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Chapter 8

Fixed and Random Zeros

Not infrequently, one encounters a table in which a number of the cell counts
are 0s. These cells sometimes cause problems when fitting log-linear models.
Recall that in our discussion of multiple logistic regression in Section 4.1,
we had a 200 x 2 table that was riddled with zero counts. Except for the fact
that some asymptotic results did not hold, the zeros caused no problems.
Cells with zero counts merely have the potential to cause problems.

Cells with zero counts are classified in two ways: fixed and random. Fized
zeros are cells in which it is impossible to observe counts. Such cells must
always be zero. Random zeros are cells that happen to have zero counts,
but where it is possible to have positive counts. Tables with fixed zeros are
called incomplete tables.

8.1 Fixed Zeros

ExAMPLE 8.1.1.  Brunswick (1971) reports data on the health concerns
of teenagers. These data have also been examined by Grizzle and Williams
(1972) and Fienberg (1980). The data are given in Table 8.1. The two zeros
in the table are fixed. It is physiologically impossible for males (of what-
ever age) to have menstrual difficulties. (Technically, I suppose the real
issue here is whether males worry about menstrual difficulties. I suppose
somewhere, sometime, some teenage male has worried about them, but one
must admit that these are very nearly fixed zeros. We will treat them as
such.)



8.1 Fixed Zeros 281

TABLE 8.1. Health Concerns of Teenagers

Health Concerns (k)
Sex, Menstrual ~How Healthy
Sex (i)  Age (j) | Reproduction  Problems I Am Nothing
Male 12-15 4 0 42 57
16-17 2 0 7 20
Female 12-15 9 4 19 71
16-17 7 8 10 31

The solution to dealing with fixed zeros is to throw them away. They
are cells that do not really exist. One simply ignores those cells and fits a
model to the cells that do exist. Thus, the model is fitted to an incomplete
table.

In fact, it is impossible to include fixed zeros in a log-linear model. A log-
linear model specifies a value of log(m;) for every cell i. It is implicit that
log(m;) is defined. If a cell is a fixed zero, the probability of an observation
occurring in that cell is zero, so the expectation, m;, must also be zero. In
such cases, log(m;) is undefined. To fit log-linear models, one has to throw
fixed zeros away.

If the Newton-Raphson algorithm of Chapter 10 is used to fit log-linear
models, throwing out fixed zeros is no problem. The algorithm can eas-
ily handle the fact that not all combinations of the factor categories are
considered in the model.

When using iterative proportional fitting, the situation is slightly more
complex. The algorithm is based on having all combinations of the factor
categories defined. Fortunately, there is a simple way around this problem.
Recall that it is standard to start iterative proportional fitting with all
initial cell estimates equal to 1 and that if the initial values satisfy the con-
straints of the model, the subsequent iterations also satisfy the constraints
of the model. With all initial values of 1, the initial values satisfy the con-
straints of any interesting ANOVA model. To deal with fixed zeros, take
the initial values of the corresponding cells to be 0. It is easily seen that
if the initial value is 0, then all subsequent values will also be 0. (We use
the definition that 0/0 = 0.) Moreover, the constraints on the model with
fixed zero cells eliminated are identical to the constraints on the complete
model when the fixed zero cells are required to have fitted values of 0.

Although one can get the correct fitted values using iterative proportional
fitting, the user often must provide the correct degrees of freedom. These
are determined by the model with the fixed zero cells eliminated.

ExaMPLE 8.1.2. We illustrate the computation of degrees of freedom
using the data of Example 8.1.1. Consider the model

log(mijr) = M + S; + Aj + Hy + (SA)ij + (SH)ix + (AH)ji, . (1)
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Clearly, the grand mean M can exist and we have data available for each
sex, age, and health concern. Computing these degrees of freedom as usual,
we have

Term df
M 1
S 1
A 1
H 3

We also have data available for every combination of sex and age, and ev-
ery combination of age and health concern. Again, computing degrees of
freedom in the usual way, we get

Term df
SA 1
AH 3

We do not have data available for every combination of sex and health
concern. We have no data for males with menstrual difficulties. In the 2 x 4
table of sex and health concerns, we have only 7 cells instead of 8. The
degrees of freedom for this table must be 7. To fit this table perfectly,
we would use the parameters M, S;, Hy, and (SH);x. The total number of
degrees of freedom for these parameters must be 7. Because M has 1 degree
of freedom, S has 1, and H has 3, that leaves only 2 degrees of freedom
available for SH. Thus, model (1) has

1+14+1+3+1+2+3=12

degrees of freedom. The saturated model has 1 degree of freedom for each
cell. There are nominally 16 cells, but 2 are fixed zeros, so the table has only
14 cells. For testing model (1) against the saturated model, the degrees of
freedom are 14 — 12 = 2.

These techniques are easily applied to all models for the health concern
data. In testing [SA][H] against the saturated model, we have dropped the
SH and AH terms. The degrees of freedom for these terms are put into the
test degrees of freedom. Model (1) has 2 degrees of freedom for the test,
SH has 2 degrees of freedom, and AH has 3 degrees of freedom, so the test
of [SA][H] has 2 4+ 2 + 3 = 7 degrees of freedom. Alternatively, we can do
the calculation by noting that the saturated model has 14 df, while the
[SA][H] model has terms and degrees of freedom M (1), S(1), A(1), SA(1),
H(3) for a total of 7 degrees of freedom. The test has 14 — 7 = 7 degrees
of freedom.

The fits for these data are summarized below.
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Model df G?

[SAJSH[AH] 2 2.03
[SH][AH] 3 4.86
[SAJ[AH] 4 1345
[SA][SH] 5 943
[SAJ[H] 7 22.03
[SH][A] 6 15.64
[AH][S] 5 17.46
[SIIA][H] 8 2824

The best fitting model is either [SA][SH][AH] or [SH][AH], depending on
whether health concerns are treated as a response variable or not.

One final note on fixed zeros. Because fixed zeros are really cells that do
not exist, the existence of fixed zeros has no effect on the validity of large
sample results. If the counts in the other cells are large, asymptotic results
hold.

8.2 Partitioning Polytomous Variables

We now investigate a method that uses incomplete tables to examine cat-
egory effects.

EXAMPLE 8.2.1. Duncan (1975) presents data on the earth-shattering
question, “Who should shovel the snow from sidewalks?” The data are
given in Table 8.2. Mothers were asked whether boys, girls, or both should
do the shoveling. Mothers never responded that girls alone should do the
shoveling, so the data are presented with only two categories. In addition,
there are two explanatory factors, the mother’s religion (R), Protestant,
Catholic, Jewish, or other, and the year (Y) in which the question was
asked. (Having lived 36 years in Minnesota and Montana, I am aware that
a key factor has been left out. Father does the vast majority of the shovel-

ing.)

We will treat mothers’ opinions on shoveling (S) as a response variable
and consider only log-linear models that correspond to logit models. The
point of this example is to illustrate how to use tables with fixed zeros to
answer questions about parameters in log-linear models.

Fitting the standard models gives
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TABLE 8.2. Mothers’ Opinions on
‘Who Should Shovel Snow

Shoveling (k)
Religion (i)  Year (j) | Boy  Both
Protestant 1953 104 42
1971 165 142
Catholic 1953 65 44
1971 100 130
Jewish 1953 4 3
1971 5 6
Other 1953 13 6
1971 32 23
Model df G2
RYJRS]YS] 3 04
[RY][RS] 4 215
[RY][YS] 6 11.2
[RY][S] 7 3L7

Clearly, the best fitting model is [RY][RS][YS]. We can write the model as
log(mjk) = (RY)ij + Sk + (RS)ir + (Y'S)jk » (1)

1=1,2,3,4, j = 1,2, k = 1,2. Because S is a response variable, the
(RY);;’s must be in the model. The important terms are S, (RS);, and
(Y'S);x. In a logit model, Sj corresponds to the grand mean; not very
interesting. The terms (Y'S);, correspond to main effects in years with 1
degree of freedom. The terms (RS); correspond to main effects in religion
with 3 degrees of freedom. Further analysis must examine the nature of the
three degrees of freedom in (RS). We are really asking about relationships
among the religion categories.

One way to proceed was illustrated in Section 4.6. We could incorporate
constraints on the religions. For instance, we could treat all Protestants
and Jews alike, while allowing Catholics and Others to have separate ef-
fects on the shoveling response. Such a procedure would involve recoding
the indices. We could recode the index 7 into a new pair of indices g and h
as follows:

i 1 2 3 4
(9.0) (L) (21) (1,2) (3,1

where g indicates religion with no difference between Protestants and Jews,
while h is simply used to tell Protestants and Jews apart. We can rewrite
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model (1) as
log(mgnjr) = (RY )gnj + Sk + (RS)gnk + (Y'S)j - (2)

To eliminate differences between Protestants and Jews in (RS), we drop
the h, giving

log(mgn;r) = (RY )gn; + Sk + (BS)gk + (Y )k - 3)

Both models (2) and (3) are actually models for incomplete tables. The
possible values for g are 1, 2, 3. For h, they are 1, 2. For j and k, they are
also 1 and 2. This suggests the existence of a 3 x 2 x 2 x 2 table. However,
not all combinations of the indices are possible. Only when g is 1 can h be
2. Any cell (g,2,j,k) in the 3 x 2 x 2 x 2 table with g = 2 or 3 is a fixed
Zero.

It is obvious that quite a few questions can be addressed by creative rein-
dexing. Duncan (1975) presented a particular pattern that is very flexible.
Transform the index i into (r, s, ¢, u) where the correspondence is as follows:

) 1 2 3 4
(,,.7 87t7 u) (1727272) (27]‘7272) (2727]‘72) (272727]‘)

Each 4-tuple has three 2s and one 1. If the 1 is in the third place, then
the 4-tuple corresponds to ¢ = 3, etc. The index r is 1 for Protestant
and 2 otherwise. The index s is 1 for Catholic and 2 otherwise. Similarly,
t = 1 indicates Jewish and v = 1 indicates Other. Including the year
and shoveling factors, we now have a 2 x 2 x 2 X 2 x 2 x 2 table with
many fixed zeros because mothers have only one religion. Using a natural
identification, denote the factors corresponding to r, s, t, and u as P, C, J,
and O. Model (1) can now be rewritten as

IOg(mTStujk) = (PCJOY)rstuj + Sk + (PCJOS)rstuk + (YS)Jk .

Moreover, we can denote this as [PCJOY][PCJOS][YS]. Note that the four
factors P, C, J, O taken together are equivalent to the old factor R.

Now consider the model [PCJOY][YS][CS]. Recall that [PCJOY] is in-
cluded because S is a response factor. The term [YS] seemed important in
our original analysis, so it is retained. The new model replaces the terms
(RS)ir, = (PCJOS)stur, in model (1) with the terms (C'S)g. In particular,
the model is

log(mrstujk) = (PCJOY)TstUJ + Sk + (Cs)sk + (YS)]k .

The logit model effect of the four different religions is being replaced with
one effect that distinguishes Catholics from all other religions.
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Earlier, we considered a model that treated Protestants and Jews the
same, but allowed separate effects for Catholics and Others. In Duncan’s
setup, this is the model [PCJOY][YS][COS]. In the model

IOg(sttujk) = (PCJOY)Tstuj + Sk + (COS)tuk + (YS)Jk 3

the effect of religion on mothers’ shoveling opinions is taken up by the
(COS)tur, terms. Only three such terms exist: (COS)12k, an effect for
Catholics; (COS)a1k, an effect for others; and (COS)aar. The (COS)a0s
term does not distinguish between Protestants and Jews.

Moreover, because the 2 x 2 x 2 x 2 x 2 x 2 table is so very incom-
plete, there is another way to do exactly the same thing. The model
[PCJOY][YS][CS][OS] is equivalent to [PCJOY][YS][COS]. The model for
[PCIOY][YS][CS][OS] is

log(mystujr) = (PCJOY )pstuj + Sk + (CS) sk + (08)ur + (Y'S) i -

Catholics get the effects (C'S)1x + (OS)ar. Others get the distinct effects
(CS)a + (0O8)1- Protestants and Jews both get (CS)ay, + (0S)2x-

In a complete table, the 15 interactions between S and the religion factors
P, C, J, and O would each have 1 degree of freedom. In fact, there are only 3
degrees of freedom for (RS) = (PCJOS). Thus, there are a lot of redundant
models. In fact, any term that includes three of P, C, J, and O is equivalent
to any other term that includes three, and these are all equivalent to the
four-factor term. This follows from the fact that any three of the indices
r, s, t, and u completely determine the cell; e.g.,if r = 2, s =2, t = 2,
then we must have u = 1. Because all terms with three of the factors are
the same, models such as [PCJOY][YS][PCJS] and [PCJOY][YS][CIOS] are
equivalent to each other and to [PCJOY][YS][PCJOS].

Although Duncan’s method of reindexing is flexible, it is not a panacea.
There are interesting questions that cannot be addressed using Duncan’s
method. For example, if we wanted a model that treated Protestant and
Jews the same and also treated Catholics and Others the same, we could
not arrive at such a model using Duncan’s method.

Now let’s see where Duncan’s method gets us with the shoveling data.
Some models and fits are given below:

Model df G?
[PCIOY][PCIOSYS] = RYRSYS] 3 04
[PCIOY][PS][YS] 5 48
[PCIOY][CS][YS] 5 14
[PCIOY]|[IS][YS] 5 109
[PCIOY][OS][YS] 5 98
[PCIOY][YS] = [RY][YS] 6 112

The models that involve [JS] and [OS] do not fit very well. The model
with [JS] only distinguishes between Jews and non-Jews. The relatively
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poor fit indicates that Protestants, Catholics, and Others do not act the
same. Similarly, the relatively poor fit of the model with [OS] indicates that
Protestants, Catholics, and Jews do not act the same.

Both the models with [PS] and [CS] fit reasonably well. The model with
[CS] fits especially well. This model suggests that Protestants, Jews, and
Others act the same, but Catholic mothers have different opinions about
who should shovel snow. The model with [PS] indicates that Catholics,
Jews, and Others act the same, but Protestant mothers have different opin-
ions. There are so few Jews and Others that it is not surprising that lumping
them with either large category does not substantially hurt the fit. What
we really know is that Protestants mothers have different attitudes than
Catholic mothers and that if we want to lump Jewish and Other mothers
with one of those categories, they seem to fit better with the Protestants
than the Catholics. However, we know almost nothing about Jewish moth-
ers and little about Other mothers. From looking at Table 8.2, it is clear
that the Catholic mothers are much more egalitarian about shoveling than
the Protestants or the Others.

We could go further with this analysis by considering models [RY][YS]
[CS][PS], [RY][YS][CS][IS], and [RY][YS][CS][OS], but considering what lit-
tle difference there is between [RY][YS][CS] and [RY][YS][RS], there seems
little point in pursuing the analysis further. Note that I have gotten lazy
and started writing [RY] for [PCJOY].

8.3 Random Zeros

Random zeros are cells that have positive probability of occurring, but do
not occur in the sample at hand. If a large enough sample was taken, these
cells should eventually contain positive counts.

Random zeros present three problems. First, they suggest that asymp-
totic results are invalid. If the sample was large enough for asymptotic
approximations, these cells ought not be zero. The discussions of small
samples in Section 2.4 and conditional inference in Section 3.5 are relevant
to this problem. Second, when a table includes random zeros, maximum
likelihood estimates of the parameters may not exist. Finally, there is a
practical problem in that some computer programs will give “MLEs” even
when they do not exist. In this section, we concern ourselves primarily with
problems related to the nonexistence of MLEs.

ExAaMPLE 8.3.1. Consider a 4 x 2 x 3 x 3 table on the results of arthro-
scopic knee surgery. The four factors and their categories are listed as
follows:
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Factor Label  Factor Description Categories

Type Type of injury Twist, Direct, Both, No injury
Sex Sex of patient Male, Female

Age Age of patient 11-30, 31-50, 51-91

Result Outcome of surgery Excellent, Good, Fair-Poor

The data are given in Table 8.3. First, note that one cannot fit a saturated
log-linear model. For a saturated model, np;jr = Mpijk- Because the model
is log-linear, log (1) must be defined. However, for some cells, npi;r = 0,
so either npijr 7 Mpije or log(mnijk) is not defined.

TABLE 8.3. Data on Arthroscopic Knee Surgery

Result (k)
Type (h) Sex (i) Age (j) | Ex Good F-P
11-30 21 11 4
Male 31-50 32 20 5
51-91 20 12 5
Twist
11-30 3 1 0
Female  31-50 6 5 2
51-91 6 3 1
11-30 3 2 2
Male 31-50 2 4 4
51-91 0 0 0
Direct
11-30 0 1 1
Female  31-50 0 0 0
51-91 1 2 3
11-30 7 1 1
Male 31-50 11 6 2
51-91 0 4 6
Both
11-30 1 0 0
Female  31-50 1 1 1
51-91 2 4 1
11-30 0 0 0
Male 31-50 1 2 1
51-91 3 3 0
No Injury
11-30 1 0 0
Female  31-50 2 0
51-91 1 6 8

We can extend this argument to other models. If we consider models
that include the ugga(nij) terms (i.e., models that include [TSA]), the
MLEs must satisfy the condition np;;. = 5. for all h, ¢, and j. However,
Nn213. = N299. = N411. = 0. If MLEs exist, then m213. = 0, etc.

But, because we have a log-linear model, each term 1213 must be strictly
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positive. Summing over k, mo13. must also be strictly positive. Because
mme13. = 0, we have a contradiction. The MLEs must not exist. Therefore,
we cannot fit any log-linear models that include [TSA]. Similarly, n4.13 =
n4.12 = 0, so MLEs do not exist for models that include [TAR]. All other
marginal totals are positive, so models with [TSA] or [TAR] are our primary
source of concern.

To some extent, these problems can be evaded. Suppose we wish to fit
a model with [TSA]. If we think of TSA as one composite factor, we can
think of the problem as being one of fitting a (4 x 2 x 3) x 3 table, i.e., a
24 x 3 table. In this table, three of the “rows” have zero totals. If we drop
these three rows from the table, we can fit the remaining 21 x 3 table. Now,
suppose we fit the model [TSA][TR][AR]. We have 21 degrees of freedom in
the model for fitting [TSA]. Normally, this would be 24 degrees of freedom
for fitting a grand mean, main effects T, S, A; two-factor effects (T'S),
(T'A), (SA); and the three-factor effect (T'SA). However, because 3 rows
are being dropped, we have only 21 degrees of freedom. For fitting [TR], we
have an additional 8 degrees of freedom. Adding [TR] involves adding the
main effect R with 2 degrees of freedom and the two-factor effect (T'R) with
6 degrees of freedom. Finally, adding [AR] is equivalent to adding the two-
factor effect (AR) with 4 degrees of freedom. The model has 21+8+4 = 33
degrees of freedom. The table has 21 x 3 = 63 degrees of freedom, so the
test of [TSA][TR][AR] has 63 — 33 = 30 degrees of freedom. (Incidentally,
G? = 34.72, so this is a very good model.)

We now consider the problem of determining the degrees of freedom
for testing the more complex model, [TSA][TAR]. Recall that there are
marginal totals of 0 associated with both of these terms. Of the 24 marginal
totals associated with [TSA] (obtained by summing over R), three are 0.
This leads us to fitting the (24 — 3) x 3, TSA by R table considered above.
Of the 36 marginal totals associated with [TAR] (obtained by summing
over S), two are 0. This would normally lead us to fitting the (36 — 2) x 2
TAR by S table. In fact, what we need to do is fit the intersection of
these tables. The 21 x 3 table involves dropping the cells (h,1,j, k) with
values (2,1,3,1), (2,1,3,2), (2,1,3,3), (2,2,2,1), (2,2,2,2), (2,2,2,3), (4,1,1,1),
(4,1,1,2), and (4,1,1,3). The 34 x 2 table drops the cells (4,1,1,3), (4,2,1,3),
(4,1,1,2), and (4,2,1,2). Note that both tables drop the cells (4,1,1,2) and
(4,1,1,3), so a total of 11 cells are being dropped from the 4 x 2 x 3 x 3
table. We are left with a table that has 72 — 11 = 61 cells.

We now compute the degrees of freedom for the model [TSA][TAR]. As
before, fitting [TSA] alone accounts for 21 degrees of freedom. Determining
the degrees of freedom for adding [TAR] is somewhat more complex. Nor-
mally, [TAR] alone would involve 36 degrees of freedom broken down as
follows: (grand mean) : (1), T': (3), A: (2), R: (2), (TA) : (6), (TR) : (6),
(AR) : (4), and (T'AR) : (12). With the marginal zeros, there are only 34
degrees of freedom. The 2 degrees of freedom come out of the (T'AR) inter-
action, so the correct degrees of freedom are (T'AR) : (10). Adding [TAR] to
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a model with [TSA] involves adding the effects R, (T'R), (AR), and (T'AR).
The degrees of freedom for [TSA][TAR] are 21 +2 + 6 + 4 + 10 = 43. The
lack of fit test for [TSA][TAR] has 61 — 43 = 18 degrees of freedom; G? is
21.90.

The basic approach to dealing with models that have random zeros is
to identify all cells that imply that MLEs do not exist. In other words,
identify all cells for which the maximum likelihood constraints would imply
that m = 0. Such cells are dropped from the model and MLEs are found
for the remaining cells. We are simply treating cells with “m = 0” as fixed
zeros. The degrees of freedom for the table are the number of cells in the
full table minus the number of “fixed” zeros. The degrees of freedom for the
model are the usual degrees of freedom for the model minus the number
of degrees of freedom lost because there is “no information” available on
some parameters. From Example 8.3.1, [TSA] usually involves 24 degrees
of freedom related to the 4 x 3 x 3 TSA marginal table. The table has
N213. = Na22. = N411. = 0. The nine cells involved in these three marginal
totals are being treated like fixed zeros, so those nine cells “do not exist.”
There is no information available on 3 of the 24 cells of the TSA marginal
table. Thus, 3 degrees of freedom are lost to the model because there is no
information available.

We now consider one more example to set the ideas and illustrate some
additional details.

ExaMPLE 8.3.2. The data in Table 8.4 were adapted from Lee (1980).
The table involves four factors related to the survival of patients with
stages 3 and 4 melanoma: Gender, Remission, Immunity, and Survival.
Remission has three categories: still in remission, relapsed, never in remis-
sion. Immunity has three categories that were derived from results on six
skin tests. One test score of at least 10 indicates good immunity. No test
scores of at least 10 indicates no immunity. If more than half of the test
scores are unknown and those that are known are less than 10, the immu-
nity is taken as unknown. Finally, to get more interesting marginal zeros,
Lee’s count in cell (2,1,3,2) has been changed from 1 to 0.

Denote the factors Gender, Remission, Immunity, and Survival as G, R,
I, and S, respectively. Consider fitting the model [GRIJ[GRS][GIS][RIS].
The likelihood equations are, for all h, i, j, and k,

Nhij. = Mhij.
Nhik = Mhik,
Nhijk = Mhjk,
Nijk = Mgk -

Many of these marginal tables have zero totals. The RIS marginal ta-
ble has four zeros: 0 = Nn.131 = N.132 = MN.112 = N.211- These involve
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TABLE 8.4. Melanoma Data

Survival (k)
Gender (h)  Remission (¢) Immunity (j) [ Dead Alive

No Immunity 2 0

Relapsed Immunity 4 1

Unknown 0 0

No Immunity 0 1

Male Remission Immunity 1 10
Unknown 3 3

No Immunity 3 1

None Immunity 10 5
Unknown 8 2

No Immunity 2 0

Relapsed Immunity 3 4
Unknown 0 0

No Immunity 0 0

Female Remission Immunity 0 10
Unknown 0 4

No Immunity 2 0

None Immunity 6 3
Unknown 3 8

the eight cells with counts of 0: (1,1,3,1), (2,1,3,1), (1,1,3,2), (2,1,3,2),
(1,1,1,2), (2,1,1,2), (1,2,1,1), and (2,2,1,1). The GRI table has three ze-
ros: 0 = ny13. = Na13. = nagy.. These involve six cases: (1,1,3,1), (1,1,3,2),
(2,1,3,1), (2,1,3,2), (2,2,1,1), and (2,2,1,2). The GRS table has nss.; = 0.
This total involves the cases (2,2,1,1), (2,2,2,1), and (2,2,3,1). Finally, the
GIS table has mns.1o = 0, so the cells (2,1,1,2), (2,2,1,2), and (2,3,1,2) are
all 0.

Having listed all of the cells that would have to have m = 0, we see that
there are only 12 distinct cells. (These 12 happen to be all of the cells in
the entire table with counts of 0, but that fact is irrelevant.) The full table
is a 2 x 3 x 3 x 2 table having 36 cells. If we drop the 12 cells with m = 0,
we have 24 cells remaining in the table. Thus, the table has 24 degrees of
freedom.

We now consider the degrees of freedom for the model. The RIS table
has four zero totals. The corresponding cells are dropped from the table,
so rather than being a 2 x 18 table, the G by RSI table is a 2 x 14 table.
Thus, fitting [RIS] gives the model 14 degrees of freedom.

We can also compute the degrees of freedom for fitting [RIS] term by
term. To compute the degrees of freedom term by term, we need to note
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that the RI marginal table has n.;3. = 0. Thus, this 3 x 3 table has one
dropped cell and only 8 degrees of freedom. The degrees of freedom are
allocated: (grand mean) : (1), R : (2), I : (2), and (RI) : (3) rather than
the standard value 4. Moving up to the RIS 3 x 3 x 2 table, we have 14 non-
empty cells. Because the (RI) interaction has only 3 degrees of freedom,
the 14 degrees of freedom correspond to: (grand mean) : (1), R : (2),
I:(2),S:(), (RI):(3), (RS):(2),(S):(2), which leaves (RIS) : (1)
rather than the standard value of 4. Thus, with this pattern of random
zeros, the four empty cells cause a reduction of 1 degree of freedom in the
(RI) interaction and 3 degrees of freedom in the (RIS) interaction. Note
that the only two-factor marginal table that contains a zero is the RI table.
Thus, any other reductions in degrees of freedom must occur in three-factor
interaction terms.

A similar analysis holds for the GRI marginal table. This 2 x 3 x 3 table
has three zeros, so three cells are dropped. There are 18 —3 = 15 degrees of
freedom. The degrees of freedom are allocated: (grand mean) : (1), G : (1),
R:(2),I:(2), (GR):(2), (GI) : (2); once again (RI) : (3) (rather than
4) which leaves us with (GRI) : (2) (rather than 4).

The model [RIS][GRI] has 14 degrees of freedom for [RIS]. We then add
the terms G, (GR), (GI), and (GRI) with 1 +2+4 24 2 = 7 degrees of
freedom. Thus, [RIS][GRI] has 14 + 7 = 21 degrees of freedom.

The 2 x 3 x 2 GRS table has one zero, hence 11 degrees of freedom.
They are allocated: (grand mean) : (1), G : (1), R : (2), S : (1), (GR) :
(2), (GS) : (1), (RS) : (2), which leaves (GRS) : (1). Adding [GRS] to
[RIS][GR]] involves adding the terms (GS) and (GRS) with 1 +1 = 2
degrees of freedom, so [RIS][GRI][GRS] has 21+ 2 = 23 degrees of freedom.

Finally, the 2 x 3 x 2 GIS table has one cell dropped for 11 degrees of free-
dom. The 1 degree of freedom lost is taken from the (GIS) interaction, so
(GIS) has 1 degree of freedom. The model [RIS][GRI][GRS][GIS] involves
adding (GIS) to the model [RIS][GRI][GRS]. The degrees of freedom are
23+1=24.

Recall that the degrees of freedom for the table are 24. With 24 degrees
of freedom for the model, we get a perfect fit. Having dropped out the cells
that require 7 = 0, the model [RIS][GRI][GRS][GIS] is a saturated model.

In order to implement this approach to dealing with random zeros, we
must be able to identify all cells for which the likelihood equations imply
that 7 = 0. As in Examples 8.3.1 and 8.3.2, it is frequently easy to identify
some cells that have m = 0. Often, all of the cells with m = 0 are easily
identified. Cells are easy to identify if they correspond to marginal totals
that are zero. Unfortunately, sometimes all of the marginal totals can be
positive, but cells with m = 0 still exist.

ExAMPLE 8.3.3. Consider a 2 x 2 x 2 table with nj1; = nass = 0 and
ngjr > 0 for all other cells. If we fit the model [12][13][23], the likelihood
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equations are

Nij. = Mgy,

Nig = Mg,
and

N.jr = ’I’ﬁ.jk .

Because n111 and na2o are the only 0s, all of the marginal totals listed
above are positive. Looking at the marginal totals indicates no cause for
concern. Nonetheless, these equations imply that Mmi11 = 1222 = 0.

To see this, first note that we must have n... = m.... Writing out all of
the likelihood equations involving n111 and nago gives

nir + N1 = M + Mg,
Na21 + Na2oa = Moo + Moz,
nir + 121 = a1+ Maar,
n212 + N2z =  Thoie + Ma22,
nin +nein = Man + Mo,
Ni22 + N2z =  Mise + Maze .

Adding these six equations together, we get
2(n111 + Nog2) + n... = 2(M111 + Mass) + ... .
Because n... = m..., we have
n111 + Naz2 = Ma11 + Maz2 -

With n111 = nage = 0, we need both my1; = 0 and Mmag2 = 0. These two
cells would be dropped from the 2 x 2 x 2 table.

Although the author is unaware of any general method of identifying
situations like that in Example 8.3.3, the process of fitting models can
give hints as to whether such cells have been overlooked. In particular, if
some estimated cell counts seem to be converging to zero or if the iterative
estimated cell counts fail to converge, it would be wise to consider the
possibility that this is due to cells that need to be dropped because of the
pattern of random zeros.

Finally, it is interesting to look at the test of [TSA][TR][AR] ver-
sus [TSA][TAR] that can be obtained from Example 8.3.1. The test has
G? = 34.72 — 21.90 = 12.82 with df = 30 — 18 = 12. In this example, the
degrees of freedom for the test happen to correspond to the usual degrees
of freedom for the (T'AR) interaction with T at four levels, A at three lev-
els, and R at three levels. However, the 12 degrees of freedom are actually
arrived at quite differently. As established earlier, (TAR) has 10 degrees



294 8. Fixed and Random Zeros

of freedom. The other 2 degrees of freedom in the test come from the fact
that [TSA][TR][AR] is fit to a 63-cell table rather than the 61-cell table of
[TSA][TAR]. So the 12 degrees of freedom come from 10 degrees of freedom
for (T AR) and 2 degrees of freedom for new cells.

This discussion also points out that there are some technical difficulties
involved in testing [TSA][TR][AR] versus [TSA][TAR]. We are testing a 63-
cell table against a 61-cell table. We have not discussed this sort of thing
previously. Obviously, this requires a mathematical theory that embeds
both of these within the 72-cell 4 x 2 x 3 x 3 table allowing for fixed zero
cells, log-linear models on the nonzero cells, and reduced models in which
fixed zeros are allowed to become unfixed. Moreover, asymptotic theory
will be of limited value because all of these problems are being caused by
small sample sizes.

8.4 Exercises

EXERCISE 8.4.1. Brown (1980) presents data that are reproduced in Ta-
ble 8.5, on a cross-classification of 53 prostate cancer patients. The factors
are acid phosphatase level in the blood serum, age, stage, grade, x-ray, and
nodal involvement. Acid level and age are categorized as high or low. Stage
is an indication of size and location of the tumor; a positive value is more
serious. The grade and x-ray indicate whether biopsy and x-ray tests are
positive for cancer. The final factor is the whether the lymph nodes are in-
volved. Analyze the data using iterative proportional fitting and ANOVA
type models.

EXERCISE 8.4.2. Extend your analysis of the Berkeley graduate admis-
sions data (cf. Exercise 3.8.4) by incorporating the method of partitioning
polytomous factors from Example 8.1.2.

EXERCISE 8.4.3.  Partitioning Two-Way Tables.

Lancaster (1949) and Irwin (1949) present a method of partitioning ta-
bles that was used in Exercise 2.7.4. We now establish the validity of this
method. Consider a two-dimensional I x (J + K — 1) table. The parti-
tioning method tests for independence in two subtables. One table is a
reduced I x K table consisting of the last K columns or the full table.
The other table is an I x J table that uses the first J — 1 columns of the
full table and also includes a column into which the last K columns of
the full table have been collapsed. Write the data with three subscripts as
Ny, t=1,...,1,j=1,...,J, and k =1,...,L;, where

o1 i
I\ K ifj=J.
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TABLE 8.5. Nodal Involvement in Prostate Cancer

Low Acid
Grade — +
X—ray — + — +
Involvement No Yes No Yes No Yes No Yes
Low — 4 0 1 0 1 1 0 0
Low + 0 0 0 1 1 0 0 1
High — 3 0 2 0 1 0 0 0
High + 2 1 0 0 4 0 0 0
Age Stage
High Acid
Grade - +
X—ray — + — +
Involvement No Yes No Yes No Yes No Yes
Low — 5 1 1 0 0 1 0 0
Low + 1 1 0 0 1 2 1 5
High — 3 0 0 1 0 0 0 1
High + 2 2 0 1 0 0 0 1
Age Stage
Consider the models
log(mijr) = a; + Bk, (1)
log(mijr) = Bij + Bik, (2)
and
log(mijk) = Vijk- (3)

Model (3) is the saturated model so

3

Mk = Nijk-
Model (1) is the model of independence in the I x J + K — 1 table, so

L) _
e = Ni Mgk /...

(a) Show that the maximum likelihood estimates for model (2) are

mijk - {niJ.n.Jk/TL.J. lfj =J.

(b) Show that both G? and X2 are the same for testing model (2) against
model (3) as for testing the reduced table for independence.

(c) Show that both G? and X2 are the same for testing model (1) against
model (2) as for testing the collapsed table for independence.

(d) Extend (b) and (c) by showing that all power divergence statistics
are the same, cf. Exercise 2.7.8.
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EXERCISE 8.4.4.  The Bradley-Terry Model.

“Let’s suppose, for a moment, that you have just been married and that
you are given a choice of having, during your entire lifetime, either x or
y children. Which would you choose?” Imrey, Johnson, and Koch (1976)
report results from asking this question of 44 Caucasian women from North
Carolina who were under 30 and married to their first husband. Women
were asked to respond for pairs of numbers z and y between 0 and 6 with
z < y. The data are summarized in Table 8.6. The most basic form for
such experiments is to ask each woman to respond for all possible pairs of
numbers. If this was done, there is a considerable amount of missing data.
For example, in comparing 0 children with 1 child there are only 17+2 = 19
responses rather than 44.

TABLE 8.6. Family Size Preference

Alternative Preferred Number of Children
Choice 0 1 2 3 4 5 6
0 — 17 22 22 15 26 25
1 2 — 19 13 10 9 11
2 1 0 — 11 11 6 6
3 3 7 — 6 2 6
4 1 10 12 13 — 4 0
5 1 11 18 15 17 — 11
6 2 13 20 22 14 12 —

This data collection technique is called the method of paired comparisons.
It is often used for such things as taste tests. Subjects find it easier to
distinguish a preference between two brands of cola than to rank their
preferences among half a dozen. David (1988) provides a good survey of the
literature on the analysis of preference data along with notes on the history
of the subject. One particular model for preference data assumes that each
item has a probability 7; of being preferred. Thus, in a paired comparison,
the conditional probability that i is preferred to j is m;/(m; + 7). There
are many ways to arrive at this model; the one given above is simple but
restrictive. In other developments, the parameters 7; need not add up to
one, but it is no loss of generality to impose that condition. Bradley and
Terry (1952) rediscovered the model and popularized it. The Bradley-Terry
model was put into a log-linear model framework by Fienberg and Larntz
(1976). For I items being compared, their framework consists of fitting the
incomplete I(I — 1)/2 x I table in which the rows consist of all pairs of
items and the columns consist of the preferred item. A test of the model
log(mij) = u + uq(;) + ua(j) is a test of whether the Bradley-Terry model
holds.

(a) Rewrite Table 8.6 in the Fienberg-Larntz form.

(b) Test whether the Bradley-Terry model fits.
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(c) Show that under the log-linear main effects model the odds of prefer-
ring item j to item j' is the ratio of a non-negative number depending on
j and a non-negative number depending on j'. Show that this is equivalent
to the Bradley-Terry model.

(d) Estimate the probabilities ;.
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Chapter 9

Generalized Linear Models

Generalized linear models are a class of models that generalize the linear
models used for regression and analysis of variance. They allow for more
general mean structures and more general distributions than regression
and analysis of variance. Generalized linear models were first suggested by
Nelder and Wedderburn (1972). An extensive treatment is given by McCul-
lagh and Nelder (1989). Generalized linear models include logistic regres-
sion as a special case. Another special case, Poisson regression, provides
the same analysis for count data as log-linear models. The discussion here
involves more distribution theory than has been required elsewhere in this
book; in particular, it makes extensive use of the exponential family of dis-
tributions and the gamma distribution. Information on these distributions
can be obtained from many sources, e.g., Cox and Hinkley (1974). Section 1
presents the family of distributions used in generalized linear model theory.
Estimation of the linear parameters is dealt with in Section 2. Model fitting
and estimation of dispersion are examined in Section 3; both of these topics
involve a version of the likelihood ratio test statistic called the deviance.
Section 4 contains a summary and discussion. We begin with a brief review
of some ideas from regression and analysis of variance and three examples
of generalized linear models.

Regression and analysis of variance are fundamental tools in statistics.
A multiple regression model is

Yi = Pizin + -+ Bpzip + €5,

i = 1,...,n, where E(e;) = 0 and, typically, z;; = 1, i = 1,...,n, so
that B; is an intercept. The z;;’s are all assumed to be known predictor
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variables; the 3;’s are fixed unknown parameters. A one-way analysis of
variance can be written as

Yij = proaite
= p-(1)+oadi + -+ ady + e

where i = 1,...,t, j =1,...,n;, E(e;;) =0, and dp; is 1 if h = ¢ and 0
otherwise. In the analysis of variance, p and the «;’s are fixed unknown
parameters, while the multiplier 1 for pu and the §p;’s play roles analogous
to the x;;’s in regression.

The key aspect of both regression and ANOVA is that they involve ob-
servations whose expected value is a linear combination of known predictor
variables. In regression,

E(y;) = Bizin + -+ + BpZip
and in analysis of variance
E(yij) =Hp- (1) + o161+ -+ b -

If the observations y in regression and ANOVA have the same variance
and are uncorrelated, regression and ANOVA provide the best estimates
of (estimable) parameters among all estimators that are unbiased linear
functions of the observations. If we go a step further and assume that the
observations have independent normal distributions with the same vari-
ance, then the usual estimates are the best among all unbiased functions
of the observations. In both of these statements, “best” means that the
estimates have minimum variance. Under the assumption of independent
normal distributions with the same variance, the usual estimates are also
maximum likelihood estimates. The current chapter is concerned with find-
ing maximum likelihood estimates for a more general set of models. The
models are less restrictive in that they allow more general forms of linearity
and distributions other than the normal.

We now set some matrix notation. Both regression and analysis of vari-
ance are linear models, cf. Christensen (1996b). Let y; be an observation.
It is of no significance how we subscript the observations. Any convenient
method of subscripting is acceptable whether it be one subscript as in
regression, two subscripts as in one-way analysis of variance, or three sub-
scripts as in two-way ANOVA with replications. Let &} = (@1, ..., 2ip) be
a 1 x p row vector of predictor variables. Let 8 = (f1,...,08p) be apx1 col-
umn vector of unknown parameters. A typical normal theory linear model
assumes

Yi ~ N('T;/B702)
where i = 1,...,n and the y;’s are independent. For pedagogical reasons,
it is advantageous to write

y; ~ N(mj,0%), m; = 3.
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We begin our discussion of generalized linear models by considering three
examples. In each case, we take yi1,...,y, independent. The models are
specified by their distributions and mean structure.

For normal data,

yi ~ N(ms,0?), E(yi) = mi, m; = ;3.

This is the model for analysis of variance and regression.
For Poisson data,

y; ~ Pois(m;), E(y:) = my, log(m;) = z;3.

This is just a log-linear model for a table containing n cells where the count
in each cell has a Poisson distribution with parameter m;. It is important
to note that n is the number of cells and not the observation vector as it
is elsewhere in this book. As we have mentioned before and as is shown
in Chapter 12, under very weak conditions the analysis of a contingency
table under Poisson sampling is the same as the analysis under multinomial
sampling. It is interesting to note that the framework for generalized linear
models assumes independent observations, so it does not apply directly to
multinomial sampling or to general product-multinomial sampling. It is the
equivalence of the maximum likelihood analyses under the Poisson, multi-
nomial, and product-multinomial sampling schemes that makes generalized
linear models a useful tool for contingency tables.
For binomial sampling, we take y; to be the proportion of successes, so

Niy; ~ Bin(Ny, p;), E(y:) = pi = my,

log i =log bi = z}f.
1-—m; 1-p;

Note that N; is a known quantity and not a parameter. The model is simply
a logistic regression or logit model. The data consist of proportions obtained
from independent binomial random variables and the mean structure is a
linear model in the log odds. Alternative models for binomial regression
will be mentioned later. Except in this chapter, y; for binomial regression
is always taken to mean the number of successes, rather than the proportion
of successes. The change is made to fit the binomial distribution into the
family of generalized linear models.

9.1 Distributions for Generalized Linear Models

The normal, Poisson, and binomial distributions considered above are mem-
bers of the exponential family of distributions. A random variable y has
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a distribution in the exponential family if it has a probability density or
mass function that can be written as

f(yl6) = R(8) exp Z g; (0 h(y)

where 8 = (61,...,0,)" is a vector of parameters. If v = 1, the family is
referred to as a one-parameter exponential family; the one parameter can
be taken as g1 (0).

The theory of generalized linear models requires the distribution of y to
be in a subclass of the one-parameter exponential family. The density or
mass function must have the form

(0, ¢;w) = exp {%

where 6, ¢, and w are scalars. By assumption, w is a fixed known number.
The role of ¢ in this function is curious; it is treated as an unknown constant
but not as a parameter. With ¢ constant, the distribution (1) is in the one-
parameter exponential family; just take R(0) = exp[—wr(6)/¢], ¢(0) =
wl/¢, t(y) =y, and h(y) = h(d,y,w). In practice, ¢ is often an unknown
parameter. As such, the distribution need not be in the exponential family
relative to the two parameters § and ¢ because the function h(¢,y,w)
need not satisfy the conditions of a two-parameter exponential family. The
value ¢ is simply a positive number that is convenient for defining various
special cases. The particular form of f(y|6, ¢;w) in (1) is chosen so that
the maximum likelihood estimate of § does not depend on ¢. This will be
discussed in more detail in Section 2.

For the family of distributions (1), the expected value of y depends on 6
but not on ¢. For any distribution,

1= [ 1. 65w)dy

where it is understood that integration is always replaced by summation
when y has a discrete distribution. Taking the derivative with respect to ¢
on both sides gives

by - r(e)]} W6,y w) W

0= [ fwlodw)dy @
where f is the derivative of f with respect to 6 and f satisfies conditions

so that the derivative can be taken under the integral sign. From the exact
form of f(y|6, ¢;w) in (1), it is easily seen that (2) is

¢/ —#(6)) £(316, 6 w) dy
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where 7() is the derivative dr(8)/df. It follows that
E(y) = m = r(0).

Typically, 7 is an invertible function, so € is also a function of the mean,
say
6 =7"1(m).

Linear structure for distributions of the form (1) is most naturally spec-
ified by
0=2a'p ®3)

where, as usual, 8 is a vector of unknown parameters and z is fixed and
known. Note that with # = #~!(m), the linear structure z’8 in equation
(3) is also a function of the mean. In fact, the analysis of generalized linear
models can be carried through when the linear structure is a more general
function of the mean,

g(m) = '8,
as long as it is possible to write 8 = g.(z'B) for some function g.(-).

A generalized linear model consists of independent observations y;, i =
1,...,n, with

yi ~ f(yil0i, o, w;), E(y:) = m;, g(m;) = zif.

If g(m;) = 6;, the model is a canonical generalized linear model. In other
words, a canonical model has g(-) = 771(-).

Names have been given to the various components of generalized linear
models. The linear structure '3 is called the linear predictor. The function
g(+) that specifies the relationship g(m) = z'S between the mean and the
linear predictor is called the link function. If g(m) = 6, the function g(-) is
called the canonical link function. The density f(y|0, ¢; w) is often called the
error function and the parameter ¢ is often called the dispersion parameter.

In Section 3, we will need to know the variance of y when y has a density
of the form (1). Taking the second derivative with respect to 6 on both
sides of

1= / £ (16, d;w) dy

and assuming that derivatives can be taken under the integral gives

0

/ Fwl8, ¢ w) dy
w / d[(y = #(6)) f(wl0, 65 w)]
¢ do

dy

%/(y—f(e))zf(ylﬁ,@w) dy
+ —(

2 / 6) £ (416, b5 w) dy
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where two dots indicate a second derivative. It follows immediately that
0 = [Var(y)w?/¢?] — [#(§)w/¢] and, thus,

Var(y) = 7#(8)¢/w.

The function #(6) is often written as a function of m,
V(m) = i7" (m)) = #(6).

V' (m) is generally referred to as the variance function.

We now review how the general distribution theory applies to the three
examples given earlier: normal, Poisson, and binomial sampling.

If y ~ N(m,o?), the density for y real is

—m? my 1 2 2
DIV ey /20
eXp( 202 ) exp(az) (\/ﬂge )

To see that the density has the form of equation (1), identify # = m, w = 1,
¢ = o, r(d) = m?/2, and h(¢,y,w) = (1/v/270) e~¥’/20” The expected
value of y is m, so the canonical linear structure is # = m = 2’'S. The
canonical link leads to a standard linear model.

For y ~ Pois(m), the probability mass function on y =0,1,2,... is

mYe ™
y!
= exp(—m)exp(y log(m)) (1/y!).

fylm)

Identify 0 = log(m), w =1, ¢ =1, 7(0) = m, and h(d,y,w) = (1/y!). It is
well known that for a Pois(m) distribution, the expected value and variance
are both m. To see this from the general distribution theory, observe that
the mean is 7(#) and with w = 1 and ¢ = 1, the variance is 7#(#). From
6 = log(m) and r(#) = m, it follows that r(f) = e’ and thus () = ¢ and
#(0) = €. Again, using = log(m) gives m = () = #(f). The expected
value of y is m, so the canonical linear structure is 8 = log(m) = z'S3. The
canonical link leads to a standard log-linear model for Poisson data.

For Ny ~ Bin(N, p) with N known, the mass function on Ny =0,...,N
is

falp = ()

(e ()"
o empoe(525)] ()
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Identify § = log({%;), w = N, ¢ =1, 7(8) = —log(1 —p), and h(¢,y,w) =
(%
is @ = log(ﬁ) =log(72-) = 'B. The canonical link leads to a standard
logistic (logit) model. (See Exercise 9.5.1.)

In general, the inverse of any cumulative distribution function (cdf) F(-)
makes a reasonable link function for binomial data, i.e., g(p) = F~1(p).
F(u) = e*/(1+4¢€") is the cdf of the logistic distribution and defines logistic
regression. Probit regression is the procedure based on taking F'(u) = ®(u)
where ®(u) is the cdf of a standard normal distribution. A third example is
complementary log-log regression which uses F(u) = 1 —exp[1 — exp(e)].

As a last example, consider the gamma distribution. The gamma distri-
bution is defined by the probability density function

). The expected value of y is m = p, so the canonical linear structure

AT 1
= TAY
Flules ) = Froye ™
for y > 0. The density depends on two parameters, a and A. The expected
value of a gamma distribution is

and the variance is o
Var(y) = —.
v =+
To indicate that y has a gamma distribution, write
y ~ Gamma(a, A).

Special cases of the gamma distribution include exponential distributions
with mean 1/}, i.e., Gamma(1, A) and x?(n) distributions, Gamma(Z%, 1)’s.
The gamma density can be rewritten as

o= (2) o (2] (55

To see the gamma density in the form of equation (1), identify § = —\/a,
w=1¢=1/a, r(§) = —log(\/a), and h(¢,y,w) = a®y*~/T(a). The
expected value of y is m = a/X = —1/6, so the canonical linear structure
is 8 = —1/m = z'B. Note that the distribution is only defined for y > 0;
thus, for any gamma distribution, m > 0. It follows that when using the
canonical link, restrictions must be placed on the parameter vector 5 to
ensure that the expected value is positive. (See Exercise 9.5.2.)

The canonical generalized linear model for n independent observations
with gamma distributions is

a -1
y; ~ Gamma(a, A;), E(yi) = m; = N e =z
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where § is restricted so that —z}8 > 0 for all ;. Gamma distribution regres-
sion is useful for modeling situations in which the coefficient of variation is
constant. The coeflicient of variation is

VVar(y;)  e/X2 1

E(y:)  a/hi o

When the data appear to have a constant coefficient of variation, using
the gamma distribution is an alternative to doing a standard linear model
analysis on the logs of the data, cf. Christensen (1996b, Section 13.7). Note
that the constant coefficient of variation does not depend on the choice of
link function. Often, noncanonical links such as the identity, m = '3, and
the log, log(m) = 2’8, are used with gamma distributed data, cf. McCullagh
and Nelder (1989). The identity link requires restrictions on 3; the log link
does not. When the coefficient of variation is small, the log link analysis is
very similar to the linear model analysis on the logs of the data. The log
link is probably the most commonly used for gamma regression. Exponential
regression is the special case with ¢ = 1 and (usually) a log link.

9.2 Estimation of Linear Parameters

In their most natural form, generalized linear models assume n independent
observations with

yi ~ f(yil0:, d;wi)
and

0,’ = 23{,8

for some vector of parameters § = (81,...,0p)". The density f(yi|0:, ¢;w;)
is defined by equation (9.1.1). The linear structure given above uses the
canonical link function. More generally, the linear structure can be defined
by

g(m;) = ;3.

For this extension, assume 6; = #~!(m;) and

0i =17 (g7 (#iB)) = g.(xiB).

The likelihood function for the generalized linear model with canonical
link function is

L(B;¢) = []f(wilbs, ¢5ws)
i=1
= 11 /wilziB, ¢ wi).

i=1



306 9. Generalized Linear Models

Using equation (9.1.1), the log-likelihood is

((B;¢) = logL(B;9)]
= Zlog[f(ydiv;ﬂ,gb;wi)] (1)
=2 % 2B ys = (@) + 3 _loglh(d, yi wi)].

With ¢ fixed, the maximum likelihood estimate of 3 is obtained by solving
for 8 in the likelihood equations

oL(B; ¢)
=0, 2
0B; ®
7 =1,...,p. It is a simple matter to see that taking the partial derivatives
0L(B; ¢)/0B; leads to likelihood equations of the form
Qi) _
¢
for some functions Q;(-), 7 = 1,...,p. Obviously, the solution B to such

likelihood equations does not depend on the value of ¢. Thus, B is the
maximum likelihood estimate for any value of ¢; i.e., it is the maximum
likelihood estimate regardless of the true value of ¢.

Essentially, the same analysis holds when a linear structure g(m;) =
z;B is assumed. With 8; = g.(z}8), simply use g.(z;3) in place of z;f
in equation (1). The only problem is that the partial derivatives become
slightly more difficult to find.

Maximum likelihood estimates are invariant under transformations of
the parameters. In other words, given a maximum likelihood estimate for
a parameter, any function of the maximum likelihood estimate is the max-
imum likelihood estimate for the corresponding function of the parameter.
For a discussion of this property see Cox and Hinkley (1974, p. 287). Given
a maximum likelihood estimate for 3, say B, we immediately obtain an
estimate of the expected value m;, namely

;= g~ (),
an estimate of the linear predictor g(m;), namely

and an estimate of 6;, namely
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Solving the likelihood equations (2) is typically accomplished by using
the Newton-Raphson algorithm. For generalized linear models, this reduces
to performing a series of weighted least squares regressions and is known
as iteratively reweighted least squares. Sections 10.5 and 11.3 give details
for the special cases of log-linear modeling and logistic regression.

Under suitable conditions, the estimate B and smooth functions of B,
e.g., m; = g~ '(z}B), have asymptotic multivariate normal distributions.
Moreover, an estimate of the asymptotic covariance matrix of B is easily
obtained from the iteratively reweighted least squares algorithm. Under
suitable conditions, this estimate is consistent and also yields estimated
asymptotic covariance matrices for smooth functions of 8. Given the esti-
mates and the estimated asymptotic covariance matrices, standard normal
theory methods for tests and confidence regions can be applied to yield
asymptotic statistical inferences.

This brief discussion of estimation has not addressed several important
points. To perform the differentiations, the z}3’s need to define a regression
so that the §;’s are well defined. The partial derivatives need to be derived
and shown to be of the form Q;(8)/¢, cf. Exercise 9.5.3. A solution to
the likelihood equations must be shown to give the maximum of the log-
likelihood. Exact conditions for the asymptotic results need to be stated;
the necessary conditions may differ for different generalized linear models.
For example, in regression analysis, one typically thinks about having the
number of observations n go to infinity; however, for contingency table
data, the number of cells in the table is n and is typically considered fixed,
while the number of counts within the cells is assumed to get large. For
more information on many of these issues see McCullagh and Nelder (1989).

9.3 Estimation of Dispersion and Model Fitting

Generalized linear model theory focuses on the estimation of linear param-
eters. The general theory seems to be less well developed for the purposes
of model fitting and dispersion estimation. The basic statistics used in
model fitting and estimating functions of the dispersion parameter ¢ are
the deviance and a generalization of the Pearson test statistic. There are
patterns common to the use of these statistics, but specifics vary from case
to case. Our discussion focuses on two general asymptotic approaches. In
one approach, the number of observations n is allowed to go to infinity.
This approach is appropriate for many linear model and logistic regression
problems. The second approach fixes n and uses asymptotics based on other
aspects of the model. This approach is appropriate for many contingency
table problems. We begin by defining the statistics.

The standardized deviance is simply the asymptotic form of the likeli-
hood ratio statistic for testing a generalized linear model against the cor-



308 9. Generalized Linear Models

responding saturated model. Remember that in the likelihood analysis of
a generalized linear model, the dispersion parameter ¢ is treated as fixed.
A saturated model is simply one in which the number of parameters is so
large that the data are fit perfectly. In particular, the model

yi ~ f(yil0i, o; wi),

with no restrictions on the 6;’s, is saturated because there are as many
parameters 6; as there are observations. The maximum likelihood estimates
have m; = y;. This is easily established from the likelihood equations for
the ;’s. Substituting ; for ;3 in (9.2.1) and taking partial derivatives with
respect to the 60;’s gives y; = r(éz) = m; as a solution to the equations.
The estimates of the 6;’s for the saturated model are determined by the
estimates of the m;’s.

The parameters 8 and m = (mq,...,m,)" are assumed to be interchange-

able, so write
t(m; @) = £(B; ¢).

Also, write y = (y1,.-.,Yn)’. The standardized deviance is two times the
difference between the maximum of the log-likelihood under the saturated
model and the maximum of the log-likelihood under the specified general-
ized linear model, i.e.,

D*(n; ¢) = 2[l(y; ¢) — £(m; 9)] -

Here, y is used in £(y; ¢) because y is the maximum likelihood estimate of
m for the saturated model. From inspection of (9.2.1), it is easily seen that
the standardized deviance can be written as
D* (s §) = 2

¢
for a function D(7n) that does not depend on ¢. Define the function D(rh)
to be the deviance of the generalized linear model. Recall that in many
important special cases, @ = 1. For normal theory linear models, D(r1) is
the sum of squares error.

As mentioned before, the likelihood analysis treats ¢ as fixed and ignores
the fact that the dispersion ¢ is a parameter. The standardized deviance
D*(rh; ¢) is only the likelihood ratio test statistic when ¢ is known. When
¢ is unknown, D*(rh; ¢) is not even a statistic because it depends on an
unknown parameter. D(171), on the other hand, does not depend on ¢, so
it is a statistic.

Another statistic used to evaluate models and estimate dispersion is the
generalized Pearson statistic. The Pearson statistic is defined as

n A \2
X2 — w; (yi — M)
i:ZI V(1;)
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where V'(+) is the variance function defined in Section 1. See Exercise 9.5.6.
The Pearson statistic can be used for consistent estimation of ¢ for large
n. The variance of y; is V(m;)¢/w; so, clearly,

w; (y; — mi)2 _
E(W) =9

By Chebyshev’s Weak Law of Large Numbers (cf. Rao, 1973, p. 112), if

1 ¢~ wiE(y: —mi)*
P

as n — oo, then

1 o~ wi(yi — mi)2 P
Lyl s,
= Vim)
It follows that if V(-) is a continuous function and 77; 5 m; for all i,

X2
L
n—p

where p is the number of parameters in 8 and we are assuming that the
n X p model matrix

X = .
7,
has rank(X) = p not depending on n. Typically, we take
X2
n—p

¢ =
Continuous functions of the dispersion, say d(¢), are estimated with d((ﬁ)
If the Pearson estimate is consistent, continuous functions of it are also
consistent estimates.
Under some large sample conditions with fixed n, for all values of ¢ the
standardized Pearson statistic has the asymptotic distribution
X2 9
— ~ X (n—p).
¢

In these cases, standard methods of variance estimation for normal data
can be applied to give asymptotic confidence intervals and tests for ¢, cf.
Christensen (1996a, Sec. 2.6). Using properties of the x? distribution, the
asymptotic distribution also leads to the approximation

E(X?) =¢-(n—p).
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Once again, an obvious estimate of ¢ is

Similarly, under certain conditions with n fixed, the standardized de-
viance D*(1; ¢) has the asymptotic distribution

D*(rn; ¢) ~ x*(n — p)
for all values of ¢. By definition,
D(h) = ¢D*(1; ),
so, asymptotically,
D(in) ~ ¢x*(n = p).
Again, when the asymptotic distribution is valid, standard methods of vari-

ance estimation for normal data can be applied to give asymptotic confi-
dence intervals and tests for ¢. An obvious point estimate of ¢ is

b = ),
n—p

Unfortunately, the deviance-based estimate is frequently inconsistent
when n — oo. Even in the simplest binomial case, y; ~ Bin(1,p), this
estimate is not consistent. For this case, ¢ = 1, but for large samples, it is
easily seen that

D
n_

- L —2[plog(p) + (1 — p) log(1 — p)]

which is not typically equal to 1.

Deviances and Pearson statistics can also be used to evaluate the ade-
quacy of generalized linear models. If null distributions are available for the
statistics, tests of the adequacy of models can be performed. These can be
unconditional, exact conditional, approximate conditional, or asymptotic
distributions. If null distributions are not available, the statistics can be
used in an exploratory fashion to give rough ideas of model adequacy.

If the data follow a true one-parameter exponential family distribution,
the dispersion parameter ¢ is identically constant and, without loss of gen-
erality, we can take ¢ = 1. If the model is correct and the Pearson statistic
gives a consistent estimate of ¢,

X2 p
— 1.
n—p

If X2/(n—p) is substantially larger than 1, it is an indication that the model
is incorrect. With ¢ = 1, the standardized deviance equals the deviance.
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If the deviance estimate of ¢ is consistent, the deviance can also be used
to evaluate lack of fit. When n is fixed, if the deviance has an asymptotic
x? distribution, the deviance is a lack of fit test statistic that can be used
in a formal asymptotic test of the generalized linear model against the
saturated model. Similarly, if X? has an asymptotic x? distribution, the
Pearson statistic can be used in a lack of fit test.

To test a model g(m;) = x}( against a reduced model, say g(m;) = z{;y
in a one-parameter family, simply compare the difference in the deviances
to an appropriate 2 distribution. In particular, the asymptotic generalized
likelihood ratio test rejects the adequacy of the reduced model at the « level
if

D(ing) = D (1) > x*(1 — @, p — po).
Here, g and D(7hg) are the maximum likelihood estimate of m and the
deviance under the reduced model. The model is a reduced model in the
sense that Xo = X B for some matrix B where

]
Lo1
Xy =
!
Lon

and
rank(Xo) = po.

Such reduced model tests tend to be asymptotically valid under weaker
conditions than general lack of fit tests. In particular, the tests are often
valid under both asymptotic approaches discussed here. Less formally, if
(D(1no) — D(1)) / (p — po) is a credible estimate of ¢ = 1 under the reduced
model, it makes sense to reject the reduced model whenever the estimate
is much larger than 1.

Both Poisson regression and logistic regression fit into this one-parameter
framework. For Poisson regression, the deviance is G and often can be used
for lack of fit tests. In both Poisson and logistic regression, the asymptotic
x2 approximation for the test of a model against a reduced model is often
valid. However, we have seen that the lack of fit statistic for logistic re-
gression is typically not asymptotically 2. Care must be used in applying
the asymptotic results given above. The specifics of each situation must be
considered.

For generalized linear models with a nontrivial dispersion parameter, we
can only test reduced models against larger models. An appealing asymp-
totic test is to reject the adequacy of the reduced model at the a level

if
(D(mo) - D(m))/(P — Po)
D(i)/(n — p)

This relies not only on (D(ri) — D(ri)) /¢ and D(riv)/¢ being asymptoti-
cally x? but also on them being asymptotically independent. As discussed

> F(1—a,p—po,n —p).
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earlier, the x? approximation to the distribution of D(r)/¢ frequently re-
quires asymptotics based on fixed n. For normal theory models, this is the
usual F' test.

If (a) n is large, (b) D(m)/(n — p) is a consistent estimate of ¢, and
(c) (D(ro) — D(1h)) /¢ is asymptotically x?, we get the asymptotic null

distribution
(D(mo) - D(m))/(P — Do) - XZ(P — o)
D(in)/(n — p) p—po

with a corresponding test. If X?/(n — p) is a consistent estimate of ¢, the
Pearson estimate can be used in the denominator of the asymptotic test.
This is of particular importance when D(m)/(n — p) is not consistent but
X?/(n — p) is. Again, a less formal evaluation can be made if (D(r) —
D(m)) /(p— po) is a plausible estimate of ¢ under the reduced model. The
reduced model is called in question when the test statistic is much larger
than 1.

Note that as n — p approaches infinity, the F'(p — pg,n — p) distribution
approaches a x?(p— po)/(p — po)- Even though the appropriate asymptotic
distribution for large n is a rescaled x2, for data analytic purposes it may
not be unreasonable to use F' tables instead.

Normal linear models and gamma distribution regression both fit into the
nontrivial dispersion parameter framework. As always, appropriate condi-
tions must be met for the asymptotic results to be valid. For normal theory
linear models, the deviance and Pearson statistic both equal the error sum
of squares and the F distribution is exact. It does not rely on any asymp-
totic arguments.

9.4 Summary and Discussion

Without a doubt, iteratively reweighted least squares for generalized linear
models is a remarkably useful computing device. A review of the use of
iterative generalized least squares in statistical estimation is given by del
Pino (1989). Iteratively reweighted least squares is a special case of iterative
generalized least squares.

Generalized linear models are designed to treat independent observations
that have a distribution in the one-parameter exponential family. They also
provide maximum likelihood estimates of appropriate functions of the
parameters when each observation has a distribution in a particular family
of two-parameter distributions. This two-parameter family is chosen so that
a trick commonly used in estimation for normal theory linear models works
for the entire family. The trick is that maximum likelihood estimates of 3
can be found easily for any value of ¢. These estimates do not depend
on ¢; therefore, the estimates must be maximum likelihood even when ¢
is an unknown parameter. Given the maximum likelihood estimates of £,
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finding the maximum likelihood estimate of ¢ requires solving one equation:
dl(B; ¢)/dé = 0. This method is used by Christensen (1996b, Section 2.4)
to find maximum likelihood estimates for normal theory linear models.
Maximum likelihood estimation of ¢ seems preferable to the essentially ad
hoc methods that are illustrated above.

Of the examples that we have considered, Poisson regression and logis-
tic regression are generalized linear models for one-parameter exponential
families. Poisson sampling seems to be relatively uncommon for contin-
gency tables; the standard sampling schemes are multinomial and product-
multinomial. However, under very mild conditions, maximum likelihood
estimates for Poisson sampling are also maximum likelihood estimates for
the other sampling schemes. Of course, logistic regression can also be viewed
as a special case of product-multinomial log-linear modeling. In regard to
Poisson sampling, Santner and Duffy (1989, Problem 3.3) present an inter-
esting data set. The data, originally given in Quine (1975), are on the num-
ber of absences of 113 Australian school children. The data are categorized
using four factors: age at three levels, sex, cultural background (aborigi-
nal, white), and learning ability (slow, average). The number of absences
for different children might be considered as observations on independent
Poisson random variables. Note that the number of cross-classifications
from the four factors is 3 x 2 x 2 X 2 = 24, but there are 113 Poisson ob-
servations. The analysis of such data would be analogous to a four-factor
analysis of variance with unequal numbers of replications on the various
treatments. Moreover, Santner and Duffy (1989, p. 135) suggest that the
data suffer from overdispersion, i.e., ¢ > 1. It is interesting to note that an
observed value of X2/(n—p) much larger than 1 can indicate either lack of
fit or overdispersion. See McCullagh and Nelder (1989, Sections 4.5, 5.5)
for discussion of overdispersion.

The other two examples considered in this chapter, normal theory lin-
ear models and gamma distribution regression, involve the two-parameter
family of distributions that was used in the basic theory. Generalized linear
model methods can be used to analyze other useful models; see McCullagh
and Nelder (1989) for a broad range of applications.

While generalized linear models are a useful idea and provide an excellent
computing device, care must be taken in their application. For log-linear
models, Poisson sampling does not always lead to the same analysis as
multinomial and product-multinomial sampling. The distinctions as well
as the similarities must be kept in mind. The validity of asymptotic distri-
butions must also be examined carefully. As seen in Section 11.2, a careful
analysis of asymptotic issues can be quite complicated. Some extensions
of the basic theory such as overdispersion, e.g., allowing ¢ to be a nonde-
generate parameter in binomial and Poisson sampling, and quasi-likelihood
methods have been proposed. Such extensions are widely accepted as pro-
viding valuable data analytic tools; however, many people have difficulty
in understanding the theoretical basis for them.
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9.5 Exercises

EXERCISE 9.5.1.  Show that for the binomial model of Section 1, 7(f) =
log(1 + €%) and that () = p and #(8) = p(1 — p).

EXERCISE 9.5.2. For the gamma model of Section 1, use the definition
of 8 and r(#) to show that the mean and variance are as given.

EXERCISE 9.5.3. Show that the likelihood equations (9.2.2) have the
form Q;(8)/¢=0,j=1,...,p.

EXERCISE 9.5.4.  Show that if f(y;]0, ¢;w) from (9.1.1) is the common
density of independent observations y;, i = 1,...,n, then > ., y; has a
density f(y;|0«, p«, ws) for some Oy, ¢., and ws.

EXERCISE 9.5.5. Let Y = (y1,...y,)". Show that a generalized linear
model with canonical link has X'Y as a sufficient statistic.

EXERCISE 9.5.6. Using the definitions of this chapter, find the Pearson
statistic (defined in Section 3) for Poisson and binomial regression in terms
of the y;’s and m;’s. Show that these are identical to the Pearson statistics
defined in Chapter 2.



