39.73 = 2.52. The full table of odds is given in Table 3.9.

Note that the values from age to age vary by a constant multiple depend-
ing on the ages involved. The odds of support decrease steadily with age.
The model has no inherent structure among the four race-sex categories;
however, the odds for white males and nonwhite males are surprisingly sim-
ilar. Nonwhite females are most likely to support legalized abortion, white
fermales are next, and males are least likely to support legalized abortion.
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TABLE 3.8. Fitted Values for [RSA][RSO][OA]

Age
Race Sex Opinion 18-25 26-35 36-45 46-55 56-65 65+
Support  100.1 137.2 117.5 75.62 70.58 80.10
Male Oppose 39.73 64.23 56.17 47.33 50.99 62.55
Undec. 1.21 2.59 5.36 5.05 5.43 8.35
White
Support 138.4 172.0 152.4 101.8 101.7 110.7
Female  Oppose 43.49 63.77 57.68 50.44 58.19 68.43
Undec. 2.16 4.18 8.96 8.76 10.08 14.86
Support 21.19 16.57 15.20 11.20 8.04 7.80
Male Oppose 8.54 7.88 7.38 7.11 5.90 6.18
Undec. 1.27 1.54 3.42 3.69 3.06 4.02
Nonwhite
Support 21.40 26.20 19.98 16.38 13.64 12.40
Female Oppose 4.24 6.12 4.77 5.12 4.92 4.83
Undec. 0.36 0.68 1.25 1.50 1.44 1.77

TABLE 3.9. Estimated Odds of Support versus Oppose

Legalized Abortion
(Based on the log-linear model [RSA][RSO][OA])

Age
Race Sex 18-25  26-35 36-45  46-55 56-65 65+
White Male 2.52 2.14 2.09 1.60 1.38 1.28
Female 3.18 2.70 2.64 2.02 1.75 1.62
Nonwhite Male 2.48 2.10 2.06 1.57 1.36 1.26
Female 5.05 4.28 4.19 3.20 2.77 2.57

Confidence intervals for log odds or log odds ratios can be found using the
methods of Section 10.2 or, alternatively, the methods of Section 11.1.

If we pool categories, we can look at the set of three models generated
by (3) or the set of two models generated by (4). The set of three models
consists of the odds of supporting, the odds of opposing, and the odds
of undecided (in each case, the odds are defined relative to the union of
the other categories). The two models from (4) are essentially continuation
ratio models. The most interesting definition of these models is obtained
by taking the odds of supporting to opposing and the odds of undecided
to having an opinion. Fitting the models involves fitting log-linear models
to two sets of data.

Eliminating all undecideds from the data, we fit [RSA][RSO][OA] to the
2 x 2 x 2x 6 table with only the opinion categories “support” and “oppose.”
The estimated expected cell counts are given in Table 3.10. Note that the
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estimated cell counts are very similar to those obtained when undecideds
were included in the data. The odds of supporting relative to opposing are
given below.

Odds of Support versus Opposed

Age

Race Sex 18-25 26-35 36-45 46-55 56-65 65+

White Male 252 214 209 160 138 1.28
Female | 3.18 2.70 264 201 1.75 1.62

Nonwhite Male 248 211 206 1.57 136 1.26
Female | 5.08 431 422 322 2.79 2.58

Except for nonwhite females, the odds of support are essentially identi-
cal to those obtained with undecideds included. The G? for the fit with-
out undecideds is 9.104 with 15 df. The G? for fitting [RSA][RO][SO][OA]
is 11.77 on 16 df. The difference in G?’s is not large, so a logit model
log(mpiik/mnizk) = R(ny + S() + Ay may fit adequately.

TABLE 3.10. Estimated Expected Cell Counts with Undecideds Eliminated

Age
Race Sex Opinion 18-25 26-35 36-45 46-55 56-65 65+
Male Support  100.2 137.7 117.0 75.62 70.22 80.27
Oppose 39.78 64.35 55.98 47.38 50.78 62.73
White
Female  Support 139.2 172.2 152.3 101.6 101.7 109.9
Oppose 43.78 63.77 57.71 50.41 58.28 68.05
Male Support 20.67 16.96 15.48 11.00 8.07 7.81
Oppose 8.33 8.04 7.52 7.00 5.93 6.19
Nonwhite

Female  Support 20.84 25.17 20.21 16.78 13.98 12.97
Oppose 4.11 5.84 4.79 5.22 5.02 5.03

We now pool the support and oppose categories to get a 2 x 2 x 2 x 6 table
in which the opinions are “support or oppose” and “undecided.” Again, the
model [RSA][RSO][OA] is fitted to the data. For this model, we report only
the estimated odds.

Odds of Being Decided on Abortion

Age

Race Sex 18-25 26-35 36-45 46-55 56-65 65+

White Male 116.79 78.52 32.67 24.34 2226 16.95
Female | 83.43 56.08 23.34 17.38 15.90 12.11

Nonwhite Male 23.76 1597 6.65 495 4.53 345
Female | 68.82 46.26 19.25 14.34 13.12 9.99
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Again, the estimated odds vary from age to age by a constant multiple.
The odds decrease with age, so older people are less likely to take a position.
White males are most likely to state a position. Nonwhite males are least
likely to state a position. White and nonwhite females have odds of being
decided that are somewhat similar.

The G? for [RSA][RSO][OA] is 5.176 on 15 df. The G? for the smaller
model [RSA]J[RO][SO][OA] is 12.71 on 16 df. The difference is very large.
Although a main-effects-only logit model fits the support-opposition table
quite well, to deal with the undecided category requires a race-sex interac-
tion.

We have pretty much exhausted what can be done easily by fitting
ANOVA type log-linear models using iterative proportional fitting. How-
ever, computer programs are readily available for direct fitting of logit mod-
els. We illustrate some results for modeling the odds of support relative to
opposition with undecideds eliminated from the data.

The model that we considered in detail was [RSA]J[RSO][OA]. This is
equivalent to

log(mpitk /mnizk) = (RS)hi + Ak (5)

which models the odds of supporting legalized abortion. To fit this model
directly, we need to provide a computer program with the counts for all
cells indicating support, i.e.,

nwak, h=1,2,i=12k=1,...,6,
and the total of support and opposition for all cells
Nhik = Dhi-k = Nhitk + Npizk -

For example, ni111 = 96, ni1211 = 140, n2111 = 24, niia = 96 + 44 = 140,
nis.1 = 140+ 43 = 183, and no1.; = 24+ 5 = 29. In addition, for each count
and total, we need to provide the program with the corresponding indices
h, i, and k. Fitting model (5) directly gives G? = 9.104 on 15 df, exactly
the results from fitting the equivalent model [RSA][RSO][OA].

The table of odds has suggested two things: (1) odds decrease as age
increases and (2) the odds for males are about the same. We want to fit
models that incorporate these suggestions. Of course, because the data
are suggesting the models, formal tests of significance will be even less
appropriate than usual, but G?’s still give a reasonable measure of the
quality of model fit.

We model the fact that odds are decreasing with age by incorporating
a linear trend in ages. We do not have specific ages to associate with the
age categories, so we simply use the codes k = 1,2,...,6 to indicate ages.
These scores lead to fitting the model

log(mpiik/Mmnizk) = (RS)ni + vk . (6)
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The G? is 10.18 on 19 df, so the linear trend in coded ages fits very well.
[Recall that model (5) has G? = 9.104 on 15 df, so a test of model (6)
versus model (5) has G? = 10.18 —9.104 = 1.08 on 19 — 15 = 4 df ]

To incorporate the idea that males have the same odds of support, we
recode the indices of the data. Recall that to fit model (5), we had to specify
three index variables along with the numbers supporting and the totals. The
indices for the (RS)y; terms are (h,4) = (1,1),(1,2),(2,1), (2,2). We could
recode the problem with an index, say g = 1,2, 3,4, and fit the model

log(mgir/mgar) = (RS)y + A

and get exactly the same fit. We can choose the recoding as

(h,d) (L1) (1,2) (2,1) (2,2)
g 1 2 3 4

Note that, together, the subscripts g and k still distinguish all of the cases
for which data are provided.

This recoding can now be modified, so models that treat males the same
can be specified. If we want to treat males the same, then the codes for
white males g = 1 and nonwhite males g = 3 must be made the same.
On the other hand, we still have distinct data for white males and non-
white males, so the fact that there are two replications on males must be
accounted for. To treat males the same, recode g as (f,e) with

wm wf nm nf
g 1 2 3 4
f 1 2 1 3
e 1 1 2 1

where e is an index for replications and the codes wm, wf, nm, nf indi-
cate white males, white females, nonwhite males, and nonwhite females,
respectively. Now fit the model

log(myseir/mysear) = (RS)f + Ak . (7)

The two male groups are only distinguished by the subscript e, and e does
not appear on the right-hand side of the model, so the two male groups will
be modeled identically. In fact, to use a logistic regression program, you
typically do not even need to define the index e. But whether you define it
or not, it exists implicitly in the model.

Model (7) is, of course, a reduced model relative to model (5). Model (7)
has G?> = 9.110 on 16 df, so the comparison between models has G? =
9.110 — 9.104 = .006 on 16 — 15 = 1 df. We have lost almost nothing by
going from model (5) to model (7).
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Finally, we can write a model that incorporates both the trend in ages
and the equality for males

log(myseik/myear) = (RS)s + vk . (8)

This has G? = 10.19 on 20 df. Thus, relative to model (5), we have dropped
5 df from the model, yet only increased the G2 by 10.19 — 9.10 = 1.09.
For the alternative parametrization,

log(mfelk/mfe2k) =p+ (RS)f +k,
the estimates and standard errors using the side condition (RS); = 0 are

Parameter Estimate @ SE  Est./SE

[ Lo71 1126 9.51
(RSh 0 — —
(RS)s 2344 09265  2.53
(RS)s 6998 2166 3.23
~ —.1410  .02674  —5.27

All of the terms seem important. With this side condition, (ETS’)Q is actually
an estimate of (RS)2 — (RS)1, so the z score 2.53 is an indication that white
females have an effect on the odds of support that is different from males.
Similarly, (RS)s is an estimate of the difference in effect of nonwhite females
and males. The estimated odds of support are

Age
Race-Sex 18-25 26-35 36-45 46-55 56-65 65+
Male 2.5635 2.201 1.912 1.661 1.442 1.253

White female 3.204 2783 2.417 2.099 1.823 1.583
Nonwhite female | 5.103 4.432 3.850 3.343 2.904 2.522

These show the general characteristics discussed earlier. Also, they can
be transformed into (conditional) probabilities of support. Probabilities are
generally easier to interpret than odds. The estimated probability that a
white female between 46 and 55 years of age supports legalized abortion is
2.099/(1+2.099) = .677. The odds are about 2, so the probability is about
twice as great that such a person will support legalized abortion rather
than oppose it.

Similar ideas of modeling can be applied to the odds of having made a
decision on legalized abortion.

Finally, a word about computing. The computations for models (6), (7),
and (8) were executed using a computer program specifically designed for
logit models. This was done because computer programs based on iterative
proportional fitting cannot handle the corresponding log-linear models. It-
erative proportional fitting only works for ANOVA type models. However,
programs for fitting general log-linear models (e.g., GLIM) can handle the
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log-linear models that correspond to (6), (7), and (8). The models are found
in the usual way. Model (6) corresponds to

log(maijr) = (RS Ak + (RSO)nij + ik

where we have added the highest-order interaction term not involving O
and made the (RS) and ~ terms depend on the opinion level j. Similarly,
models (7) and (8) correspond to

log(myejr) = (RSA)fer + (RSO)s; + (OA) ik

and
log(myejr) = (RSA)fer + (RSO) g5 + vk,

respectively.

In a somewhat different approach to treating response factors, Asmussen
and Edwards (1983) allow the fitting of models that do not always include a
term for the interactions among the explanatory factors. Instead, they argue
that log-linear models are appropriate for response factors as long as the
model allows for collapsing over the response factors onto the explanatory
factors, cf. Section 5.3. These issues will also be discussed at the end of
Section 6.8.

3.7 Logistic Discrimination and Allocation

How can you tell Swedes and Italians apart? How can you tell different
species of irises apart? How can you identify people who are likely to have
a heart attack or commit a crime? One approach is to collect data on
individuals who are known to be in each of the populations of interest.
The data can then be used to discriminate between the populations. To
identify Swedes and Italians, one might collect data on height, hair color,
eye color, and skin complexion. To identify irises, one might measure petal
length and width and sepal length and width. Typically, data collected
on several different variables are combined to identify the likelihood that
someone belongs to a particular population. In a standard discrimination—
allocation problem, independent samples are taken from each population.
The use of these samples to characterize the populations is referred to as
discrimination. Allocation involves identifying the population of an indi-
vidual for whom only the variable values are known. The factor of interest
in these problems is the population, but it is not a response factor in the
sense used elsewhere in this chapter. In particular, discrimination data
arises from conducting o retrospective study. The reader may want to re-
view the subsection of the chapter introduction that discusses retrospective
and prospective studies.
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There has been extensive work done on the problems of discrimination
and allocation. Introductions to the subject are contained in Anderson
(1984), Christensen (1990), Hand (1981), Lachenbruch (1975), McLachlan
(1992), Press (1984), and Rao (1973). The review article by Cheng and
Titterington (1994) relates discriminant analysis to neural networks. Re-
cent work on logistic discrimination includes Cox and Ferry (1991) and
O’Neill (1994). Probably, the two most commonly used methods of dis-
crimination are Fisher’s linear discriminant function and logistic regres-
sion. Fisher’s method is based on the idea that each case corresponds to
a fixed population and that the variables for each case are observations
from a multivariate normal distribution. The normal distributions for the
populations are assumed to have different means but the same variances
and covariances. The logistic regression approach (or as presented here,
the log-linear model approach) treats the distribution for each population
as a multinomial. Much of the theoretical work on discriminant analysis
is done in a Bayesian setting and both methods lend themselves to the
easy computation of posterior probabilities for a case to be in a particular
population.

The weakness of Fisher’s method is that the assumption of normality
with equal covariances is often patently false. The case variables are often
percentages, rates, or categorical variables. Even when the case variables
are continuous on the entire real line, they are often obviously skewed.
Frequently the variance-covariance matrices in the various populations
are not even similar, much less identical. Fortunately, Fisher’s method is
somewhat insensitive (robust) to many of these difficulties, cf. Lachen-
bruch, Sneeringeer, and Revo (1973) and Press and Wilson (1978). Fisher’s
method is also easily generalized to handle unequal covariance matrices.
The strength of Fisher’s method is that for normal data it is more efficient
than logistic discrimination, cf. Efron (1975).

ExampLE 3.7.1.  Aitchison and Dunsmore (1975, p. 212) consider 21 in-
dividuals with 1 of 3 types of Cushing’s syndrome. Cushing’s syndrome is a
medical problem associated with overproduction of cortisol by the adrenal
cortex. The three types considered are related to specific problems with the
adrenal gland, namely

A—adenoma
B—bilateral hyperplasia
C—carcinoma

The case variables considered are the rates at which two steroid metabolites
are excreted in the urine. (These are measured in milligrams per day.) The
two steroids are

TETRA — Tetrahydrocortisone
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and
PREG - Pregnanetriol.

The data are listed in Table 3.11.

TABLE 3.11. Cushing’s Syndrome Data

Case Type TETRA PREG | Case Type TETRA PREG
1 A 3.1 11.70 12 B 15.4 3.60
2 A 3.0 1.30 13 B 7.7 1.60
3 A 1.9 0.10 14 B 6.5 0.40
4 A 3.8 0.04 15 B 5.7 0.40
5 A 4.1 1.10 16 B 13.6 1.60
6 A 1.9 0.40 17 C 10.2 6.40
7 B 8.3 1.00 18 C 9.2 7.90
8 B 3.8 0.20 19 C 9.6 3.10
9 B 3.9 0.60 20 C 53.8 2.50
10 B 7.8 1.20 21 C 15.8 7.60
11 B 9.1 0.60
The data determine the 3 x 21 table
Case
Type |1 2 3 4 5 6 7 8 16 17 18 19 20 21
A 1 1 1 1 1 1 0 0 --- 0 0 0 0 0 0
B o 0 0o o 0 01 1 --- 1 0 0 0 0 0
C o 0 0 0o 0 00 O --- 0 1 1 1 1 1

The case variables TETRA and PREG are used to model the interaction
in this table. The case variables are highly skewed, so, following Aitchison
and Dunsmore, we analyze the transformed variables TL = log(TETRA)
and PL = log(PREG). The transformed data are plotted in Figure 3.2.

Now consider the sampling scheme. For studies of this type, it is best
modeled as involving independent samples from the three populations: A,
B, and C. The sampling can be viewed as product-multinomial because
all observations are intrinsically discrete. The categories for the product-
multinomials consist of all the observable combinations of T'L and PL.
Although T'L and PL are apparently continuous variables, the observa-
tions taken on TETRA and PREG are only known to be within £.05 mg
and £.005 mg of their respective nominal values. Thus, the observations
are discrete and product-multinomial sampling is appropriate. (Note that
the PREG value for case 4 may be a typographical error.) The catch is
that there are a huge number of possible categories. Most of these cate-
gories have no observations associated with them. If there are S observ-
able combinations of the explanatory factors, we would like to perform a
product-multinomial likelihood analysis of the 3 x S table.

Unfortunately, the standard log-linear models for multinomial responses
do not have maximum likelihood estimates because most of the column
totals in the 3 x S table are zero. To see that MLEs do not exist, observe
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FIGURE 3.2. Cushing’s Syndrome Data

that if they do exist, the fitted column totals must equal the observed
column totals. Most of the S columns in the table will be unobserved, so
most of the column totals will be zero. MLEs for log-linear models must
be positive so that their logs can be taken; hence, the fitted column totals
must all be positive. The fitted column totals cannot be both positive and
zero.

In practice, the analysis is conducted as if the observed 3 x 21 table is
obtained via product-multinomial sampling of the three populations. This
works well in spite of the fact that the sampling scheme is palpably false.
The 21 cases are included in the table precisely because they were observed.
Thus, each column total must be at least one. If the sampling scheme
were truly product-multinomial, there would be a positive probability of
getting column totals equal to zero. Section 11.4 contains a more detailed
discussion of these issues and a justification for treating the 3 x 21 table as
product-multinomial. In the current section, we simply present the standard
methodology.

One of the tricky things about this is that it looks like logistic regres-
sion, except that we have more than two possibilities for the response.
But treating this as a logistic regression is wrong. In a logistic regression,
there are cases with predictor variables associated with them, and each
case randomly and independently falls into a response category; e.g., have
a coronary incident or don’t. In a logistic regression, when the responses
are Os and 1s, every case is a sample from a different population. But in
this logistic discrimination, there are only three populations being sampled.
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The sample sizes are larger, and the values of the predictor variables are
actually the results of the sampling.

Because of the sampling scheme, when the samples from the various
populations are of different sizes, the values m;; are not directly useful
in evaluating the relationship between populations and the predictor vari-
ables. For example, if we choose to sample 20,000 people from population A
and only 10 from population B, the m;;’s are not comparable to the my;’s.
We must adjust for sample size before relating syndrome type to T'L and
PL. The evaluation of the relationship is based on the relative likelihoods
of the three syndrome types. Thus, for any case j, our interest is in the
relative sizes of pij, paj, and psj. Estimates of these quantities are easily
obtained from the 72;;’s. Simply take

Dij = Mij[n;. . (1)

For a new patient of unknown syndrome type but whose values of T'L and
PL place him in category j, the most likely type of Cushing’s syndrome
is that which has the largest value among pij, p2j, and p3;. Clearly, we
can estimate the most likely syndrome type. In practice, new patients are
unlikely to fall into one of the 21 previously observed categories but the
modeling procedure is flexible enough to allow allocation of individuals
having any values of TL and PL. This will be discussed in detail in the
subsection on allocation.

DISCRIMINATION

For each individual j, the variables (T'L); and (PL); have been observed.
We seek a model that can be used to classify observations into syndrome
type. The main effects model is

log(mij):ai+6j, 1=1,2,3, j=1,...,21.
We want to use T'L and PL to help model the interaction, so fit
log(mi;) = a; + Bj + 1i(TL)j + v2i(PL)j, (2)

1=1,2,3,7=1,...,21.

This model is very similar to a log-linear version of the logit and logistic
models discussed earlier. In particular, it has a separate term f; for ev-
ery combination of the explanatory variables. Taking differences gives, for
example,

log(maj/ma;) = (a1 — aa) + (711 — m2)(TL);j + (21 — Y22)(PL);
which can be written as

log(my;/maj) = a+61(TL); + d2(PL); .
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Although this looks like a logistic regression model, it has a fundamentally
different interpretation. Unlike logistic regression models, it is typically the

case that
log <@) # log (&> .
maj D2j

Moreover, the ratio p;;/p2; is not even an odds of type A relative to type
B. Both numbers are probabilities, but they are probabilities from different
populations. The correct interpretation of p;;/p»; is as a likelihood ratio,
specifically the likelihood of type A relative to type B. A value p;; is the
likelihood within population i of observing category j. Having fitted model
(2), the estimate of the log of the likelihood ratio is

P1j\ _ mlj/”l-) _ (mlj) (m)
log| =) =log | —— ] =1o — —log — ).
& (P2j> 8 <m2j/n2- & maj & na.

It will be seen in Chapter 11 that, because interest is directed at comparing
probabilities in different multinomials, asymptotic variances of estimates
will be more complicated than for logistic regression.

Finally, it should be noted that although odds depend on the sampling
scheme, odds ratios do not. Odds ratios are handled in exactly the same way
regardless of whether the sampling scheme is prospective or retrospective.

The G? for model (2) is 12.30 on 36 degrees of freedom. As in Section 2.6,
although G? is a valid measure of goodness of fit, G? cannot legitimately
be compared to a x? distribution. However, we can test reduced models.
The model

log(mi;) = ai + B + 1i(TL);
has G2 = 21.34 on 38 degrees of freedom and

log(mi;) = a; + B + v2:(PL);

has G2 = 37.23 on 38 degrees of freedom. Neither of the reduced models
provides an adequate fit. (Recall that x? tests of model comparisons like
these were valid.)

Table 3.12 contains estimated probabilities for the three populations.
The probabilities are computed using equation (1) and model (2).

Table 3.13 illustrates a Bayesian analysis. For each case j, it gives the
estimated posterior probability that the case belongs to each of the three
syndrome types. The data consist of the observed TL and PL values in
category j. Given that the syndrome type is i, the estimated probability of
observing data in category j is p;;. Let 7(i) be the prior probability that
the case is of syndrome type i. Bayes theorem gives

pijm(i)

i1 Dijm (@)
Two choices of prior probabilities are used in Table 3.13: probabilities
proportional to sample sizes, i.e., 7(i) = n;/n.. and equal probabilities

#(i|Data) =
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TABLE 3.12. Estimated Probabilities

Group Group
Case A B C Case A B C
1 .1485 .0012 .0195 12 .0000 .0295 1411

1644 .0014 .0000 13 .0000 .0966 .0068
3 .1667 .0000 .0000 14 .0001 .0999 .0000
4 .0842 .0495 .0000 15 .0009 .0995 .0000
5 .0722 .0565 .0003 16 .0000 .0907 .0185
6 1667 .0000 .0000 17 .0000 .0102 1797
7 .0000 .0993 .0015 18 .0000 .0060 1879
8 .1003 .0398 .0000 19 .0000 .0634 .0733
9 .0960 .0424 .0000 20 .0000 .0131 1738
10 .0000 .0987 .0025 21 .0000 .0026 .1948
11 .0000 .0999 .0003

w(1) = % Prior probabilities proportional to sample sizes are rarely appro-
priate, but they relate in simple ways to standard output, so we give them
more prominence than they probably deserve. Both of the sets of posterior
probabilities are easily obtained. The table of proportional probabilities is
just the table of m;; values. This follows from two facts: first, m;; = n;.9;i;
and second, the model fixes the column totals, so m.; = 1 = n.;. To obtain
the equal probabilities values, simply divide the entries in Table 3.12 by
the sum of the three probabilities for each case. Cases that are misclassified
by either procedure are indicated with a double asterisk in Table 3.13.

Table 3.14 summarizes the classifications. With proportional prior proba-
bilities, 16 of 21 cases are correctly allocated. With equal prior probabilities,
18 of 21 cases are correctly allocated. While Table 3.14 is useful, it ignores
the clarity of the allocations. For example, case 4 with proportional prob-
abilities is essentially a toss-up between types A and B. That information
is lost in Table 3.14. (The probability of type A is slightly greater than
one-half.) Another problem with Table 3.14 is that it tends to overestimate
how well the discrimination would work on other data. The data were used
to form a discrimination procedure and Table 3.14 evaluates how well it
works by allocating the same data. This double dipping tends to make the
discrimination procedure look better than it really is. Cross-validation can
be used to reduce the bias introduced; for related work, see Geisser (1977)
and Gong (1986). Finally, it is of interest to note that the difference in Ta-
ble 3.14 between proportional probabilities and equal probabilities is that
under proportional probabilities, one additional case in each of A and C
is misclassified into B. That occurs because the prior probability for B is
about twice as great as the values for A and C.

Readers who are familiar with normal theory discrimination may be in-
terested in the analysis of these data contained in Christensen (1990). Tak-
ing the logs of tetrahydrocortisone and pregnanetriol is important in using
Fisher’s linear discrimination because the original data are clearly non-
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TABLE 3.13. Probabilities of Classification

Proportional Equal Prior
Prior Probabilities Probabilities
Case Group A B C A B C
1 A .89 .01 .10 .88 .01 12
2 A .99 .01 .00 .99 .01 .00
3 A 1.00 .00 .00 | 1.00 .00 .00
4 A .50 .50 .00 .63 .37 .00
5 *k A .43 57 .00 .56 44 .00
6 A 1.00 .00 .00 | 1.00 .00 .00
7 B .00 .99 .01 .00 .99 .01
8 ** B .60 .40 .00 .72 .28 .00
9 ** B .58 42 .00 .69 .31 .00
10 B .00 .99 .01 .00 .97 .03
11 B .00 1.00 .00 .00 1.00 .00
12 ** B .00 .29 .71 .00 17 .83
13 B .00 .97 .03 .00 .93 .07
14 B .00 1.00 .00 .00 1.00 .00
15 B .01 .99 .00 .01 .99 .00
16 B .00 .91 .09 .00 .83 17
17 C .00 .10 .90 .00 .05 .95
18 C .00 .06 .94 .00 .03 .97
19 ** C .00 .63 .37 .00 .46 .54
20 C .00 .13 .87 .00 .07 .93
21 C .00 .03 .97 .00 .01 .99
TABLE 3.14. Summary of Classifications
Proportional Equal Prior
Prior Probabilities Probabilities
Allocated True Group True Group
to Group A B C A B C
A 5 2 0 6 2 0
B 1 7 1 0 7 0
C 0 1 4 0 1 5

120

normal. Logistic discrimination imposes no such normality requirement.
Without the log transform, Fisher’s method misclassifies seven observa-
tions including five of the six in type A. Logistic discrimination on the
untransformed data with proportional priors only misclassifies four obser-
vations and gets five of six correct in type A.

ALLOCATION

If you stop and think about it, discrimination seems like a remarkably silly
thing to do. Why take cases from known populations and reclassify them
when the process of reclassification introduces errors? The reason discrim-
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ination is interesting is because one can use a model that discriminates
between cases from known populations to predict the population of an un-
known case. In our example, a new patient can be measured for TL and
PL, and then diagnosed as to type of Cushing’s syndrome without direct
examination of the adrenal cortex. (I have no idea if this is an accurate
description of medical practice, but it illustrates the kind of thing that
can be done.) We now consider the problem of allocating new cases to the
populations.

Model (2) includes a separate term f; for each case, so it is not clear
how model (2) can be used to allocate future cases. We will begin with
logit models and then work back to an allocation model. Model (2) has
30 parameters, only 9 of which are really of interest. Of these nine, only
six are estimable. From (2), we can model the probability ratio of type A
relative to type B

log(p1;/p2j)
= log(ma;/ms;) —log(n1./n2.) 3)
= (a1 —a2) + (1 = m2)(TL);j + (v21 — 722) (PL); — log(na. /n2.) -

The log-likelihoods of A relative to C' are

log(p1;/p3;)
= log(ma;/ms;) —log(ni./ns.) (4)
= (a1 —a3)+ (y11 —713)(TL)j + (v21 — v23)(PL); — log(ni./n3.) .

Fitting model (2) gives the estimated parameters.

Par. Est. | Par. Est. | Par. Est.
a1 0.0 Y11 —-16.29 Y21 -3.359
(6] —20.06 Y12 —1.865 Y22 —-3.604
a3 —28.91 Y13 0.0 Y23 0.0

where the estimates with values of 0 are really side conditions imposed on
the collection of estimates to make it unique.

For a new case with values TL and PL, we plug estimates into equa-
tions (3) and (4) to get

log(p1 /P2) = 20.06 + (—16.29+ 1.865)T L + (—3.359 + 3.604) PL —log(6,/10)

d
" log(py /ps) = 28.91 — 16.29(T L) — 3.359(PL) — log(6/5) .

For example, if the new case has a tetrahydrocortisone reading of 4.1 and
a pregnanetriol reading of 1.10, then log(p; /p2) = 24069 and log(p1 /p3) =
5.4226. The likelihood ratios are

pi/pe = 12721
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Pi/bs = 22645

and by division,
Pa/Ps = 226.45/1.2721 = 178.01.

It follows that type A is a little more likely than type B and that both are
much more likely than type C'
One can also obtain estimated posterior probabilities for a new case. The
posterior odds are
#(1|Data)  py w(1)

#(2|Data) — p2 7(2) Oz

and
#(1|Data) _ p1 (1)

#(3|Data)  p3 (3)
Using the fact that 7(1|Data) + #(2|Data) + 7(3|Data) = 1, we can solve
for #(i|Data), i = 1,2,3. In particular,

503.

1 171 )20
7?(1|Data) = [1 + —=— + A—:| = =x = O2OA3 ~
02 03 0203 + 03 + 02
1 171! )
7?(2|Data) = Ai [1 + = + A—:| = =X =z O3A ~
O O O3 0503 + O3 + Oy
1 A
#(3|Data) = i[1+1+1] ST
Os 02 O3 0203 + O3 + 0o

Using TETRA = 4.10 and PREG = 1.10, the assumption w (i) = n;./n..
and more numerical accuracy in the parameter estimates than was reported
earlier,

#(1|Data) = .433
#(2|Data) = .565
#(3|Data) = .002.

Assuming 7 (i) = 1/3 gives

#(1|Data) = .560
#(2|Data) = .438
#(3|Data) = .002.

Note that the values of tetrahydrocortisone and pregnanetriol used are
identical to those for case 5; thus, the 7 (i|Data)’s are identical to those
listed in Table 3.13 for case 5.

To use the log-linear model approach illustrated here, one needs to fit a
3 x 21 table. Typically, a data file of 63 entries is needed. Three rows of the
data file are associated with each of the 21 cases. Each data entry has to
be identified by case and by type. In addition, the case variables should be
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included in the file in such a way that all three rows for a case include the
corresponding case variables, TL and PL. Model (2) is easily fitted using
GLIM.

It is easy to just fit log-linear or logistic models to data such as that in
Table 3.11 and get ™y;’s or pij’s. If you treat these values as estimated
probabilities for being in the various populations, you are doing a Bayesian
analysis with prior probabilities proportional to sample sizes. This is rarely
an appropriate methodology.

3.8 Exercises

EXERCISE 3.8.1. The auto accident data of Example 3.2.4 was actually
a subset of a four-dimensional table. The complete data are given in Ta-
ble 3.15. Analyze the data treating severity of injury as a response variable.
What conclusions can you reach from examining the ;1 ’s, the odds, and
odds ratios?

TABLE 3.15. Automobile Accident Data

Small Cars (h=1)
Accident Type (k)

Collision Rollover
Injury (j) Not Severe  Severe Not Severe  Severe
Driver No 350 150 60 112
Ejected (i)  Yes 26 23 19 80

Standard Cars (h = 2)
Accident Type (k)

Collision Rollover
Injury (j) Not Severe  Severe Not Severe  Severe
Driver No 1878 1022 148 404
Ejected (i)  Yes 111 161 22 265

EXERCISE 3.8.2. Breslow and Day (1980) present data on the occurrence
of esophageal cancer in Frenchmen. Explanatory factors are age and alcohol
consumption. High consumption was taken to be anything over the equiva-
lent of one liter of wine per day. The data are given in Table 3.16. Analyze
the data as a logit model. In your analysis, consider the information on
ordered age categories.

EXERCISE 3.8.3. The data in the previous experiment is a series of 2 x 2
tables collected under five different age conditions. This is the same situa-
tion as the Mantel-Haenszel setup of Exercise 3.8.9. The Mantel-Haenszel
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TABLE 3.16. Occurrence of
Esophageal Cancer

Alcohol Cancer

Age Consumption | Yes No

25-34 High 1 9
Low 0 106

35-44 High 4 26
Low 5 164

45-54 High 25 29
Low 21 138

55-64 High 42 27
Low 34 139

65-74 High 19 18
Low 36 88

75+ High 5 0

Low 8 31

test is one of conditional independence given age. It assumes that the model
of no three-factor interaction holds. Respecify the test in terms of logit
models.

EXERCISE 3.8.4. Haberman (1978) reports data from the National Opin-
ion Research Center on attitudes toward abortion (cf. Table 3.17). The data
were collected over 3 years. Analyze the abortion attitude data treating at-
titude as a response variable.

Respondents were identified by their years of education and their reli-
gious group. The groups used were Catholics, Southern Protestants, and
other Protestants. Southern Protestants were taken as Protestants who
live in or south of Texas, Oklahoma, Arkansas, Kentucky, West Virginia,
Maryland, and Delaware. Attitudes toward abortion were determined by
whether the respondent thought that legal abortions should be available
under three sets of circumstances. The three circumstances are (a) a strong
chance exists of a serious birth defect, (b) the woman’s health is threat-
ened, and (c) the pregnancy was the result of rape. A negative response
in the table consists of negative responses to all circumstances. A positive
response is three positives. A mixed response is any other pattern. Find an
appropriate model for the data. Interpret the model and draw conclusions
from the estimates. (Haberman also presents similar data based on three
different circumstances: the child is not wanted, the family is poor, and the
mother unmarried.)

EXERCISE 3.8.5. Feigl and Zelen (1965), Cook and Weisberg (1982), and
Johnson (1985) give data on survival of 33 leukemia patients as a function
of their white blood cell count and the existence of a certain morphological
characteristic in the cells. The characteristic is referred to as either AG
positive or AG negative. The binary response is survival of at least 52 weeks
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TABLE 3.17. Abortion Attitudes among Caucasian Chris-

tians
Years of Attitude

Year  Religion Education | Negative Mixed Positive
1974 Prot. 0-8 7 16 49
Prot. 9-12 10 26 219
Prot. 12+ 4 10 131
1974  Prot. S. 0-8 1 19 30
Prot. S. 9-12 5 21 106
Prot. S. 12+ 2 11 87
1974 Cath. 0-8 3 9 29
Cath. 9-12 15 30 149
Cath. 12+ 11 18 69
1973 Prot. 0-8 4 16 59
Prot. 9-12 6 24 197
Prot. 12+ 4 11 124
1973  Prot. S. 0-8 4 16 34
Prot. S. 9-12 6 29 118
Prot. S. 124 1 4 82
1973 Cath. 0-8 2 14 32
Cath. 9-12 16 45 141
Cath. 124 7 20 72
1972 Prot. 0-8 9 12 48
Prot. 9-12 13 43 197
Prot. 12+ 4 9 139
1972  Prot. S. 0-8 9 17 30
Prot. S. 9-12 6 10 97
Prot. S. 12+ 1 8 68
1972 Cath. 0-8 14 12 32
Cath. 9-12 18 50 131
Cath. 124 8 13 64

beyond the time of diagnosis. The data are given in Table 3.18. Fit a logistic
regression model with separate slopes and intercepts for AG positives and
negatives. Examine the data for influential observations. Consider whether
alog transformation of the white blood cell count is useful. Evaluate models
with (a) the same slope for both AG groups, (b) the same intercept for both
AG groups, and (c¢) the same slope and intercept. Examine each model for
influential observations.

EXERCISE 3.8.6. Finney (1941) and Pregibon (1981) present data on the
occurrence of vasoconstriction in the skin of the fingers as a function of the
rate and volume of air breathed. The data are reproduced in Table 3.19.
A constriction value of 1 indicates that constriction occurred. Analyze the
data.

EXERCISE 3.8.7. Mosteller and Tukey (1977) reported data on verbal
test scores for sixth graders. They used a sample of 20 Mid-Atlantic and



3.8 Exercises

TABLE 3.18. Data on Leukemia Survival

Cell Cell

Survival Count AG | Survival Count AG

1 2,300 + 1 4,400 —

1 750+ 1 3,000  —

1 4,300  + 0 4,000 -

1 2,600  + 0 1,500  —

0 6,000  + 0 9,000 —

1 10,500  + 0 5,300  —

1 10,000 + 0 10,000 —

0 17,000  + 0 19,000  —

0 5400  + 0 27,000 —

1 7,000  + 0 28,000  —

1 9,400  + 0 31,000 —

0 32000 @+ 0 26,000 —

0 35000  + 0 21,000 —

0 52,000 @+ 0 79,000 —

0 100,000  + 0 100,000  —

0 100,000  + 0 100,000  —

1 100,000  +

TABLE 3.19. Data on Vasoconstriction
Constriction  Volume  Rate Constriction  Volume  Rate

1 0.825 3.7 0 2.0 0.4
1 1.09 3.5 0 1.36 0.95
1 2.5 1.25 0 1.35 1.35
1 1.5 0.75 0 1.36 1.5
1 3.2 0.8 1 1.78 1.6
1 3.5 0.7 0 1.5 0.6
0 0.75 0.6 1 1.5 1.8
0 1.7 1.1 0 1.9 0.95
0 0.75 0.9 1 0.95 1.9
0 0.45 0.9 0 0.4 1.6
0 0.57 0.8 1 0.75 2.7
0 2.75 0.55 0 0.03 2.35
0 3.0 0.6 0 1.83 1.1
1 2.33 1.4 1 2.2 1.1
1 3.75 0.75 1 2.0 1.2
1 1.64 2.3 1 3.33 0.8
1 1.6 3.2 0 1.9 0.95
1 1.415 0.85 0 1.9 0.75
0 1.06 1.7 1 1.625 1.3
1 1.8 1.8

126
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New England schools taken from The Coleman Report. The dependent
variable y was the mean verbal test score for each school. The predictor
variables were x; — staff salaries per pupil, zo — percent of sixth grade
fathers employed in white collar jobs, z3 — a composite score measuring
socioeconomic status, x4 — the mean score on a verbal test administered
to teachers, and x5 — one-half of the sixth grade mothers’ mean number
of years of schooling. Schools meet a performance standard set for them
(by me) if their average verbal test score is above 37. The data are given
in Table 3.20.

(a) Using logistic regression on the 0-1 scores, find a good model for
predicting whether schools meet the standard.

(b) Using standard regression on y, find several of the best predictive
models. Compare these to your logistic regression model.

TABLE 3.20. Verbal Test Scores

Obs. T1 T2 T3 Ta z5 Score Yy
1 3.83 28.87 7.20 26.60 6.19 1 37.01
2 2.89 20.10 —11.71 24.40 5.17 0 26.51
3 2.86 69.05 12.32 25.70 7.04 0 36.51
4 2.92 65.40 14.28 25.70 7.10 1 40.70
5 3.06 29.59 6.31 25.40 6.15 1 37.10
6 2.07 44.82 6.16 21.60 6.41 0 33.90
7 2.52 77.37 12.70 24.90 6.86 1 41.80
8 2.45 24.67 —0.17 25.01 5.78 0 33.40
9 3.13 65.01 9.85 26.60 6.51 1 41.01
10 2.44 9.99 —0.05 28.01 5.57 1 37.20
11 2.09 12.20 —12.86 23.51 5.62 0 23.30
12 2.52 22.55 0.92 23.60 5.34 0 35.20
13 2.22 14.30 4.77 24.51 5.80 0 34.90
14 2.67 31.79 —0.96 25.80 6.19 0 33.10
15 2.71 11.60 —16.04 25.20 5.62 0 22.70
16 3.14 68.47 10.62 25.01 6.94 1 39.70
17 3.54 42.64 2.66 25.01 6.33 0 31.80
18 2.52 16.70 —10.99 24.80 6.01 0 31.70
19 2.68 86.27 15.03 25.51 7.51 1 43.10
20 2.37 76.73 12.77 24.51 6.96 1 41.01

EXERCISE 3.8.8.  The Logistic Distribution.

Show that F(z) = e®/(1 + e¥) satisfies the properties of a cumulative
distribution function (cdf). Any random variable with this cdf is said to
have a logistic distribution.

EXERCISE 3.8.9.  Stimulus—Response Studies.

The effects of a drug or other stimulus are often studied by choosing r
doses of the drug (levels of the stimulus), say z1,...,z,, and giving the
dose z; to each of N; subjects. The data consist of the number y; who
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exhibit some predetermined response. Often this response is the death of
the subject, but it can be any measure of the effectiveness of the stimulus.
Typically in dose-response studies, interest centers on the median effective
dose, the ED(50), or if the response is death, the median lethal dose, the
LD(50). The LD(50) is that dose for which the probability is 0.5 that a
subject will die. Frequently, a model of the form

log [p; /(1 = p;)] = a + Blog(;)

is fitted to such data. Assume this model holds for any and all doses.

(a) Is the sampling scheme appropriate for a logistic regression?

(b) How could you estimate the LD(50)?

Exercises 11.8.2 and 11.8.3 give additional results on inference for the
LD(50).

Suppose that for each individual in the population there is a minimum
dose z to which the individual will respond. (The individual is assumed
to respond to all doses larger than z.) Let the random variable X be this
minimum susceptibility for an individual chosen at random.

(c) Give an estimate of the median of X.

(d) Give an estimate of the 90th percentile of the distribution of X.

(e) What is the distribution of X?

EXERCISE 3.8.10.  Probit Analysis.
An alternative to the logistic analysis of dose-response data is probit anal-
ysis. In probit analysis, the model is

& '(p;) = a + Blog(z;)

where ®(+) is the cumulative distribution function of a standard normal dis-
tribution. Graph ®(-) and the logistic cdf and compare the general shapes
of the distributions. In light of the two previous exercises, give a brief sum-
mary of the similarities and differences of logit and probit analysis. For
more information on probit analysis, the interested reader should consult
Finney (1971).

EXERCISE 3.8.11.  Woodward et al. (1941) report several data sets, one
of which examines the relationship between exposure to chloracetic acid
and the death of mice. Ten mice were exposed at each dose level. The data
are given in Table 3.21. Doses are measured in grams per kilogram of body
weight. Fit the logistic regression model of Exercise 3.8.9 and estimate the
LD(50). Try to determine how well the model fits the data.

EXERCISE 3.8.12. Consider a sample of j = 1,...,r independent bino-
mials y; ~ Bin(N;,p;), each with a covariate z;. Suppose that for some
cumulative distribution function F(-),

pj = F(z;).
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TABLE 3.21. Lethality of Chloracetic Acid

Dose Fatalities | Dose Fatalities
.0794 1 1778 4
.1000 2 .1995 6
1259 1 .2239 4
1413 0 2512 5
.1500 1 .2818 5
.1588 2 .3162 8

Show that for some transformation z; = g(x;) and parameters a and 3,
this logistic regression model holds:

EXERCISE 3.8.13. The data of Exercise 3.8.2 are actually a retrospective
study. A sample of cancer patients was compared to a sample of men drawn
from the electoral lists of the department of Ille-et-Vilaine in Brittany.
Reanalyze the data in light of this knowledge.

EXERCISE 3.8.14.  Any multinomial response model can be viewed as the
model for an I x J table. Assume product-multinomial sampling from J
independent multinomials each with I categories. Define

I
Tij ZPij/thj
h=i

so that the continuation ratios introduced in Section 4.2 are
Tij Dij
o I ’
1= 2 h—i+1Phj

Let 73 =n.j; — Z;;ll npj; show that the product-multinomial likelihood

J TL]' ! n;j
H {HI . Hpij }

j=1 i=1"ij: =1

can be written as the product of binomial likelihoods, i.e.,

I-1
Tij Nij Tij—MNij
[] T3 (1 = qrgy) T4~
] ] (n”> (%] ( 1])

Using this result and maximum likelihood estimation, show that a set of
continuation ratio models can be fitted simultaneously to the entire table by
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fitting each continuation ratio model separately. Note that the chi-square
statistics for fitting each continuation ratio model can be added to get a
chi-square statistic for the entire table.

EXERCISE 3.8.15.  Give the log-linear model corresponding to (4.1.1).

EXERCISE 3.8.16. Analyze the trauma data that are described in Exam-
ple 13.2.2.
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4

Independence Relationships and
Graphical Models

As mentioned in Section 3.7, all of the general principles of testing and
estimation presented for three-factor tables also apply when there are ad-
ditional classification factors. The main difference in working with higher-
dimensional tables is that things become more complicated. First, there are
many more ANOVA type models to consider. For example, in a four-factor
table, there are 113 ANOVA models that include all of the main effects. In
five-factor tables, there are several thousand models to consider. Second, a
great many of the models require iterative methods for obtaining maximum
likelihood estimates. Finally, interpretation of higher-dimensional models
is more difficult.

In this chapter, we examine interpretations of models for four and higher-
dimensional tables, graphical models, conditions that allow tables to be
collapsed, and a variety of graphical models known as recursive causal
models.

4.1 Model Interpretations

This section provides tools for interpreting log-linear models for higher-
dimensional tables. The interpretations are based on independence and con-
ditional independence. The tools are based on viewing higher-dimensional
tables as three-dimensional tables. In Section 2, we present alternative
methods based on exploiting the relationships between graph theory and
conditional independence.
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An example of a model with four factors is

log(mh,-jk) = u-+ U1(h) + U2(3) + U3(j) + U4(k)
+ U12(hi) T U13(hg) T Y23(i5) T U123(hij)
+ Ur4(hk) + U24(ik) -

Eliminating redundant parameters gives

log(mpijr) = U123(hij) + U14(hk) + U2a(ik) -

The shorthand notation for this model is [123][14][24]. Our discussion of
model interpretations will be based exclusively on the shorthand notation
for models.

Consider the model [123][124]. If we think of all combinations of factors 1
and 2 as a single factor, then we get a three-factor table with factors (12),
3, and 4. The model [(12)3][(12)4] becomes a three-dimensional model of
conditional independence. Given the levels of factors 1 and 2, factor 3 is
independent of factor 4.

This trick of combining factors to reduce a four-factor model into a three-
factor model is very useful. The model [123][14] can be considered as a
three-factor model in which all combinations of factors 2 and 3 are a single
factor. The model [123][14] can then be interpreted as saying that given
factor 1, factor 4 is independent of factors 2 and 3. Note that the model
puts no constraints on the relationship between factors 2 and 3, and that
conditional probabilities involving factors 2, 3, and 4 can change with the
level of factor 1, cf. Example 1.1.5.

Using the principle of combining factors, it is easy to see that [123][4]
indicates that factor 4 is independent of factors 1, 2, and 3, but that the
relationship between factors 1, 2, and 3 is unspecified. Also, [12][34] indi-
cates that factors 1 and 2 may be related, factors 3 and 4 may be related,
but 1 and 2 are independent of 3 and 4.

A second useful trick in interpreting models is looking at larger models. If
a particular model is true, then any larger model is also true. If the larger
model has an interpretation in terms of independence, then the smaller
model admits the same interpretation.

For example, consider the three-factor models [12][3] and [12][23]. The
smaller model [12][3] indicates that factors 1 and 2 are independent of
factor 3. In particular, factors 1 and 3 are independent given the level
of factor 2. This is the interpretation of the larger model [12][23]. The
interpretation of the larger model is also valid for the smaller model. Note,
however, that if two models are both valid and both are interpretable, then
the smaller model gives the more powerful interpretation. Often, we want
to identify the smallest interpretable model that fits.

Now consider the four-factor model [12][13][14]. One larger model is
[123][14], so factors 2 and 3 are independent of factor 4 given factor 1.
Similarly, [12][134] and [13][124] are also larger models, so we find that



4.1 Model Interpretations 133

given factor 1, the other three factors are all independent. Note that the
structure of the model [12][13][14] makes this interpretation almost self-
evident. Factor 1 is included in all three terms, so it is the variable that
is fixed in the conditional probabilities. Factors 2, 3, and 4 are in separate
terms, so they are independent given factor 1.

EXERCISE 4.1. By examining the probabilities pp;;x, show that the three
larger models imply conditional independence for factors 2, 3, and 4 in
[12][13][14].

A more complicated example is [12][13][24]. One larger model is [13][124].
Thus, given factor 1, factor 3 is independent of factors 2 and 4. Another
larger model is [24][123]; thus, given factor 2, factor 4 is independent of
factors 1 and 3.

Finally, consider the model [12][13][14][23]. The larger model [123][14]
implies that 2 and 3 are independent of 4 given 1. In fact, this is the only
simple interpretation associated with [12][13][14][23]. To see this, ignore
factor 4. The three-factor model has the terms [12][13][23], which has no
simple interpretation as a three-dimensional model. The next largest model
is to replace [12][13][23] with [123]. If we do this in the four-factor model, we
replace [12][13][14][23] with [123][14]. Any other model with a simple inter-
pretation would have to be larger than [123][14]. However, because [123][14]
already has a simple interpretation, we have the best explanation available.
(Recall that the smaller the model, the more powerful the interpretation
in terms of independence.)

Table 5.1 summarizes the discussion above and also includes some ad-
ditional models. Note that it is the pattern of the models that determines
interpretability. Just as [12][13][14] indicates that 2, 3, and 4 are indepen-
dent given 1, the model [12][23][24] indicates that factors 1, 3, and 4 are
independent given factor 2. Any relabeling of the factors in Table 5.1 gives
another interpretable model. It is important to remember that while models
imply certain interpretations, more than one model generates the same in-
terpretation. For example, the model [123][14] gives the interpretation that
given 1, factors 2 and 3 are independent of factor 4. Conversely, the condi-
tion that given 1, factors 2 and 3 are independent of factor 4 implies that
[123][14] must hold. However, the independence condition is also consistent
with the smaller model [12][13][23][14]. This smaller model is equivalent to
the independence condition along with the additional condition that there
is no wuis3 interaction.

Goodman (1970, 1971) and Haberman (1974a) introduced the concept of
decomposable log-linear models. These models are also called multiplicative.
The class of decomposable models consists of all models that have closed
form mazimum likelihood estimates. They also have simple interpretations
in terms of independence or conditional independence. For example, all
models for three factors other than [12][13][23] are decomposable. In Table
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TABLE 4.1. Some Models and Their Conditional Independence

Interpretations
Model Interpretation
[123][124] Given 1 and 2, factors 3 and 4 are independent.
[123][14][24]* Given 1 and 2, factors 3 and 4 are independent.
[123][14] Given 1, factor 4 is independent of factors 2 and 3.

[12][13][14][23]* Given 1, factor 4 is independent of factors 2 and 3.
[123][4] Factor 4 is independent of factors 1, 2, and 3.

[12][23][34][41] Given 2 and 4, factors 1 and 3 are independent.
Given 1 and 3, factors 2 and 4 are independent.

[12][13][14] Given 1, factors 2, 3, and 4 are all independent.

[12][13][24] Given 1, factor 3 is independent of factors 2 and 4.
Given 2, factor 4 is independent of factors 1 and
3.

[12][34] Factors 1 and 2 are independent of factors 3 and 4.

[12][13][4] Factor 4 is independent of factors 1, 2, and 3. Given

1, factor 2 is independent of factor 3.

[12][3][4] Factor 3 is independent of factors 1, 2, and 4. Fac-
tor 4 is independent of factors 1, 2, and 3.

[1][2][3][4] All factors are independent of all other factors.

*These models imply their interpretations; however, the interpretations do
not imply the models.

5.1, all models except the two with asterisks and [12][23][34][41] are decom-
posable. Note that [12][23][34][41] is not decomposable but is still charac-
terized by its conditional independence relations. It is particularly easy to
work with decomposable models because they have very simple structure.
Often, results that are difficult or impossible to prove for arbitrary log-
linear models can be shown for decomposable models, e.g., Bedrick (1983)
and Koehler (1986). An exact characterization of decomposable models is
given in the next section.

4.2 Graphical and Decomposable Models

Models that have interpretations in terms of conditional independence are
known as graphical models. The terminology stems from the relationship of
these models to graph theory. Berge (1973) gives a discussion of graph the-
ory that is particularly germane but does not give statistical applications.
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Edwards and Kreiner (1983) give an overview of the use of graphical log-
linear models. More recently, Edwards (1995) provides an introduction to
the uses of graphical models in statistics, including applications other than
log-linear models. More advanced recent books include Whittaker (1990)
and Lauritzen (1996).

Graphical models are determined by their two-factor interactions. The
basic idea is that any graphical model containing all of the terms 32, w13,
and ug3 must also include uj23. To extend this, consider a graphical model
that includes w12, w13, U23, u24, and us4. The terms uia, w13, and wuss
imply that ui23 must be in the graphical model and w23, w24, and usg
imply that uss4 must be in the model. A graphical model must contain
Uu1234 if it includes all six of the two-factor terms that can be formed from
the four factors, i.e., if it includes uio, w13, W14, U23, U2g, and uszs.

Definition 4.2.1. A model is graphical if, whenever the model contains
all two-factor terms generated by a higher-order interaction, the model also
contains the higher-order interaction. In graph theory, the corresponding
idea is that of a conformal graph.

Obviously, we need to discuss both models and the two-factor effects
generated by higher-order terms. The model [1234][345] is determined by
the four-factor term w1234 and the three-factor term wusss. The four-factor
term w934 generates the two-factor terms uyo, %13, U14, U2z, U24, and Usq.
The three-factor uz4s term subsumes the two-factor terms wusg, uszs, and
uas. We will refer to the four-factor term [1234] as generating [12], [13],
[14], [23], [24], and [34]. Similarly, the three-factor term [345] generates the
two-factor terms [34], [35], and [45]. Conversely, any graphical model that
contains the two-factor effects [12], [13], [14], [23], [24], and [34] must include
[1234] (or a larger term that subsumes [1234]) and a graphical model that
includes [34], [35], and [45] also includes either [345] or a larger term.

EXAMPLE 4.2.2.  Three-Factor Models.

The two-factor terms that are possible with three-factors are [12], [13], and
[23]. The two-factor effects generate only one higher-order interaction, [123].
The only three-factor models that contain all of the two-factor terms are
[123] and [12][13][23]. The model [123] contains all the two-factor effects
and the higher-order term, so [123] is graphical. The model [12][13][23]
contains all the two-factor effects generated by [123] but does not contain
the higher-order term, so it is not graphical. None of the other three-factor
models contain all of the two-factor interactions, so, by default, they are
all graphical models.

ExaMPLE 4.2.3.  Four-Factor Models
The model [123][24] is graphical because it includes the three-factor term
[123] and it does not contain all of the two-factor terms generated by any
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other higher-order terms. This follows because all higher-order terms other
than [123] involve factor 4, so each generates at least 2 two-factor terms
that involve factor 4. The model [123][24] includes only one such term, [24],
so, by default, the model does not include all the two-factor terms for any
higher-order interaction other than [123]. Similarly, the model [123][124] is
graphical because the two-factor terms that are present only generate the
three-factor interactions in the model.

A model that is not graphical is [12][13][14][23]. It includes all of [12],
[13], and [23], but it does not include [123]. The model [123][124][234] is
not graphical because it contains all six of the possible two-factor effects
but does not contain [1234]. Except for the models indicated by asterisks,
all of the models in Table 5.1 are graphical models.

Any log-linear model can be embedded in a graphical model. This fol-
lows immediately from the fact that the saturated model is the graphical
model having all possible two-factor effects. To interpret a specific log-linear
model, one seeks the smallest graphical models that contain the specific
model.

EXAMPLE 4.2.4. The nongraphical model [12][13][14][23] is a submodel
of the graphical model [123][14]. The nongraphical model retains the condi-
tional independence interpretation, 2 and 3 independent of 4 given 1 which
is appropriate for the larger graphical model; however, the nongraphical
model involves additional constraints.

Amazingly, graphical models can be displayed graphically. (Wonders
never cease!) In this context, graphs are not directly related to Cartesian
coordinates but rather to graph theory. A graph consists of vertices (nodes)
and edges. Vertices correspond to factors in log-linear models. Edges cor-
respond to two-factor effects. Note that graphs based on two-factor effects
would be useless without a convention that dictates how two-factor ef-
fects determine a log-linear model. Thus, pictures of graphical models are
worthless until after graphical models have been defined. A key feature of
this subject is the one-to-one correspondence between graphical log-linear
models and graphs. Every model determines a graph and every graph de-
termines a model.

ExAMPLE 4.2.5. Consider the model [12][23][34][41]. Factors are points
on a graph (vertices) and two-factor interactions are allowable paths (edges)
between points. The graph is given below.
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Now consider the model [123][134]. The two-factor terms generated by
[123] are [12], [23], [13] and the terms [13], [34], [14] are generated by [134].
Note that [13] is common to both sets of two-factor terms. The correspond-
ing graph is given below.

We can also read log-linear models directly from the corresponding graph.
For example, the graph

has the two-factor effects [12], [24], [14]; these generate the three-factor
term [124]. The graph also contains the edges [23], [34], [24] that generate
[234]. We have accounted for all of the edges in the graph, so the model is
[124][234].

As another example, consider the following graph.
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Again the edges [12], [24], [14] generate the three-factor term [124]. How-
ever, this graph does not have all of the edges that generate [234] because
the graph does not contain [23]. The term [34] is not included in any larger
term, so it must be included separately. The model is [124][34].

Finally, consider a seven-factor graph.

The graph contains all possible edges between the vertices 1, 2, 3, and 5;
thus, the graphical log-linear model includes the term [1235]. Similarly, the
graph contains all possible edges between the vertices 5, 6, and 7; therefore
the log-linear model includes the term [567]. Finally, the graph contains the
isolated edge [34], so this term must be in the model. These three terms
account for all of the edges in the graph, so the graphical log-linear model
is [1235][34][567).

Note that the graph also contains all possible edges between other sets
of vertices; for example, all of the edges between 1, 2, and 5 are in the
graph so the model includes [125]. However, [125] has already been forced
into the model by the inclusion of [1235]. The graphical log-linear model
is determined by the largest sets of vertices that include all possible edges
between them. The set {1,2,5} is unimportant because it is contained in
the set {1,2,3,5}. A set of vertices for which all the vertices are connected
by edges is complete. Both the sets {1,2,5} and {1,2,3,5} are complete.
A maximal complete set (i.e., a complete set that is not contained in any
other complete set), is called a cliqgue. The cliqgues of a graph determine
the graphical log-linear model. The set {1,2,3,5} is a clique, but the set
{1,2,5} is not maximal, so it is not a clique. In the graph of the model
[1235][34][567], the cliques are {1,2,3,5}, {3,4}, and {5,6,7}. There is an
obvious correspondence between the cliques and the [-] notation defining the



4.2 Graphical and Decomposable Models 139

model. In the future, we will simply indicate the cliques as [1235], [134], and
[567]. Because the cliques determine the model, the concept of a clique is of
fundamental importance. Surprisingly, that importance need not be made
explicit in the remainder of this discussion. However, in Wermuth’s method
of model selection, the role of cliques cannot be ignored, cf. Section 6.5.

Perhaps the most important reason for graphing log-linear models is that
independence relations can be read directly from the graph. To do this, we
need to introduce the concept of a chain. A chain is simply a sequence of
edges that lead from one factor (vertex) to another factor. In the graph

there are a huge number of chains. For example, there is a chain from 1
to 2 to 5, a chain from 1 to 2 to 5 to 6, a chain from 1 to 2 to 5 to 7 to
6, a chain from 1 to 2 to 5 to 3 to 4, and many others. Note that a chain
involves not only the end points but also all the intermediate points. In
other words, there is a chain from 1 to 3 to 5 to 7, but the graph contains
no chain from 1 to 3 to 7 because the graph does not include the edge [37].
We allow chains to begin and end at the same point, e.g., 3 to 1 to 5 to
3; in other words, round-trips are allowed. However, we do not allow the
path to include a factor more than once. For example, we do not allow 3
to 5 to 6 to 7 to 5 to 1. Even though this path never uses the same edge
twice, it does go through factor 5 twice. In a sense, there is no real loss
in excluding such paths because we can still get from factor 3 to factor 1
by taking the path 3 to 5 to 1. We are just not allowing ourselves to drive
around in circles. A formal definition of chains is given below.

Definition 4.2.6. Let h and j be factors and let {i1,...,ix} be a
sequence of factors that are distinct from each other and from h and j.
The sequence of edges C; = {[hi1], [i142],---,[irj]} is @ chain between h
and j. A graph contains the chain C}; if the graph contains all of the edges
included in the chain.

We get a degenerate chain if we start at h, go to another vertex ¢, and
back to h. This is the only situation in which an edge could appear twice
within the sequence of edges defining a chain. Nonetheless, this chain only
contains one edge.
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The key result on independence follows.

Theorem 4.2.7. Let the sets A, B, and C denote disjoint subsets of
the factors in a graphical model. The factors in A are independent of the
factors in B given C if and only if every chain between a factor in A and
a factor in B involves at least one factor in C.

Proof. See Darroch, Lauritzen, and Speed (1980). |

EXAMPLE 4.2.8. The four-factor model [12][13][24] is illustrated below.
It is graphical, so Theorem 4.2.7 applies. Rewrite the model as [31][12][24].
By the theorem, factor 3 is independent of 2 and 4 given 1, factors 3 and 1
are independent of 4 given 2, and factors 3 and 4 are independent given 1
and 2. There are three independence conditions here and all are necessary.
For example, the model that only specifies 3 independent of 2 and 4 given
1is [31][124], not [12][13][24].

3 1 2 4
° *® *® ®

Theorem 4.2.7 also implies certain marginal independence relations. For
example, factor 3 is independent of factor 2 given 1. This is a statement
about the marginal distribution of factors 1, 2, and 3.

Consider the model [12][3]. There are no chains connecting factors 1 and
2 with 3, so every chain that connects them involves at least one member
of the empty set. Thus, 1 and 2 are independent of 3 given the factors in
the empty set; i.e., 1 and 2 are independent of 3.

1 2 3
o ————O

Marginally, we can conclude that 3 is independent of 2 and that 3 is inde-
pendent of 1.

In the model [123][24][456], 1 and 3 are independent of 5 and 6 given 2
and 4. Similarly, 1 and 3 are independent of 4, 5, and 6 given 2. Also, 5
and 6 are independent of 1, 2, and 3 given 4.
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Many marginal independence relationships hold for this model. For exam-
ple, 1 and 3 are independent of 4 and 5 given 2.

EXERCISE 4.2. (a) Graph the 10 graphical models in Table 5.1.
(b) List 10 of the independence relationships in [12][23][34][41][25][567].

1 6

The decomposable models discussed at the end of the previous section
form a subset of the graphical models. They are the graphical models that
have the additional condition of being chordal. The terms given in paren-
theses in the example below are graph theory terms.

EXAMPLE 4.2.9. Suppose that a model contains the interactions [12],
[23], [34], [41]. We can start at any of the points and travel in a cycle
(closed chain) back to that point. For example, we can travel from 1 to 2,
from 2 to 3, from 3 to 4, and from 4 back to 1.

The model (graph) is chordal if every such cycle among four or more vertices
has a shortcut. A shortcut is called a chord. The cycle given above has two
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possible shortcuts: [31] and [24]; adding either or both of these would make
the model chordal. For example, if the model also includes [31], a cycle
from 1 back to 1 can be shortened by traveling [12], [23], [31].

Similarly, a trip from 2 back to 2 can be shortened by traveling [23], [31],
[12]. The graphical model generated by the terms [12], [23], [34], [41], and
[31] is [123][134]. This decomposable model has the interpretation that
given factors 1 and 3, factors 2 and 4 are independent. The maximum
likelihood estimates are 7pijr = Nhij.-Nh-jk/Th-j. -

The length of a chain is the number of edges in it. The closed chain [12],
[23], [34], [41] has length four. The closed chain [12], [23], [31] has length
three. A closed chain among four or more vertices is a closed chain of length
four or more.

Consider the model [12][25][53][34][41][567] given below in graphical

form.

This is not decomposable because the closed chain [12], [25], [53], [34], [41]
involves five vertices and has no chords. The model requires the addition of
at least two additional two-factor effects to convert it into a decomposable
model. Adding one edge to the offending chain still leaves a cycle of length
four without a chord. For example, adding [15] leaves the cycle [15], [53],
[34], [41] without a chord. The following graph adds both [15] and [13].
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This is now the graph of a decomposable log-linear model. All cycles of
length four or more have a chord. The corresponding log-linear model is
[143][135][125][567].

These ideas are formalized in the following definition.

Definition 4.2.10. Consider the chain Cy; = {[hi1], [i132],. .., [irj]}.
The length of the chain is the number of edges (distinct elements) in C;.
A chain Cj is a reduced chain relative to Cy; if Cy is a chain between h and
J with length less than that of Cp; and if every factor involved in Cy is also
involved in Chp;. Note that it is the factors (vertices) that define reduced,
not the effects (edges). A closed chain is a chain between a factor h and
itself with length greater than 1. In particular, the chain from h to h, Cp; =
{[h], [¢h]}, contains only one (distinct) edge, so it has length 1 and does
not form a closed chain. Any two-factor term [i,i,] is a chord of the closed
chain Ch,h = {[hll], ey [ir_lir], [irir—i-l]; ey [is—lis]; [i3i3+1], ey [Zkh]} if
the sequence {[hi1],. .., [ir_1%], [iris], [istst1]s - - -, [ixh]} is a closed reduced
chain relative to Cyp. It is allowable for either factor in [iqis] to be h. A
model is chordal if every closed chain of length k > 4 generated by the
model has a chord that is in the model. A model is decomposable if it is
both graphical and chordal.

By definition, a closed chain must have a length of at least 2; it follows
immediately that a closed chain must have a length of at least 3. Clearly,
a closed chain of length three cannot have a chord, so it is natural that the
definition of chordal models involves closed chains of length 4 or more. It is
possible for a model to be chordal without being graphical. Chordal models
have restrictions on the two-factor terms; they place no requirements on
higher-order terms. In graph theory, decomposable models correspond to
acyclic hypergraphs.

ExXAMPLE 4.2.11.  The effects [12], [23], [34] define a chain from 1 to 4.
The effects [12], [24] define a reduced chain from 1 to 4. The effects in the
model [12][23][34][41] define a closed chain from 1 back to 1 but also from 2
back to 2, from 3 back to 3, and from 4 back to 4. To see the last of these,
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observe that the model contains the closed chain [41], [12], [23], [34]. The
possible chords for these closed chains are [31] and [24]. To see that [24] is
a chord, observe that [12], [24], [41] defines a closed reduced chain of [12],
[23], [34], [41].

The nongraphical model [12][23][34][41][24] is chordal because any closed
chain of length four has a chord that is in the model. This model has no
closed chains of length greater than four because it involves only four fac-
tors. The model [12][23][34][41][24] is not decomposable because it is not
graphical. It contains all of [12], [41], and [24] but not [124]. The corre-
sponding decomposable model is [124][234]. This model generates precisely
the two-factor terms [12], [23], [34], [41], and [24], so it is both graphical
and chordal.

With four factors, the only graphical model that is not decomposable is
[12][23][34][41].

Decomposable models have closed form estimates. We illustrate one sim-
ple case.

ExaMPLE 4.2.12. Consider the graph

3 1 2 4
° *® *® L

The corresponding model is [12][13][24]. The probability structure can
be read from the model,
Phi--Ph-j-P-i-k

Ph...D.j..
where the terms in the numerator are determined by the terms in the model
(the marginal probabilities in the numerator correspond to the margins fit-
ted by the model) and the terms in the denominator correspond to the
factors that appear in more than one term in the model. Marginal prob-
abilities are estimated from marginal tables, e.g., Ppi.. = npi../n..... The
estimated expected counts are

Phijk =

Nhi--Mp-5- N4k

Mhijk = N....Phijk = ——
e T
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Decomposable models are closely related to recursive causal models. Re-
cursive causal models use ideas from directed graphs to indicate causation.
As mentioned in the introduction to Chapter 4, causation is not something
that can be inferred from data. Any causation must be inferred from other
sources. Recursive causal models are introduced in Section 4. The interested
reader can also consult the relevant literature, e.g., Wermuth and Lauritzen
(1983), Kiiveri, Speed, and Carlin (1984), and the fine expository paper by
Kiiveri and Speed (1982).

The interplay between graph theory and statistics is a fascinating subject
with implications for log-linear models, covariance selection, factor anal-
ysis, structural equation models, artificial intelligence, and database man-
agement. Reviews are given by Kiiveri and Speed (1982), Edwards (1995),
Whittaker (1990), and Lauritzen (1996). For applications to log-linear mod-
els, see the references listed in the previous paragraph along with Darroch,
Lauritzen, and Speed (1980). These articles cite a wealth of related work
including the important contributions of Leo Goodman and Shelby Haber-
man.

4.3 Collapsing Tables

One important function of statistics is to summarize large batches of num-
bers. This is such a fundamental aspect of statistics that it is easily over-
looked. For example, formal theories of statistics are generally based on
the use of sufficient statistics, cf. Cox and Hinkley (1974). Intuitively, a
sufficient statistic is simply a summary of the data that is sufficient for
drawing valid conclusions about the data. The use of sufficient statistics is
an enormous advantage both theoretically and practically.

An early step in analyzing many sets of data is the construction of a table.
Tables organize data in a way that makes the data more understandable.
Clearly, small tables are easier to understand than large tables. For exam-
ple, a 3 x 5 table is typically easier to understand than a 3 x 5 x 4 table. In
this section, we establish conditions that, if satisfied, allow us to collapse a
3 x 5 x 4 table of counts into a 3 x 5 table and still draw valid conclusions.
Recall that collapsing is not always possible. Simpson’s paradox is precisely
the result of collapsing a table that cannot be validly collapsed. First, we
discuss collapsing in three-factor tables and then extend the discussion to
higher-order tables.

Collapsed tables are also used in analysis of variance. The three-factor
ANOVA model

Yijke = M+ ai+ B+
+ (aB)ij + (ay)ir + (BY)jk + €ijre

i=1,...,I,j=1,...,J, k =1,...,K, £ = 1,...,N, is a model for
analyzing the I x J x K table of means y;;i.. It is well known that with
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no three-factor (afy) interaction, each of the two-factor interactions can
be examined by looking at the corresponding two-factor marginal table.
For example, the two-factor interaction (af) can be investigated using the
I x J table of g;;..’s.

The situation with tables of counts is more complex. In general, if a log-
linear model has no three-factor interaction and if all two-factor interac-
tions exist, it is not valid to draw conclusions about two-factor interactions
from the two-factor marginal tables.

As discussed earlier, two-factor interactions are closely related to odds
ratios. A three-factor table is said to be collapsible over factor 1 if the odds
ratios in the marginal table p.;; are identical to the odds ratios for each row
of the three-way table. In other words, we can collapse on rows (factor 1)
if for all 4, 7, 7', k, and &/,

D.jkD-j k! _ DijkDPij k! (1)
D-j kP jk Dij' kPijk

If this is true, we can draw valid inferences about the relationship between
factors 2 and 3 by looking only at the marginal table. (This is clearly
an easier task than examining a separate two-way table for each level of
factor 1.)

As shown in equation (3.2.3) in the subsection Odds Ratios and Inde-
pendence Models, equation (1) holds if rows and columns are independent
given layers. So, under this model, the relationship between columns and
layers does not depend on rows. Similarly, the row-layer relationship can
be investigated in the row-layer marginal table if rows and columns are
independent given layers.

Note that in order to have equation (1) hold, it is not necessary that
rows and columns be independent given layers. It is easily seen that if rows
and layers are independent given columns, then (1) still holds. Moreover,
if both models [13][23] and [12][23] hold, then we must have [1][23], so
rows are independent of both columns and layers. Obviously, in this case,
collapsing over rows is allowable.

The validity of collapsing over a factor is a property of the parameters
pijr- Data analysis is based on the observed values n;j;. It is important
to realize that the MLE of the odds ratio p.;jkp.j & /P.j kP ji under either
model [13][23] or [12][23] is n.;kn. ik /1. jkn.ji and that this is also the
MLE from the marginal table of n.;;’s. Thus, data analysis is identical
whether working with the three-dimensional table or with the collapsed
table. Collapsed tables are such a useful and intuitive tool that we have
already used them in data analysis. The reader should note that collapsed
tables were an integral part of both Examples 3.2.2 and 3.2.3.

Our results on collapsing three-factor tables are summarized in the next
theorem.

Theorem 4.3.1.
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(a) If the model [13][23] holds, then the relationship between factors 2
and 3 can be examined in the marginal table n.;; and the relationship
between factors 1 and 3 can be examined in the marginal table n;.g.

(b) If either model [13][23] or [12][23] holds, then the relationship between
factors 2 and 3 can be examined in the marginal table n._j.

(c) If model [1][23] holds, then the relationship between factors 2 and 3
can be examined in the marginal table n.jy.

To extend collapsibility conditions to higher-order tables, use the same
tricks as were used in Section 1 for interpreting higher-order models: rein-
dexing and using larger models. Consider a table with five factors: 1, 2,
3, 4, and 5. Suppose our model is [1234][45][35]. This is contained in the
model [1234][345]. By considering this as a three-factor table with factors 1-
2, 3-4, and 5, we have that factor 1-2 and factor 5 are independent given
factor 3-4. Thus, collapsing over factor 5 to examine the marginal table of
factors 1, 2, 3, and 4 is valid. Also, collapsing over factors 1 and 2 gives a
valid marginal table for examining factors 3, 4, and 5.

It is particularly easy to read off collapsibility from a graphical model.

Corollary 4.3.2. Let the sets A, B, and C denote a partition of the
factors in a graphical model such that every chain between a factor in A and
a factor in B involves at least one factor in C; then the relationships among
the factors in A and C can be examined in the marginal table obtained by
summing over the factors in B.

EXAMPLE 4.3.3.  The model [123][24][456] can be graphed as below.

It follows that accurate conclusions can be drawn from the marginal tables
1123..., 1234, T...456, and N.3.456.

4.4 Recursive Causal Models

This section examines a class of graphical models that are useful for analyz-
ing causal relationships. Causation is not something that can be established
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by data analysis. Establishing causation requires logical arguments that go
beyond the realm of numerical manipulation. For example, a well-designed
randomized experiment can be the basis for conclusions of causality, but
the analysis of an observational study yields information only on correla-
tions. When observational studies are used as a basis for causal inference,
the jump from correlation to causation must be made on nonstatistical
grounds. In this section, we consider a class of graphical models that have
causation built into them. The discussion focuses on appropriate graphs
and their interpretations. Not all of the graphical models in this class cor-
respond to log-linear models; thus, the new class is distinct from the graph-
ical models considered in Section 2. For the models considered here, the
numerical process of estimation is exceedingly simple.

The graphical models considered in this section are recursive causal mod-
els. Unlike most of the methods considered in Chapter 4, recursive causal
models allow for multiple response factors. With multiple response factors,
a given factor can serve as both a response, relative to some causal factors,
and as a cause for other response factors. The term “recursive” indicates
that response factors are not allowed to serve, even indirectly, as causes of
themselves.

We begin with a discussion of models that involve only one response
factor. In particular, we consider the abortion opinion data discussed in
Sections 3.7 and 4.6.

EXAMPLE 4.4.1.  Abortion Opinion Data.

The factors involved in the abortion opinion data are race R, sex S, opinion
O, and age A. In Chapter 6, one of the better models found for these data
is [RSO][OA]. This is a graphical model.

The model [RSO][OA] indicates that Race and Sex are independent of
Age given Opinion. While this may explain the data well, it is difficult to
imagine a social process that could cause independence between such tangi-
ble characteristics as Race, Sex, and Age given something as ephemeral as
Opinion. In particular, it violates Asmussen and Edwards’ (1983) criteria
for response models (see the ends of Sections 4.6 and 6.8).

In Chapter 4, we have argued that when analyzing a response, one should
condition on all explanatory factors. With Opinion taken as a response,
any log-linear model should include the interaction term [RSA] for the
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explanatory factors. In Section 4.6, we found that [RSA][RSO][OA] was
a reasonable model. This model is not graphical. For example, the three-
factor terms in the model, [RSA] and [RSO], imply the existence of [SA] and
[SO] interactions. Taken together with the [OA] term, the model includes
all of the two-factor terms included in [SAO]. By definition, if all these
two-factor effects are included, a graphical model must also include [SAQ].
Thus, [RSA][RSO][OA] is not graphical.

Note that based on the model [RSA][RSO][OA], any logit model for Opin-
ion has an effect (RS) for Race-Sex interaction and a main effect A for age.
In the discussion below, we present a recursive causal model that incorpo-
rates the same effects. The difference is that the recursive causal model is
not a log-linear model but a conjunction of log-linear models.

While [RSO][OA] is a graphical model, it is not a recursive causal model
for Opinion. Given below is the graph of a recursive causal model in which
Opinion is the response, Race, Sex, and Age are direct causes of Opinion,
and there is a joint effect for Race and Sex.

This is very similar to the graph for [RSO][OA]; however, some of the
edges have been replaced by arrows. Arrows are called directed edges. Edges
without arrowheads are undirected edges. Directed edges point to response
factors; O is the only response factor. In this graph, the directed edges
originate at the explanatory factors. The factors R, S, and A are each
called a direct cause of O because there is a directed edge from each of R,
S, and A to O. The undirected edge between R and S is unchanged from
the graph of [RSO][OA]; the edge represents an interaction between R and
S. Age involves no undirected edges.

With no loss of generality, the probability model corresponding to these
four factors can be written as

Pr(R=h,S=i,0 =j,A=k)
=Pr(O=j|R=h,S=i,A=kPr(R=h,S =i,A=k).

Here, the probability is written as the product of a conditional probability
of the response factor given its direct causes, Pr(O = j|R = h,S =i, A =
k) and another term, Pr(R = h,S = i,A = k), that involves only the
explanatory factors. Each of these terms is to be modeled with a log-linear
model.
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The term Pr(O = j|R = h,S =14, A = k) is a conditional probability; so,
as discussed earlier, the corresponding log-linear model should include an
[RSA] term. The log-linear model used is the graphical model that incor-
porates the explanatory factor edges for [RSA] and changes directed edges
involving the four factors to undirected edges. In the following graph, the
directed edges are retained to emphasize that there are two steps involved.

S (0]

Changing directed edges to undirected edges, the graphical log-linear model
is clearly the saturated model, cf. Section 2. The maximum likelihood es-
timate of Pr(R = h,S =14,0 = j, A = k) is npijr/n.... and, thus, the max-
imum likelihood estimate of Pr(O = j|R = h,S = i,A = k) = prijk[Phi-k
is

Phijk _ Dhijk

Dhik  Mhik

The probability model for the explanatory factor term Pr(R = h,S =

i, A = k) is also a log-linear model determined by the graph of the recursive
causal model. The log-linear model is the graphical model obtained by
dropping the response factor and the directed edges. It is given below.

R oA

The log-linear model for this graph is [RS][A]. It determines a marginal
distribution for the explanatory factors. The model is that

PI‘(R: h,S§=1i,A= k) :Pr(R: h,S:’i)Pr(A — k)
or, equivalently,
Phi-k = Phi--P-- k-

The maximum likelihood estimates are
Npi.. Nk

Dhi-k =
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Combining the two sets of results gives

Pr(R=h,S=i,0=j,A=k)
=Pr(O=j|lR=h,S =i,A=k)Pr(R=h,S =i)Pr(4A = k)

or, equivalently,

Dhijk
Phijk = I (phi--)p---k-
Dhi-k

This probability model appears to be a saturated log-linear model but is
not. Taking logs gives log(prijr) as the sum of four additive terms, one
of which involves all four indices. This would seem to be a saturated log-
linear model. However, a two-stage modeling procedure was used, so the
simple-minded approach is not appropriate. Using the maximum likelihood
estimates from each stage gives

Nhijk Mhi.- Mook
Npi-k N.... N....

Dhijk =

and estimated expected cell counts

Nhijk Mhi- Tk

Mhpije = N.... -
Npik N.... N....

It is interesting to note that there is no data reduction involved in the
estimation. An important, if often underemphasized, element of statisti-
cal modeling is that large amounts of data are reduced to manageable
form by the use of sufficient statistics. This is certainly true for ANOVA
type log-linear models where maximum likelihood estimates are completely
determined by various marginal tables. The 1;51’s given above require
knowledge of the np;j1’s, so no data reduction has occurred. This is not
always true; data reduction does occur for some recursive causal models.

We now consider recursive causal graphs with four factors, of which two
are responses.

ExAMPLE 4.4.2.  Two Response Factors.
Assume multinomial sampling for a table with four factors. Consider the
recursive causal graph given below.
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Factors 1 and 2 are purely explanatory and interact. Factor 3 has one direct
cause, which is factor 2. Factor 4 has one direct cause, factor 3. In general,
the probability model for four factors can be written in three terms:

PI‘(Fl = h,F2 = i,Fg :j,F4 = k) = PI‘(Fl = h,Fz = l)
X PI‘(F3 = J|F1 = h,FQ = Z)PI‘(F4 = k|F1 = h,FQ = Z',Fg Zj)

Based on the graph, we write the recursive causal probability model as

Pr(Fy = h,Fo = i,F3 = j,Fy = k)
= PI'(Fl = h,FQ = Z)PI’(F3 = ]|F2 = Z)PI‘(F4 = k|F3 = J)

The first term, Pr(Fy = h, F» = i), involves only the purely explanatory
factors. The second term, Pr(F3 = j|F2 = i), involves the distribution for
factor 3 given its direct cause, the purely explanatory factor 2. Note that
factor 1 is an indirect cause of 3 because of its relationship with factor 2;
however, only the direct cause F5 is involved in the probability model. The
third term, Pr(Fy = k|F3 = j), involves the distribution of Fy given its
direct cause Fj.

Again, estimation of probabilities is simple. The probability Pr(F; =
h, F» = i) is estimated using the graphical log-linear model obtained by
dropping the response factors 3 and 4 and all directed edges. In other
words, it is estimated from the saturated model [12] for the marginal ta-
ble involving only the first two factors. The term Pr(F; = j|F> = i) is
estimated using the saturated model for the 2, 3 marginal table. The last
term, Pr(Fy = k|F5 = j), is estimated from the saturated model for the 3,
4 marginal table. Thus,

o ~ ﬁlj ﬁ]k
Phijk = Phi--— ~
D D..j.

Nhi-- Mj5- N5k
N.... Mg M.y,

Of course, the estimated expected cell counts are simply
Mhijk = Ne...Dhijk -

The graphical model can be made more interesting by inserting a direct
cause between 1 and 4.




4.4 Recursive Causal Models 153

The recursive causal probability model is now

PI‘(Fl = h,F2 = i,Fg =j,F4 = k)
= Pr(F1 = h,F2 = Z)PI“(Fg = j‘FQ = Z)PI‘(F4 = k‘|F1 = h,Fg :])

Again, the first term Pr(F; = h, F5 = i), involves only the purely explana-
tory factors. The second term, Pr(F3 = j|Fy = i), involves the distribution
for factor 3 given its direct cause. The difference between this model and
the previous one is that the third term, Pr(Fy = k|F; = h, F3 = j), now
involves the distribution of Fy given both of its direct causes F; and Fj.
Estimation is based on saturated models for appropriate marginal tables
and yields
Dhijk = Py B Phedk

D.i-- Ph-j-
n.... .. nh.j. )

Note that a saturated model is used for the explanatory factors only because
the graph indicates use of a saturated model. Unlike response factors, the
model for explanatory factors is not required to be a saturated model for
the appropriate marginal table.

Consider one final graph.

The probability model is

PI‘(Fl = h,F2 = i,Fg :j,F4 = k) = PI‘(Fl = h,F2 = l)
X PI‘(F3 :j|F1 = h,FQ = Z)PI‘(F4 = k|F1 = h,Fg :j)

Again, the first term, Pr(F; = h, F> = 1), involves only the purely explana-
tory factors. The second term, Pr(F3 = j|Fi = h,F, = i), involves the
distribution for factor 3 given both of its direct causes. The third term,
Pr(Fy = k|Fy = h,F5 = j) also conditions only on direct causes. Estima-
tion is based on appropriate marginal tables,

i e T

N.... Npj-- Np-j-

Dhijk =

with estimated expected cell counts 7k = ... Phijk -
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In general, a causal graph for a set of factors C includes a set M of
purely explanatory factors, also called external or exogenous factors and a
set C' — M of response factors, also called internal or endogenous factors.
The exogenous factors have an undirected graph associated with them.
Each endogenous factor is the end point for one or more directed edges.
The directed edges can originate at either exogenous or endogenous factors.
A causal graph is recursive if no endogenous factor is a cause of itself; in
other words, if there are no directed pathways that lead from an endogenous
factor back to itself. For example, the causal graph

ZQ—Ni3

1 ] 4

is not recursive. Factor 2 is exogenous. The other three factors are endoge-
nous. There is a directed path from 3 to 4 to 1 and back to 3, so 3 is a
cause of itself and the graph is not recursive. In this example, all of the
endogenous factors are causes of themselves.

Generally, for a factor F; € C'— M, its direct causes are the factors from
which a directed edge goes to F;. Let the set of all such factors be D;. The
probability for a recursive causal model is

Pr(F=f; : F;€C)=Pr(F;=f; : F; € M) H Pr(F; = fi|D;).
F,eC—M

The term Pr (F; = f; : F; € M) depends on the marginal graph for M,
i.e., the graph that drops all endogenous factors and directed edges. Es-
timates of Pr(F; = f; : F; € M) are maximum likelihood estimates from
the corresponding graphical log-linear model. Estimation of a term of the
form Pr (F; = f;|D;) is based on the saturated model for the marginal table
with factors in {F;} U D;.

Putting arrowheads on edges and defining a new method for stating
probability models has nothing fundamental to do with causation. These
probability models can be used even when the causation suggested by the
graph exists only in the head of the data analyst. Moreover, if enough
models with nonsensical causations are fit, one that fits well may be found.
Obviously, a well-fitting model does not establish that the causal patterns
in the model are true. However, if the graph is a reasonable statement
of a causal process, a well-fitting probability model adds credence to the
hypothesized causal process. Evaluating how well recursive causal models
fit is discussed later in this section.
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A useful and interesting concept in recursive causal models is that of
configuration >. It allows one to relate recursive causal models to decom-
posable log-linear models, cf. Section 2. Three factors A, B, and C are
in configuration > if C is caused by both A and B, but there is neither a
directed nor an undirected edge between A and B. This is illustrated below.

B.—,.C

Recursive causal models are typically not log-linear, but there is a sub-
stantial intersection between the classes of models. The key result is that a
recursive causal graph contains no factors that are in configuration > and
the graph restricted to the exogenous variables is decomposable if and only
if the recursive causal probability model is identical to the probability model

determined by a decomposable log-linear model, cf. Wermuth and Lauritzen
(1983).

ExXAMPLE 4.4.3. Consider the recursive causal graph given below. This
is similar to one used in Example 4.4.1; however, the factor R has been
eliminated as a direct cause for O.

The factors S, A, O are in configuration >; thus, the recursive causal graph
is not equivalent to a decomposable log-linear model.

By connecting the nodes for S and A, the configuration > can be elimi-
nated.
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The probabilities for this recursive causal graph are the probabilities for
the model [RS][SA] in the exogenous marginal table, obtained by collapsing
over the response factor O, times the conditional probabilities for Pr(O =
j|S =i, A = k) from the saturated model collapsing over R. This gives

_ <phz'--p~i~k) (p-z'jk) _ (phi~~p~z'jk)
DPhrijk = =\— -
p.i.. Pk e

Note that these are exactly the same probabilities as determined by the
decomposable log-linear model [RS][SOA] defined by the underlying undi-
rected graph

In the underlying undirected graph, directed edges are changed to undi-
rected edges. The probability models are the same, so independence re-
lationships are the same. For the decomposable model, the independence
relationship is that R is independent of O and A given S. This holds for
both the log-linear model and the recursive causal model.

The probability models associated with decomposable log-linear mod-
els are identical to probability models for recursive causal models that (1)
have no configurations > and (2) have a decomposable exogenous factor
graph. The exogenous factor graph is the graph with all response factors
and directed edges eliminated. It follows that decomposable models can be
thought of as a subset both of graphical log-linear models and of recursive
causal models. A recursive causal model graph with a decomposable ex-
ogenous factor graph and no configurations > can be transformed into a
decomposable log-linear model graph simply by changing directed edges to
undirected edges. See Wermuth and Lauritzen (1983) and Kiiveri, Speed,
and Carlin (1984) for the validity of these statements.
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EXERCISE 4.3. In Example 4.4.1, it was stated that the model [RSO][OA]
is not a recursive causal model for Opinion. However, [RSO][OA] is decom-
posable, so it corresponds to some recursive causal model. Explain why
[RSOJ[OA] is not a recursive causal model for Opinion, and by changing

the endogenous factor, give a recursive causal model that does correspond
to [RSO][OA].

We now present a conditional independence result that holds for general
recursive causal models. Any endogenous (response) factor F; is indepen-
dent of the factors F; for which it is not a direct or indirect cause given
D;, the direct causes of F;. Independence among exogenous factors is de-
termined by the exogenous factor graph.

EXAMPLE 4.4.4. In the model associated with the following graph, factor

4 is independent of the factors for which it is not a cause, i.e., factors 2 and
3, given factor 1 which is the direct cause of 4.

2»—»03

1} 4

Another independence relation that can be read from the graph is that
3 is independent of 4 given 1 and 2, the direct causes of 3. Note that the
graph contains no configurations >, so the independence relations are the
same as in the underlying undirected graph. The decomposable model is
[41][123] which has 4 independent of 2 and 3 given 1. The decomposable
model also implies that 3 is independent of 4 given 1 and 2.

Wermuth and Lauritzen (1983) and Kiiveri, Speed, and Carlin (1984)
examine the validity of conditional independence statements for recursive
causal models. Another natural application of recursive causal graphs is in
the analysis of structural equation models. Interpretations and conditional
independence results hold as for the analysis of discrete data; see Kiiveri
and Speed (1982).

Birch (1963), Goodman (1973), and Fienberg (1980) have examined
methods of model selection that apply to recursive causal models. The
methods are illustrated through an example.

EXAMPLE 4.4.5. Suppose muscle tension data similar to that of Exam-
ples 3.7.1 and 4.5.1 has been collected. The factors involved are T, the
change in muscle tension, W, the weight of the muscle, M, the muscle type



4.4 Recursive Causal Models 158
and D, the drug administered. Each factor is at two levels. For ease of

exposition, we will treat the sampling as multinomial. The graph below
indicates a possible recursive causal scheme.

w re T

Change in muscle tension T is hypothesized to have all of W, M, and D as
direct causes. Muscle weight W has muscle type M as a direct cause. The
purely explanatory factors are M and D; they are allowed to interact with
each other. Write Pr(T" = h,W = i,M = j,D = k) = ppsjr. Note that
the indexing has changed from previous examples. The first factor is now
at the upper right of the graph rather than the lower left and the order is
counterclockwise rather than clockwise. These changes are important for
verifying the maximum likelihood estimates presented. The expected cell
counts for the recursive causal model are

~ o N..jk T.45- Nhijk
Mpije = N.... |\ —— — — .
n.... n..;. N.ijk

The graph given above has one configuration > involving W, D, and T, so
the probability model is not a decomposable log-linear model.

The lack of fit of the model can be tested in the usual way. Some algebra
shows that

G2 = 2 Z nh”k 10g< hijk )

hijk Mhijk
ik
= 2 E N.ijk log( ”/ ) .
N.ji. /N.
ik jkTb-ig-[Tb--5-

This is precisely the lack of fit statistic for testing the log-linear model
[WM][MD] against the saturated model in the marginal table for W, M,
and D. With each factor at two levels, it follows that the statistic has 2
degrees of freedom. In fact, the log-linear model [WM][MD] is consistent
with the only conditional independence result available from the graph; the
response factor W is independent of D given M, the direct cause of W.
The relationship of the lack of fit test with the log-linear model
[WM][MD] can be seen through the probability modeling procedure. Recall
that the basis of the modeling procedure is that one can always write

Pr(T =h,W =i,M =j,D=k)=Pr(M =j,D =k)
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xPr(W =i|M =4,D =k)Pr(T =h|W =i,M =4,D =k).
and, based on the graph, the recursive causal probability model is

Pr(T =h,W =i,M =j,D=k) =Pr(M = j,D = k)
x Pr(W = i|M = j)Pr(T = h|W =i, M = j,D = k).

The only real modeling being done is replacing Pr(W =i|M = j,D = k)
with Pr(W = i|M = j). The factor T is extraneous. The perfectly general
statement

Pr(W=i,M=j,D=k)=Pr(M =j,D=k)Pr(W =i|M =4,D =k)
has been replaced with

Pr(W =i,M = j,D = k)
Pr(M = j, D = k)Pr(W = i|M = j)
= Pr(M = j)Pr(D = k|M = j)Pr(W = i|M = j).

This is just the model for conditional independence of W and D given M.
It is not surprising that the test statistic involves only the aspect of the
model that is not always true.

There is no particular reason to believe in a relationship between the
type of drug used and the muscle type. It is also questionable whether
muscle type really has an effect on weight. The graph that incorporates
these ideas involves dropping one directed edge and the undirected edge.
It is given below.

Note that by dropping M as a direct cause of W, W has been transformed
into an exogenous factor. The estimated expected cell counts are

N _ (nl n..;. nk) (nhijk)

Mhpije =N | —— — —— — ] .
This model can be checked for general lack of fit as above. It is not difficult
to see that the test is identical to that for complete independence [W][M][D]

in the marginal table collapsing over T. The likelihood ratio chi-squared
has 4 degrees of freedom.
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This new model was obtained from the previous one by dropping edges
in the previous graph; thus, this model is a reduced model relative to the
previous one.

It follows that a likelihood ratio test can be performed for comparing
the two models. Not surprisingly, the test simplifies to that of [W][M][D]
versus [WM][MD].

Another possible model eliminates the effect of muscle weight W on ten-
sion.

The maximum likelihood estimates are

n.... n..j. TL..jk
The graph contains no configurations >, so the probability model and
thus the maximum likelihood estimates are the same as for the decompos-
able log-linear model [WM][MTD] determined by the underlying undirected
graph.
Consider one final model.

This incorporates independence of M and D from the exogenous factor
graph and it has one conditional independence relation involving responses:
W independent of T and D given M. These two relationships imply that the
pair W and M are independent of D. The maximum likelihood estimates

are
N n..j. N..k .i5. Nh.jk
— J %) J
Mhpije = N.... .

The likelihood ratio test statistic for this model can be separated into
the sum of three terms. The first term is the statistic for testing [M][D]
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versus [MD]. The second term is the statistic for testing [WM][MD] versus
[WMD)]. The last term is for testing [TMD][WMD)] versus [TWMD]. The
following series of equalities establishes the result.

G = 2 Z Thijk log( Thigk )

hijk Mhijk

= 2 npijk log(naijr) — log(mnijk )]

hijk
Mg
= 2 Z Nhijk IOg nhzyk -2 Z Nhijk IOg ( =k )
hijk hijk
— 22”}“]]‘, 10g< ) QZnhmk 10g< )
hijk hijk
= 23 log(M __jk>
hijk Tijk Th--jk
-2 Z Nhijk log (;719)
hijk
—2an]k log( ) —QZnhmk 10%( )
hijk hijk
N..;N..g
= 2 Z [nhijk log(n..jk) — Nhijk log ( )]
hijk

+ 2 Z [nhijk log(

N.ijk N.ij5.
. ) — Nhijk IOg(
hijk ik

n .
+2 Z |:nh'ljk 10g< ht]k) — Nhijk 10g< ik >:|

hijk N.ijk Mok
= 23 nu [ogn) —los ("1 )
hijk
+2 Z Thijk [IOg (n.ijx) —log (M)]
ij n..j.
hijk
+2 Z Mhijk [log(nhijk) —log (M)]
ij N..jk
hijk

n.; ..
— QZTL..jk [log (n..jk) — 10g<,'27):|
ik
+2 an]k [Iog (i) — log(#)]

ijk
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+2 Z Nhijk [log(nhijk) - log(M>] .

hijk ik

The three terms in the last equality are precisely the three test statistics
that were claimed. The existence of such breakdowns for G? is quite general.

4.5 Exercises

EXERCISE 4.5.1. Using the methods of Section 4.1, discuss the indepen-
dence relationships for all of the models given below.

(a) [123][24][456]
(b) [12][13][23][24][456]
(c) [123][124][456]

(d) [123][24][456][15]
(e) [123][24][456][15][36]

EXERCISE 4.5.2. In the saturated log-linear model for a four-dimensional
table, let ugqs = 0 and let all of the corresponding higher-order terms also
be zero, e.g., u1z4 = 0.

(a) Based on this model, find a formula for 17y, without using graphical
methods.

(b) Use graphical methods to find mpj .

EXERCISE 4.5.3. The vertices for a five-factor model are given be-
low. Connect the dots to give a graphical representation of the model
[123][135][34][24]. Use the illustration to show that [123][135][34][24][25] is
not a graphical model.

EXERCISE 4.5.4. Which of the models given below are graphical? Graph
them. Which of these are decomposable? Discuss the independence rela-
tionships for all of the models. For each model, what marginal tables will
provide valid inferences?
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a) [123][24][456]
b) [12][13][23][24][456]
[

(
(
() [123][124][456]
(d) [123][24][456][15]
(

e) [123][24][456][15][36]

EXERCISE 4.5.5. Consider all of the graphs in Example 4.4.2. Classify
each as equivalent or not equivalent to a decomposable log-linear model. For
those that are equivalent, prove the equivalence of the probability models.



