Fisher Lecturé Dimension Reduction in Regression

R. Dennis Cook
School of Statistics
University of Minnesota

November 7, 2005

Abstract

Beginning with a discussion of R. A. Fisher’s early writtemrarks that relate
to dimension reduction, this article revisits the methogficipal components
as a reductive method in regression, develops several Abadedd extensions
and ends with descriptions of general approaches to maedeband model-free
dimension reduction in regression. It is argued that the foi principal com-
ponents and related methodology may be broader than padyiseen and that
the common practice of conditioning on observed values efpttedictors may
unnecessarily limit the choice of regression methodology.

Key words and phrase<entral subspace, Grassman manifolds, inverse regres-
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1 Introduction

R. A. Fisher is responsible for the context and mathemaficaidations of a substan-
tial portion of contemporary theoretical and applied stats. One purpose of this
article is to consider insights into the long-standing andently prominent problem
of “dimension reduction” that may be available from his wmgs. Two papers are
discussed in this regard, Fisher's pathbreaking 1922 papde theoretical founda-
tions of statistics (Section 1.1), and a later applicatipager on the yield of wheat at
Rothamsted (Section 1.2). The discussion of these artictde®s liberal use of quoted
material, in an effort to preserve historical flavor and iflésher’s style.

*This article is the written version of the 2005 Fisher leetdelivered at the Joint Statistical Meetings
in Minneapolis, MN.
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Principal component analysis is one of the oldest and bestvikrmethods for
reducing dimensionality in multivariate problems. Anatipeirpose of this article is
to provide an exposition on principal components as a réduagiethod in regression,
with emphasis on connections to known reductive method®aritle development of
a new method Principal Fitted Components (PFG) that may outperform principal
components. The discussion will be related to and guided iblgeFs writings, as
much as the nature of the case permits. In particular, thegaphical spirit of the
methods discussed in this article derives largely froméfismotion of sufficiency.

We briefly review principal components in Section 2, andtstgrin Section 3 we
focus on principal components in regression. Principatdittomponents are intro-
duced in Section 4. In Sections 5-7, we expand the themestib8e 3 and 4, gradu-
ally increasing the scope of dimension reduction methaglolé. general model-based
paradigm for dimension reduction in regression is desdribeSection 8.1. In keep-
ing with the Fisherian theme of this article, the developtrisrmodel-based, but in
Section 8.2 we describe its relation to recent ideas for tripele reductions. The ap-
pendix contains justification for propositions and somehefather results. Emphasis
is placed on ideas and methodological directions, rathem tin the presentation of
fully-developed comprehensive methods.

Reduction by principal components has been proposed asadjiethodology for
linear regression. It does not arise as a particular comseguof the model itself, but
is used to mitigate the variance inflation that often accargsacollinearities among
the predictors. Indeed, while collinearity is the main aftdrothe only motivation for
use of principal components in regression, it will play nterim the evolution of the
methods in this article. It is argued in Sections 5.1, 5.3,and 8 that the utility of
principal component reduction is broader than previousbnsand need not be tied to
the presence of collinearity. This conclusion is a consegai®f postulating inverse
regression models that lead to principal components amdipé&il fitted components
as maximum likelihood estimators of reductive subspaces.

Ordinary least squares (OLS) is widely recognized as a rnedie first method of
regression when the response and predictors follow a nguisinmultivariate normal
distribution. Nevertheless, examples are given in Sestmand 6.4 to demonstrate
that in this context reduction by principal components ariigipal fitted components
may dominate OLS in estimation and prediction without iragkcollinearity. Sliced
inverse regression (SIR, Li 1991) is a relatively recentiotistie method for regression
that has received notable attention in the literature. Neawtacks of SIR will emerge
from its relations to principal fitted components describe8ections 6.3 and 7.5. Itis
demonstrated by example that the method of principal fittedponents can dominate
SIR as well as OLS in the multivariate normal setting. Theamst of principal com-
ponents and principal fitted components are presented Bemedactive frames, not
necessarily tied to normality. Their construction in thatext of exponential families
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is sketched in Section 3.3 and elsewhere.

Conditioning on the observed values of the predictors is lkestablished prac-
tice in regression, even when the response and the preditawe a joint distribution.
However, as a consequence of the expaosition on principapoasnts and the devel-
opment of related reductive methods, we argue in SectioraBthis practice may
unnecessarily restrict our choice of regression methggoémd that it may be advan-
tageous in some regressions to make explicit use of thebiitsiain the predictors
through the multivariate inverse regression of the predicbn the response.

1.1 Fisher, 1922

Much of contemporary statistical thought began with Fish&p22 article “On the
mathematical foundations of theoretical statistics”, athset forth a new conceptual
framework for statistics, including definitions of Consisty, Efficiency, Likelihood,
Specification, and Sufficiency. Fisher also introduced the familiar terms “statis-
tic”, “maximum likelihood estimate” and “parameter”. Theagins of this remarkable
work, which in many ways is responsible for the ambient textof statistics today,
were traced by Stigler (1973, 2005), who emphasized thatsidi®22 article Fisher
was the first to use the word “parameter” in its modern contektimes (Stigler 1976).
More than any other single notion, this word reflects thetisigupoint — parametric
families — for Fisher’s constructions. Many of his ideas mme/ common knowledge,
to the point that he is no longer credited when they are fitsbéduced in some statis-
tics texts. This paper, perhaps more than any other of Fishadtould be required
reading in every statistics curriculum.

Fisher provided a focal point for statistical methods atiset of his 1922 article:

...the objective of statistical methods is the reductiomata. A quan-

tity of data,. .., is to be replaced by relatively few quaesitwhich shall
adequately represent . . . the relevant information coathin the original
data.

Since the number of independent facts supplied in the datsuially far
greater than the number of facts sought, much of the infoaomaupplied
by an actual sample is irrelevant. It is the object of theisttaal process
employed in the reduction of data to exclude this irrelevafdarmation,
and to isolate the whole of the relevant information corgdiim the data.

In these statements Fisher signified the goal of statisticethods as a type of
dimension reduction, the reduced data containing the aateand only the relevant
information. The fundamental idea that statistical meshdeal with the reduction of
data did not originate with Fisher, and was probably widelgerstood well before



his birth in 1890 (See, for example, Edgeworth 1884). Howevisher's approach is
unique because it changed the course of statistical history

Fisher identified three distinct problems in his reductivecpss: 1. “Problems
of Specification”, selecting a parametric family, 2. “Praiois of Estimation”, select-
ing statistics for parameter estimation and 3. “ProblemBisfribution”, deriving the
sampling distribution of the selected statistics or fumtsi thereof. Problems of spec-
ification and estimation are both reductive in nature. Suisslecting a finitely and
parsimoniously parameterized family from the infinity ofsgible choices is a crucial
first reductive step that can overshadow any subsequenttiedwf the data for the
purpose of parameter estimation.

Regarding estimation, Fisher said that once the model siffgub

... the statistic chosen should summarize the whole of tlesart infor-
mation supplied by the sample.

Any operational version of this idea must include some waparsing data into the
relevant and irrelevant. For Fisher, the reductive prostaged with a parametric
family, targeted information on its parametérand was guided by sufficiency: Ip
represents the data, then a statistiD) is sufficient if

D|(6,t) ~ DIt 1)

so thatt contains all of the relevant information abdutSubsequent commentaries on
sufficiency by Fisher and others address existence, mirsnifitiency, specializations
and variations, relation to the method of maximum likeliipand the factorization
theorem.

Fisher was quite specific on how to approach the second ieestep, estimation,
but was less so regarding the overarching first reductiye sggecification. In stating
that problems of specification “...are entirely a mattertfar practical statistician,”
Fisher positioned them as a nexus between applied and tioabatistics. A model
is required before proceedings to problems of estimatiod raodel specification falls
under the purview of the practical statistician. He alse@i&f the following helpful
but non-prescriptive advice:

...we may know by experience what forms are likely to be blgtaand
the adequacy of our choices may be testgabsteriori We must confine
ourselves to those forms which we know how to handle, ...”

In these statements Fisher acknowledged a role for stidissi as members of scien-
tific teams, anticipated the development of diagnostic oattior model criticism and

recognized a place for off-the-shelf models. Interest agdbstic methods for regres-
sion was particularly high from a period starting near theetof Fisher’s death in 1962
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and ending in the late 1980’s (Anscombe 1961, Anscombe akelyT1963, Box 1980,
Cook and Weisberg 1982, Cook 1986). Fisher also linked moataplexity with the
amount of data, and evidently didn’t require that modelsthee”,

More or less elaborate forms will be suitable according ® tblume
of the data. Evidently these are considerations the nafunénich may
change greatly during the course of a single generation.

Fisher’s first reductive step is the most challenging andietu Indeed, Fisher’s views
launched a debate over modeling that continues today. Myrin Fisher’s discovery
of sufficiency, Stigler's (1973) introduction began witletbentence

Because Fisher’s concept of sufficiency depends so stramglihe as-
sumed form of the population distribution, its importanz@pplied statis-
tics has been questioned in recent years.

Box’s (1979) memorable statement that “All models are wrdng some are useful”
has been taken to imply, perhaps from a position of deviksadte, thab is the only
sufficient statistic. At least two Fisher lectures, Lehm@émi988 (Lehmann 1990)
and Cox in 1989 (Cox 1990), were on the issue of model spetiificaAnd then there
are the modeling cultures of Breiman (2001), and McCullagB002) rather esoteric
answer to the question “What is a statistical model?” Faurtgears after his 1922
article, Fisher suggested that it might be possible to dgvilductive arguments for
model specification, a promise that has yet to be realized:

Clearly, there can be no operation properly termed ‘estonatntil the

parameter to be estimated has been well defined, and thiseedoat the
mathematical form of the distribution shall be given. Né¢veless, we
need not close our eyes to the possibility that an even wyger of induc-
tive argument may some day be developed, which shall disoesisods
of assigning from the data the functional form of the popatat—Uncer-

tain Inference Fisher 1936.

1.2 Fisher, 1924

In Fisher’s classic 1922 article we see him thinking prifyagis a theoretical statis-
tician, while in his 1924 paper “lll. The influence of rainfah the yield of wheat at
Rothamsted” we see him as an applied statistician. Haviognity developed a new
framework for theoretical statistics, he might have guidktegrated those ideas into
his applied work, but that does not appear to be the case.Hgdiher 1924, p. 103)
rely on is 1922 article to justify a claim that a skewnessstias is the “most efficient



statistic” for a test of normality, but otherwise | found nlear formal links between
the two works.

The opening issue that Fisher addressed in 1924 involvesigpaf data in re-
gression, possiblyri < p”. According to Fisher, large sample regression methods are
appropriate when the sample sizés much larger than the number of predictgrs
preferablyn > 1,000 but at least in th@00’s. However, the number of meteorolog-
ical variables that might plausibly affect yield could haasily exceed the length
of the longest run of available crop records. Fisher theada dimension reduction
problem rather like those encountered in the analysis dfecoporary genomics data
(e.g. microarray data). He didn’t provide a general sotytlout did give a clear opin-
ion on what not to do. It was common practice at the time tonoegss the potential
meteorological predictors by plotting them individuallgaanst yield to select the pre-
dictors for the subsequent regression. Fisher was cribictilis practice, concluding
that

The meteorological variables to be employed must be chogtbout ref-
erence to the actual crop record.

He also reiterating a theme of his 1922 paper, “Relatiorssbfm complicated charac-
ter should be sought only when long series of crop data aitabi&a”

The bulk of Fisher’s article is devoted to the developmeninafidels for the re-
gression of yield on rainfall, models that were painstakirgilored to the substantive
characteristics of the problem, as one would expect in chegiplication. Fisher's
study seems true to his general point that model specifici&itentirely a matter for
the practical statistician,” and the corollary that it deg® strongly on context. Re-
garding dimension reduction, there is at least one genleeahe¢ in Fisher's analysis:
An “n < p” regression might be usefully transformed into an* p*” regression, but
the methodology for doing so should not depend on the respons

Sufficiency aside (and that's a lot to set aside), | foungklitansportable method-
ology in Fisher’s writing that might be applied to contermggr dimension reduc-
tion problems in regression. Nevertheless, dimensionatéiuwas an issue during
Fisher's era and before. In the next section we turn to a widelognized dimension
reduction method in statistics — principal components —sghloeginnings occurred
well before Fisher’s time.

2 Introduction to Principal Components

It is well-established that principal components are aulseid important foundation
for reducing the dimension of a multivariate random sam@presented here by the
vectorsXy, Xy, ..., X, in R?. LettingA; > ... > A, and~,...,7, denote the



eigenvalues and corresponding vector&of Var(X), the population principal com-
ponents are defined as the linearly transformed varigpigsX, ..., v} X}. We call
the ;s theprincipal component (PC) directionsThe sample principal components

are{ﬁlTX, o ,ﬁgx}, wherey,, ... ,%, are the eigenvectors (sample PC directions)

corresponding to eigenvalugs > ... > 5\1, of the usual sample covariance matkix
The history of principal components goes back at least too8kl{1878) who
wished to

Find the most probable position of the straight line detegdiby the mea-
sured coordinates, each measure being equally good or af egight,

(x1,11), (22,Y2), - - . (Tn,yn) Of n points, ....

Adcock identified his solution as the “principal axis”, orstisample PC direction.
Subsequent milestones were given in articles by Pears@1),1Spearman (1904) and
Hotelling (1933), but | found no direct reference to priradigomponents in Fisher's
writings. It has been discovered over time that the leaditmcypal components, say
(+Tx, ... ,V{X}, k << p, have a number of properties that may be helpful, depend-
ing on application-specific requirements. Reviews of ppatcomponents were given
by Seber (1984), Christensen (2001) and Jolliffe (2002ul(1981, ch. 6) provided
an interesting and illuminating historical account on tlse of principal components
in the social sciences. New properties and methods seemcanb@unicated often in
contemporary statistical literature (see, for examplagsnd Kotz 1999; Tipping and
Bishop 1999; Maronna 2005).

Principal components have also been studied in the conttesgression, wherX
is now the vector of predictors that we would like to reducerpio performing a re-
gression with responsg. There are several reasons why such reduction may be useful
in practice, including the possibilities of mitigating teffects of collinearity, facilitat-
ing model specification by allowing visualization of the megsion in low dimensions,
and providing a relatively small set of predictors on whiclbase prediction or inter-
pretation. Collinearity in particular has been the mainiwation for using principal
components as a reductive method in regression. One peitsidea is that perhaps
we can use the leading principal components in plack efith little loss of informa-
tion; That is, the first few principal components should eimtessentially the same
information aboutY” as the original predictor¥X, which is in the spirit of Fisher’'s
idea of sufficiency. Kendall (1957, p. 75), Hocking (19763 axthers suggested using
principal components in this way. Scott (1992) suggested tthe predictors might
be “compressed” by using their principal components poadditive nonparametric
modeling. Such procedures have been questioned becans@akicomponents are
computed from the marginal distribution & and consequently the leading compo-
nents may have little necessary relation with the respolsimes seem optimistic to



think that the marginal oX would necessarily be structured so that the leading prin-
cipal components contain the essential information aldlmrésponse. Nevertheless,
in support of the leading principal components, Mostelled &ukey (1977, p. 397)
turned this cause for concern into a desirable goal by pasmguestion

... how can we find linear combinations of the [predictorgttivill be
likely, or unlikely, to pick up regression from some as yespecifiedy?

It might seem unusual that Mosteller and Tukey would begiagking how to perform
linear reduction without reference to the response, but #mproach is in agreement
with Fisher’s (1924) point that predictors “. .. be chosethaiit reference to the actual
crop record.” Mosteller and Tukey answered their questidth the philosophical
point that

A malicious person who knew ours and our plan for them could always
invent ay to make our choices look horrible. But we don't believe natur
works that way — more nearly that nature is, as Einstein gurt &erman),
“tricky, but not downright mean.”

On the other hand, Cox (1968, p. 272) wrote in reference todied X by using
the leading principal components

A difficulty seems to be that there is no logical reason whydbpen-
dent variable should not be closely tied to the least impbnincipal
component.

A similar sentiment was expressed by Hotelling (1957), Ha/land Fatti (1984) and
others. Evidently, many authors did not trust nature in Hreesway as Mosteller and
Tukey. Some gave examples of regressions where Cox’s piedapparently holds,
with a few trailing principal components contributing impant information about the
response (Jolliffe 1982, Hadi and Ling 1998). Are theretiinid the maliciousness of
nature? If nature can produce regressions where therefid ugermation about the
response in the last principal compone,rth, can it also produce setting where the
regression information is concentrated in a few of the negpredictors, but is spread
evenly across many of the principal components, makingyaizabn the principal
component scale harder than analysis in the original sd@des?possibility is relevant
in recent proposals to ignore the hierarchical structuréhefprincipal components
and use instead a general subgebf them when developing linear regression models
(Hwang and Nettleton 2003). In this regard, Jolliffe (2002,177) commented that
“...the choice ofM for PC regression remains an open question.”

On balance, the role for principal components in regresseems less clear-cut
than their role in reducin marginally. The advantages that principal components
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enjoy in the multivariate setting, where the marginal distiion of X is of primary
interest, may be of limited relevance in the regressionedntwhere the conditional
distribution ofY'| X is of interest. It seems particularly appropriate to questhe use-
fulness of principal components wh&his fixed and controlled by the experimenter.
In some experimental desiglﬁis proportional to the identity, with the consequence
that there is clearly no useful relation between its eigectitire and the regression.
And yet interest in using principal components for dimengieduction in regression
has persisted, notably in the analysis of microarrays wheneipal components have
been called “eigengenes” (Alter, et al. 2000). Chiaromame Martinelli (2002) and
L. Li and H. Li (2004) used principal components for prepissirg microarray data,
allowing subsequent application of other dimension rddncinethodology that re-
quiresn > p. Acknowledging that preprocessing by principal composenight be a
viable alternative, Bura and Pfeiffer (2003) used margditasts from the regression of
the response on each predictor for prior selection of gemesgthod to which Fisher
would likely have objected.

3 Principal Components in Regression

In the rest of this article, we focus on regressions wiXries random, sd and X
have a joint distribution, since a different structure seemacessary wheK is fixed
and subject to experimental control. In this context we magpe dimension reduc-
tion through the conditional distribution &f|X (forward regression), the conditional
distribution of X|Y" (inverse regression), or the joint distribution (af, X). All three
settings have been used in arguments for the relevancerafigml components and
related methodology. Forward regression with fixed predicis perhaps the most
common, particularly in early articles. Helland (1992) a&telland and Almoy (1994)
assumed thatY, X) follows a multivariate normal in their development of “redet
components.” Oman (1991) used an inverse modelXtr” in a heuristic argument
that the coefficient vectow in a linear regression model faf|X should fall in or
close to the space spanned by the first few principal comgsen&imilarly, in their
development of multiple-shrinkage principal componegtession, George and Oman
(1996) used a model for the joint distribution (@f, X) to reach the same conclusion.
In this article, we concentrate d|Y’, although the goal is still to reduce the di-
mension ofX with little or no loss of information orY’|X. Model-based regression
analyses traditionally condition on the observed valugh®predictors, a characteris-
tically Fisherian operation, evenX is random (See Savage 1976, p. 468, for further
discussion of this point). Nevertheless, the conditionstritbution of X|Y" may pro-
vide a better handle on reductive information, and | founthimg in Fisher’s writings
that would compel consideration of only forward regressiomo facilitate the expo-



sition, let X, denote a random variable distributed ¥§Y = y). Subspaces are
indicated asS(.) where the argument is a spanning matrix, &hd V|W means that
the random vector®J and V are conditionally independent given any value for the
random vectoiWw.

3.1 Afirst regression model implicating principal componens

Consider the following multivariate model for the inverggession oX onY,
Xy =p+Tv, +oe. (2

Herep = E(X), T' € Rr*d TTT = I, o > 0 andd is assumed to be known.
The coordinate vectar, € R? is an unknown function off centered to have mean
0, Zy vy, = 0, andVar(vy) > 0, but is otherwise unconstrained. The error vector
e € RP is assumed to be independentldfand to be normally distributed with mean
0 and identity covariance matrix. This model specifies th#gr translation by the
interceptu, the conditional means fall in thédimensional subspacg- spanned by
the columns of". The vecton, contains the coordinates of the translated conditional
meanE(X,) — p relative to the basi¥'. The mean function is quite flexible, even
whend is small, say at most 3 or 4. Aside from the subscgiphothing on the right
side of this model is observable.

While the mean function for model (2) is permissive, the aace function is re-
strictive, requiring essentially that the predictors bdhie same scale and that, con-
ditional onY’, they be independent with the same variance. Neverthal@ssnodel
provides a useful starting point for our consideration afigipal components, and may
be appropriate for some applications dealing with measen¢mrror, image recogni-
tion, microarray data, and calibration (Oman 1991). Andatyraerve as a useful first
model when the data are not plentiful, following the spifittésher's recommenda-
tions.

Model (2) is similar in form to the functional model for mwitiriate problems
studied by Anderson (1984), but there are important cone¢mtifferences. Model
(2) is a formal statement about the regressioXobn Y, with thev,’s being fixed
because we condition dn, in the same way forward regression models are conditional
on X. Functional models for multivariate data postulate lafer#td effects without
conditioning. This model will lead in directions that are agailable when considering
functional models for multivariate data.

The following proposition connects the inverse regressimalel (2) with the for-
ward regression of on X:

Proposition 1 Under the inverse model (2), the distribution}ofX is the same as the
distribution of Y|T'7X for all values ofX.
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According to this propositionX can be replaced by thsufficient reductionl” X
without loss of information on the regressionfon X, and without specifying the
marginal distribution ofY” or the conditional distribution o¥ |X. Here “sufficient
reduction” is used in the same spirit as Fisher’s “sufficigtatistic’. One difference

is that sufficient statistics are observable, while sufficreductions may contain un-
known parameterd in this instance, and thus need to be estimated. A reasonable
estimate ofl" is needed for the sufficient reducti@f X to be useful in practice.

3.2 Estimation via the method of maximum likelihood

Even with the previously imposed constraint tidil" = 1,, T andv,, are not simul-
taneously estimable under model (2) since, for any orthagoratrix O € R4<? we
can always rewritd'v,, = (I'0)(0%v,), leading to a different factorization. How-
ever, thereductive subspacSr = Span(T') is estimable, and that is the focus of our
inquiry. The matrixI' is of interest only by virtue of the subspace generated by its
columns, the conditiom’T" = I, being imposed for convenience. This implies that
two reductionsd’” X and AT”'X that are connected by a full-rank linear transforma-
tion A are regarded as equivalent for present purposes. To emphhs distinction
we will refer to the parameter space 8 as a Grassman manifolg, . ; of dimension
dinRP,

Consider a functiori7(A) that is defined on the set pfx d matrices withd < p
andATA = I, and has the property thét(AO) = G(A) for any orthogonal ma-
trix O € R?*?. The functionG(A) depends only on the span of its argument: If
Span(A) = Span(B) thenG(A) = G(B). The set ofd dimensional subspaces of
RP? is called a Grassman manifold; a single point in a Grassmanifohé being a sub-
space. A Grassman manifold is the natural parameter spatteefB parameterization
in this article. While no technical use will be made of Graaammanifolds, the termi-
nology is proper in this context and it may serve as a remititironly the subspace
generated by the columns Bfis of interest. For background on Grassman manifolds,
see Edelman, et al. (1998).

There are several ways to approach estimation of a suffi@eniction, but staying
with Fisher we will use the method of maximum likelihood. Assng that the data
consist of a random sample of sizérom (Y, X), the maximum likelihood estimator
of Sr can be constructed by holdifg ando? fixed at possible value& ands? and
then maximizing the log likelihood oves andv,. This yieldsi = X and, in the
absence of replicatg’s, a separate value for each of thei-dimensional vectorg,
as a function of G, s?): v,(G, s?) = GT(X,, — X). Substituting back, the partially
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maximized log likelihoodM is then apart from constants

Mpo(G,s%) = —(np/2)log(s”) — (1/25%) Y IXy = X — Pa(X, - X)|?
Yy
= —(np/2)log(s?) — (n/25%) trace(EQg),
wherePg = GG is the projection ont&g andQg = I — Pg. Although in this and
later likelihood functions we usé as an argument, the function itself depends only on
Sc and thus maximization is over the Grassman maniégld;. Recalling that{); }
and {#,} are the eigenvalues and eigenvectors3hfit follows that the maximum
likelihood estimato@p of Sr is

Sl" = Span{;yl’ s 7;7d}7
and that the estimator of? is 62 = >*_, .| A;/p. A sufficient reduction is thus
estimated by the first sample principal components, and for this reason we wiirref
to model (2) as ®C regression modelAs mentioned previously, for a givef) this
approach does not distinguish between the §irptincipal components and any full
rank linear transformation of them.

In the absence of replication in thés, observed responses play no role other than
acting collectively as a conditioning argument. The sardecton would be obtained
with a continuous multivariate response. In fact, it is netessary for the response
to be even observed and thus model (2) is one possible rogtatislying Mosteller
and Tukey’s desire to reduc for an “... as yet unspecifiegl” and is in accord with
Fisher's requirement that “...the variables to be employedt be chosen without
reference to the actual crop record.” However, model (2sdme hold for all potential
responses, but requires that the predictors be conditjoimalependent with common
variance. o

The fact that all full-rank linear transformatiofsI’ X of the firstd sample prin-

cipal componenthX are equivalent reductions in the context of model (2) may cas
doubt on the usefulness pbst hocreification of principal components. The safest
interpretations are perhaps the ones that suggest regressichanisms that can be
verified independently of the principal components thepesel

As mentioned previously, the PC model (2) may be appropftateome applica-
tions, but there is also value in the paradigm it suggestextamsion to other settings.
In the next section we sketch at the conceptual level howdeas behind (2) can be
applied to exponential families, returning to normal madelSection 4.

3.3 Extensions to exponential families

As in the PC model, we assume that the predictors are indepegivenY’, but instead
of requiring X, to be normally distributed we assume that jhih conditional predic-
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tor X, ; is distributed according to a one-parameter exponentiilyawith density or
mass function of the form

fi(@ny;, Y =y) = aj(ny;)bj(x) exp(xny;). 3)

We also assume that the natural paramgjgrfollows the model for the conditional
meank (X, ) in the normal case:

nyj:Mj+7?Vy’ jzla"'apa

wherey; is the j-th coordinate of and 7]T is the j-th row of I'. Under this setup
I'"X is again a sufficient reduction:

Proposition 2 Under the inverse exponential model (3), the distributibi X is the
same as the distribution 6f|T'7 X for all values ofX.

Giveny, p andT the likelihood forv, is constructed from the products of (3)
for j = 1,...,p. This corresponds to fitting a generalized linear model wftkets
1, “predictors”~; and regression coefficiemt,. The remaining parametefs and
Sr € Gpxq Can then be estimated by combining these intermediateafpantnaxi-
mized likelihoods ovey. The essential point here is thgeneralized PC modelsan
be constructed from the normal PC model (2) in the way thatgdized linear mod-
els are constructed from linear models. Marx and Smith (1880eloped a method of
principal component estimation for generalized linear el®dTheir approach, while
recognizing issues that come with generalized linear nspdedems quite different
from the approach suggested here.

For example, if the coordinates Xf, are independent Bernoulli random variables,
then we can express the model in terms of a multivariate f&fined coordinate-wise
as

multlogit, = p + T'vy,

where the right hand side is the same as the mean functiohdd?€ model (2). By

analogy with the normal case, this leadptmcipal components for binary variables
but they are not computed from the eigenvectors of a covegiamatrix and they seem
distinct from the recent proposal by de Leeuw (2006) for nmaigeduction ofX.

4 Principal Fitted Components
In the PC model (2) no direct use is made of the response, vtégls the role of an

implicit conditioning argument. In principle, once thepesse is known, we should be
able to tailor our reduction to that response and therebgibtsupervised reduction.
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One way to adapt the reduction for a specific response is bylimgd,. This can be
facilitated by graphical analyses when the response isibtesor univariate. Recalling
that X; denotes theg-th predictor inX, we can gain information from the data on
the mean functior(X;|Y") by investigating the two or three-dimensional inverse
response plots oX; versusY, j = 1,...,p, as described by Cook and Weisberg
(1994, Ch. 8) and Cook (1998, Ch. 10). While such a graphisadstigation might
not be practical ifp is in the hundreds or more, it might be doable wheis in the
tens, and certainly if is less that, say, 25.

Assume then that, = Bf,, where@ € R¥", d < r, has ranki andf, € R" is
a known vector-valued function of the response v@; f, = 0. For example, ifitis
decided that each inverse mean functioX;|Y" = y) can be modeled adequately by
a cubic polynomial iny, thenf, equals(y,y?, y3)”T minus its sample average. When
Y is univariate and graphical guidance is not availalfjecould be constructed by
first partitioning the range oY into r “slices” or bins Hy, and then setting théth
coordinatef,;, of f, to

fyre =J(y € Hy) —ny/n, k=1,...,h, (4)

where J is the indicator function andy, is the number of observations falling fiy.
Thejth coordinatev,; of v, is then modeled as a constant in each slige

vy =Y Binfye =Y Bix(J(y € Hy) — ny/n),
k=1 k=1

wheregj;, is thejk-th element of3. Each coordinate of the vector, = 3f, is now a
step function that is constant within slices. Many otherslubties for basis functions
are available in the literature. For example, we might adagitssical Fourier series
form (see, for example, Eubank 1988, p. 82) andget g, — g, where

g, = (cos(2my),sin(2my), . .., cos(2rky), sin(27ky)) "

with » = 2k. We will use the slice basis function (4) later in this aditlecause it
leads to a connection with inverse regression (SIR, Li 19%9wever, no claim is
made that this is the “best” or even a generally reasonaliparametric choice fdf,.
The parameterization, = 3f, can be used with exponential families as described in
Section 3.3 and the PC model (2). In particular, the slicéslfasction can be used to
allow for replication in model (2), with the slices corresping to the different values
of y.

Substitutingr,, = Bf, into model (2) we obtain the new model

Xy =p+TIBf, +oe (5)
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for whichT'7'X is still a sufficient reduction. LeX denote the: x p matrix with rows
(X, — X)7, let F denote then x r matrix with rowsf!, and letX = PpX denote
then x p matrix of centered fitted values from the multivariate linesgression oX
onf,, including an intercept. Holdin§ ando fixed atG ands, and maximizing the
likelihood overp and@, we obtainii = X, 3 = GTXTF(FTF)~, and the partially
maximized log likelihood (see Appendix C for details)

Mppo(G, 5%) = (—np/2)log(s?) — (n/25%){ trace[S] — trace[PgEuPg]}  (6)

where S, = XTSAQ/n is the sample covariance matrix of the fitted valles The
likelihood again depends only afig. The rank ofXg; is at mostr and typically
rank(Xg) = r. In any event, we assume thank(Xg;) > d. The likelihood is then

maximized by settingsr equal to the span of eigenvectags, . . . , &)d corresponding
to largestd eigenvalues\?t,i =1,...,d, of Xg.
We call the corresponding componerﬁgx, . .,c}zX principal fitted compo-

nents (PFC)and call the associated eigen\{ectérg ey &bd PFC directions The
corresponding estimate of scaless = (327_, \; — 3% Afit) /p. A sufficient reduc-

tion under model (5) is then estimated by the fit®2FC’s. We call model (5) BFC
modelto distinguish it from the PC model (2).

5 Comparing PC’s and PFC'’s

In the PC model (2) there arer — 1)d v-parameters to be estimated, while in the
PFC model (5) the corresponding number is jdst which does not increase with
n. Consequently, assuming that (5) is reasonable, we migigadit to yield more
accurate estimates that the unsupervised model (2).

51 Simulating§p

A small simulation using multivariate normél’, X) was conducted to obtain first
insights into the operating characteristics of principahponents and principal fitted
components. Firsty” was generated as a normal random variable with mean 0 and
varianceo?, and thenX,, was generated according to the inverse model

X, =Ty +oe, @)

with 7 = (1,0,...,0), p = 10 and, to avoid singularities in later discussion; 0.
The forward regressiol | X follows a textbook normal linear regression model where
the mean function depends & only via I'" X, which is equal taX; for this sim-
ulation. Each data set was summarized by computing the deglecenl” and each
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of 4, (PC),&S1 (PFC) from the fit of model (5) wit, = y — ¥, and the estimated
coefficient vector from the forward ordinary least squaf@kSg) fit of Y on X. Three
aspects of the simulation model were varied, the samplersizhe conditional er-
ror standard deviatioa and the marginal standard deviation¥f oy. Simulation
models with multivariate normdl’, X) are useful because they allow straightforward
comparisons with other methods like forward OLS, and thejtlthe flexibility for
tuning to emphasize the advantages of a particular method.

Shown in Figure la are average angles taken over 500 répifisatersus:, with
o = oy = 1. On the average, the OLS vector was observed to be a bit doser
St than the PC vectofy,, except for small samples whep was the better of the
two. More importantly, the PFC vecter, was observed to be more accurate than the
other two estimators at all sample sizes. The differencevdmt the PFC and OLS
estimators can be increased by varying as is apparent from Figure 1b.

Figure 1b shows the results of a second series of simulatibnarious values
of oy with n = 40 ando = 1. The method of principal fitted components is seen
to be superior for small values ofy-, while it is essentially equivalent to principal
components for large values. Perhaps surprisingly, the €dtignator is clearly the
worst method over most of the range ®f . Figure 1c shows average anglescas
varies withn = 40 andoy = 1. Again, PFC is seen to be the best method, with the
relative performance of PC and PFC depending on the valde of

Under the PC model (2), the accuracy of the PC or PFC estinoht8s should
improve asn increases, or asy increases or as decreases. The results in Figure 1
agree with this expectation. To explain the relative bedrasf the OLS estimates in
the simulation results for model (7), write the correspagdorward regression model
as

Y =ap+a’X + oy |XE,

let R = 0% /(0% + o), and leta denote the OLS estimator of. Then it can be
shown thaior = RT, that

Var(a) = RQr + R(1 — R)Pr

and thata’ [Var(a)]'a = R/(1 — R). Asoy — oo, R — 1 but Var(a) >
RQr. Thus,Var(a) is bounded below, and this explains the behavior of the OLS
estimates in Figure 1b. On the other handgas> oo, @« — 0 andVar(a) — 0,
but a’[Var(a)]"'a — 0 as well. Consequentlyy — 0 faster than the “standard
deviation” of its estimates and the performancenofmust deteriorate. These results
can be extended straightforwardly to model (2) witk= 1, but then the behavior of
the OLS estimator will depend oviar(vy ) andCov(vy,Y).

Letting ', denote thekth element of thd” in model (7), the correlation between
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the jth andkth predictors is
IyLjo?

V(0? +T203)(0? +T30%)

Pik =

If I'; andT'), are both nonzero, thep;x| — 1 aso? — oo with o2 fixed. However,

' = (1,0,...,0)T in the version of model (7) used to produce Figure 1, with the
conseqguence that the predictors are both marginally anditcmmally independent.
Thus, the bottoming out of the OLS estimator in Figure 1b #wgé values oy and

in Figure 1c for small values af has nothing to do with collinearity. To gain further
insights into the impact of collinearity in this situatiowe repeated the simulation
leading to Figure 1b witl' = (1,...,1)7/v/10. Now, p;, — 1 asoy — oo for

all pairs of predictors. However, within the simulationarrthese new results were
identical to those of Figure 1b. This suggests that the vafygincipal component
estimators does not rest solely with the presence of callitye

5.2 Multivariate normal (Y, X)

In this section we provide theoretical results to suppaiabservations from the previ-
ous simulations. Assume th@t, X) follows a nonsingular multivariate normal distri-
butions, and that the predictors are conditionally indelpah with common variance

o given the response. Lef,, = (a&'T)?/||a|? and letaZ;,, = (&)?I‘)Z, where

I' € R? is as defined in (5), still with length 1. Then the squared mgls and

agfc are each asymptotically distributed as a constant, respBct,; andcp., times

a chi-squared random variable with- 1 degrees of freedom. These constants depend
only on the common conditional varianeé of the predictors and the marginal vari-
ance of the response,s = R~ andcpre = 02R7%/0%, whereR is as defined in
Section 5.1. Asry — 00, cols — 1, While ¢, — 0. This again accounts for the qual-
itative behavior of Figure 1b. Perhaps more interestirthig,asymptotic distributions

of a? andagfC do not depend ofr, so in this context the relative behavior of OLS and

ols

PFC has nothing to do with collinearity in the marginal disition of X.

5.3 Prediction

While this article is focused on estimation of reductivespdres, this first simulation
study provides a convenient place to touch base with piediconsiderations. Since
the forward regression follows a normal linear model, werabizrize predictive per-
formance by using the scaled mean squared error

MSE = E(Y} — a — bT" X;)%/o? 8)
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where(Yy, X ;) represents a future observation (@ X), and the expectation is taken
over (Yy,Xy) and the data. The marginal varianeg was used as a scaling constant
because the numerator of (8) is in the unitsYot. T can be¥y, (PC),<}$1 (PFC), or
the OLS estimator oé scaled to have length &y/||a||. The intercept and slope

b were then computed from the OLS fit &f on f‘TXi. The MSE was estimated by
first calculating the expectation explicitly over the fidwbservations and then using
500 simulated data sets to estimate the remaining expattaier the data. Figure 1d
shows the resultingyISE as function oty and the three estimates. The PFC estimator
performed the best, except for small valuessof where the PC estimator did a bit
better. The OLS estimator is dominated by the other two, telISE appears to be
unbounded asy increases. This phenomenon is related to the bottoming fabheo
OLS estimator in Figure 1b since, for any fixed angle betwleandT', the magnitude

of the average predictive error increasesrgsncreases. In other words, the average
angle must approach 0 as- increases for the predictive error to be bounded. As
may be clear from the discussion of Section 5.2, the PC anddBE@ators have this
property under model (7), while the OLS estimator does nat.béfore, the results
shown in Figure 1d have nothing to do with collinearity.

6 Inverse Models with Structured Errors

In this section we consider expanded PC and PFC models thatfal heterogeneous
and partially correlated errors, starting with the PC made$ection 6.1 and turning
to the PFC model in Section 6.2.

6.1 Anexpanded PC model

Consider the following PC model with heterogeneous errors,
Xy =M+ FUy + T'oNoeg + IT'Qe. (9)

Herep andv,, are as defined previously, ahg < RP*(P—4) js acompletionof T'; that
is, (T'y,T') € RP*? is an orthogonal matrix. The error vectarg € RP~% ande € R?
are independent and normally distributed, each with meandOidentity covariance
matrix. The full-rank matrice§2 € R%*4 and§, € RP~9)*(—9) serve in part to con-
vert the normal errors to appropriate scales and, with@stdd generality, are assumed
to be symmetric. Since the two error components must be arignt, the variance
structure in this model is still restrictive, but it is coderably more permissive than
the variance structure in the first PC model (2) and the compsnofX can now be
in different scales. We assume that {ieare distinct. Replication for this model can
be addressed with a version of model (12), which is discuss8eéction 6.2.
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Linearly transforming both sides of model (9), we h&eX, = Ty + v, + Qe
andT'l X, = T¥ u + Qoeo. From these representations we see thal’'y)” X, con-
tains two independent components. The agjidkependent componeﬁtTXy consists
of the coordinates of the projection &f onto Sr. It has an arbitrary mean and con-
stant but a general covariance matrix. The other projecomponent lives in the
orthogonal complemeripan(T'y) = 81% and has constant mean and variance.

We again find thal'" X is a sufficient reduction:

Proposition 3 Under the extended PC model (9), the distributiorY¢X is the same
as the distribution ot |T7 X for all values ofX.

Maximizing overpu, v, and$2, the partially maximized log likelihood., is a
function of possible value€ andM for T andQ?, apart from constants:

Lec(G, M) = —(n/2)log(|G§ ZGo|) — (n/2) log(|M]),

whereG is a completion olG. ©? is not estimable, but because the likelihood factors,
it is maximized ovelG for any fixedM by any full-rank linear transformation of the
lastp — d sample PC directions. Consequently, we might be tempteakio t

Sr = Span® (Y441, -+, A,)- (10)

Thus a sufficient reduction is again estimated by the &irsample principal com-
ponents computed fro®. The likelihood for the first PC model (2) is able to tell
us which principal components alikely to be associated with an as yet unspecified
y. In contrast, the likelihood for the extended PC model (Ygasts the principal
components that anenlikely to be associated with sugh In effect, because of the
added flexibility in model (9) there is not enough informatio estimateSr directly,
but there is some information on its orthogonal complemBetrertheless, additional
conditions are necessary for principal components to walkwnder this model.

Some of the differences between the PC model (2) and the dedeversion (9)
can be seen in the marginal covariances of the predictordetunodel (2)

¥ = 0’1 T} + T{o?I + Var(vy)}T'L.

Here the smallest eigenvalue Bf is equal tos? with multiplicity p — d and corre-
sponding eigenvectoB,. The largestl eigenvalues, which are all larger thah, are
the same as the eigenvaluessdf + Var(vy). The corresponding PC directions are
I'v;,j =1,...,d, where{v;} are the eigenvectors d&? + Var(vy). In this case
Sr andSr,, are distinguished by the magnitudes of the correspondigenealues of
3, providing the likelihood information to identifgr.
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Under model (9)

Y = Tl +1{Q? + Var(vy)}T7T
= TyVoDoVITY + TVDVITT,

whereV Dy VI andVDVT are the spectral decompositions@f andQ?+ Var (vy).
The PC directions under model (9) can be writterorderedasT'yVy andT'V with
eigenvalues given by the corresponding elements of thedagnatriced, andD.
The estimate o6y given in (10) will be consistent if the largest eigenvaludlg is
smaller than the smallest eigenvalueln In other words, the likelihood-based esti-
mator (10) should be reasonable if the signal as represdaytddl is larger than the
noise as represented BY.

To help fix ideas, consider the following extension of mod@i (

Xy =Ty + ogl'geg + ol'e, (1D

where(Y, X) is normally distributed. The forward regressishX follows a normal
linear regression model where the mean function depend only viaI'” X, and

Y = o2} + (63 + o2)rTT.

If 02 < 02 42 then the first population principal component yields a sigffitreduc-
tionTTX. If 0 > 0% + 02, then a sufficient reduction is given by the last population
principal component, illustrating the possibility suggesby Cox (1972). However, if
02 = o2 + o2, then principal components will fail since all of the eigalues of%
are equal.

In short, principal components may yield reasonable réolustf the signal dom-
inates the noise in the extended PC model (9).

6.2 An extended PFC model

In this section we consider a PFC model with heterogeneaassdny modeling the
v-parameters in (9):

X, = p + I'8f, + Ty + I'Qe, (12)

where all terms are as defined previously. As mentioned itid®e4, this model can

be used to accommodate replication in the extended PC m®&pbl/ (using the slice

basis function forf, to indicate identical’s. Extensions of the exponential family
model (3) to allow for dependence among the predictors mpgrmlton the particular

family involved. For instance, the quadratic exponentiadel described by Zhao and
Prentice (1990) might be useful when the predictors arestaied binary variables.
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Under model (12)I'" X is again a sufficient reduction, so we are still interested

in estimating the reductive subspaSg. Maximizing the log likelihood oveps and
3, we find the following partially maximized log likelihood ap from unimportant
constants:

— (n/2)log [My| — (n/2) trace[M, ' G X' XG/n]

— (n/2)log M| — (n/2) traceM1GT{XTX — XT PpX}G /n,
whereG, M andM, represent possible values B 2% andQ3. After maximizing
over M andM,, the maximum likelihood estimate &f- is found by maximizing

Leec(G) = (—n/2) log |GE G| — (n/2) log |GT £, G, (13)

whereX,.s = & — 3j; is the sample covariance matrix of the residuals from the fit
of X, onf,. Like previous likelihoods, (13) is invariant to orthogbtransformations
of G and so it depends only a8ig. But in contrast to the previous likelihoods, here
there does not seem to be a recognizable estimatgfor

The following proposition gives population versions of ns in the partially
maximized likelihood function (13). It summarizes some istdssion in Section 6.1,
and provides results that will be useful for studying (13).

Proposition 4 Assume the extended PFC model (12) with uncorrelated butawas-
sarily normal errors,Var((el,e?)?) = I,,. Then

> 2 B =Tor) + D{Q% + BVar(fy) 87 )17
Sg > Bg = TBVar(fy)s" T
f}res 2, Yires = 1-‘0(2(2)1-‘31 + FQ2FT

To understand the behavior of the functibpe.(G) (13) in a bit more detail, write
it in the form, withH = PrXG//n,

—2Lppo(G)/n =log |GE 2G| + log |GTEG — GTXT PpXG /n|
=log{|G{ 2Go||G" =G|, - H(G"2G) ' H|}
=log{|G{ 2Gy||G"SG||I, — PrPxcPrl}.

The first product in théog is such that
GIEG(|GTEG] > |5, (14)

and it achieves its lower bound when the column&adreanyd sample PC directions
andG is a completion ofa. Consequently, the function log{|G] £G¢||GTZG|}
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has at least{ ¥ ) local maxima of equal height. It is then up to the last term

d
—log |1, — Pp Pxg Pr| to reshapd. ¢ into a typically multi-modal surface ové, .
with a single global maximum. If & can be found so th&pan(XG) C Span(F)
then thel7,, — Pr Pxg Pr| = 0 and the log likelihood is infinite at its maximum. If the
signal is very weak, or in the extreni® X ~ 0, then|I,, — Pr Pxg Pr| ~ 1 for all G,
this term will contribute little to the log likelihood, andeawill be left with a surface
having perhaps many local maxima of similar heights.

Because the likelihood surface will typically be multi-nabduse of standard gra-
dient optimization methods may be problematic. Considmmatf a candidate set of
solutions or starting values might mitigate the problenssilteng from a multi-modal
surface and can further illuminate the role of principal paments. Candidate sets can
be constructed using the following rationale. Recall fréwa discussion in Section 6.1
that the unordered PC directions are of the f¢lrgV(, I'V), and they comprise one
possible population candidate set. This structure meatgtiare is a subsets afPC
directionsy y, - - ., ¥(a), such that

Sr = Span(I'V) = Span{vy(1),.. ., (g }-

Consequently, provided that the eigenvalues correspgndim’V are distinct from
those corresponding 0, V, we can construct a consistent estimator of the sufficient
reductionVITTX by evaluatingL,:(G) at all subsets ofl sample PC directions
Yay - - -+ Y(a), and then choosing the subset with the highest likelihocell t@is the
PFCpc method, because the PCF likelihood is being evaluated a@hdirections.
This method might be awkward to implement if the number of borations to be
evaluated is large. As an alternative, we could choose Reetitins sequentially:

1. Find9(;y = argmax Lppc(h), where the maximum is taken over thex 1
vectorh in the PC candidate set = {¥,,j = 1,...,p}.

2. Find¥(9) = argmax Lprc(¥(1), h), where the maximum is now taken over the
p x 1 vectorh in the reduced candidate sét— {4 }.

3. Continue until reaching the final maximization
"A)/(d) = arg max LPFC(’AY(l)’ N ,"A)’(d_l), h)
where the maximum is now taken ovein A — {¥x),...,¥@q-1)}-

This approach is similar in spirit to other methodology felesting principal compo-
nents (Jolliffe 2002), but here we base the selection oredillikod.

Using Proposition 4 and following the same rationale we aawmstruct two addi-
tional candidate sets. One consists of the PFC directibesgigenvectors cflﬁt, and
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the other contains the eigenvectorsfoffes, which are called theesidual component
(RC) directions The estimator constructed by evaluating the PFC likelih@i8) at
all subsets of the candidate set consisting of the PC, PF(R&nhdirections will be
denoted a®FC,.

Before turning again to illustrative simulations, we cocingrincipal fitted com-
ponents with sliced inverse regression.

6.3 PFC and SIR

To relate SIR and PFG, mustbe constructed using the slice basis function (4). Let
X = Yiem, Xi/ny andX = >3, X;/n. Then it can be shown thas; is the
sample covariance matrix of the slice meagg

h

~ - - = < aljza al/2
e =y (ne/n)(Xp - X)(Xp = X)T =27 5,
k=1
~ a-1/28 o-1/2. . .
whereXg;, = X Y X is the usual SIR kernel matrix in the standardized scale

of Z = BV%(X — E(X)), with sample versioZ = & /*(X — X). Substituting
this form into the partially maximized log likelihood (13¥e have

~2Lpec(G)/n = log |G 5G| +1og|GTE (1, - £418ql.

Suppose now that we redefit€, G) to be an orthogonal matrix in tH8 inner prod-

uct: (Go, G)7S(Go, G) = 1, ThenGJ£Gy = I, and, lettingG* = 5@,

(13) can be written as a function 6f* with G*7'G* = I,;:
Lorc(G*) = —(n/2)log |G*T{I, — B4, }G*|.

This objective function results in the standard SIR estsaince it is maximized by
setting the columns o&* to be the matrixG* whose columns are the firdteigen-
vectors of¥;,. This solution is then back-transformed to the origiXascale so that

Sr = £ /*Span(G*). From this we see that, starting from the normal likelihood
for (12), the SIR solution is found by using a sample-baseeériproduct. Relative to
the likelihood, this can have a costly effect of neglectihg information in® when
estimating the sufficient reduction.

While SIR does not require normality or a particular stroetior Var(X,), it is
know that its operating characteristics can vary widelyemheling on these features.
Bura and Cook (2001) argue that generally SIR performs teeuraler normality and
that its performance can degrade whén(X,) is not constant. Cook and Ni (2005)
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show that SIR can be very inefficient wh&ar(X,) is not constant and they provide
a new method called inverse regression estimation (IRE)dha dominate SIR in
application. From these and other articles, we would exg#Retto be at its best under
the models considered here, which all have both normalitycamstantVar (X, ).

Like SIR, the fundamental population characteristics ef #C and PFC methods
considered here do not hinge on normality. From (13) and d¢%itipn 4, the normal-
ized partially maximized log likelihood s (G)/n converges in probability to

Lerc(G) = —(1/2) log |GE =G| — (1/2) log |G G-
We then have
Proposition 5 Assume the conditions of Proposition 4. Tliea: arg maxg Lerc(G).

This proposition says that the likelihood objective fuantarising from the extended
PFC model (12) produces Fisher consistent estimates wheanibrs are uncorrelated,
but not necessarily normal, suggesting that normality pas siot crucial for the type
of analysis suggested in this article.

6.4 lllustration via simulation

A simulation study was conducted to illustrate some of tlseilte to this point. We
generatedy” as aN(0,0%) random variable, and then generat¥g according to
model (11) withp = 10, sample sizex = 250 andT' = (1,0,...,0)”. In refer-
ence to model (12), the data were generated Wgh= 00/, andQ2 = o. Four
estimators were applied to each dataset: OLS, SIR&wices, and®FCpc based on
the likelihood for the extended PFC model (12) using thergliconstruction (4) with
r = 8 slices forf,. To expand the comparisons, we also included a recent semipa
metric estimator RMAVE (Xia, et al. 2002), which is based oadl linear smoothing
of the forward regression with adaptive weights and, likR,3$ expected to do well
in the context of this simulation. The results were sumnearizy computing the angle
between each of the four estimates did

The angles plotted in Figure 2 are averages over 500 replisat Figure 2a is
a plot of the average angle versus the error standard daviatfor the signal, with
oy = oo = 1. Clearly, the likelihood-based estimatBFCpc dominates SIR, OLS
and RMAVE, except when is close to 1, so the three variances in the simulation are
close. The RMAVE estimator is indistinguishable from OLSalhof the simulations
of Figure 2. In Figure 2oy was varied while holding = 0y = 1. Again we see that
PC dominates over most of the plot.

The error standard deviatian, for the inactive predictors was varied for the con-
struction of Figure 2c. Here the results are of a fundamignthifferent character.
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Figure 2: Simulation results based on model (11). In Figareghe likelihood-based
estimator was computed from the PC candidate set. In Figuhe éstimator was
computed from the full candidate set containing the PC, RERLC directions. RMV
is short for RMAVE.
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PFCpc performed the best fary < 1, and the three methods are roughly equivalent
for the larger values af. But in the middle regionPFCpc performed the worst. This
poor performance arises because the estimate was comgitgdtihe PC candidate
set, and whem, = /2 the population eigenvalues & = 21, are equal. Wheix
is spherical, the principal components are arbitrary amhatbe expected to convey
any useful information.

Figure 2d was constructed as Figure 2c, except the estifi@tOpc was replaced
by the estimatolPFC,;; based on the candidate set of PC, PFC and RC directions.
The PFC,; estimate ofSr always performed as well as or better than SIR, OLS and
RMAVE, except in a neighborhood around = v/2. The vector that maximized the
likelihood always came from the PC candidate setdfpr< 0.75, from the residual
candidate set for < oy < 1.25, and from the PFC candidate set tqgy > 2. At og =
1.5 this vector came about equally from the residual and PFCidatelsets. These
results may provide some intuition into operational chimmstics of the likelihood as
reflected through the three matrices given in Propositidfo4 this simulation example
those matrices are

Y = ToIlod +TTT (0% +0%)
e = I'T?o?
Ys = DoTlo2 +TTTs2

When o is small the first sample PC direction evidently provides libst estimate
of Sr. Whenoy is large, we can gain information afy from the smallest PC or
the largest PFC. Evidently, the error variation that comék w causes the smallest
PC to be less reliable than the largest PFC. Whgn= o2 + o2, the PC directions
provide no information orsr, but the PFC and residual directions can both provide
information. These results suggest that restricting titterio the eigenstructure of any
single matrix, as SIR and standard PC methodology do, mait iasontrivial loss of
information in some regressions, and that worthwhile gaiespossible by pursuing
the maximum likelihood estimator &ir.

To gain insights about the potential advantages of pursthiagnaximum likeli-
hood estimator, we used a gradient algorithm for Grassmarifolds (Edelman, et
al. 1998) to find a local maximum of the likelihood, startinghwthe best direction
from the full candidate set. The local likelihood soluti@sulted in improvements all
along the PFC,y;;” curve, with the greatest improvement in a neighborhoodiado
oo = 1.5. Forinstance, aty = 1.5, the average angle for the local likelihood solution
was about 11 degrees, which is quite close to the averagesafwi SIR and OLS,
while the average angle shown in Figure 2d for the full caatdidset is about 15 de-
grees. On balance, the local likelihood gave solutionswleme never worse and were
sometimes much better than those of the three competingoaeth
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SIR and RMAVE have been seen as robust nonparametric metiatimension
reduction for regression. Normally some loss would be etqubielative to likelihood-
based methods when the model holds. But the magnitude afskeri this simulation,
particularly in Figures 1a and 1b, is surprising. Some astligee, for example, L. Li
and H. Li 2004, and Chiaromonte and Martinelli 2002) havedysencipal compo-
nents to reduce the dimension of the predictor vector poiardecond round of reduc-
tion using SIR. The results of this simulation raise questicegarding such methodol-
ogy generally. If we are in a situation like Figure 1a or 1b vehgrincipal components
do well, the motivation for switching to SIR seems unclean te other hand, if we
are in a situation like Figure 1c withy, ~ /2 then there seems little justification for
using principal components in the first place.

7 PC and PFC Models with Unstructured Errors

Suppose thak, follows the general PC model
X, = p+ Ty, +cAYV %, (15)

where the parameters and the erdrave the same structure as in model (2) and the
conditional covariance matriXar(X,) = o?A > 0. Then we have the following:

Proposition 6 Under model (15), the distribution &f | X is the same as the distribu-
tion of Y|T'T A~1X for all values ofX.

We first consider implications of this proposition whanis known, and then turn to
case in whichvar(X,) is unknown.

7.1 A known

The essential variance condition in the PC model (2) and #@ model (5) is that
Var(X,) = %A, whereA is known but not necessarily the identity. According to
Proposition 6 a sufficient reduction for (15)B A~1X. LettingZ, = A~Y/2X,,
we have

Z, = AY2u4+ A7VTy, 4 oe
= p"+TI"v) +o¢,

where the columns df* are an orthonormal basis fépan(A~'/2T") andv; is the

corresponding coordinate function. It follows thgt = A'/2Sp« and thus that the
coordinates of all sufficient reduction are & 'Sy = A~1/2Sp«. In short, the re-
quired reductive subspacg, -1 is estimated by the span &~ 1/2 times the firstd
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eigenvectors oA ~/2E A~1/2_ An implication of this result is that principal compo-
nents computed in the standardiZzédcale are appropriate reductions for b&itand
Z, because

F*TZ _ (F*TA—l/Q)(Al/QZ) _ (A_l/QI‘*)TX.

Turning to the general PFC model
X, = p+TBf, + oA e, (16)

and following the discussion of model (19)7 A~'X is again a sufficient reduction.
The maximum likelihood estimate of the reductive subspacthe span ofA~1/2
times the firstl eigenvalues oA ~/234, A~1/2.

7.2 Var(X,) unknown

We now turn to the PFC model (16) wittiar(X,) unknown. For notational conve-
nience, redefin@\ = Var(X,), absorbing the scale parameterinto the definition
of A. Maximizing the log likelihood ovep andu, the resulting partially maximized
log likelihood

(—n/2)log |D| — (n/2) trace[D~/2ED /2 — Py 12D 254D Y?] (17)

is a function of possible valud® and G for A andI'. For fixedD this function is
maximized by choosin®~/2G to be a basis for the span the firseigenvectors of
D~ 1/2534,D~'/2, yielding another partially maximized log likelihodd (D):

d
K(D)/n =(~1/2)log [D| - (1/2){ trace[D~/2ED /2] — 3 T2,(D1/285,D~1/%)}
=1
d
=(—1/2)log |D| — (1/2){ trace[D/*(Spy + Tpes) D2 = D N (D 28D}
=1

—1/2)log |D| — (1/2){ trace[D ™' Epes] + Z)\ D 'S5},
i=d+1

where\;(A) indicates the-th eigenvalue ofA. The first two terms alone
—1/2)log |D| — (1/2) trace[D ™' Eeq]

are maximized b)& = ereS and this is a consistent estimatorIof The final term

p

—(1/2) Z Ai(D™'Sg)

i=d+1
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reflects that fact that we may have> d and thus that there is an error component in
S due to overfitting. Since it is assumed tlnahk(zﬁt) > d, this term will not be
present ifr = d, and use oA = Zres should be reasonablerifisn’'t much larger than

d. However, the final term may be important-ifs substantially larger thaih

-~ . . . . ~—1/2
OnceA is determined, the estimate of the reductive subspace sptreofA /
. . . ~—1/2a ~—1/2 . . .
times the firstl eigenvectors oA / YatA / . This is the same as the estimator in

the case wheré is known, excepﬂ is substituted forA.

7.3 Standardization

Reduction by principal components is often based on the imargorrelation matrix
of the predictors rather than a8 (see, for example, Jolliffe, 2002, p. 169; L. Li and
H. Li, 2004). In this section we provide an intuitive explina at the population level
of why this practice is not supported by any of the resulthis article.

The contours of the conditional covariance matrix are spakin the first PC
model (2),Var(X,) = ¢2I,, and the contours o€ = o1, + I'Var(vy )T are el-
liptical. Generally, the method of maximum likelihood tre&ar (X, ) as a reference
point, with the impact of the response being embodied initpenwectors ok relative
to Var(X,). In the context of model (2), these eigenvectors are the sartige eigen-
vectors of¥. When passing fronVar(X,) = 0?1, to X, the response distorts the
conditional variance by “pulling” its spherical contourargllel to the reductive sub-
space, which is then spanned by the fifgtrincipal components. The same ideas work
for the first PFC model (5), except more information is suggblio the mean function
E(X,) with the consequence that the marginal covariance matrilkeopredictors:
is replaced by the covariance matrix of the fitted valbgs.

Likelihood estimation in all of the other normal models ddesed in this article
can be interpreted similarly, but the calculations beconoeeninvolved because the
reference poinVar(X,) is no longer spherical. Consider first the general PC model
(15) with A known. The reference poiifar(X,) = o2 A no longer has spherical
contours, so the eigenstructure ¥fis not sufficient to find the reductive subspace.
To find the eigenvectors af relative to Var(X,), first construct the standardized
predictorsZ = A~'/2X. The reductive subspace in tiescale is then the span of the
first d eigenvectors oVar(Z) = A~Y/22A~1/2 because the contours Whr(Z,) =
0?1, are spherical. The final step is to return to tescale by multiplying these
eigenvectors byA ~!/2. The general PFC model (16) follows the same pattern, as may
be seen from the discussion at the end of Section 7.2.

Reductive subspaces and their estimates considered eeseale dependent. If
we change the units of a predictor or more generally perfofuil eank linear transfor-
mation of X, the reductive subspace will change. In this regard, régusubspaces
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behave like coefficient vectors in linear models. On the ohaand, sufficient reduc-
tions -I'" X or I'" A~'X — behave like fitted values in linear models and are invariant
under full-rank linear transformations 9.

It may now be clear why the approach in this article providesupport for the
common practice of scaling the predictors so that the camad matrix of the new pre-
dictorsW = diag(X)~/2X is a correlation matrix. Basing reduction on the eigen-
values ofVar(W) requires thatvar(W, ) be spherical, but this requirement will not
generally be met. As a consequence, the eigenvaluésroW ) may have little useful
relation to the reductive subspace.

7.4 Connection with OLS

Suppose that we adopt model (16) with= (y — y), sod = r = 1, 8 is a scalar, and
I' € RP. LettingC = Cov(X,Y),

A~ A~

BN CcC
2ﬁt —T 9
Oy

T

which is of rank 1. Consequently, it follows from the presaection that

and that

A =T psTen - TR IC/a TS 6l
_1/
res

/2. But fJﬁt has rank 1, and consequently the first (non-
/

, = NP Vo . ,
The estimate 06, -1 iIs X times the eigenvector corresponding to the largest
28 a-—1
2}ﬁtzlres
. . o—1/2 ~ . . . o1
normalized) elgenvectorigres/ C. Multiplying this by X
~—1~
Span(X,.,C). Next,

. 1
eigenvalue o
2 ~

we have thaS, -1 =

1~
.C =Y C x constant.

And it follows thatS, -1 = Span(/3), so the inverse method yields OLS under model
(16) with f, = (y — 9). The constant above @Tﬁfla/(&% — (A}Tffla).

This connection with OLS require thédt= r = 1 and thaff, = (y—%). Estimators
based o > d > 1 may thus be regarded as a generalization of OLS.
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7.5 Connection with SIR

As in Section 6.3, we must use the slice basis function (4¢late the SIR estimator
of the reductive subspacg, -:1 to the estimator obtained from model (16) using
A = f]res as the estimator al\. Letting /; denote an eigenvector of the normalized
SIR matrix (cf. section 6.3)

a-1/2a8 o—1/2

25.1r =3 2ﬁt X )

71/2& is an non-normalized eigenvector ﬁfiliﬁt with the same eigenvalues as
«ir- The subspace spanned by the filseigenvectors oﬁfliﬁt give the SIR
estimate ofS5-1p. Similarly, the subspace spanned by the fitstigenvectors of
Erebzﬁt is the estimate of the reductive subspace subspace froml ifiggestill us-
ing A = Zres These estlmators are identical prowdEgLS > 0, because then the
eigenvectors s~ Eﬁt and Erebzﬁt are identical, with corresponding eigenvalues
A and); /(1 — ;) (See Appendix G).

by
p)

7.6 Simulations with unstructured errors

To help fix ideas and provided results to direct further disten, consider data simu-
lated from the model
X, =Ty + A% (18)

wherep = 10, Y is a normal random variable with mean 0 and standard demiatio
oy =15,T = (1,...,1)7/4/10, andA was generated once 2 = AT A, whereA

is ap x p matrix of independent standard normal random variabledgiyig predictor
variances of about 10 and correlations ranging betwegnand—.67. Four estimators

of the sufficient reduction subspasg -1~ were computed for each data set generated
in this way:

1. The OLS estimator. This is the same as the PFC estimatofyvit (y — ) (cf.
Section 7.4).

2. The PFC estimator with a third degree polynomiaj, ifor f,, designated PFC-
Poly in later plots.

3. The SIR estimator WitBAince§. This is the same as the PFC estimator with the
slicing option forf, andA = X, (cf. Section 7.5).

4. The PFC estimator using the slicing constructionffarith 8 slices and the true
A, designated PFQ in later plots (cf. Section 7.2).
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Figure 3: Natural logarithm of the average angle versusgajpde size and (b} for
four estimators based on simulation model (18) with diffémovariance matriceA.

Shown in Figure 3a are the natural logarithms of the averagges from 500
replications of each sampling configuration. The logarghwere necessary since the
angles varied over several orders of magnitude. The OLS &@iHRly estimators
were essentially indistinguishable and are representeaddiygle curve in Figure 3a.
These estimators seemed to do quite well, with the averagje aarying betweef.51
for n = 50 and0.18 for n = 250. The performance of the PFC estimator using the
true A was exceptional, the average angle varying betwe@®s4 and0.0014. SIR
performed the worst, its average angle varying betwidehand8 degrees.

PFC did exceptionally well when using the trde while SIR’s performance was
considerably worse. The reason for this difference seerbsg that SIR’s slicing es-
timate of A is biased. In the context of this exampls, = ¥ — I'T?¢2. But when

using the slicing construction fdy, A = 3, is a consistent estlmator of
Ay =X — Var(E(X|Y € Hy)) = —ITT Var(E(Y|Y € Hy))

where H}, indicates slicek, as defined in Section 4. The difference between these two
population covariance matrices is

A - Ay = ITT(0} — Var(E(Y|Y € Hy)))
= ITTE(Var(Y|Y € Hy))
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which is nonzero for continuous responses. One consequiribes bias is that SIR
may not be able to find an exact or near exact fit. An exact fitrsdcuthe context of
model (16) ifT” A = 0, soI'" X is a deterministic function of. To illustrate this
phenomenon we generated data from simulation model (18) wit

A = (cI -TTh)0%

andc > 1. HereX = co?1 and an exact fit occurs if = 1. Values ofc < 1
are not allowed since theA will not be positive definite. Withe = 1 + .1/10"?,
Figure 3b shows the natural logarithm of the average sinomlangle versus for the
four estimators used in Figure 3a with= 50. Clearly, SIR’s response to increasing
k is negligible. Atk = 4 the average angles for SIR, OLS and PBRGQvere about 7.7,
0.085 and 0.0002.

A general conclusion here is that substantial gains can dleeed from careful
selection off,, and that the slicing construction ffiy may impose inherent limitations
on the analysis under model (16). The same limitation do womfor any of the other
inverse models discussed in this article, because for e the reductive subspace,
which does not require a direct estimateff

8 Discussion

Fisher believed that if a statistic is ancillary then inferes should be made from the
conditional distribution of the data given that statistis consequence of this logic,
many of us have been taught and still practice what has beedimetively a first
principle of regression: Inference should be conditionedh& observed values of the
predictors, even it” and X are both random. It may be, however, that this working
principle has forced a myopic view of regression methodplobhe inverse models
studied in the previous sections describe the conditioisalildution of X givenY and
thereby make explicit use of the randomnesXin With these inverse models, we
were able to achieve results that are superior to those ftandard methods, and to
those from a recent dimension reduction methods. The ssioféisese inverse models
depends in part on imposing an appropriately restrictivectiire on the conditional
variancesVar(X,). They were presented, not as models for shotgun applicatian
as illustrations of potential, recalling Fisher’s viewthaodel specification is a matter
for the practical statistician. In contrast, if we condition the observed values of the
predictors, they become known constants and the posgibflittilizing knowledge of
Var(X,) is lost to us.

The reductive subspace provides a connection between ribraral inverse re-
gressions. Starting with the PC model (2) and passing thra@ugeries of exten-
sions, the last two PFC models considered were the exterfé€diodel (12) X, =
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p+TBf,+ T Qe +T' e, and the general PFC model (18), = p+T'3f,+ A 2%,

in which A is unstructured and unknown. This final model connects s®/end for-
ward regression methodology, since itis here that certaimdrd and inverse estimates
of Sp-1 are the same. While the error structure in model (12) isiotist it may
be useful in some applications. Perhaps more importangyshould be aware of the
possibility to develop models “between” (12) and (16) tH&va us to infer simulta-
neously about the reductive subspace and about the relsvaature ofVar(X,,).

The rationale for employing principal components in regi@s has been rather
uneven. Tied closely to the presence of collinearity, rédncby principal compo-
nents has been seen as a way to compensate for varianceinftathe estimates of
the regression coefficients. However, collinearity plagechotable role in the devel-
opments of this article, suggesting that the utility of pijral component reduction is
broader than previously seen.

Dimension reduction seems patrticularly important in regi@s whereri < p”.
Many available methods encounter problems at an operatienal because of the

need to computé_l. However, with the exception of Section 7, the methods de-
scribed in this article do not require the computation ofrarise, and may therefore
have value in regressions whetds not large relative t@. First simulation results
sustain this conjecture, particularly when the methodsuaesl in conjunction with
prior model-based predictor selection.

In this article the dimensiol of the reductive subspace was assumed known.
While this limited the scope of the discussion, there doéseems to be any particular
road block to the development of methods for inference.drkelihood methods are
a natural first choice. Another possibility is to adapt thewn methods that have been
developed in the context of model-free dimension redudlisnussed in Section 8.2.

8.1 Model-based sufficient dimension reduction

At the outset of his boostatistical Methods for Research Workdfgsher (1941, p. 1)
offered the following definition:

Statistics may be regarded as (i.) as the studyoglulations, (ii.) as the
study ofvariation, (iii.) as the study of methods of tmeduction of data.

In this statement and in his commentary that follows, Fisdeams to suggest that
“reduction of data” may encompass more than just sufficieattstics; for instance,
efficient statistics may be adequate for such purposes. hirdason | imagine that
Fisher would not have objected to the notion of a sufficiedtiotion as defined in this
article.

Nearly all of the sufficient reductions described in the res sections are special
cases of a general reductive paradigm that emerges fronollbeiiihg definition: A
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functionR : RP — RY, ¢ < p, is asufficient reductiorif at least one of the following
three statements holds:

Reductive forms
() X|(Y.R(X)) ~ X|R(X)
(i) Y|X ~Y|R(X)
(iif) Y 1L X|R(X)

Statement (i) corresponds to inverse regression and esqairly the conditional dis-
tribution of X|Y". For instance, ifY” is a categorical response indicating one of two
populations an&|Y" is normal with meanu,, and covariance matriA, then Fisher’s
linear discriminant function is a sufficient reduction (RE&62). Statement (ii) cor-
responds to forward regression and requires only the donditdistribution ofY|X,
while statement (iii) requires the joint distribution @f, X). The key point for present
purposes is that these three forms are equivaleht &nd X are both random. For
example, we may determine a sufficient reduction fiY” (i) and then pass that
reduction to the forward regression (ii) or the joint distition (iii) without specifying
the marginal distribution o¥" or the conditional distribution of"|X. This is how all
sufficient reductions were determined in the previous sastithe methods of deriva-
tion being essentially the same as the methods availableetmrmining sufficient
statistics.

The connection with sufficient statistics goes further: ¢ setX equal to the the
data,X = D, and sefY” equal to the parameter¥, = 6, then statement (i) becomes
D|(#,R) ~ D|R and we are lead back to Fisher’'s concept of sufficiency (1}hi
way, the notion of a sufficient reduction encompasses seffficitatistics as well.

While the reductions discussed in the previous sectionsragar functions ofX,
sufficient reductions do not have to be lineaiXlf is normally distributed with mean 0
andVar(X,) = ToI'l + (1+1,)TTT, T € R?, then(T'TX)? is a sufficient reduction.

8.2 Model-free sufficient dimension reduction

In this article | have adopted a largely Fisherian perspectil) Find an adequate solu-
tion to the problem of specification for the conditional disttion of X|Y’, (2) use the
inverse model foiX|Y" to estimate a sufficient reductid®(X), and then, as described
in Section 8.1, (3) pass the estimated reduction to the fohnegression. Lacking an
inverse model, these ideas are not applicable becausereris no probability struc-
ture with which to determine a sufficient reduction. Howepeogress is still possible
by restricting the search for a sufficient reduction to a #efunctional form. In
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view of their prevalence in the previous sections, lineduotions form a natural and
potentially useful class.

Consider then the reductive forms of Section 8.1 Wi(X) = G'X, G € RP**,
k < p. One linear reduction always exists because statemen(id)(gre trivially
true withG = I,. If GTX is a linear reduction then so &7 GTX for any full
rank A € R¥** suggesting again that interest center ondineension reduction (DR)
subspaceSg. If Sq is a DR subspace anflz C S, thenS is also a DR subspace.
These results suggest that in any particular problem theselra infinitely many DR
subspaces, and it therefore becomes necessary to corgdsntallest” subspace.

There are at least two ways to define a smallest DR subspaesv®is to require
a subspacé,,;, = ming Sg with the smallest dimension. However, such subspaces
are not necessarily unique and, even if they were, they domqse sufficient struc-
ture on the regression for progress in theory or uncomglécapplication in practice.
Another way is to restrict attention to the class of reg@ssin which the intersection
Sy|x = NSg of all DR subspaces is itself a DR subspace. déetral subspacey x
(Cook 1994, 1998) then becomes the parameter of interegt.rdductive subspaces
Sr andS, -1 encountered in previous sections are instances of modekdbeentral
subspaces. Since generally there is no forward or inversiehto tie up loose ends
like high-order conditional moments, it has proven quitedh@® estimate the entire
central subspace without some restrictions on the regresdievertheless, there are
successful methods that can provide useful estimatss gf under conditions that are
weak relative to a fully specified forward or inverse model.

An introduction to model-free sufficient dimension redantvia central subspaces
is available from Cook (1998) and the references contaiheckin. See Cook and Ni
(2005) for recent methodology and references to recematiiee.

APPENDIX

A Propositions 1, 3 and 6

We first demonstrate Proposition 6. Propositions 1 and 3théh follow as special
cases.

To demonstrate Proposition 6 we first show that the disiobutf X|(T7 A7'X,Y =
y) is the same as the distribution &fiT7 A~1X for all 3. According to model (15),
X, is normally distributed with meap,, = p + T'v,, and constant variance. Thus
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X|(TTA7'X,Y = y) is normally distributed with constant variance and mean
EXTTATX)Y =y) = p,+PpoapaX—ny)
= (- Pg—lr(A))“ + PK_II‘(A)X +( - PK_II‘(A))FV?J
= (I = Ppipa)b + Pacipa)X

WherePAflr(A) is the operator that projects orfipan(A ~'T") in the A inner prod-
uct. From this the last term in the second equation is 0. SHETATIX Y = y)is
normally distributed with mean and variance that do not ddmy, it follows that the
distribution of X|(TTA~1X,Y = 3) is the same as the distribution ET7 A~!'X
for all y. Consequentlyy” 1L X|T'7 A~!X, which implies that|X andY |[T7 A~1X
have identical distributions.

Proposition 1 follows immediately becauge= I. Under Proposition 3,

[Var(X,)] ! = To, T + 7217,
ConsequentlyjVar(X,)]'T' = T'Q~? and Proposition 3 follows.

B Proposition 2

We use a different approach to demonstrate this proposiBappose that under model
(3) the joint density or mass functiof(x|y) of X|(Y = y) can be written as

fxly) = h(x)g(T"x,y)

whereh is a function that does not depend grandg is a function that depends on
x only throughI'"x. It would then follow from the usual factorization theoreor f
sufficiency that the distribution & |(I'7X, Y = y) is the same as the distribution of
X|T?X for all y, and thusy” 1L X|TTX.

To demonstrate the required factorization dgbe thejth element ofk and, using
the conditional independence of the predictors, write

p

f(xly) = H 3 (13 )b (25) exp{a;ny; }

Il
:jws i

a;(ny;)bj () exp{x;(p; +; ’/y)}

<.
Il
-

P
b] xj) exp(x;p;) eXp{VZFTX} H a;(1y;)
j=1

I
:‘I—I

><
Q

38



C Equation 6

Substitutings = X andBT = (FTF)~FTXG into the log likelihood, we need to
maximize

Meyo =(—np/2)log(s?) — (1/25%) Y || Xy — X — PaX"F(FF) £, ||?
=(—np/2)log(s*) — (1/25*){ :race[Z(Xy - X)T(X, - X)]
— trace[PaX"F(FTF)" ) fy(ny— X)7]
— trace[> (X, — X)f; (FyTF)_FTXPG]
+ trace[(hy“TF)FTXPGXTF(FT F)~ > f,f1])
y

But)", f,(X, - X)" = F'Xand}_ f,f] = F'F. Thus
Mppe =(—np/2)log(s?) — (1/25%){ trace[XTX] — trace[PeX! PpX]
— trace[XT PpXPg] + trace[X! PgXPg|}
=(—np/2)log(s?) — (1/25*){ trace[XTX] — trace[PgX” PrX]}
=(—np/2)log(s?) — (n/2s*){ trace[E] — trace[Pg Ea P}

D Proposition 4

Requiring the errors to be uncorrelated but not necessadiynal, it is know that
> 2.3 and

¥ = Var(X)

= E(Var(X|Y)) + Var(E(X|Y))

= ToQr% +1o’r’ + rgvar(fy)s’ rt
To find the limiting value o2, = X7 PpX/n, use model (12) to write

X) - X'= " =X +£]8'TT + fQiT{ +"Q'T7
and thus
X = 1,(u" = XT) + FAITT + RoQoT'y + ROQTT
PeX = FBITT + PrRoQTY + PRROTT
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whereRy is then x p — d with rows el andR is then x d matrix with rowse”.
From this,X” PpX/n contains 9 terms. The first of theseli$(F”F /n)I'" g7 -
I'BVar(fy )I'T 37, The remaining terms involve products containing eithelbath of

the factorsF” R /n andF7 R /n. Recalling that the rows (corresponding to samples)
of R andRy are independent, these factors both converge to 0 and tpery forces
each of the 8 remaining terms to converge to 0. For instaheelast quadratic term
can be write"'Q(R” PpR/n)QT'7T, and

RTPgR/n = (RTF/n)(FTF/n)~ (FTR/n)

which converges to 0 in probability by Slutsky’s theorem.
SinceX = Zﬁt + Eres, take the difference of the limiting values fﬁlandzﬁt to
confirm the limiting value foEres

E Equation 14

Let O = (04, O2) be a partitionegh x p orthogonal matrix. Then
07s0, 07%0,

olx0; 0fx0,
—|0720,||07%£0, - 0130,(0720,) 1070,
<|0{204||05 20|

= =l0"=0]| =

F Proposition 5

Let C = BVar(fy)3T andH = G'T'C'/2. Then it follows from Proposition 4 that
Lyrc(G) =log |GIEGy| + log |G L, G|
=1log |Gl %,esGo + GITCTIT G| + log |GT X, G|
=108 |G§ ZresGo| +10g |14 + H' (G E1esGo) ™ 'H]| + log |G Zres G
> log |G TyesGo| + log |G Z,e G
> log | Zes|
=log [TQ*TT + T\Q3T] |
=log [©23]/92%|
In addition,
Lexc(T') =log |T§ ETo| + log [T SyeoT|
=log |25||2?|
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ThereforeZBFc(G) > L(T') for all G. The minimizing argument yields a unique
subspace if.ppc(G) > Lppc(T) for all G such thatG” G = I, dim(Sg) = d and
Sc # Sr.

~—1~

, ala
G Eigenvectors of¥ 3 and X, g,

SISl = M o Sl =S¢
& Bal = Al + A\l
& (1=l = A\ resl
& SaSal= (/1 -\

The conclusion follows becausﬁres -3 - flﬁt > 0 andA/1 — X is a strictly
monotonic function of\,

References

Adcock, R.J. (1878). A problem in least squar€ke Analysb, 53-54.

Alter, O., Brown, P. and Botstein, D. (2000). Singular vatiseomposition for gene-
wide expression data processing and modelifgoceedings of the National
Academy of Scienc&§, 10101-10106.

Anderson, T.W. (1984). Estimating linear statistical tielaships. The Annals of
Statistics 12, 1-45.

Anscombe, F.J. (1961). Examination of residu&lgceedings of the Fourth Berkeley
Symposiunl, 1-36.

Anscombe, F.J. and Tukey, J.W. (1963). The examination aalysis of residuals.
Technometrigss, 141-160.

Box G.E.P. (1979). Robustness in the strategy of scientifidehbuilding. In R.
Launer and G. Wilkinson (eds.Robustness in Statisticpp. 201-235. New
York: Academic Press.

Box, G.E.P. (1980). Sampling and Bayes inference in sdientiodeling and ro-
bustness (with discussion)Journal of the Royal Statistical Society,, A34,
383-430.

41



Bura, E. and Cook, R.D. (2001). Extending sliced inverseasgjon: the weighted
chi-squared testlournal of the American Statistical Associati®6, 996—1003.

Bura, E and Pfeiffer, R.M. (2003). Graphical methods forsslg@rediction using
dimension reduction techniques on DNA microarray dé#informatics19,
1252-1258.

Breiman, L. (2001). Statistical modeling: The two cultufedth discussion).Statis-
tical Sciencel6, 199-226.

De Leeuw, L. (2006). Principal component analysis of birdata by iterated singular
value decompositionComputational Statistics and Data Analysig 21-39.

Cook, R.D. (1986). Assessment of local influence (with distan). Journal of the
Royal Statistical Society,,B8, 133-155.

Cook, R.D. (1994). Using dimension-reduction subspacedeotify important in-
puts in models of physical systems. Pnoceedings of the Section on Physical
and Engineering Sciencegp. 18-25. Alexandria VA: American Statistical As-
sociation.

Cook, R.D. (1998).Regression Graphics: Ideas for Studying Regressions ghrou
Graphics.New York: Wiley.

Cook, R.D. and Ni, L. (2005). Sufficient dimension reductida inverse regression:
A minimum discrepancy approactournal of the American Statistical Associ-
ation 100, 410-428.

Cook, R.D. and Weisberg, S. (198Residuals and Influence in Regressibondon:
Chapman and Hall.

Cook, R.D. and Weisberg, S. (1994 n Introduction to Regression Graphicsew
York: Wiley.

Chiaromonte, F. and Martinelli, J. (2002). Dimension reuauc strategies for ana-
lyzing global gene expression data with a respodathematical Biosciences
176 123-144.

Christensen, R. (2001Advanced Linear Modeling, Second Bdew York: Springer.

Cox, D.R. (1968). Notes on some aspects of regression analgsirnal of the Royal
Statistical Society, ser. 31, 265-279.

Cox, D.R. (1990). Role of models in statistical analySatistical Scienges, 169—
174.

42



Edelman, A., Tomas, A.A., Smith, S.T. (1998). The geometnalgorithms with
orthogonality constraintsSIAM Journal of Matrix Analysis and Applications
20, 303-353.

Edgeworth, F. Y. (1884). On the reduction of observatid®slosophical Magazine
135-141.

Eubank, R.L. (1999)Spline Smoothing and Nonparametric Regressidew York:
Marcel Dekker.

Fisher, R.J. (1922). On the mathematical foundations afrétecal statisticsPhilo-
sophical Transactions of the Royal Statistical Society 22 309-368.

Fisher, R.J. (1936). Uncertain inferendetoceedings of the American Academy of
Arts and Science§1, 245-258.

Fisher, R.J. (1924). The influence of rainfall on the yieldmfeat at Rothamsted.
Philosophical Transactions of the Royal Statistical StyciB, 213 89-142.

Fisher, R.J. (1941)Statistical Methods for Research Workeesghth ed., London:
Oliver and Boyd.

George, E.l. and Oman, S.D. (1996). Multiple-shrinkagegpial component re-
gression.The Statisticiam5b, 111-124.

Gould, S.J. (1981)The Mismeasure of MamNew York: W.W. Norton.

Hadi, A.S. and Ling, R.F. (1998). Some cautionary notes enude of principal
components regressiomhe American Statisticiab2, 15-19.

Hawkins, D.M. and Fatti, L.P. (1984). Exploring multivagadata using the minor
principal componentsThe StatisticiarB3, 325—-338.

Helland, I.S. (1992). Maximum likelihood regression orekgint componentslour-
nal of the Royal Statistical Society, Serie58 637-647.

Helland, I.S., and Almoay, T. (1994). Comparison of prediotimethods when only
a few components are relevadburnal of the American Statistical Association
89, 583-591.

Hocking, R.R. (1976). The analysis and selection of vaeglih linear regression.
Biometrics 32, 1-49.

Hotelling, H. (1933). Analysis of a comples statistical ighte into its principal
componentsJournal of Educational Psycholog4d, 417-441.

43



Hotelling, H. (1957). The relationship of the newer multiade statistical methods
to factor analysisBritish Journal of Statistical Psycholodh0, 69-79.

Hwang, J.T.G., and Nettleton, D. (2003). Principal compuseegression with data-
chosen components and related methdéshnometricg5, 70-79.

Jolliffe, I.T. (1982). A note on the use of principal compatgin regressionApplied
Statistics 31 300-303.

Jolliffe, 1.T. (2003).Principal Component Analysis, Second Bdkew York: Springer.

Jong, J. and Kotz, S. (1999). On arelation between princigalponents and regres-
sion analysisThe American StatisticiaB3, 349-352.

Kendall, M.G.(1957) A Course in Multivariate Analysid_ondon: Griffin.

Lehmann, E.L. (1990). Model specification: The views of EisiNeyman, and later
developmentsStatistical Scienges, 160-168.

Li, K-C. (1991), Sliced inverse regression for dimensioduetion. Journal of the
American Statistical AssociatipB86,316-342.

Li, L. and Li, H. (2004). Dimension reduction methods for noiarrays with applica-
tion to censored survival dat8ioinformatics20, 3406—-3412.

Maronna, R. (2005). Principal components and orthogomgéssion based on robust
scales.Technometrics47, 264-273.

McCullagh, P. (2002). What is a statistical model? (withcdision),The Annals of
Statistics, 30, 1225-1300.

Oman, S.D. (1991). Random calibration with many measurésnekn application
of Stein estimationTechnometric83, 187-195.

Pearson, K. (1901). On lines and planes of closest fit to @sysf points in space.
Philosophical Magazine (6}, 559-572.

Rao, C.R. (1962). Use of discriminant and allied functiamsnultivariate analysis.
Sankhwg, 23, 149-154.

Savage, L.J. (1976). On reading R.A. Fishine Annals of Statisticd, 441-500.
Scott, D. (1992) Multivariate Density EstimatianNew York: Wiley.
Spearman, C. (1904). General intelligence objectivelemeined and measured.

American Journal of Psycholog$5, 201-293.

44



Stigler, S.M. (1973). Studies in the history of probabilapnd statistics. XXXII:
Laplace, Fisher and the discovery of the concept of suffigieBiometrikg 60,
439-445.

Stigler, S.M. (1976). Discussion of “On reading R.A. Fishgy L.J. SavageAnnals
of Statistics4, 441-500.

Stigler, S.M. (2005). Fisher in 192 $tatistical Science20, 32—49.

Tipping, M.E. and Bishop, C.M. (1999). Probabilistic piijpel componentsJournal
of the Royal Statistical Society, se6B, 611-622.

Xia, Y., Tong, H., Li, W. K., and Zhu, L-X. (2002), An adaptiestimation of dimen-
sion reduction space (with discussiodpurnal of the Royal Statistical Society
Ser. B,64, 363-410.

Zhao, P. L., and Prentice, R. L. (1990). Correlated binagyession using a quadratic
exponential modelBiometrikg 77, 642-648.

45



