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1 The Heat Equation; Initial and Boundary Condi-
tions

1.1 Derivation of the 3D Heat Equation

Read Haberman Sect. 1.2, 1.5

We assume that the specific heat ¢, the material density p, and the thermal
conductivity Ky are constants.

Let x = (z,y, z) denote the space variable and let ¢ denote the time variable.
The temperature function is

u(x,t) = u(z,y, 2,t)

and

e(x,t) = cpu(x,t)

is the thermal energy. By Fourier’s law of heat conduction, the vector function

a(x,t) = —KoVu(x,t) (1.1)
is the heat flux. Here

VU(X, t) = (ULL‘) Uy uz)(X, t)

denotes the gradient of the temperature function u(x,t). Note that Vu(x,t)
points in the direction of increasing temperature and q(x,t) points in the op-
posite direction.

Let B denote a rectangular box with sides of length Az, Ay, Az. With
n = n(x) we denote the unit outward normal at the point x on the surface S of
B. We will use the temperature function u(x,t) to compute the heat energy H
which flows into B through the surface S in the time interval from ¢ to ¢t + At.

The box B has six rectangular surfaces. Let us consider the sides 57 and
Sy which are perpendicular to i. On S; we have n = —1i, on S we have n = i.

Let

x=(z,y,2) and x+ Azi= (z+ Az,y,z2)

denote two corners of the box B. To leading order, the heat energy entering
the box through the surface Sj in the time interval [t,t 4+ At] is

Hy=1i-q(z,y,2,t) AyAzAt .

(Note that the vector i points inside the box B at the surface S;.)
The corresponding energy through the surface Sy is

Hy = —i-q(z+ Az, y, z,t) AyAzAt .

Using Fourier’s law (1.1) one obtains that

H, + Hy, = K (ua;(m + Ax,y, z) — uz(x,y, z)) AyAzAL .
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Here, to leading order,

ug(x + Ax,y, 2) — ug(x,y, 2) = uge(z,y, 2,t) Az .
This yields that
Hi + Hy = Kouge(x,y, 2,t) AVAL
where

AV = AzAyAz

is the volume of the box B. Adding the heat flux through the other four sides
of B one obtains that

H = KoVu(z,y, z,t)AVAt

is the heat energy entering the box B through its surface in the time interval
from ¢ to t + At. Here

vzu($7y7w7t) = (uﬂiﬂi + uyy + UZZ)<3§', y7 Z,t)

denotes the Laplacian of the function u(z,y, z,t).
The heat flux through the surface of B changes the temperature in B. Since
p AV is the mass in B one obtains that

CPAV<U($7Z/72J + At) - u(x,y,z,t)) ~H = Kovzu(x7y7x7t) AVAL.

In the limit AV — 0, At — 0 one obtains the heat equation,

cput(xayv Z7t) = Kovzu('xayv Z7t) :

The equation is also written as

up = k(Ugz + Uyy +u.) with k= Koy/(cp)

or

u = k Au
where
A =V?

is another notation for the Laplace operator.



1.2 Boundary Conditions

Read Haberman Sect. 1.3

Let D C R? denote a domain with surface S. Let n(x) denote the unit
outward normal at x € S.

The heat equation

ug(z,y, 2,t) = kVu(z,y,2,t) for xeD, t>0, (1.2)

with initial condition

u(x,0) = F(x) for xe€ D,

has to be supplemented by boundary conditions. The following three boundary
conditions are often used in applications.

1. Dirichlet Boundary Conditions

u(x,t) = G(x,t) for x€8, t>0. (1.3)

Here G(x,t) is a given function, the temperature at the boundary surface S of
the domain D.

2. Neumann Boundary Conditions

—Kon(x) - Vu(x,t) = H(x,t) for xe€8, t>0. (1.4)

The outward component of the heat flux vector —KyVu(x,t) is a given function
H(x,t) at the boundary surface S. If one chooses H(x,t) = 0 then one obtains
the homogeneous Neumann boundary condition: No heat flux occurs through
the boundary surface S.

3. Newton’s Law of Cooling

—Kon(x) - Vu(x,t) = C(u(x,t) — G(X,t)) for xeS8, t>0. (1.5

Here the constant C' > 0 is the heat transfer coefficient, which is assumed to
be known. The temperature difference u(x,t) — G(x,t) is proportional to the
heat flux through the boundary surface. If G(x,t) < u(x,t) then heat energy
leaves the domain D at the point x € S; cooling occurs inside D.

1.3 A 1D Initial-Boundary Value Problem for the Heat Equa-
tion
Read Haberman Sect. 2.3
Consider the 1D heat equation
ug(x,t) = kugg(z,t) for 0<z<L and t>0 (1.6)

with initial condition

u(z,0) = f(z) for 0<ax<L (1.7)



and homogeneous Dirichlet boundary conditions

u(0,t) =u(L,t) =0 for ¢t>0. (1.8)
In the PDE (1.6), k is a positive constant assumed to be known.
We first ignore the initial condition and determine solutions of the PDE in
separated variables. The boundary conditions will be enforced soon.
Let
u(z,t) = ¢(x)G(t) for 0<z<L and t>0.
The PDE requires that

P(2)G'(t) = k¢ (z)G(t)
thus

¢ _, ')
G(t) o(x)
One obtains that G'(t)/G(t) and ¢"(z)/¢(x) must be constant:

G'(t)
G(t) —kA
¢"(x)
o) A

The ODE G'(t) = —kA G(t) has the solution

G(t) = G(0)e ™ .

One expects the solution u(x, t) to decay to zero as t — oo. Clearly, the function
G(t) = G(0)e~* decays to zero as t — oo if A > 0.
The ODE for ¢(x) reads

¢"(z) + Ap(z) = 0.
If A > 0 then the general solution is

d(x) = e1 cos(VAx) + co sin(vVAx)

where ¢; and ¢ are free constants.
If we impose the boundary conditions

$(0) = o(L) =0

we obtain that ¢; = 0. Also, ¢co = 0 unless

sin(VAL) =0 . (1.9)

The above condition requires that



VAL =nn

for some n € N, i.e,

A=\, = (nn/L)? for n=1,2,3,...

We have obtained the following solutions of the heat equation u; = ku,, satis-
fying the boundary conditions (1.8):

un(x,t) = By Sin(nﬂ'x/L)e_k(””/L)Qt

forn=1,2,3,... Here B, € R is an arbitrary constant. Clearly, any finite sum
of the form

M
U(I’, t) = Z Bn Sin(nﬂ';(;/L)efk(nﬂ'/L)Qt
n=1

also satisfies the heat equation and the homogeneous Dirichlet boundary con-
ditions (1.8). Here M € N is arbitrary.
We can choose M = oo if the series

u(z,t) = Z B, sin(nrz/L)e kom/L)*t
n=1

converges to a smooth function u(z, t) which can be differentiated term by term.
The initial condition (1.7) requires that

o
f(x) =u(z,0) = ZB” sin(nrx/L) for 0<x<L.
n=1
One can show the following: If f(x) is a continuously differentiable functions

satisfying the boundary conditions

then the series representation

flx) = ZB" sin(nmx/L) for 0<xz <L

n=1

holds with

2 [* ,
B, = I /0 f(z)sin(nrz/L) dx .

Also, the function u(x,t) defined by

u(z, t) = Z By sin(nma/L)eknm/D)?t
n=1



is a C* function for 0 < z < L and ¢ > 0. This function u(z,t) is the unique
solution of the PDE (1.6) with initial condition (1.7) and boundary condition
(1.8).

1.4 More on Eigenvalues and Eigenfunctions

Consider the BVP

—¢"(x) = Ap(z) for 0<xz <L, ¢0)=¢(L)=0. (1.10)
Claim: If A < 0 then ¢ = 0 is the only solution.
Proof: a) If A = 0 then the general solution of the ODE is ¢(z) = ¢1 + caz.
The boundary conditions imply that ¢; = cs = 0.
b) Let A = —w? < 0 wherew > 0. The general solution of the ODE ¢" = w?¢
is
d(x) = c1e¥" + cpe™ 7 .

The boundary conditions require

c1+e=0, et +eet=0.

(e ) (5)=(5)

The determinant of the matrix is

In matrix form:

ewa . ewL 75 0
and ¢; = ¢o = 0 follows.

Exercise: Consider the BVP (1.10) for A € C\ R. Prove the ¢ = 0 is the

only solution.

Orthogonality of Eigenfunctions: Let Cla,b] denote the vector space
of all continuous functions ¢ : [a,b] — C. For ¢,¢ € C|a,b] one defines the
Lo—inner product by

b —
(6,) = (6,0)1, = / B(2)(x) d |

(Here ¢(z) is the complex conjugate of ¢(x).) The corresponding Lo-norm is

b
18]l = / 6(x) 2 dx

In the following, let [a,b] = [0,L]. We have obtained that the eigenvalue
problem (1.10) has the eigenvalues

A = (nm/L)?, n=1,2,3,...



with eigenfunctions
¢On(x) = sin(nma/L) .

Lemma 1.1 The following orthogonality relation holds

L
(¢ma¢n) = Eémn for m,neN.

Here 0y, is the Kronecker symbol

5mn:{0 if min

1 if m=n

Proof: a) First let m = n. We have

(¢n7¢n) = ||¢n||2
L
= / sin?(nmaz/L) dx  (substitute &€ = 7 /L)
0

_ L /0 i sin?(n&) dé

™

Since sin?(n¢) + cos?(n€) = 1 and since

/7T sin?(né) d¢ = /7T cos?(n&) d¢
0 0

one obtains that ||¢,||? =

L
5.
b) Let m # n. We have

L
(Om, on) = /Osin(mﬂx/L)sin(nﬂaf/L)dx

L ™
= — / sin(mg&) sin(ng) d§
T Jo
Using Euler’s identity
e =cosa+isina, e " =cosa—isina

one can express the sine functions by the exponential function and obtain that

(d)ma ¢n) =0 for m 75 n.

¢) Another proof for m # n uses that ¢,, and ¢, are eigenfunctions to
different eigenvalues,

_//:)\(Zs _I/:A(p

Using integration by parts and the boundary conditions on obtains

10



(s Bn) = oo 00)
- [
_ / o

= ¢m7 ¢n)

Since A\, # A, one obtains that (¢, ¢,) = 0. ¢

1.5 Examples of the 1D Heat Equation
Example 1: Consider the IBVP

ug(x,t) = ugg(w,t) for 0<z<m, t>0,
u(xz,0) = sinz for 0<z<m,
u(0,t) = wu(m0)=0 for t>0.

Separation of variables

u(z,t) = ¢(z)G(t)

leads to the eigenvalue problem

—¢"(z) =Ap(z) for 0<z <L, ¢0)=¢(L)=0

and the time—function

G(t) = G(0)e ™™ |

The eigenvalue problem has the eigenvalues A\, = n? and eigenfunctions

¢On(x) =sin(nz) for n=1,2,...

Any function of the form

M
t) = Z B, sin(nx)e_”zt
n=1

satisfies the heat equation and the boundary conditions. Given the initial con-
dition u(z,0) = sinz, one obtains the solution

u(z,t) = e 'sinx .

Example 2: Consider the IBVP

11



u(x,t) = ugg(x,t) for 0<z<m t>0,
u(z,0) = sin®z for 0<z<m,
u(0,t) = wu(m,0)=0 for ¢t>0.

3

We will write the initial function f(z) = sin®z as a linear combination of the

eigenfunctions ¢, (z) = sin(nx).
Claim:

1
sin®z = = sina — 1 sin(3x)

4
Derivation using Euler’s identity: From

: N AR 1
sing = o (e e ')

obtain that

1/ .. . 4 .
sinz = % (63”” —3e" + 37 — 673136)
1

_ 1L 1 /4 fSix> 3 1 (zx fia:)
T T4y (e ¢ tig\e e

1
= -2 sin(3z) + Z sin x
Obtain the following solution of the IBVP:

t 9t

u(z,t) = i (sinz)e " — i sin(3z)e”

Example 3: Consider the IBVP
ut(x,t) = ugg(x,t) for 0<z<m, t>0,

t
u(z,0) = z(r—z) for 0<z<m,
u(0,t) = wu(m,0)=0 for t>0.

We will write the initial function f(z) = z(m — ) as a series
(0.9}
z(m—x) = Z By, sin(nz) .
n=1

Multiply the above equation by sin(jz), integrate over 0 < x < 7, and use
Lemma 1.1 to obtain that

/ (1 — z)sin(jz) dr = gBj .
0

We now use that the eigenfunction

12



¢j(z) = sin(jx)
satisfies —¢/ = j?¢;. Using integration by parts and using that f”(z) = —2
holds for the function f(x) = z(1 — x) one obtains that

B; / f(z)sin(jz)d

- -2 [
- = [ r@e@
752 I
4 vy
_ 4 (i) d
7 ), sm(jx) x
4 N
= o cos(jzx)
Here
N | if j is odd
cos(j) = { 1 if jiseven
Therefore,
N L B if 7 is odd
cos(jz)|, = { 0 if jiseven
Obtain

w53

Bj = . .
0 if j is even

{ 8 if J is odd
J

One obtains the sine—series representation

8 = sin((2j + 1)z)
x(1— — .
z) ngo (25 +1)3

The solution of the IBVP is

Example 4: Consider the IBVP

u(x,t) = ugg(x,t) for 0<z<m >0,
u(z,0) = 1 for 0<ax<m,
u(0,t) = wu(m,0)=0 for ¢t>0.

We will write the initial function f(z) =1 as a series

13



o
1= Z By, sin(nz) .
n=1

We have
2 [T
B, = / sin(nx) dx
T Jo
2 1 7T
- 2 )]

Thus B,, = % if n is odd and B,, = 0 if n is even. Obtain

[e.9]

4 1 2
) = = e g
u(z,t) - n_lgn » e sin(nx)

47 i L ot
- = - 32)+ ... )
77(6 smm+3e sin(3x) +

1.6 Energy Estimate and Uniqueness of Solutions

Consider the IBVP

ug(x,t) = kugg(x,t) for 0<x<L, t>0,
u(xz,0) = f(z) for 0<xz<L,
u(0,t) = w(L,0)=0 for t>0.

Here k is a given positive constant.
If u(z,t) is a solution then

L
B(f) = / W (a,1)dr = & Jul-, D)

is often called the energy at time ¢, but this is typically not the heat energy.
One obtains through integration by parts

L
— E(t) = / u(x, t)uy(z,t) de
dt ;
L
= k/ u(z, t)ugy (2, t) do
0
L
B / (1) (. 1) d
0
<0
Therefore, E(t) < E(0) for t > 0.

Assume that u(x,t) and v(z,t) are two solutions of the IBVP. Then the
function

14



w(z,t) = u(z,t) —v(z,t)
solves the IBVP with initial data

w(z,0) =0 for 0<z<L.

The energy estimate implies that

L
/wZ(:c,t)dargo for t>0,
0

thus w = 0,u = v.

The argument proves that the IBVP cannot have more than one solution.

1.7 The Inhomogeneous Heat Equation

First recall that the homogeneous IVP
o' (t) = Lu(t), u(0)=up,
has the solution
Upom (t) = eFtug

and the inhomogeneous IVP

u/'(t) = Lu(t) + q(t), u(0) =wuo ,

has the solution

t
u(t) = eltug —i—/ "t g(s) ds .
0

The term

t
o (t) = / Mg (s) ds
0

satisfies

don) = qt) + L / Mg (s) ds
0
— 4(t) + Lugn(t)

and u;,,(0) = 0.

The ODE example shows: If one can solve a homogeneous IVP, then one
can also solve a corresponding inhomogeneous IVP. The idea works for many
PDEs.

Consider the homogeneous heat equation with homogeneous boundary con-
ditions

15



t) = Ugp(z,t) for 0<z<m t>0,
u(z,0) = f(z) for 0<ax<m,
t) = wu(r,0)=0 for t>0.

The solution is

oo
u(z,t) = Z B, sin(nx)e*”%
n=1

with
v i
Bn:/ f(y)sin(ny) dy .
™ Jo
Therefore,
2 > _n2t . ™ .
u(z,t) = —Ze sin(nz) sin(ny) f(y) dy
m 0
n=1
= G(z,y,t)f(y) dy
with
Glayt) = 2 3 e sin(nz) sin(ny)
T =— e in(nz) sin(ny) .
7y’ 7T n:1 y

One can show that inhomogeneous heat equation (with homogeneous boundary
conditions)

ut(z,t) = ugg(z,t)+q(x,t) for 0<z<m ¢t>0,
u(z,0) = f(x) for 0<z<m,
u(0,t) = wu(m,0)=0 for t>0.

has the solution

™ t ™
uet) = [ Gamofair+ [ [ Gt = s)aty.s) duds
This generalizes the ODE formula
t
u(t) = eHug +/ L= g(s) ds
0

to the inhomogeneous PDE.
Example 5: Consider the IBVP
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ug(x,t) = ugg(x,t)+sin(2z) for 0<z<m, t>0,
u(z,0) = 0 for 0<zx<m,
u(0,t) = wu(m,0)=0 for t>0.

In the following, we will exchange summations and integrations. This can
be justified, but we will leave the justification for later.
Set

Int(z,t —s) = / G(z,y,t — s)sin(2y) dy .
0

Then the solution of the IBVP is

¢
u(x,t) :/ Int(x,t —s)ds .
0

We have
2 = " —n*(t—s
Int = WZ/O On () () p2(y) dye ™ (=2

n=1
Here

(e.) T T

> [ ety =7

n=1"0 2
Therefore,

Int = ¢o(z)e 49 = sin(2z)e 49

and

t
u(z,t) = sin(2:1:)/ e 4=9) s
0
t
= sin(2az)e4t/ e ds
0
1
Z <€4t _ 1)
1
= 1 sin(2z)(1 — e~ %)

= sin(2z)e™

It is easy to check that the function u(x,t) satisfies the homogeneous initial
and boundary conditions. Also,

ug(z,t) = sin(2z)e 4
Ugp(2,1) = —sin(2z)(1 — e %)

= sin(2z)(e™ M — 1)

17



Thus

Uge (x, 1) +sin(2z) = sin(2z)e 4 = wy(x,t) .
We have checked that the function u(x,t) given above solves the IBVP.

Next consider a problem with inhomogeneous boundary data:

ug(z,t) = ugp(z,t)+q(z,t) for 0<z<m, >0,
u(xz,0) = f(z) for 0<ax<m,
u(0,t) = «(t) for t>0
u(m,t) = pB(t) for t>0
The function
P, t) = alt) + — (5(0) — alt)r

satisfies the boundary conditions

p(0,t) = a(t) and p(m,t) = B(t) .

If one defines a new unknown function v(z,t) by

v(z,t) = u(x,t) — p(x,t)

then one obtains an inhomogeneous heat equation for v(z,t) with homogeneous

boundary conditions.

1.8 The Heat Equation: Relation to Eigenvalue Problems

Example 6:
Consider the heat equation with initial and boundary conditions:

u(x,t) Ugg(x,t) for 0<z<1, t>0,
u(z,0) = f(x) for 0<zx<1,
u(0,t) = 0 for t>0

u(1,t) +ugy(1,¢) = 0 for t>0.

Recall Newton’s law of cooling:

—Kon(x) - Vu(x,t) = C(u(x,t) —g(x, t)) for xeS8, t>0.
If we have n =i, g(x,t) = 0 then Newton’s law becomes

—Ku, =Cu, (C/K)u+uy;=0.
If C/K =1 we obtain the boundary condition (1.14).
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Using separation of variables, we first obtain solutions of the heat equation
satisfying the homogeneous boundary conditions. Let

u(z,t) = o(x)G(t)

and obtain

thus

G(t) = G(0)e ™ .

Here ) is the separation constant. If A\ = p%,p > 0, then the ¢—equation becomes

¢"(z) +p*p(x) =0

with general solution

¢(x) = acos(pr) + bsin(pz) .

The boundary condition u(0,¢) = 0 yields that @ = 0. For b = 1 one obtains
that

¢(z) =sin(pr), ¢'(z) = pcos(pz) .
The boundary condition (1.14) requires that

sinp+pcosp =0,
thus

—p=tanp .

Sketching the graphs of the functions tanp and —p for p > 0 it is easy to see
that the equation tanp = —p has a sequence of solution p; with

1
(j—§)7r<pj <gm for j=1,2,...

and

1

pj’"(j—g)7T

for j large.
We will show below that the eigenvalue problem

—¢"(x) = Ad(x), (0) =0=¢(1) + (1)

has only the eigenvalues \; = p? where

tanp; = —p;, Jj=1,2,...
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The corresponding eigenfunctions are

¢j(x) = sin(p;x) .
This suggests to write the solution of the problem (1.11)-(1.14) in the form

oo
u(z,t) = Z b sin(pj:c)e_pﬁt
j=1

where the coefficients b; must be determined by the initial condition
oo
u(z,0) = ij sin(pjz) = f(z) for 0<z<1.
j=1

Notation: Let C]0, 1] denote the vector space of all functions ¢ : [0,1] — C
which are continuous. If ¢, ¢ € C[0, 1] one defines their inner product by

1 —
- dz .
(6.) /O B2y () da
Lemma 1.2 Let

¢j(x) =sin(pjx), j=1,2,...

where

—f() = pidi(x),  ¢;(0) =0=;(1) + &j(1) .
For j # k we have orthogonality:

(¢, 0r) =0 if j#k.

Proof: We use integration by parts.

1 1
2 /0 bipde = /0 &'y de

1
= Ghoulh - /0 &6 d

1
Sjonlh— sj0lh+ | o0 da
0
1 ey e
= o -kt | oonda
Here the boundary term BT is zero at z = 0, thus

BT = ¢(1)¢r(1) — ¢; (1)1 (1) -

Using the boundary conditions
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¢i(1) + ¢5(1) = 0 = ¢p(1) + ¢ (1)

it is easy to check that the boundary term is zero, BT = 0. One obtains the
equation

_pjz(¢j7 (z)k) = _pz(¢j7 ¢k> .

Since p? # p% for j # k the orthogonality follows. ¢
If one assumes the expansion

ij sin(pjz) = f(z) for 0<z<1
j=1

then one obtains that

1 1
/ f(z)sin(prx) dx = bk/ Sin2(pka:) dx .
0 0

From this equation one can compute by.
Assume that the coefficients b; are computed in this way. One can prove:
If f(x) is a continuous function then the formula

oo
u(z,t) = Z b sin(pjac)e_p?t
j=1

defines a solution of the heat equation for 0 < z < 1,¢ > 0. The boundary
conditions are satisfied for ¢ > 0. Also,

/1(u($,t)—f(x))2d:n—>0 as t— 0+ .
0

Consider the eigenvalue problem

—¢"(x) = Ad(x), ¢(0) =0=¢(1) +¢'(1) . (1.16)

We have determined all positive eigenvalues,

Aj :p§ where p; >0 and tanp; =-p;, j=12,...
We will show that there are no other eigenvalues.
Consider A = 0. If A\ = 0 then ¢(z) = a + bx. One easily checks that the
boundary conditions imply that a = b = 0.
Let A = —p? < 0,p > 0. The general solution of the ODE ¢ = p?¢ is
o(x) = aeP® + be P* .
The boundary condition ¢(0) = 0 yields that

a+b=0.

Since
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o(1) = aePl +be?
¢’ (1) = apeP — bpe™?

one obtains that the boundary condition at x = 1 requires that

ae’(1+p)+be P(1—p)=0.

In matrix form, one obtains the condition

(ep<11+p> ep(ll—m)(Z):(g)

This implies a = b = 0 unless the determinant of the matrix is zero. The
determinant is zero if and only if

e P(1—p)=el(l1+p),

ie.,
P = 71 —P
1+p
It is easy to check that this equation has no positive solution p. Therefore, the
eigenvalue problem (1.16) has no negative eigenvalue A\ = —p?.

Suppose that the eigenvalue problem (1.16) has an eigenvalue A € C\R. We
use integration by parts, as in the proof of Lemma 1.2. The boundary terms
drop out.

Suppose that —¢” = A¢ and ¢ satisfies the boundary conditions. We have

Allgll?

—~

¢, 29)

6, —¢")
~¢".¢)
A, 0)
lo1*

Therefore, if ¢ is not identical zero, then A\ = A, i.e., A is real.

—~

[l
M

Example 7: Consider the heat equation with initial and boundary condi-
tions:

ug(x,t) Ugz(z,t) for 0<ax<1, ¢t>0, (1.17)
u(xz,0) = f(z) for 0<x<1, (1.18)
u(0,t) = 0 for t>0 (1.19)
Bu(l,t) +ug(1,t) = 0 for t>0. (1.20)
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Here (3 is a real parameter. We want to show that the sign of 5 is important. If
the boundary condition (1.20) models Newton’s law of cooling (with g(¢) = 0)
then 5 > 0.

The eigenvalue problem obtained by separation of variables is

—¢"(z) = Mp(z), ¢(0) =0=Bg(1)+¢'(1) . (1.21)
If A\ =p?,p >0, then

o(z) = acos(px) + bsin(pzx)
and the boundary condition ¢(0) = 0 implies that a = 0. For b = 1 we have

¢(1) =sinp, ¢'(1) =pcosp,
and the boundary condition 0 = 8¢(1) + ¢'(1) requires that

Bsinp+pcosp=0.
For 8 = 0 one obtains the equation cosp = 0. This leads to the eigenvalues

1

Aj :p§ with  p; :(j—g)w, j=1,2,...
Let 8 # 0. Obtain the equation
¢ 1
anp=——p.
p

Sketching the functions tanp and —p/fS for p > 0 one obtains that there exists
a sequence of positive solutions p; with

0<pi<p2<p3<... and p; = o0.

To summarize, for every coefficient 8 € R the eigenvalue problem (1.21) has
a sequence of positive eigenvalues \; = p? with A; — oo.

Can there be other real eigenvalues? Consider A = 0, thus ¢(z) = a+bx.
The boundary condition ¢(0) = 0 implies a = 0. Then the boundary condition
Bo(1) + ¢’ (1) = 0 requires that

0=08b+b=0b(B+1).
One obtains that A = 0 is an eigenvalues of (1.21) if and only if § = —1. We
will show that there exists a negative eigenvalue if 8 < —1.

Assume that A\ = —p? < 0 is an eigenvalue, p > 0. The general solution of

the equation ¢"(x) = p?¢(z) is
d(z) = ael® + be P* .

The boundary conditions require that

<e”(51+p) e-p<ﬁ1—p>><z>:<8>
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The number A = —p? is an eigenvalue if and only if the determinant of the
matrix is zero. This holds if and only if

(B+p =eP(B-p).
It’s easy to check that p = —3,p > 0, is no solution.
Assuming 8 + p # 0 one obtains

2p __ ﬁ_p
et =—=. 1.22
51 p (1.22)
If B > 0 there is no solution p > 0. Let 8 < 0. The function
B—p
g\p)= 57—
(p) 57 p
satisfies
—28
/
9P)= 727 3
) (8+p)?
thus
2 2
9(0) =1, g(0)=—5 =
©) ©) s 1Al

Since the function h(p) = e?P satisfies

h0)=1, KW(0)=2,

one obtains that the equation (1.22) has a solution py with

0 <po <|B

if 8 < —1. Thus, for 5 < —1 the eigenvalue problem (1.21) has the negative
eigenvalue

Ao = —p% )

In the solution formula

o0
u(x,t) = Z bipj(x)e Nt
§=0
for the heat equation problem the term

bogo ()€

grows exponentially. This shows that 8 < —1 is not physically reasonable.
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1.9 Series Expansion

Let Lo(0,7) denote the space of all functions f : (0,7) — R with

/WfQ(x)d:c< 00 .
0
For f,g € Lo(0,7) let
(f9) = | F@glayds and |£] = V.5
0
Recall that the functions

¢n(x) =sin(nz), n=1,2,...

satisfy
7r
Let f € La(0,7). Let’s assume that
f(z) = Buon() (1.23)
n=1
and proceed formally to obtain

Bu=2 (60, f)

In the following, let B, be defined by this equation.
One can prove:

N
| f(x) — ZBnqﬁn(x)H -0 as n—oo.
n=1

In this sense, the equation (1.23) holds for all f € Ly(0, 7).
Consider the IBVP

ug(x,t) = ugy(w,t) for 0<z<m, t>0,
u(z,0) = f(z) for 0<ax<m,
u(0,t) = w(m,0)=0 for ¢t>0.

where f € Lo(0,7). Set

o
u(z,t) = Z B, sin(n:c)e*"% : (1.24)
n=1
One can prove that the series defines a function

ue COO([O,W] x (o,oo)) .
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The series can be differentiated arbitrarily often term by term for ¢ > 0. There-
fore, u(x,t) satisfies

up(x,t) = ugy(z,t)
for 0 <z < andt>0. Also,

u(0,t) =u(m,0)=0 for t>0.

Furthermore, one can prove that

If(x) —u(z,t)|| =0 as t—0+ .
In this sense, the C*°~function u(x,t) defined by (1.24) for ¢ > 0 satisfies the
initial condition u(z,0) = f(z).

1.10 Well-Posed and Ill-Posed Problems

We want to show by example that the forward heat equation is well-posed
whereas the backward heat equation is ill-posed.
Consider the IBVP for the forward heat equation

ut(x,t) = ugg(x,t) for 0<z<m, t>0,
u(z,0) = f(x) for 0<z<m,
u(0,t) = wu(m,0)=0 for t>0,

where f € Lo(0,7). The problem has the unique solution

u(, 1) = / 0 Gy, 1) (y) dy

where

G(z,y,t) Ze n? tsin(nx) sin(ny) .
Also, the energy estimate yields that

[l O < |[fIl for t>0.
If 4(x,t) denotes the solution with perturbed initial data

u(z,0) = f(z) +eg(x)
then

[a (- t) —u Dl < ellgll -

Thus, if the data get perturbed a little, then the solutions get perturbed a little.
The solution depends continuously on the data.
Consider the IBVP for the backward heat equation
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t) = Ugp(z,t) for 0<z<m, t>0,
u(z,0) = sin(nz) for 0<z<m,
t) = wu(r,0)=0 for t>0.

The function
u(z,t) = Sin(nx)e”%
is a solution. We have
[u(z, 0)|| = [|sin(nz)|| = /7/2
and
lu(z, )] = || sin(nz)[le™" = /7 /2" .

For ¢ > 0 one cannot estimate |u(z,t|| by ||u(z,0)]|

If
fu(z) = 1 sin(nx)
"
then
1 . n2t
up(z,t) = - sin(nz)e™ " .
We have

||un(x,0)| =0 as n— oo,

but

lun(z,t)|| > 00 as n—o00 for ¢t>0.

The solution does not depend continuously on the data. The IBVP for the
backward heat equation is ill-posed.
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2 Review: Second—Order ODEs with Constant Co-
efficients

2.1 General Solution

Consider the differential operator L defined by

Ly(z) = ay”(z) + by'(z) + cy(z)
where a, b, ¢ are real or complex constants and a # 0. We want to determine
the general solution of the homogeneous equation
Ly=0.

Using the ansatz

y(z) = e,

where p is a parameter, one obtains the characteristic equation

ap® +bp+c=0.

The solutions are

b 1
pr2=——=+—Vb —4dac.

2a  2a
Case 1: b> — 4ac # 0

In this case, p1 # p2 and the general solution of the equation Ly = 0 is
y(x) = c1€P* + coeP?™ .
Here ¢; and co are arbitrary constants.
Case 2: b — 4ac =0
In this case, p1 = p2 =p = —%. The general solution of Ly = 0 is
y(x) = c1eP” + cowel” .

Here ¢; and co are arbitrary constants.
Remarks: If p = o + i8 with real «, 5, then

ePT = T — 0% (cos B + isin f)

Thus, the real part of p determines the exponential behavior of the function
eP® and the imaginary part of p determines the wavelength of the oscillatory
behavior of eP”. Note that the wavelength of the function cos Sz is L = 27 /|j|.
One calls 8 the wave number of the oscillation cos Sz. Roughly speaking, |3 is
the number of waves of the oscillation if x varies from 0 to 2.

If the independent variable is time, we write

ePt = etePt = et (cos Bt + isin Bt) .
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In this case, the oscillation cos 8t has period T' = 27/|3| and one calls 5 the
frequency of the oscillation.

2.2 Initial Value Problems

Consider the equation

y'(t) = My(t)
where X is a real constant. We want to determine the solution satisfying the
initial conditions

y(0) =bo, y'(0)=b1.
Case 1: A = w? > 0,w > 0. The general solution is
y(t) = c1et + coe™" .

The initial conditions require

y(0) =c1 +c2=by, ¥ (0)=ciw—cow =10y .

These are two conditions for the constants ¢; and cs. We write these in matrix

form as
1 1 cr\ _ ( bo
W —w co ) \ b )

Note that the determinant of the matrix is

detA = —2w #0 .
One obtains that
1 1 1 1
= _ b —b =_—bg— —1bp .
c1 20+2w 1, €2 50~ 501

Thus, the solution of the initial-value problem is

ewt + efwt bl ewt _ efwt

£ =b 2
yt) =bo——p—+

Recall the definitions

1 1
cosht = 5(67- +e7), sinh7T= 5(67 —e 7).

Using these notations,

b
y(t) = by cosh(wt) + El sinh(wt) .

Case 2: A = —w? < 0,w > 0. The general solution is

y(t) = cre™! + cpe™ ™!
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The initial conditions require

y(0) =c1 +ca =by, ' (0) = criw — coiw = by .

These are two conditions for the constants ¢; and co. We write these in matrix

form as
1 1 C1 . bo
iw —iw ca ) \b )~

Note that the determinant of the matrix is

detA = —2iw #0 .
One obtains that

1 1 1 1
= =b —b = —bgp— —b1 .
C1 5 0+2z‘w 1, €2 5 0 Dico 1

Thus, the solution of the initial-value problem is

ezwt + efzwt bl ezwt _ efzwt

ty="» —
YO =b——"—+
Here
eiwt + efiwt eiwt _ efiwt '
=coswt, ——————— =sinwt .
2 21

One obtains:

y(t) = bg cos(wt) + b sin(wt) .
w

Case 3: A = 0. In this case, the general solution is

y(t) =c1 + cot .

The solution of the initial value problem is
y(t) =bo + b1t .

2.3 Boundary Value Problems

Consider the equation

y'(z) = Xy(z), 0<z<m,

where A is a real constant. We want to determine the solution satisfying the
boundary conditions

y(0) =bo, y(m)="by .

Case 1: A = w? > 0,w > 0. The general solution is
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y(z) = c1¥* + coe™ "

The boundary conditions require

y(0) =c1+co=0by, y(m)=c1e’" +coe” " =0y .

These are two conditions for the constants ¢; and cs. We write these in matrix

form as
1 1 C1 o bo
eWT T wT o - bl .

We see that the determinant of the matrix is

detA =e “" —e“T £0 .

Therefore, the boundary value problem has a unique solution if A > 0.

Case 2: A = —w? < 0,w > 0. The general solution is

y(t) = cre™ + cge @t

The boundary conditions require
W

WwT bl

y(0) =c1+co =by, y(m)=c1e™" + coe”

These are two conditions for the constants ¢; and cy. We write these in matrix

form as
1 1 C1 . bo
eiww e—iuﬁr o - bl .

We see that the determinant of the matrix is

detA = ™™™ — T = _2jsin(wr) .

We see that the boundary value problem has a unique solution if and only if
the positive number w is not an integer.

In case that w = n € {1,2,...} we have detA = 0. Then, for most boundary
data bg, b1, the above matrix equation has no solution and the boundary value
problem has no solution. If it happens that the matrix equation is solvable, then
the solution of the equation is not unique and the solution of the boundary value
problem is not unique.

Case 3: )\ = 0. In this case, the general solution is

y(t) = c1 + caot .

One obtains that the boundary value problem is uniquely solvable.
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2.4 An Eigenvalue Problem

Consider the boundary value problem

—¢"(x) = Agp(x) for 0<z<1 (2.1)
ag(0) + B¢’ (0) = '
vo(1) +6¢/(1) = 0 (23)

where «, 3,7, € R and

(a, ) # (0,0) # (7,9) -

The number A € is called an eigenvalue if the boundary value problem has a
solution ¢(x) which is not identically zero.

We will show that all eigenvalues A\ are real and that eigenfunctions to
different eigenvalues are orthogonal.

Lemma 2.1 Assume that the functions ¢,vp € C?[0,1] satisfy the boundary

conditions. Then
1 1
/ gin/)"dx:/ & dx .
0 0

Proof: Using integration by parts we have

/Olw”d:c - ¢¢'5/01¢f¢fdx

1
olh - vl + | ovds
0
Consider the boundary term at z = 1:

BTy = ¢(1)¢'(1) = ¢'(1)9(1) -
If 6 =01in (2.3) then ¢(1) = ¢(1) = 0 and BT} = 0 follows. If 6 # 0 then

¢'(1) = —v¢(1)/8, ¥'(1)=—yp(1)/5 .

Again, it follows that BT} = 0. With the same arguments, BTy = 0. This
proves the lemma. ¢

Lemma 2.2 All eigenvalues of the eigenvalue problem (2.1)-(2.3) are real.

Proof: Let A € C be an eigenvalue and let ¢ : [0,1] — C,¢ € C?, denote the
eigenfunction. We have
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—)\/Olqz_bqbdx = /Olq_ﬁqﬁ”d:v
_ /Olcﬁ”wx
_ _x/olqwx
Since

1 1
/0 B(a)d(x) di = /0 ()2 dz > 0
it follows that A = A, thus \ is real. ¢

Lemma 2.3 All eigenfunctions of the eigenvalue problem (2.1)-(2.3) to differ-
ent eigenvalues are orthogonal.

Proof: Let ¢ and ¢ denote eigenfunctions to the eigenvalues A\; and Ay where
A1 # Ao
We have

1 1
M /0 broodr — /O N1z da
1
. / oo da
0
1
— - [ o
0
1
= A d
2/0 D192 dx

Since A1 # s it follows that [} ¢1¢odz = 0. o

Lemma 2.4 Consider the eigenvalue problem

~¢"(x) = () for 0<w<1 (24)
a(0) +#(0) = 0 (2:5)
v6(1) +¢'(1) = 0 (2:6)

1) If a <0 <~y then all eigenvalues \ are non—negative.
2) If a <0 < v and (a,y) # (0,0) then all eigenvalues X are strictly
positive.

Proof: Let ¢(z) denote an eigenfunction to the eigenvalue A. Since A € R we
may assume that ¢(z) is real valued.
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We have

1 1
_ 2 — "

/\/O ¢°dzx /0 o¢" dx

1
— N / 2d
o¢'|o /0 (¢')" dx

The boundary term is
odls = ¢(1)¢'(1) — $(0)¢'(0)

= —7¢*(1) + a¢*(0)
0

IN

since a < 0 < ~. Therefore,

1 1
—)\/ $?dx < —/ (¢')*dx <0 .
0 0
This implies that A > 0. Also, A > 0 unless ¢/ = 0. The case ¢’ = 0 only occurs
if
¢(x) =const =c#0 .

The function ¢(z) = ¢ satisfies the boundary conditions only of « = = 0. ©
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3 Second—Order Cauchy—Euler Equations

3.1 General Solution

An equation of the form

Ly(z) = ax®y" (z) + by (z) + cy(z) =0, >0,

where a, b, ¢ are real or complex constants and a # 0, is called a Cauchy—Euler
equation. To determine the general solution one uses the ansatz

y(x) =
where 7 is a parameter. One obtains the characteristic equation
ar(r—1)4+br+c¢=0.

If this quadratic equation has two distinct solutions ry and 9, then the general
solution of Ly = 0 is

y(z) = c1a™ + cox™ .

If r1 = ro = r, then the general solution of the equation Ly = 0 is

y(x) =cra”" + cox" Inx .

Example 1: Ly(x)= 2%y"(x) — 2y(z) =0
The characteristics equation is

r(r—1)—2=0

with solutions

7’1:2, 7’2:—1.

The general solution of Ly = 0 is

— 2, ==
y(r) = crz” + -

Example 2: 2%y + 2y +y =0
The characteristics equation is

rr—1)4+r+1=0
with solutions
rL=1, To=—1.
The general solution is
i

y(x) = cra’ + cpz ™t .
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Since the equation Ly = 0 has only real coefficients, one wants to obtain a
general solution in real form.
We have z = ™ for x > 0, thus

2t = el Inzx

= cos(Inz) + isin(lnx)

and

i — e—zlnx

= cos(lnz) —isin(lnx)

Since the functions x* and =% are solutions of Ly = 0 one obtains that

1 . A . .
cos(lnzx) = 3 (' +27") and sin(lnz) = % (' — 27"
i
are also solutions of the equation Ly = 0.
Thus, we can write the general solution of Ly = 0 as

y(x) = dy cos(lnx) + da sin(In )

where d; and ds are arbitrary constants. Note that the solution oscillates rapidly
as x — 0.
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4 A Boundary Value Problem for the Laplace Equa-
tion in a Rectangle

In Section 1.5 we considered the heat equation with homogeneous Dirichlet
boundary conditions and an initial condition u(z,0) = f(z).
In Example 2 we had

3 1
f(z) =sin®z = 1 sinx — 1 sin(3z) (4.1)

and in Example 3 we had

We used separation of variables to solve the heat equation.
In this section we consider the Laplace equation

Au(z,y) = (ugx + tyy)(z,y) =0

in the square

D = (0,m) x (0,7)

with boundary conditions

uw(0,y) = wu(my)=0 for 0<y<m (4.3)
u(z,0) = 0 for 0<zxz<m (4.4)
u(z,m) = f(z) for 0<z<m (4.5)

First ignore the boundary conditions and determine solutions of Au = 0 in
separated variables,

u(z,y) = X(2)Y(y) -
One obtains the equations
X"(x) =AX(z) and Y"(y)=-\Y(y)

where A is the separation constant. If we impose the homogeneous Dirichlet
conditions

X(0) = X(m) =0

then the function u(z,y) = X (z)Y (y) satisfies the boundary conditions (4.3).
The BVP

X"(z) = AX(z), X(0)=X(m)=0,

has the eigenvalues A = \,, = —n? for n = 1,2, ... and the eigenfunctions

37



Xp(z) = sin(nx) .
For A = —n? the Y -equation

Y'(y) = =AY (y)
has the general solution

Yo(y) = ae™ +be™™ .

The functions

un(z,y) = ¢ sin(nzx) Yy (y)

satisfy Au, = 0 and satisfy the two homogeneous boundary conditions (4.3).
The boundary condition u(z,0) = 0 applied to u,(x,y) leads to the requirement
Y,,(0) = 0, thus a = —b. One obtains that the functions

Un(x,y) = cpsin(nx)(e™ —e ™), n=1,2,...

satisfy the PDE and the three homogeneous boundary conditions (4.3), (4.4).
It remains to satisfy the inhomogeneous boundary condition

u(z,m) = f(zr) for 0<z<m.
Example 1: Let f(z) = sinz. We consider

ui(z,y) = crsinx(e’ —e™Y)
with
ui(x,m) = cysinz(e™ —e 7).
Requiring that ui(z,7) = f(x) = sinx leads to
1

Cc1 = 7€7r e .

The solution of Au = 0 with the boundary conditions (4.3), (4.4), (4.5) and
f(z) =sinx is

. ey — efy
U(l‘,y) =S m .

Example 2: Let

1
f(z) =sin®z = 2 sinz — 1 sin(3z) .

We consider

u(z,y) = ey sinz(e? — e Y) + e3sin(3z) (3 — e )
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with

u(z,7) = crsinx(e™ — e ™) + ezsin(3z) (€37 — 737 .

The boundary condition

3

u(z,m) = f(r) =sin’x = 1 sinz — 1 sin(3x)

leads to
3 1 4 1 1
c1 = — and ¢ -
L= e —em 3 4 e3m — g=37
The solution is
3 eY —eY . e — e 3
u(z,y) = - sinz—— e sin(3x) e ——

and consider

ch (25 4+ 1)72 sin((2] + 1)x) (emﬂ)y — e*(2j+1)y> .

]:

u(z,y) =

=Hoo

To obtain that

u(z,m) = f(z)
we choose
o 1
7 @ _ e @it

The solution is

8 = sin((2j + 1) ) e(2i+l)y _ o—(2j+1)y

; ZO 2] -+ 1 e(2j+)m _ o—(2j4+1)m ° (46)

j:

Remarks: Consider the solution u(x,y) of Example 3 at the corner point

P=(z,y) = (0,m) .
We have

wz,m) = f(z)=2(1—2) and wuz(x,7)=f"(x)=-2.
Also, u(0,y) =0 for 0 <y <, thus
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Uyy(0,7) =0 .

This shows that u(x,y) does not satisfy Laplace’s equation at the corner point
P = (0, 7). One can prove that the solution (4.6) is a C*°~function in the open
square D = (0,7) x (0, 7). But u(z,y) is not a C2-function in the closed square
D = [0, 7] x [0, 7] since Au(0,7) = —2 # 0.

In general, if one considers Laplace’s equation in an open region D with
Dirichlet boundary conditions, the solution w(z,y) will satisfy

ua:a:(xv y) + uyy(x,y) =0

at every point (z,y) in the open region D, but not necessarily for points (x,y)
on the boundary of D.
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5 The Laplace Operator in Polar Coordinates

Let

r=+vz?+y? ¢ =arctan(y/x) (5.1)

denote polar coordinates in the (z,y)-plane. If u(x,y) and u(r, ¢) are functions
satisfying

u(z,y) = ﬁ(\/xQ + 2, arctan(y/a:)) (5.2)

then u(z,y) and a(r, ¢) represent the same function in the plane.
Strictly speaking, one has to be careful how to choose the arctan—branch.
One should choose

¢ = arctan(y/x)
so that

x=rcos¢ and y=rsing if r=+/22+y2.

Assume that u(z,y) and a(r, ¢) are smooth functions satisfying (5.2). We
want to express the Laplacian

AU = Ugy + Uyy

in terms of @. In the following, we will assume r > 0.
Let r(z,y) and ¢(z,y) denote the functions given by (5.1).
We have

T
Ty = —
r
_ 1 T 1 22
e L
by o= !
Y T
1 y2
T = = - — —
vy r 73
1 2 Y
¢z - 1—|—y2/x2( y/:ﬂ)— 7"2
2x
Grx = 2%7“35:%
by = 1 1_:U
y = 1+ y2/a2 z  r2
T 2xy
= 2—=r,=——"
Pyy 3y r4

The following equations are easy consequences:
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(P + P = 1
1
(¢m)2 + (¢y)2 = ﬁ
Tx(z)x + Ty¢y =0
1
Trx T Tyy = ;
¢xx + ¢yy =0
From (5.2) it follows that
Uy = arrm + {L(i)éz
Ugpe = '&7"7‘ (Tx)2 + 2ﬂr¢rx¢x + ﬂrrxx + ﬂ¢¢ma} + a¢¢)(¢x)2

and a similar equations holds for wu,,. Just replace x by y. Therefore,

ety = i (0)? 4+ 1)) + 0 ((60)% + (9)?)
+2ﬁ7‘¢>(rw¢x + Ty¢y) + ﬂr(rzz + ryy) + ﬂqﬁ(‘bmx + ¢yy)
= Upp + ;ar+ﬁﬂ¢¢
The equation
Au:uzx+uyy :arr‘i‘;ﬂr‘i'ﬁ&qjqj

expresses the Lapacian in polar coordinates. It is common to drop the tilde
notation and write

1 1
AU = Uy + Uyy = Upy + - Uy + 2 Ugep - (5.3)

Example: Let

1 _
u(z,y) = Zre (= +y*)7" .
We have
a(r,¢) = 177
tp(r,9) = —9r—3

Using the formula



one obtains

- 6 2 4
Al=G-a=

Let us check this by computing

AU = Uy + Uyy -

We have
u, = —2z(2® 49?2
Upy = _2(m2+y2)72+8m2(x2+y2)73
uy = —2y(a®+y*)7°
Uyy — _2(x2+y2)72+8y2($2+y2)73
Therefore,
2 2
_ 2 2\ —2 7ty

— 4(1,2 +y2)—2

The two results agree. For this example, the computation of the Laplacian
is simpler if one uses @ = 1/r%.
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6 The Laplace Equation on the Unit Disk

6.1 A Dirichlet Problem
Let

D={(z,y) eR? : 22 +¢* < 1}

denote the open unit disk with boundary curve

S={(z,y) eR? : 2 +3* =1}.
The set D = D U S is the closed unit disk.
Let f : & = R denote a continuous function. We want to determine a
function u : D — R satisfying u € C(D),u € C?(D) and
Au=0 in D, u=f on §. (6.1)

This is the Dirichlet problem for the Laplace equation in the unit disk.
In polar coordinates, the equations (6.1) become

1 1
Urr"’;ur"i'ﬁuqﬁ(b = 0 for 0<r<1 and ¢€R,
u(l,g) = f(@) for $ER.

Here the functions f(¢) and u(r, ¢) must be 2r—periodic in ¢.
We first ignore the boundary condition and determine solutions of the PDE
in separated variables,

u(r, ) = R(r)®(¢) .
The PDE becomes

RY0)®(6) + - R(r)®(6) + 5 R (8) =0
thus

r?R"(r) +rR'(r) _9"(¢)

R(r) o (9)
Here ) is the separation constant. Since ®(¢) has to be 2r—periodic one obtains
that

=A.

A=\, =n? for neZ.

The equation

" +n*® =0

has the 27—periodic solutions

D, (p) =™ for neZ.
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The corresponding equation for R(r) is the Cauchy—Euler equation

2R (r) +rR'(r) = n*R(r) =0 . (6.2)

The ansatz R(r) = P leads to the quadratic equation

pp—1)+p—n*=0,

thus p? = n?,p = +n. For n € Z,n # 0, the general solution of the equation
(6.2) is

R(r)y=ar"+br " .

For n = 0 the general solution is

R(r)=a+blnr.

For n =1,2,... the functions r~" are singular at » = 0; also, the function Inr
is singular at » = 0. Since we want to determine solutions u,(r, ¢) which are
smooth in D, these singular solutions are not of interest.

One obtains the following smooth solutions of the equation Au =0 in D in
separated variables:

ug(r,d) =co and uy(r,¢) =r" (aneiw + bne_m‘b) for n=1,2,...

This suggests to try to solve the Dirichlet problem (6.1) by a function of
the form

oo

u(r,¢) = Z cnr™em? (6.3)

n=—oo

The coefficients ¢, must be determined by the boundary condition u(1,¢) =

f(@).

We first proceed formally, ignoring questions of convergence. The boundary
condition u(1, ¢) = f(¢) requires that

f(o) = Z cne™?

n=—oo

Since

™
/ e do = 216y,
—T
one obtains that

1

Cn = — f(a)e ™ da .

T or o

Using these coefficients ¢, in (6.3) and exchanging integration and summation
one obtains
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The function

P(r,0) = L Z rnl gimd (6.5)

n=—oo

is called the Poisson kernel for Laplace’s equation in the unit disk.

6.2 Properties of the Poisson Kernel

We will now become more careful and consider issues of convergence. Does the
series (6.5) converge? We will prove that it converges for 0 < r < 1, but the
convergence for r = 1 is doubtful. For » = 1 the series (6.5) certainly does not
converge absolutely.

We now derive another formula for the Poisson kernel for 0 < r < 1. Set

0

w=re?, w=re®

for 0<r<1.

Using the geometric sum formula we have

oo oo
27 P(r,0) = Z w" + Z w"
n=0 n=1

1 w

l—w 1—-w
l—w+(1—-w)w

(1—-w)(1—w)
1 — |w?
T o —wp
1— 72

1—2rcosf + r2

In the last equation we have used that

1—w=1-—r(cosf+isinb) ,
thus

11 —w|?> = (1 —rcosh)? +r’sin?6 .
This proves that
P(r,0) = Lo for 0<r<1, ¢eR (6.6)
r0)=— or r . :
’ 21 1 — 2rcosf + r? - ’

We now derive some properties of the Poisson kernel, which will be used
later to get a better understanding of the Dirichlet problem (6.1).
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First note that
1—2rcosf+712 = (1—7)2+2r(1 —cosb)
> (1-7r)2>0

for 0 < r < 1. Thus, the denominator in (6.6) is positive for 0 <r < 1.
For later use we note the following: Let

<r<l and 0<o0<|f<m.

N |

Then

1—2rcos+ 72> 2r(1 —cosf) > c; >0

where

cs=1—cosd>0.

One obtains that

1 1—1r?
P(r,0) < — .
0< PO < 5t (67)
for 1 <r<1,0<6 <] <n. The estimate (6.7) implies that
P(r,0) -0 as r—1— if 0<|f<m. (6.8)
On the other hand, for § = 0 we have
1—r? 147
2nP(r,0) = =
mP(r,0) 1—r)2 1-7r"
thus
P(r,0) 00 as r—1— if 6=0. (6.9)

Recall formula (6.5) for the Poisson kernel P(r,#), which is valid for 0 <
r < 1,0 € R. Since

/ ™ 4o = 27 60

—T

one obtains that

/ Pr0)dd =1 for 0<r<1. (6.10)

—T

Summary: For 0 < r < 1,60 € R the Poisson kernel is given by the formulas
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o0

_ - In| in®
P(r0) = o nz_:oor e (6.11)
1—r?
= — A2
2 1 — 2rcosf + r? (6.12)
The following holds:
/ PrnO)do=1 for O0<r<l (6.13)
0< P(r,0) < oo for 0<r<1, 6eR (6.14)
P(r,0) -0 as r—1— if 0<|9<m (6.15)
P(r,0) o0 as r—1— if 0= (6.16)
A more refined form of (6.15) is
0<P(r9)<i1_7"2 for :<r<i 0<d<h < (6.17)
T2 ¢ 2~ ’ == ‘

where ¢s =1 — cosd > 0.

Remarks about Dirac’s Delta Function: Paul Dirac (1902-1984), an
English theoretical physicist, introduced the Delta function, §(z). He formally
used a function satisfying

5(:6):{ 0 for z#0

00 for =0

/_Za(x)dm:1.

He used the Delta function to make a calculation like

and

/ " f@)s(a) dz = £(0)

However, an ordinary function 6(x) with these properties does not exist. Lau-
rent Schwartz (1915-2002), a French mathematician, made the mathematics
precise by introducing distribution theory. In distribution theory, the d—distribution
is the assignment f — f(0) where f is a function in the Schwartz space.

6.3 Solution of the Dirichlet Problem

Recall the definitions of the open unit disk D and its boundary S. Let f : § - R
be a continuous function. We claim that function

oy { FFOGLO ST e
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solves the Dirichlet problem for Laplace’s equation in D with boundary data f.
Recall that the functions 7 € satisfy Laplace’s equation for n = 0,1,2. ..
Since the series in (6.11) converges absolutely for 0 < r < 1 one can show that
u(r, @) is a C°°— function in D satisfying Laplace’s equation in D. Trivially, the
function u(r, ¢) given in (6.18) satisfies the boundary condition.
The main difficulty is to prove that u(r, ¢) is continuous at every boundary
point (g, ¢0) = (1, ¢0). Let € > 0 be given. There exists ¢ > 0 so that

1£(¢) — f(po)| <e for |¢p— ¢o| <25 .

In the following, we assume that |¢ — ¢o| < § and % <r < 1. We have

u(r,¢) = ' P(r,¢ — a)f(a),da  (substitute ¢ — a = 0)

—T

— et

= [ Peoyo-6)a
T+¢
T+¢

— / P(r,0)f(6 — 0) d
—nté

= P(r,0)f(¢—6)do

—T

In the last equation we have used periodicity.
Using (6.13) we obtain

"LL(T, d)) - f(¢0)’

IN

/ " P 0)|f(6— 0) — F(g0)] dO

—T

)
< / P(r,0)[£(6 — 0) — F(0)] 0+ 21| / P(r,0) do

5 s<lbl<n

If | — ¢o| <0 and |6] < § then

6—0— ¢o| <26, thus |f(¢—6) — f(do)| <.
This yields that
lu(r, ) — £(d0)| s»s+2|fyoo/ P(r.0)do .
d<|0|1<m

Using the estimate (6.17) obtain that

1— 2
/ P(r,0)do < " wWhere cs=1—cosd>0.
o<|f|<m Cs

Therefore, there exists & > 0 so that

lu(r, ) — f(¢o)| <2 if |p—¢o| <6 and 1—-6<r<1.
This proves continuity of the function u(r, ¢) at the point (r, ¢g).
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6.4 Dirac’s Delta Function

Recall the formula for Poisson’s kernel:

1 1—r?
P(r,0) = — f 0<r<l1, |0|<m.
(r. ) 21 1 —2rcosf + r?2 or =7 01 <

We have

/ P(r,0)dd =1 for 0<r<l1

P(r,0) -0 as r—1— if 0<|f<m
P(r,0) o0 as r—1— if 0 =

This may suggest to write

P(1,0) = 60(0) for |0 <m
where

0 for  0<|0|<m
00 for 0=0
and

/7r So(6)do =1 .

—T

Recall: If f € C,; then the solution of Au=0in D is

u(r,qb):/ﬁP(r,H)f(Hqub)dH for 0<r<1.

—Tr

Also,

If we formally take the limit » — 1— in the equation for u(r, ¢) then we obtain

16) = u(l,e)
— [ Puoye+ o

—T

~ [ aor0+s)a.

—T

Thus, formally, the Dirac Delta function §y has the property

" 50(0)7(0 + 6)d0 = F(6) .

—T

Just taking ¢ = 0 one obtains
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™

do(0)f(0) df = £(0) -

-7
The trouble is: A function dy(#) with the above properties does not exist.
Dirac’s formal introduction of the delta—function lead to the mathematical the-
ory of distributions. The French mathematician Laurent Schwartz (1915-2002)
played a major role.
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7 The Heat Equation on the Line

7.1 The 1D Heat Kernel

The function

1
G(z,t) = 76_12/415, reR, t>0,

VAamt
is called the heat kernel in one space dimension.
We have
Gx(x> t) = G(l’, t)(—$/2t)
Gua(z,t) = Glat)(—1/2t) + Gla, t)(a?/4)
1 1
Gila,t) = —3 =3/ e e M L G, t) (22 /412

= (=1/2t)G(z,t) + G(x, t)(x?/4t?)
This shows that

Gt(l‘,t) = G:c:c(ﬂf,t) for z€eR, t>0.

Thus, G(z,t) satisfies the heat equation in the open upper half-plane.
It is easy to check that

G(z,t) >0 as t— 0+ for x#0
G(xz,t) > 00 as t— 0+ for  x=0

Integration of a Gaussian

Lemma 7.1

/ e dr = NZs

Proof: Set

Then we have
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This proves the lemma. ¢

Lemma 7.2 -
/ G(z,t)dr =1 for t>0.

Proof: We use the substitution ¢ = 2z/v/4t and the previous lemma:

/oo G( t)d 1 /OO —m2/4td
r,t)dr = e T
—oo VATt J oo

1 & 2
= \/@/ e 4 d

vVAart —0 e
=1

7.2 Solution of the Heat Equation

Consider the heat equation

ug(x,t) = ugz(z,t) for ze€R, t>0.

with initial condition

u(z,t) = f(x) for zeR.

We will assume that f : R — R is a given continuous, bounded function.
We claim that the function

= (IR0 20

solves the heat equation. Since G(x,t) is a C*°—functions for ¢ > 0 which
satisfies the heat equation for ¢ > 0 one can show that the function u(z,t)
defined above is a C>°—function for ¢t > 0 which satisfies the heat equation for
t > 0.
It remains to prove that u(x,t) is continuous at every point (z,t) = (zo,0).
We will use the following lemma.

Lemma 7.3 Let § > 0. Then

G(z,t)dr -0 as t—0+ .
|z[>8

Proof: Using the substitution ¢ = /v/4t we obtain for ¢ > 0:
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/ G(x,t)dx = 2/ G(z,t)dx
j2]>6 5

2 > 2
—x* /4t d
= e T
VAart /5

2 & 2
= \/47/ e 7 dqg
\VAart §/VA

The claim follows. ¢

Fix any o € R and let € > 0 be given. There exists § > 0 so that

|f(z) — f(z0)| <& for |z —x0| <20.
In the following we will assume that |z — x| < §. We have for ¢ > 0:
we) = [ G- v0sway
= / G(y - x)a t)f(y) d?/ (Substitute q=1vy— x)
= / G(q,t)f(¢+x)dq
—00

Using Lemma 7.2 we obtain that

u(z,t) — f(xo)]

IN

| G@nira+a) - 1ol da

IN

G(q,t)|f(q+z) — f(zo)|dg +2M G(q.t)dq
lq|<6 lg|<d

where M > 0 is a constant with

|f(x)] <M forall zeR.
Since |g| < & and |z — 20| < J yields that |g + 2 — 20| < 2§ we obtain that

[f(g+z) = flzo) <€

Therefore,
fu(z,t) = flxo)| Sc+2M | Gla,t)dq.
la|>6

Using Lemma 7.3 it follows that there exists 6 > 0 so that

u(x, t) — f(zo)| < 2¢
0.

for |t —xzo| < dand 0 < t <

< ¢§. This proves that u(z,t) is continuous at the
point (x,t) = (x0,0).
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7.3 Derivation of the Heat Kernel
Consider the heat equation
ug(,t) = uge(z,t), z€R, t>0.
Try to obtain solutions in separated variables,
u(z,t) = X(x)T(t) .
One obtains
X(x)T'(t) = X"(2)T(¢t) ,
thus

X"(x) _T'(t)

X(z) — T(t)
Since one expects T'(t) to decay as t — oo it is reasonable to choose a non—
positive separation constant, —\ = —k? < 0. One obtains

T(t) = T(0)e ¥ .

The equation

X"(z) +k*X(z) =0

has the solution

" keR.
The corresponding solution of the heat equation is

ug(z,t) = ethe o=t

If the initial condition

u(z,0) = f(z), zeR,

is given, one should try to write f(z) as a combination of the functions e?*,

This leads to the Fourier representation of f(x).

Fourier Transformation: Let f : R — C be a continuous functions of
moderate decrease, i.e,

If(x)| < 22 for zeR
for some constant A. The function
f(k) = L /OO e"*f(x)dx for keR (7.2)
V2T J o )
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is called the Fourier transform of f. One can prove that f (k) is continuous. If
f(k) is also of moderate decrease, the Fourier inversion formula holds:

f(z) = \/T/ e** f(k)dk for zeR. (7.3)

See [Stein, Sharkarchi: Fourier Analysis|.
Since the solution of the heat equation with initial condition

u(z,0) =e** zeR,

has the solution

Uk(l‘, t) — eikxe—kgt

it is plausible that the solution u(zx,t) with initial condition

u(z,0) = f(z e** f(k)dk for zeR,

=L

is

1 o
u(z,t) = N / e”“f(k)e*k% dk .

We now proceed formally and use the formula (7.2) for f(k). (We use the
variable y instead of x.) One obtains

u(z,t) = / / M=) =K (1)) dydk
= 5 [ e ars gy

where we have exchanged the order of integration.
We will now prove that

i * eikxekat dk = 1 712/425
2w

47t

This will be the derivation of the heat kernel via Fourier transformation.
Set

=G(z,t) for zeR, t>0.

—00

g(z) :/ et et ik for t>0.

Then we have

g(0) = / e F dk (substitute ¢ = kv/t)
1 & 2
= — e 9 dg
il
- T
-Vt
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and

Jd(x) = z/ e o ekt g

—00
_q o) .
= U etk (Cokt) e Rt dk
2t J_
— ;Z > eik‘xi e—k’Qt dk
2t J_ oo dk
_ i i /oo eikazefk% dk
2t oo
x
-~ Ty g9(z)
The ODE initial value problem
; x T
== 0)=,/=
g(@) = —5 9(), 9(0) e

has the unique solution

Therefore,

7.4 The Heat Equation with Extra Terms
Recall the heat kernel

1
G(x,t) = Tﬂ6_$2/4t’ reR, t>0,

and recall that the solution of the initial value problem

ug(x,t) = uge(z,t), u(z,0) = f(x),

is

ute.t) = [ T G-y 0 ) dy

Here we assume that f : R — R is a continuous, bounded function.

Example 1: Consider the IVP
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ut(x,t) = ugz(x,t) — bu(z,t), wu(z,0)= f(z), (7.4)

where b € R is a constant. Let

u(z,t) = v(x, t)e™™

where v(z,t) is a new unknown. Assuming that u; = ug, —bu it is easy to check
that vy = vgg.
Details: We have

Up = vte_bt — bue b = vte_bt —bu
and
—bt
Ugy = Vgg€ .
Therefore, u; = u,, — bu yields that
vte_bt —bu = vme_bt —bu ,

and v; = v, follows.
Since f(x) = u(x,0) = v(x,0) one obtains that

vat) = [ G-y i)y
thus

uet) =¥ [~ Gla—y.0)f)dy

It is easy to check that this formula gives a solution of the IVP (7.4).
Example 2: Consider the IVP

up(x,t) + aug(x,t) = uge(z,t), u(z,0) = f(x), (7.5)

where a € R is a constant. Assume that u(z,t) is a solution and set

v(z,t) = u(x + at,t) .

We have
vi(z,t) = w(z+at,t) + aug(x + at,t)
= Upg(x + at,t)
= Ugz(z,t)
thus

u(z + at,t) = v(z,t) = /OO Gz —y,t)f(y)dy .
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Setting = + at = £,z = £ — at, one obtains that

we.)= [~ Gle—at—y.0s)dy

It is easy to check that this formula gives a solution of the IVP (7.5).

Example 3: The IVP

up(x,t) + aug(x,t) + bu(x, t) = uze(z,t), u(z,0) = f(x),

has the solution

u(x,t) = et /_00 Gx—at—y,t)f(y)dy .
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8 First Order PDEs

Problem 1: Consider the IVP

ug(x,t) + aug(x,t) =0, wu(z,0) = f(x), (8.1)

where f(x) is a smooth function and a € R is a constant. The function

u(z,t) = f(x —at)
solves the IVP since u(z,0) = f(z) and

ur(z,t) = —af'(x —at) and uy(z,t) = f'(x —at) .
Let us show that there is no other solution:
Let zg € R be fixed and consider the line given by
(x(t)vt):(x0+at,t)7 t=>0.
Assume that u(z,t) solves (8.1) and set

h(t) = u(xog + at,t), t>0.
We have h(0) = u(zg,0) = f(zo) and

B (t) = aug(xo + at, t) +u(zo + at,t) =0,
thus h(t) = f(xo). This proves that u(xg + at,t) = f(xg). Setting

r=x9+at, x9g=x—at,

one obtains that

u(z,t) = f(x — at) .
The line

(x(t),t) = (xo + at,t), t>0,

is called the characteristic in the (x,t)—plane starting at the point (zp,0). The
solution wu(z,t) of the IVP carries the value f(z¢) on this line. The function
f(z) is carried with velocity a into the future. If @ > 0 the characteristics move
to the right with speed a; if a < 0 they move to the left.

Problem 2: Adding of a Forcing.
Consider the IVP

ur(z,t) + aug(z,t) = F(x,t), u(z,0)= f(z), (8.2)

where f(x) is a smooth function, a € R is a constant, and F'(x, t) is a continuous
function.

Assume that u(z,t) solves the IVP. As in Problem 1, we fix zp € R and
consider the characteristic line
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($(t),t):($o+at,t), t>0.
Set
h(t) = u(xg +at,t), t>0.
We have h(0) = f(z() and

R (t) = ug(zo + at, t) + aug(xo + at) = F(xg + at,t) ,
thus

t
u(zo + at) = h(t) = f(xo) —I—/ F(zo+as,s)ds .
0
Setting

r=x9+at, x9o=a—at,

one obtains that

u(:c,t):f(ac—at)+/tF(:c—at+as,s)ds.
0

It is easy to check that the formula gives a solution of the IVP (8.2).
Example 1: The IVP

ug +aug, =1, u(z,0) =sinz

has the solution
u(z,t) =sin(x —at) +t .

Problem 3: Addition of a Zero—Order Term
Consider the IVP

ug(x,t) + aug(x,t) = bu(z,t) + F(z,t), u(z,0)= f(x), (8.3)

where f(z) is a smooth function, @ and b are real constants, and F'(z,t) is a
continuous function.

Assume that u(z,t) is a solution. As in the previous examples, we fix zp € R
and consider u(z,t) along the characteristic (xg + at,t). Set

h(t) = u(xg +at), t>0.
We have h(0) = f(z() and

R'(t) = wui(zo+ at,t) + aug(xo + at,t)
bu(zo + at,t) + F(xo + at, t)
= Dh(t) +g(t)
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with

g(t) = F(xo + at,t) .
The IVP

h(t) = bh(t) + g(t),  h(0) = f(w0) ,

has the solution

t
() = Flao)e" + [ Mg(s)ds
0
This leads to the solution formula

t
u(z,t) = e’ f(x — at) + / )Pz — at + as, s) ds .
0

Problem 4: Variable Signal Speed
Consider the IVP

ug(x,t) + a(z, t)ug(z,t) =0, wu(z,0) = f(zx), (8.4)

where f(x) and a(z,t) are smooth functions. Fix zp € R and consider a line in
the (z,t)-plane parameterized by t¢:

(£@).t), t=0,
with £(0) = zo. Let u(z,t) solve the IVP (8.4) and set

h(t) = u((t),1) .
One obtains that h(0) = u(zp,0) = f(zp) and

W (t) = ue(€(t), t) + € (t)ua(§(), 1) -
This suggests how to choose £(t): Assume that

') =a(&(t).t), £0)=uo.
Then obtain that h'(t) = 0, thus

u(€(t),t) = h(t) = f(xo) .
The line

where

gl(t) = a(f(t)vt)v 5(0) = Zo ,

is the characteristic in the (x,t)-plane starting at the point (x,0). The solution
u(x,t) of the IVP (8.4) is constant along any characteristic.
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Example 2: Consider the IVP

u + xuy =0, wu(x,0) =sinzx .

The characteristic IVP is

One obtains that

£(t) = xpet .

Given x € R and ¢t > 0 determine xg € R so that

zoel =z .

Clearly, xo = ze~t. This yields that

u(z,t) = sin(e'z) .
Check: We have u(z,0) = sinz and
ug(z,t) = —etxcos(e'x), ug(x,t) =e cos(ex) .

It follows that
ur(z,t) + rug(x,t) =0 .

Problem 5: Shock Formation
Consider an IVP for the Inviscid Burgers’ Equation:

ur(x,t) + u(z, t)ug(z,t) =0, wu(z,0) =sinz . (8.5)
Assume that u(x,t) is a solution for t > 0. As above, fix zp € R and let

If one sets

then h(0) = sinzy and

R(t) = w(é(®),t) +& (Hua(§(t), 1)

Il
g
-
~—~
A
—~
~
\.H-
-
£
—
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—~
.
SN—
o~
S~—
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8
~—~~
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—~
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It follows that

h(t) = sinzg = u(§(t),t) .
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Therefore,

£(t) =xo+tsinzg .

Along any straight line

(xo + tsinxo, t)

the solution (if it exists) carries the value sin xg.
First, take xg = 7/2, thus sinzg = 1. Along the line

<E+t t)
2 b

the solution carries the value

u(m/2+t,t) =sin(n/2) =1 .

Second, take xg = , thus sinzg = 0. Along the line

(m,1)

the solution carries the value

u(m,t) =sin(m) =0 .

However, the lines

<g+t,t> and (m,t)

intersect at ¢ = w/2. This leads to a contradiction since u(z,t) carries the value
1 on the first line and the value 0 on the second line.

For the IVP (8.5) one can show that a smooth solution exists for 0 < ¢ < 1,
but at time ¢ = 1 a shock starts to form.

The inviscid Burgers’ equation is a simple model for shock formation. For
the viscous Burgers’ equation u; + uu, = vug, with v > 0 the viscosity term
Vugze smoothes the shocks. One can show that a smooth solution exists for
0<t<o0.

Derivation of a Solution for 0 < ¢ < 1: Consider the IVP (8.5). Fix
0 <t <1 and consider the function

¢(xg) = xo + tsinxg, =z eR.

The function increases strictly and

¢(xog) > 00 for zp— o0, ¢@(xg) > —00 for zy— —o0 .

Therefore, for every x € R there exists a unique xg € R with

x =1x9+tsinzg . (8.6)
Set
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u(z,t) = u(zo + tsinzg,t) = sinzy .
The function u(z,t) is defined for x € R and 0 < ¢t < 1. It satisfies u(zg,0) =
sin xq for all zg € R. Set
h(t) = u(xo +tsinzg,t) for 0<t<1.
Then h(t) = sinxg and

0 = Rh(t)
= w(xo + tsinxg,t) + sin xg uy(zg + tsinzg, t)

= w(zo + tsinzg,t) + u(xo + tsinxg, t) uy(zo + tsinxg, t)

This proves that u; + uu, = 0 for x € R,0 <t < 1.

Remark: One can use the implicit function theorem so show that the
solution xg = zo(z,t) of (8.6) depends smoothly on (z,t). Therefore, u(z,t) is
a smooth function defined for x € R,0 <t < 1.

It is not difficult to generalize the above example. Consider Burgers’ equa-
tion with initial condition

u(z,0) = f(x) for xzeR

where f € C'(R). Assume that for some 7" > 0 the following holds: For
0 <t < T and for all x € R the equation

xo+tf(v0) =

has a unique solution zy = zo(z,t). Then the function

u(z,t) = f(zo(,1))

defined for x € R and 0 < ¢ < T satisfies Burgers’ equation for 0 <t < T and
satisfies u(x,0) = f(z).
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9 The 1D Wave Equation

9.1 Derivation of the Equation

Imagine a homogeneous string placed along the z—axis in the interval 0 < z < L.
Assume it is set to vibrate vertically and the function u(z,t) describes the
vertical displacement as a function of position z and time ¢.

Let N € N denote a large integer; let h = L/N denote a step—size, and let
Tp =nh,n=01,...,N.

If p > 0 is the density of the string (assumed to be constant), then the mass
in the interval [z, — h/2,x, + h/2] is ph. By Newton’s law,

ph g (x,,t) = force .

The force is linked to the position of the neighbors,

Yn+1 = u(zpi1,t) and  yp—1 = u(zp_1,t),

and the tension of the string. In a simple model one assumes that the force
coming from the right is 7(yn+1 — yn)/h and the force coming from the left is
—T7(Yn — Yn—1)/h. Here 7 > 0 is the coefficient of tension of the string. (The
forces are assumed to be accurate to order O(h?).)

One obtains

T 1 /Ynt1—Yn  Yn — Yn—1
Jt) ~—- 7( — ) .
Ut (Tn; ) p h h h

As h — 0 one obtains the equation
U (2,1) = Cuge(,t) (9.1)

where ¢? = 7/p.
The equation uy = c*uy, is the 1D wave equation. With similar arguments
one can derive the 2D and 3D wave equations,

U = Uy + Uyy)  and  uy =  (Ugg + Uyy + Usz) -

9.2 d’Alembert’s Formula

The 1D wave equation can be written as

where

2 2
= (o o0s) (o~ a2) -

o2 a2\t o

Therefore, if the function u(z,t) has the form

u(z,t) = f(x —ct) + g(x + ct) (9.2)
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with smooth functions f and g, then u(z,t) solves the wave equation.
The term f(z — ct) describes the motion of the function f(z) to the right
at speed ¢ (assuming ¢ > 0) since the value f(x() is carried along the line

(z(t),t) = (xo + ct, t) .

The term g(z + ct) describes motion to the left.
Consider the Cauchy Problem for the 1D wave equation,

ug(x,t) = Auge(z,t) for zeR, t>0, (9.3)
u(z,0) = F(x) for zeR, .
ut(x,0) = G(z) for zeR, (9.5)

where F(x) and G(z) are given smooth functions.
Assuming the form (9.2) for u(z,t) one obtains the following equations for

f(z) and g(x):

f@)+g(x) = F(z)
—cf'(z) +cg'(z) = G(z)
The second equation holds if
—cf(z) +cg(x) = /0 G(s)ds =: H(z) .

In matrix form,
thus

One obtains that

Obtain the solution formula

u(z,t) = f(z—ct)+glx+ ct)
= % (Flz—ct)+ Fla+ct)) + % (H(@+ct) ~ H(z —ct))
= % (F(a: —ct)+ F(x + ct)) + % /:::t G(s)ds
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The equation

z+ct
u(z,t) = 1 (F(x —ct)+ F(z + ct)) +— / G(s)ds (9.6)
2 2c T—ct
is called d’Alembert’s formula for the solution of the wave equation.

It is one of the rare cases of an explicit and rather simple general solution
of a PDE.

One can use the formula to discuss the domain of dependence and the do-
main of influence for the 1D wave equation. The discussion shows that distur-
bances travel at speed ¢ in positive and negative direction.

For F-data (prescribing u at time zero), ¢ is the sharp speed of propagation.
For G—data (prescribing u; at time zero), c is the maximal speed of propagation.

9.3 The 1D Wave Equation in a Strip

See Haberman, Set. 4.4.
Consider the wave equation uy = c?ug, with initial and boundary condi-
tions:

ug(z,t) = ugg(z,t) for 0<z<m, t>0,
u(z,0) = F(z) for 0<z<m,

u(z,0) = G(z) for 0<z<m,
u(0,t) = wu(m0)=0 for t>0.

We proceed as for the heat equation in a strip. The ansatz

u(z,t) = ¢(x)h(t)

leads to

W) )
W)~ o)

where we expect A > 0. The eigenvalue problem

—¢"(x) = Ad(x), ¢(0) =¢(m) =0,

has the eigenvalues and eigenfunctions

Ay =02, ¢n(x) =sin(nz) for n=1,2,...

The corresponding equation for h(t) is

R'(t) + *n?h(t) = 0

with solutions

hn(t) = ap cos(nct) + by, sin(nct) .
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The functions

un(x,t) = sin(nx) hy(t)

solve the wave equation and satisfy the boundary conditions

un(0,t) = up(m,0) =0 for ¢>0.
Let

u(z,t) = Z an cos(nct) sin(nz) + Z by, sin(nct) sin(nz) . (9.7)

n=1 n=1
The coefficients a,, and b,, must be determined by the initial conditions.
The equation

u(x,0) = F(z) = Z ayp sin(nz)
n=1

requires that

2
ap = —
T

/ ’ sin(ny) F(y) dy .
0

The equation

ut(x,0) = G(z) = Z by, ne sin(nx)
n=1

requires that

21 (7.
b, =—— sin(ny)G(y) dy .
™ nec Jo
Next, we will use trigonometric identities to show that the solution u(x,t)
can be written in the form

u(z,t) = R(x —ct) + S(z +ct) .
The term R(x — ct) describes the motion of the profile R(z) to the right at
speed c. The term S(z + ct) describes the motion of the profile S(z) to the left

at speed c.
Recall that

cos(ae + ) = cosacosfS —sinasinf
cos(a — ) = cosacos 3+ sinasinf
thus
. . 1
sinasin 8 = 3 (cos(a — B) — cos(a + B)) .
For
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a=nx, [=nct

obtain
. ) 1
sin(nz) sin(nct) = 3 (cos(n(:c —ct)) — cos(n(z + ct))) .
Similarly,
sin(a + 8) = sinacosf + sin S cos
sin(ae — ) = sinacosf — sin 5 cos a
thus
. 1/, .
sinacos f = B (sm(a — fB) +sin(a + ﬁ)) .
For
a=nx, [=nct
obtain

sin(nx) cos(nct) = (sin(n(x —ct)) + sin(n(x + ct))) :

1
2
The function u(x,y) given by (9.7) is a sum of functions
up(x,t) = sin(nz) (an cos(nct) + by, sin(nct))

— azn (sin(n(:c —ct)) +sin(n(z + ct))> + %ﬂ (cos(n(:z —ct)) — cos(n(z + ct))

h % (a" sin(n(@ — ct)) + b cos(n(z — Ct))) + % (an sin(n(z + ct)) — by, cos(n(x + ct)))

Therefore,

u(z,t) = R(x — ct) + S(z + ct)
with

=
&
I
N | =
M8

(an sin(nx) + by, COS(M;))

i
I

N
B
[
N | =
hE

(an sin(nx) — by, Cos(nx))

i
L

Example: Consider the IBVP for the 1D wave equation in a strip:
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ug(z,t) = Augg(z,t) for 0<z<m, t>0,
u(z,0) = sin(z) for 0<zx<m,

ut(2,0) = sin(3z) for 0<ax<m,
u(0,t) = wu(m,0)=0 for ¢t>0.

We have

o0
sinx = F(x) = Z ap sin(nz)
n=1

for a1 =1 and a, = 0 for n > 2. Also,
(e ¢}
sin(3z) = G(z) = Z by, nesin(nz)
n=1

for b3 = 1/(3¢) and b, = 0 for n # 3.
The general process described above gives the solution

1
u(z,t) = sinx cos(ct) + 3 sin(3z) sin(3ct) .
c
If one wants to write the solution in the form

u(z,t) = R(x —ct) + S(z + ct)

then one uses that

sinx cos(ct) = % (sin(m —ct) + sin(z + ct))
and
sin(3x) sin(3ct) = %(cos(?)(x —ct)) — cos(3(x + ct))) .
Obtain
Rz —ct) = % sin(x — ct) + é cos(3(z — ct))
Sx+ct) = % sin(z + ct) — é cos(3(z + ct))
thus
R(z) = % sin(x) —l—é cos(3z)
1 . 1
S(z) = B sin(x) — 6o cos(3z)
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9.4 Terminology for Sinusoidal Waves

Let

u(z,t) = Asin (2%(% - ft))
= Asin (2%(37 — ct)) with ¢= \f

= Asin(k:a:—wt) with k=27/A and w=27f

A . amplitude
A wave length
f : frequency

c=MAf : wave speed
k=2m/XA : angular wave number
w=2rf : angular frequency
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10 The Wave Equation in a Disk

10.1 Separation of Variables in Polar Coordinates

Consider the 2D wave equation in polar coordinates,

1 1
Ut = C2 AU = 02 (UTT + ; Uy + 7'72 Ud)(z)) . (101)

We consider the equation in the unit disk, i.e., for 0 < r < 1 and ¢ € R where
¢ — u(r, ¢,t) is 2m—periodic. The boundary and initial conditions are

u(l,¢,t) = 0 for ¢pcR, t>0, (10.2)
u(r,9,0) = a(r,¢) for ¢eR, 0<r<1, (10.3)
u(r,9,0) = pB(r,g) for geR, 0<r<1. (10.4)
Here a(r, ¢) and B(r, ¢) are given smooth functions which are 2r—periodic in ¢.
The ansatz
u(r, ¢, t) = v(r, ¢)T'(t)
leads to
T//(t) C2AU(T7 ¢) 2
= = —Ww s w Z 0 5 105
0 ~ o(ro) (109
thus
T.,(t) = oy, cos(wt) + By sin(wt) for w >0 (10.6)
and
To(t) =ag+ Bt for w=0. (107)

For the function v(r, ¢) one obtains the equation

Av(r, ¢) + K*v(r,¢) = 0 (10.8)

with k£ = w/c > 0. Equation (10.8) is called a Helmholtz equation.
Equation (10.8) leads us to an eigenvalue problem since the solutions of
interest must be non—trivial. They must satisfy the boundary condition

v(l,¢) =0 for ¢p€R

and, of course, v(r,¢) must be 2r—periodic in ¢. In polar coordinates, the
Helmholtz equation reads

1 1
Vpp + . Uy + 2 Vg + Kv=0. (10.9)

Using the ansatz



one obtains

PV + V() | ®6) oo
V) +‘I>(¢)+ k*=0.

Since ®”(¢)/®(¢) must be constant and ®(¢) must be 2r—periodic, obtain that

d"(¢) + m*®(n) =0 where m e Ny={0,1,2,...}.
Therefore,
D, (P) = am, cos(me) + by, sin(me) for m=1,2,...
and
Po(¢) = ao -
For the function V(r) obtain the equation

V() + V() + (k2 = m?)V (1) = 0 (10.10)

and the boundary condition V(1) = 0.
For k = 0 obtain the Cauchy—Euler equation

r2V"(r) +rV'(r) = m*V(r) = 0. (10.11)
For m > 1 the general solution is
Vir)=ar™+br ™.

Since ™™ is singular at 7 = 0 and we want to have a solution u(r, ¢, t) which is
smooth at r = 0, the term br~™™ can be ignored. Then the boundary condition
V(1) = 0 yields that V' = 0. For m = 0 the general solution of (10.11) is

V(r)=a+blnr.

Again, the singular term blnr can be ignored and the boundary condition
V(1) = 0 yields that V' = 0.
Therefore, we will consider the equation (10.10) only for £ > 0 and m € Ny.

10.2 Introduction of Bessel Functions of the First Kind

To study the equation (10.10) with the boundary condition V(1) = 0 we intro-
duce the variable z = rk and let

V(r) = f(z) = f(rk)

where f(z) is a new unknown function. Obtain

V/(r) = kf'(rk) =kf'(z)
V”(T) _ sz//(rki) _ k2f//(z)
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The equation (10.10) becomes

2f(2) +2f'(2) + (22 =m?) f(z) = 0 (10.12)

and the boundary condition V(1) = 0 becomes f(k) = 0.
Equation (10.12) is called Bessel’s differential equation of index m.

Regular Solutions of Bessel’s Equation: To study the solutions of
(10.12) for z ~ 0 let us first neglect the term 22f(z) and consider the Cauchy—
Euler equation

29" (2) 4+ 2/ (2) = mPy(2) =0 .

For m > 1 the general solution is

y(z) =az™ +bz"™

and for m = 0 the general solution is

y(z) =a+blogz .

The functions 2z~ and log z are singular at z = 0 whereas 2™ and 20 = 1 are
well-behaved. To obtain a solution of (10.12) which is regular at z = 0 use the
ansatz

flz)=2" i": an 2"
n=0

and derive the power series coeflicients a,,. We have

flz) = 2™ Z anz"
n=0
o0 oo
fl(z) = mzm™1 Zanz" + 2™ Znanz" !
n=0 n=0
oo oo o
f"(z) = m(m—1)zm"2 Z an?" 4 2mzm! Z nanz" "t + 2" Z n(n —1)a,z" 2
n=0 n=0 n=0

2f'(z) = 2™ i%z”(m%—n)
n=0
2f(z) = 2 Z anz" <m(m —1)4+2mn+n(n — 1))
n=0

Therefore,
Lf(z) = 22f"(2) + 2f(2) + (2> — m?) f(2) = 2™ Z anz" Ay, + 2™ Z an 2"
n=0 n=0
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with

2

Ap=m(m—-1)+2mn+nn—1)+m+n—m*=n(n+2m) .

This yields that

Lf(z) = 2™ ( io: anApz" + i an_gz")
n=2

n=0

= M (ang +a1di1z + Z(anAn + an_g)z">
n=2

One obtains that Lf(z) =0 if and only if

avo = 0
a1A1 =0
and, = —an,—o for n>2

Since Ag = 0 the coefficient ag is free. By convention,

_ 1

~omp!

Since Ay # 0 obtain that a; = 0 and then a,, = 0 for all odd n. This yields that

ag

00
. 1

flz) = szangQJ where ag = ol

7=0

and
agj_Q . . . L.
agj = ——21=2  with  Ag; = 2j(2j + 2m) = 45(j +m) .
2j

By induction, it follows that

(1) 1
g+ m)! 2m+2

agj = (10.13)

Induction Argument: Formula (10.13) holds for j = 0. Suppose it holds
for j — 1:

(-1p! 1
J—DI(G—14+m)l 2m+2%-2"

agj—2 = (

Then

_ (=) 1
agj = —agj—2/Ag; = WGy 2

We have derived the formula
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0= (5)" X i (3)

§=0
for the Bessel function of the first kind on index m.
Since j! grows much faster then |z|% for j — oo it is not difficult to prove
that the power series converges absolutely for all z € C. The function J,,,(z) is
entire.

For our application, it is important to understand the behavior of J,(x) for
0 <z < oo. For x ~ 0 we have

Ton() ~ (5"

m! \2
Consider Bessel’s differential equation for 0 < x < oc:

2

@)+ £ @+ (15 ) fw) =0,

If x is large it makes sense to neglect the term —m?/z? and to replace the term
1/x by a small € > 0. This leads to the approximate equation

" (x) + ey (x) +y(z) =0 .

The even simpler equation

y' (@) +y(@) =0

has the oscillatory solutions

y(x) =acosz +bsinz .

For small ¢ > 0, the term ey’(z) adds a damping. These somewhat vague
considerations suggest that the Bessel function J,,,(z) decays to zero as x — oo
and oscillates, where 27 is the approximate period. One can prove that J,,(x)
has a sequence of positive zeros ,,

O<Tmi <Tma < xTmz < ...

with z,,, — 00 as n — o0o. For large x the following approximation holds

(Haberman, formula (7.8.3))

10.3 Application to the Wave Equation
Recall the equation (10.10):

r2V"(r) + V' (r) + (k% = m*)V(r) = 0 (10.14)
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and the boundary condition V(1) = 0. The function V(r) = J,,,(kr) satisfies
the differential equation and the boundary condition 0 = v(1) = Jp,,(k) requires
that the parameter k is a zero of Jp,(x), thus

k= x,,, forsomene&N.

One obtains that the functions

an(r> = Jm(rxmn) , T > 0 )

satisfy the differential equation (10.14) and the boundary condition V,,,(1) =0
for m € Ng and n € N.
The functions

Vrnn,e(T, @) = Vipn (1) cos(m@)  and vy, s(7, @) = Vi () sin(me)

satisfy the differential equation (10.9),

1 1
VUpr + ;Ur—l— ﬁv¢¢+k2v =0 (10.15)

for k = xpp. Recall that k = w/c, thus w = Wi = Tmnc.
For simplicity, assume the the initial function 3(r, ¢) in the initial condition
(10.4) is zero, thus

Ut('f’, ¢7 O) =0.

Then the terms sin(x,,,ct) will not be present in the solution u(r, ¢,t) and one
obtains the following series representation of the solution of the wave equation
(10.1) with boundary condition (10.2):

u(r, ¢, t) = Z Z A Vi (1) cos(me) cos(xmnct)

m=0n=1

T Z Z BrnVinn (1) sin(me) cos(xmnct)

m=1n=1

Here

Vin (1) = I (r@mn) -

The coefficients A,,, and B,,, must be determined by the expansion of the
initial function u(r, ¢,0) = a(r, ¢):

a(r,d) = >N ApnVinn(r) cos(mé) + >N BuunVinn (r) sin(me) (10.16)

m=0n=1 m=1n=1
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10.4 Expansion in Terms of Bessel Functions

Lemma 10.1 Fiz m € Ny and let j,n € N. Set

Then

/01 rfi(F) fu(r) dr = 6, % (J,’n(acmj))2 . (10.17)

Proof: The functions f;(r) and f,(r) solve the differential equation (10.14)
with k = x,,,; and k = x,,,,, respectively. Therefore, for r > 0:

(rf) + (xh;r —m?/r)f; = 0 (10.18)
(rf)) + (x2,r —m?/r)fn = 0 (10.19)

Multiply (10.18) by f,, and multiply (10.19) by f;. Then integrate to obtain:

1 1
/ (rf1) fudr + / (227 — m2fr) fifudr = 0
0 0
1 1
/ (rf1) £ dr + / (@2r —m? /1) fifudr = O
0 0

By subtraction obtain:

/Ol(rfj/')/fn dr — /Ol(rfé)’fj dr + (5‘77271] B xgnn) /01 b —0.

Here

2 2
‘ij ~ Tmn 7é 0

if j # n. Using that f;(1) = f,(1) = 0 one obtains through integration by parts
that

1 1
/ (rf2) fdr = / (rfL) £ dr
0 0

It follows that

1
/’I“fjfndT:O for j#mn.
0

If n = j multiply (10.18) by rf]{ and integrate to obtain that
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1 1 1
/ rfi(rf;) dr+ x;‘;w / rzfjf]{ dr — m2/ fifjdr=0. (10.20)
0 0 0
Here

1
m2/ fifjdr=0.
0

(Use integration by parts if m # 0.) With y = rf] the first integral in (10.20)

1S

1
1
/yy’dr = 5 [ @
0 0
_ 1o
= v (1)
1 2
= ()
1 2
= 5553713‘( ;n(xmj))
Also,
1 1
/0r2fjfj’-dr—/0(—2rfjfj—r2f]'-fj)dr,
thus

1 1
/erjfj'»dr:—/ rijdr.
0 0

/ e = ()

follows and the lemma is proved. ¢

The equation

Consider two functions

Vinij(r) cos(mig) and  Viy,n(r) cos(maod)

which occur in the expansion of the initial value u(r, ¢,0) = «a(r, ¢) given above.
Consider the integral of the product of the two functions over the disk

We claim that the integral is zero unless m; = mg and j = n.
Recall that the element of area in polar coordinates is

rdrdg .
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The integral of the product is a product of integrals,

27 1
/ / Vinij (1) cos(mi@) Vip,n(r) cos(mae) rdrde
o Jo

2m 1
= /0 cos(mi¢) cos(mad) do - /0 Vi1 (1) Vingn (1) dr .
If m1 # ms then the integral of the product of the cosines is zero. If m; = ms
but j # n then integral of the product of the Bessel functions is zero by the
previous lemma.
The same orthogonality holds if cos(m¢) is replaced by sin(me¢). Therefore,
the expansion functions occurring in (10.16) are all orthogonal to each other.

One can show that any smooth function a(r,¢) can be written in the series
form (10.16).

10.5 The I'-Function

For s > 0 one defines
Clearly,

The functional equation:

[(s+1) = / tSetdt
0

It follows that

F'(n+1)=n! for n=0,1,2,...

For s = % one obtains, using the substitution

t2 =1, 2dr =t"12dt,

1 oo
r(=z) = / 71 2et dt
2 0

o0 2
= 2/ e T dr
0

- Vvx
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Let j € {0,1,2,...}. We have

1
;) = vr
1 1
rai+-=-) = =
1+3) 5 VT
1 31
re+-=-) = --=
(+2) 2 2ﬁ
1 5 3 1
r3+=) = 2.2.2
(+2) 2 2 2ﬁ
, 1, 1:3...(25+1)
F(]+1+§) 5741 VT
Here
Sy 2+ 1)
1-3-5...(2j+1) = 571
This yields
: Iy (25 +1)!
r(g+1+§)_722j+1j! VT

For m > 0,m € R we have

@ =(3)" 2 yr(ﬁﬁm (3)"

J=0

This series representation shows the following:

Lemma 10.2 For m = % we have

2
Jijo(w) = \/% sinz, x>0.

Proof: We have

12 (-1) T2
Jijp(x) = 5) ;wQ)

(
(

Tian =nm, n=012...
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10.6 Sturm’s Comparison Theorem

Theorem 10.1 Let g1,9s : (a,b) — denote two continuous functions with

g1(x) < go(x) for a<z<b.

Let y1,92 : (a,b) — R denote two C?—functions with

yl(z) +q(@)y(z) = 0 for a<x<b
vy (z) + go(2)yo(z) = 0 for a<ax<b

Assume that a < p < g < b and

y1(p) =v1(q) =0, w(x) >0 for p<z<gq,

i.e., p and q are two consecutive zeros of y1. Then there exists

p<z*<q with y(z*)=0.
Proof: Suppose that ya(z) > 0 for p < z < q. We have

Yiy2 + g1y1ye
Yoy1 + gayoyr = O

Therefore,

Yiya —yy = (91— g2)yy2 >0 for p<az<gq.
It follows that

q
/ (Y{y2 — yoy1)dz >0 .
p

Also,
e " / 7 ! !
/%wwrzym%—/mwm
p p
7 1 / 7 ! !
/yngdx = ?J2?J1|g/ Y1ys dx
p p
Therefore,
E " 1 /
/(ylyz—ygyl)d:v = yiyelp
p

= y1(0)y2(q) — y1(p)y2(p)

Here y1(¢q) <0 < y}(p) and y2(p) > 0,y2(¢) > 0. One obtains a contradictions.
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10.7 The Zeros of J,,(x)

Let m > 0. We show here how to use Sturm’s theorem to obtain information
about the zeros of Jp,(z).

Recall that J,,,(z) satisfies Bessel’s equation:

22J" (2) + 2T (z) + (22 — m?)Jpn(x) =0 .
Fix m and define the function wy,(z) by

() = 272w (z), =>0.
(This is the Liouville transform to obtain an equation for w,(z) without first
derivative term. In fact, p(z) = 1/z and P(z) = Inx and e~ P(®)/2 = z=1/2))

"

wy, () + (1— m’— 3

Lemma 10.3 The function wy,(z) satisfies the differential equation

= 4)wm(x) =0, >0
Proof: Assume

2 f 4+ af 4+ (2 —m?)f =0
and f = 2~1/2w Then we have

po= 12 — 11:_3/2
2
f//

w

x—l/Zw// . m_3/2w’ + §x—5/2w
This yields that

$3/2w” B xl/Qw’ + §$—1/2w +x1/2w’ B

5% 12y + (2% — m2)x_1/2w
230" + 1 e V2w 4 272 (2% — mPw

It follows that

2 _
w,,+<1_m 1/4w
o

a2 ):0'

Remark: For m = 1/2 the differential equation for w,, has constant coeffi-
cx™ Y2 sinz.

cients, w’l’/2 + wy /9 = 0. This is consistent with the above result for J; jp(x) =
Case 1: Let 0 <m < % We apply Sturm’s theorem with

m? —
g(z) =1, go(z)=1-—
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It is clear that go(x) > 1 for all z > 0. Let

y1(x) = sin(z — «)

and

ya(x) = wm () .

Here a > 0 is arbitrary. The function y;(x) has zeros

p=a<qg=a-+m.
By Sturm’s theorem, the function yo» = w,, has a zero between a and a + 7.
Since « is arbitrary, we obtain that the function J,,,(x) has a sequence of positive
zeros, denoted by xpn,n =1,2,.. .

O0<Tmi <Tmaz < Tmz < ...
(If m > 0 then x,,0 = 0 is also a zero of Jp,(z).)
For fixed m, the zeros of J,,(z) cannot accumulate at some finite value Z.

Otherwise, one would obtain that

Tm(T) = J5,(2) =0,

and J,,(z) = 0 would be implied.
Furthermore, we claim that, for 0 < m < %:

Tmnt+l — Tman < T .

In other words, any two consecutive zeros of .J,,(x) have a distance less than 7
for 0 <m < % This follows from Sturm’s theorem applied with

yi1(xz) =sin(z — zpp) -

We summarize:

Theorem 10.2 Let 0 < m < % The function Jp,(z) has infinitely many

positive zeros. These can be ordered as a sequence:

O0<Tmi <Tma < Tmz < ...

We have

Tmp —> 00 aAS N — 00

and

Tmptl — Tmp <7, n=12...
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Case 2: m > 3. The function wy, () satisfies

Wi () + g2(2)wi () = 0
with

For x > m we have

We know that

solves

1
1/
+——y1 =0

and y; has infinitely many positive zeros. It follows that, again, J,,(x) has a
sequence of positive zeros,

O0<Tmi <Tmz < xTmz < ...

We claim that

Tmn+l — Tmn > T .

This follows from

g2(x) <1

since the solutions y3(z) of

Y3 +y3 =0

have zeros with distance w. We consider

yg(ﬂj) = Sin(x - xm,n) .

Then, by Sturm’s theorem, y3 has a zero strictly between x,,, and z, 1,
which yields zp, ny1 — T > 7.

Theorem 10.3 Let m > % The function Jn,(x) has infinitely many positive
zeros. These can be ordered as a sequence:

O0<Tmi <Tma < xTmz < ...
We have

Topn —> OO GS M —» OO

86



and

Tmmntl — Tmpn > T, N=12 ...
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11 Poisson’s Equation in R3

Notations: Let

1 0 0
€1 = 0 , €9 1 s es3 0
0 1
denote the standard basis of R?. For
T 3
T = T = Z Tjej € R3
XT3 j=1

let

] = \/2F + a3 + 23

denote the Euclidean norm. For r > 0 let

B, ={zcR3 : |z| <7}

denote the ball of radius r centered at zero. Let

OB, = {z €R® : |z[=r}
denote the surface of the ball B,.

11.1 Physical Interpretation of Poisson’s Equation in R?

Let Q be a point charge at the point y € R3 and let ¢ be a point charge at
x € R3. By Coulomb’s law, the electro static force F' of Q on g is
1 T —y

F=k _— .
QU R fr =y

Here k is a constant that depends on the units used for charge, force, and
length.! Therefore, the electric field generated by the charge @ at the point y
is

r—y
E(z) = kQ .
(=) |z —yf?
The force field E(x) has the potential
kEQ
u(z) = .
) |z =yl

This means that
—Vu(x) = —gradu(z) = E(z), z#vy.

The following results about the function |z|~! are useful.

-1

't is common to write k = ﬁ, where g9 = 8.859- 10" 2Coul®? - N~ ' - m~2. The formula

for the force F' then holds in vacuum.
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Lemma 11.1 Let r = r(z) = |z| = (22 + 23 4+ 23)Y/2. Then we have, for all
x#0,

S
>
I
|

S

i

S
S

AN TN /N /N
T e R I e A B e T I i S

N—— — — ~—
I
|
B
w

>
/~
~—

I

=)

It is easy to show that |z| may be replaced by |z —y| with y fixed. For example,

r T —y

\Y - .
“lz -yl |z —y|?

This yields —V u(x) = E(x), as claimed above.

By the above lemma, the potential u(x) satisfies Laplace’s equation, Au(z) =
0, at every point = # y. At x = y, the potential u(z) has a singularity, marking
the point y where the charge @, which generates the field, is located.

It is not difficult to generalize to N point charges: Assume that there are N
point charges Q1,...,Qn located at y(l), .. ,y(N). They generate the electric
field

— @
r—y
=k Z QZ (z
with potential

_k2|x_

At each point z = y( the potential has a singularity, but in the set

RO\ {y, ...y}

the function u(z) satisfies Laplace’s equation, Au = 0.

It is plausible that Coulomb’s law can be extended from point charges to
continuously distributed charges. Let V C R? denote a bounded region and let
f : R3 — R denote a smooth function with f(y) = 0 for y € R3\ V. Assume
that f describes a smooth charge distribution in V. What is the electric field
E(x) generated by the charge distribution f?

Suppose that V; C V denotes a small volume about the point y(i). Let

y()|

Qi = / F@)dy ~ F(y@) vol(Vi)
Vi
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denote the charge in V;. Assume that

V=VuWhu...UVy

where the V; are disjoint.
For the electric field E(x) generated by the charge distribution f obtain:

E(xz) ~ kZQz x_y(A

|z =yt
, y®
~ ka \x—y(z| vol (V)

r—Yy
~ k/ d
Rsf(y)|$_y|3 y

An extension of Coulomb’s law for point charges says that the charge distribu-
tion f generates the elctric field

Ba) =k [ o)ty

u(x):k/R W4, (11.1)

s |z —yl

The function

satisfies

—Vu(z) = E(z), xeR3,

i.e., u(z) is a potential of the electric field E(z).
(The formula for E(z) cannot be deduced rigorously from Coulomb’s law
for point charges, but may be considered as a reasonable extension of the law.)
If u is defined by (11.1), we expect that Au = 0 in regions where f = 0. We
also expect a simple relation between Awu and f in regions where f is not zero.
We will show that, under suitable assumptions on the function f(y), we have
1

—Au=drkf = —

if u is defined by (11.1). To summarize, an interpretation of Poisson’s equation
-Au=f

is the following: The function f is a charge distribution, generating an electric
field, and (modulo a constant factor 4wk) the solution u of Poisson’s equation
—Awu = f is a potential of this field.
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11.2 Use of the Potential

Let E(x) denote an electric field with potential u(x), i.e.,

—Vu(z) = E(z) .

Let ¢ denote a point charge. The electric force on ¢ is
F(z) = qE(x) .

Let

I :z(s)eR? 0<s<L,

denote a smooth path in R3, parametrized by arclength s. The path goes from
Py = x(0) to P, = x(L). The unit tangent vector to I' at the point z(s) is

x'(s).
If ¢ moves from Py to P, along I' then the work done by the field F' is
L
W = q/ E(x(s)) - 2'(s)ds .
0
We have

thus

L
d
W= [ ualo)ds = qu(P) ~ qu(Fs)

0

This is the work done by the field F(z) = ¢FE(z).
The work done against the field is

—W = q(u(PL) - u(Py)) -

Thus

qu(P)
represents the potential energy of the point charge ¢ at the point P € R3.

11.3 Poisson’s Equation in R3

In this section we consider Poisson’s equation in R3,
3
—Au= f(z), zeR’,

where f : R3 — R is a given function. We will prove that the fundamental

solution
1

- 4r|x|

O(x)

can be used to obtain the only decaying solution u of Poisson’s equation.
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11.3.1 The Newtonian Potential

Let f € C.(R3). This means that f : R3 — R is a continuous function and
there exists R > 0 with f(z) = 0if |z| > R.
Define?

u(@) = (@ % f)(z) = / Sy)f(x—y)dy, zeR . (112)

R3

Note: The function ®(y) is not integrable over R? since it decays too slowly.
However, the above integral is finite since f has compact support. All integrals
in this section effectively extend over a finite region only. We call this region
U = Bjy; here M depends on x.

The function u = ® * f is called the Newtonian potential (or Coulomb’s
potential) of f.

We will show:

Theorem 11.1 If f € C2(R3) then u = ® x f € C*(R?) and
—Au(z) = f(z) forall zeR3.
Auxiliary results:

Theorem 11.2 (Gauss—Green theorem) Let U C R3 be a bounded open set
with C' boundary OU and unit outward normal

n = (n1,n2,n3), n;=n;(y), yeoU.
If ue CY(U) then
/ Djudx = / un; dS . (11.3)
U 12104
Replacing u with uv one obtains:

Theorem 11.3 (integration by parts) If u,v € CY(U) then

/U(Dju)vda::—/UuDjvd:E+/ uon; dS . (11.4)

oUu

Proof of Theorem 11.1:

1. By Taylor,
f(z+ hej) = f(2) + hD; f(z) + R;(z, h)
with
|R;(2,h)| < Ch* .
Therefore,

u(x + hej) —u(z) = h/R3 O(y)D;f(x —y)dy + (’)(hz) .

2The function (® * f)(z) given by equation (11.2) is called the convolution of ® and f.
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Divide by h and let h — 0. Obtain that D;u(x) exists and

Dyute) = [ @)D~ 9)dy .

To summarize, we have justified to differentiate equation (11.2) under the inte-
gral sign.
2. Let us write D,, = 0/0y;. Since D;f(x —y) = —Dy, f(x —y) we have

Dju(z) = - / B(y)Dy, f(z —y)dy -

We want to integrate by parts and move D, to ®(y). However ®(y) is not
smooth at y = 0. Therefore, we first remove a small ball B, about the origin.
Let U = Bjs where M is large, and let U, = By \ B.. We have

Dju(z) = - /B (y)Dy, f(z — y) dy

_ _/_/

As e — 0, the first integral goes to zero. (Note that |®(y)| < C|y|~*. Therefore,
the integral over B. is < Ce2.) In the second integral we can integrate by parts.
Note that the unit outward® normal on 9B, is

Y
= ——, = £ .
ny)=-2, vl

Obtain that

- / B(y)Dy, f(z—y)dy = /U D;0(y) f(a—y) dy— /6 B(y) f(z—y)(—y;/<) dS(y)

Be

As € — 0, the boundary term goes to zero since ®(y) = ﬁ for y € 0B and
area(0B.) = 4me®. As € — 0, we obtain

Dju(z) = - D;®(y) f(z —y)dy .

3. As above, we can differentiate again under the integral sign and put the
derivative on f,

D2u(x) = » D;®(y)D;f(z —y)dy

- _ /}Rd D;®(y)Dy, f(z —y) dy

_ _/_/

— _Il,E,j - 12757.7

3Here outward refers to the domain U..
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We obtain that |I1 . j| < e. In the second integral, we integrate by parts,
“hej= | Di®(y)f(x —y)dy — |, Di2W)f @ —y)(~us/2)dS () -

Since A®(y) = 0 in Ug, the first terms sum to zero if we sum over j = 1,2, 3.
It remains to discuss the boundary terms: We have

1 .
D;®(y) = — 1 g% for y € OB. .

Therefore, the above boundary term is
1 v;

BT(Eaj) = _E o 8751

flz —y)dS(y) .

Summation yields

> 1
ST = g |, #@-dse)
= —f(z—y)

where
Ye € 0B; .

As € — 0 we obtain that Au(z) = —f(x). ©

11.3.2 Uniqueness of a Decaying Solution

There are many harmonic functions on R”. For example,
2 2 T
v(x1,m2) = a+ bxry + cxa, v(xi,m2) =27 — 25, v(T1,T2) = €t cos(z2)

are solutions of Av = 0. Therefore, the solution

ua) = [ @@=y = [ da-wfed  (15)
of the equation —Awu = f is not unique. We will show, however, that (11.5) is
the only decaying solution.
We first prove a decay estimate for the function u defined in (11.5).

Lemma 11.2 Let f € C, be supported in Br. Then, if |z| > 2R, u = ® x f
satisfies the bound
[fllzr 1
u(@)] < =5 =

- 271 |z
where

Il = [ 17y

is the L' —norm of f.
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Proof: If |z| > 2R and |y| < R, then
1
o =yl 2 |z = [yl = 5 || -

Therefore,

It follows that

ju(z)| < /| eIl
y|<

< = LIy for Jal=2R.
27 |z
This proves the lemma. ¢
We next show an important property of harmonic functions, the mean—
value property.
Let w, denote the surface area of the unit ball in R™. For example, wg = 4.

Theorem 11.4 Let Q C R™ be an open set. Let u € C?*(Q) and let Au =0 in
Q. Let Br(x) C Q. Then we have

=3
u(zr) = ———— u(y) dS(y) . 11.6
@)= o [, M40 (116)
Proof: We may assume x = 0. For 0 < r < R define the function
1
= dS(y) .
o) = it [, 1) d50)

It is clear that lim, o ¢(r) = u(0) and ¢(R) is the right—hand side in (11.6).
We now show that ¢/(r) = 0 for 0 < » < R. This implies that ¢ is constant and
shows (11.6).

Changing variables, y = rz, in the right—hand side of (11.6), we have
1
o(r) = — / u(rz) dS(z) .
0B1

Wn

Therefore,
1
qS’r:/ Dju(rz)z; dS(z) .
(1= 5y S Do) 8502

Since n(z) = z for z € 9B; one obtains by Theorem 11.2 (the Gauss—Green
theorem):

/ v(2)z;dS(z) = ;v(z) dz .
0B, By 9%

Since 5
afszju(rz) = T(Djzu)(rz)
and Y_; D?u(rz) = 0, it follows that ¢/(r) = 0. o

We can now extend Theorem 11.1 by a uniqueness statement.
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Theorem 11.5 Let f € C2(R3). Then the Newtonian potential of f, u = ®x f,
satisfies —Au = f and |u(x)| — 0 as |z| — co. Furthermore, if v € C? is any
function with —Av = f and

v(x) =0 as |z|— o0, (11.7)
then v = u.

Proof: It remains to show the uniqueness statement, v = u. By definition,
(11.7) means that for any ¢ > 0 there is R > 0 with |v(x)| < ¢ if || > R. Set
w =v—u. Then Aw =0 and w(z) — 0 as |x| — co. Suppose that there exists
x € R3 with |w(z)| > 0. Choose 0 < ¢ < |w(x)|. By Theorem 11.4 (with n = 3)
we know that

1
- /a o, VAW (11.8)

However, if R is large enough, then |w(y)| < € for y € 0Bgr(z). For such R the
right—hand side of (11.8) is < ¢ in absolute value, a contradiction. ¢

w(x)

11.3.3 Remarks on the Relation —A® = §
We want to explain what it means that the function ®(z) = ;- ﬁ, rER3 z#
0, satisfies the equation

—Ad = §y

in the sense of distributions. Here dg denotes Dirac’s d—distribution with unit
mass at x = 0.
The distributional equation —A® = §y means that for every test function
v € C2° we have
(—A®D,v) = (o, v) , (11.9)

and, by definition of the distributions —A® and Jp, this means that
- [ pWa0wdy =) fral vecE.  (1110)
R3

To show (11.10), let v € C¢° and set f = —Awv. Then f € CF; let u =P * f,
as above. We know that —Au = f, and v = u by Theorem 11.5. Therefore,

o(0) = u(0)
- /R (0~ 4)f(y) dy

3
- [ ewiway
R3
= - [ 2@y
R3
Thus we have proved (11.10), i.e., we have proved that —A® = §y in the sense

of distributions.
If one has shown that
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—A®(y) = do(y)
then one can give the following intuitive argument showing that the function
u(z) Z/RS‘P(w—y)f(y) dy (11.11)
satisfies

~Au(z) = f(z) .

Apply the operator —A to (11.11) and assume that one can apply —A under
the integral sign. Obtain:

—Au(z) = o —A®(z —y)f(y)dy
= do(z —y) f(y) dy
R3
= f(=)

11.3.4 Remarks on Coulomb’s Law for Point Charges

Let Q1,...,Qn denote point charges at the points y, ...,y € R3. They
generate an electric field F(z) which has the potential

1 :
_ J
u(z) = P jz; r—oT

In the sense of distributions, we have

A(E ) = de o)

dr [a — yO)|
thus
—Au(z) = i Qi So(z —y\9)) .
=1

On the other hand, if p(y) is a smooth charge distribution, we have argued that
it generates an electric field with potential

1 p(y)
= d
’U,(.%') 47‘('8() As ’.T — y[ y

which satisfies

—Au(x) = pii) .

This suggests that we should assign to the point @); at the point y9) the charge
distribution function
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Qj do(z —yW) .

11.4 Application of the Potential u(x)

Let E(z) denote the electric field determined by a charge distribution f(x). Let
' denote a curve in R3 from point (M) to point z(2). Assume that the point
charge ¢ moves from (M) to (2 along I'. What is the work done by the field
E(z) during this motion? The force at ¢ at the point z € I' is E(x).

If ¢ is displaced by a vector D and a constant force F' acts on ¢ during this
displacement the work done by F' is

3
W=F -D=> FD;.
j=1

Assume that the curve I' is parameterized by

s) = (1) 22(),7() ), 0<s< L

The tangent vector to the curve I' at the point v(s) is 7/(s). The work done by
the force ¢ E(x) during the motion of ¢ along I is

L
quAﬂﬂQWMQM&

Assume that the function u(z) is a potential of E(x), i.e.,

~Vou(z) = E(r), zcR>.

Set
6(s) = u(x(s), 0<s<L
Then
¢'(s) = Vu(y(s))7(s)
= —E((s)) -7 (s)
Therefore,
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This is an application of the potential u(x).

Example: Assume the point charge Q = 1Coulomb is located at the origin
and the point charge ¢ = 1Coulomb moves from the distance lmeter to the
distance 2meter away from the origin. The work done by the electric field
generated by @ is

k
W ( QR kQ )
Imeter 2meter
1 kqQ
2 meter
B 1 1 Coul?
2 drwey meter
1 1012
= 35 5859 Newton meter
1 1012
= —. Joule
&t 8.859
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12 Auxiliary Results

12.1 Term—by—Term Differentiation of a Series
In Chapter 6 we considered the Poisson kernel

1 o ;
P(r,@):% Zr'"‘eme, 0<r<l1, ¢€eR.

n=—oo

As shown in Chapter 6, every term

U (r,0) = plnl gin?

satisfies the Laplace equation

Auy(r,0) =0 for r>0, ¢eR.
We want to show that P(r,#) satisfies the Laplace equation for

0<r<1, ¢€R.

To show this, we must justify that we can exchange differentiation and summa-
tion.

In general, one cannot exchange two limit process as the following example
shows:

Example: Consider the functions

filz) =27 for 0<z<l1, j=1,2,3,...
We have

limz/ =0 for 0<z<1,

Jj—o0
thus
lim lim 27 =0.
r—1— j—00

On the other hand,

lim 2/ =1 forall j=1,2,...

r—1—

thus
lim lim 2/ =1 .
j—ooor—1—

If the two limit process, x+ — 1— and j — o0, are exchanged in order, one
obtains two different results.

Notation: If f : [a,b] — C is a continuous function then

| floo = max |f(z)]

a<x<b

denotes the maximum norm of f.
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Theorem 12.1 For j =1,2,... let f; € C%[a,b] and assume

D lfile < o0 (12.1)
j=1
D e < o (12.2)
j=1

C:=) |ffle < o (12.3)
j=1

Then the function

z) = filx)
j=1

is differentiable for a < x <b and

’a;):ifj’(x) for a<x<b.

j=1

The theorem says that, under the given assumptions, the limit process of sum-
mation and differentiation can be exchanged in order,

Proof: The estimates (12.1) and (12.2) imply convergence of the series

):if](x) and g(x Zf]’ for 0<zx<1.
=1

In the following, let © and = + h denote two distinct points in the interval
[a,b]. We have

h
filx+h) = f(xj)—l—/ f]’-(:z:+s)d5
filz+s) = / "(z+71)d

Therefore,

fila+h) = fi(x) = hfl(x // o+ 7) drds .

The double integral can be estimated:
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h s
1 2
’/O /0 f;’(x+7)d7ds’g§h £/ ]oo -

Using (12.3) this yields that

00 00 0o 1
S hla+n) =3 i) - 1Y )] < S HC
J=1 j=1 j=1
Dividing by h we obtain that
1 h
& (G0 = 5@ - o) < B o

As h — 0 obtain that f’(z) exists and

fl@)=g@)=>_ fi(z) .
j=1

It is not difficult to generalize the result of Theorem 12.1 to sequences of
functions f; of two or more variables.
The following lemma will be used for application to the Poisson kernel.

Lemma 12.1 Let 0 < r9 < 1 and let m € N. Then the following series
converges:

o0 .
ijr(]) <00 .
=1

Proof: Set y; = jmrg and fix € > 0 with

ro<rgt+e<l1.
We have
Yirl _ (i> ro<rot+e<l1
Yj
for all large j since

4 am
(i) —1 as j—o00.
J

The estimate
Yj+1 < (ro+e)y; for j=>J

follows for some J € N. Therefore,

Yi+j <ys(ro+e) for j=0,1,2,...

Convergence of the given series follows since the geometric series
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> (ro+ey
=0

]:
converges. ©
The lemma can be use to show that the sequence

o0

Z rm ein@

n=1
converges absolutely for
0<r<rg<l1.

Also, if one differentiates term—by—term w.r.t. # and considers

(@)
§ : inrnezne
n=1

the maximum norm over

0<r<mnr

converges if 0 < ry < 1 is fixed. This hold for all derivatives taken term—by—
term.
It follows that the Poisson kernel
1 (o]
_ = [n| ind
P(?“,G)—27T Zr e, 0<r<l1, ¢eR,

n=—oo

is a C°—function and all derivatives can be obtained using term—by—term dif-
ferentiation. Since the functions
n ind n  —inf

r’e and 7r"e

are harmonic, it follows that
AP(r,0)=0 for 0<r<1, HeR.

12.2 Some Integrals
Let

lz| = /23 +... + 22

denote the Euclidean norm of the vector x € R™. Let A € R denote a parameter
and let ro > 0.
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Lemma 12.2 In the following integrals, the function x — 1/|z|* is a function

on R3\ {0}.
a) The integral
dx
I0) = / A
|z|<ro ’.’L’P‘
is finite if and only if A < 3.
b) The integral

dx
JO\) = / Az
|z|>r0o |.’L">‘
is finite if and only if A > 3.
Proof: The surface area of a ball of radius r is 47r?. Therefore,

70
I(\) = 47r/ A dr
0

For A # 3 obtain that

4 o
I(\) = A
() 3—A " 0
If A < 3 obtain the finite value
Am - 5oa
I(\) = 330

For A > 3 obtain that I(\) = oo since

P S 00 as r—0+ .

For A\ = 3 obtain

since

Inr +—-co0 as r—0+ .
b) The proof for J(A) is similar. ¢
Remarks: a) If A > 3 then I(\) = oo since the singularity of the function

—, zeR\{0},
o TR0
at £ = 0 is too strong. If 0 < A < 3 then one says that the singularity of the
function 1/|z|* at x = 0 is integable.
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b) If A < 3 then J(\) = oo since the function 1/|z|* decays too slowly as
It is easy to generalize the results of the lemma to integrals of 1/|z|* in R™.
The value A = 3 becomes A = n.

12.3 The Green—Gauss Theorem and Integration by Parts

First recall the fundamental theorem of calculus and integration by parts.
For f € C'[a,b] we have

b
/ f'(w)dy = f1L = £(b) — f(a) -

If f,g € C'la,b] then

b
/ (fo) () dy = (Fa)l’ = FB)g(d) — F(a)gla) |

thus

b b
/ fd'dy = (f9)la —/ flgdy .
a a
(Integration by parts)

The Green—Gauss Theorem: Let D C R¥ be an open, bounded set with
smooth boundary dD. Let n(y) € Rk_ denote the unit outward normal at the
boundary point y € dD. For f € C'(D) we have

[ Ditwdy= | f@nsw)dse), j=12.. k.
D oD

Here

and n;(y) is the j-th component of n(y).
The Green—Gauss Theorem is a generalization of the fundamental theorem
of calculus.

In the following simple example, the result of the Green—Gauss theorem is
deduced from the fundamental theorem of calculus.
Let D C R? denote the rectangle

D=(0,L)x(0,H) .
For the first component of the unit outward normal we have
for Yy = (yla 0)
for — y=(y1,H)

for y = (L,y2)
for  y=(0,y2)

ni(y) =

_— -0 O
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If f € C1(D) then

/Dle(y)dy = /OH/OLDJ(yhyz)dyldyQ
H

= [ (f@a) = 70.)) die
0

= f(y)ni(y) dS(y)
oD

12.4 Binomial Coefficients and Leibniz Rule
Let j,n € Ng with 0 < 7 < n. The binomial coefficients are defined by
<n) n! nn—1)---(n+1-—7j)

J jl(n —j)! J!

A set of n elements has

<7;>, n choose j ,

subsets of j elements.
It is easy to check that

o)+ (3)=07)

Therefore, the binomial coefficients appear in Pascal’s triangle.

Proof:
( it ) i ( j ) B <j—1>!(Z!+1—j>! +j!<nnij>!

nlj +nl(n+1-—j)
gl (n+1—j)!

- (")

Leibniz Rule: Let f,g € C"[a,b]. Let D = d/dz. Then

n

(=Y (1) o).

J=0

Proof by induction in n. Using the induction assumption, we have
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D" (fg) = Z( : )(Dﬂ“f)(D” 9+

CR(,, oo z( ) o
= ey (L2 ) @oe

+H(D"Hg) +§:j (") @)
- :ﬁ:j:(”jl)(w)w"“ ig)

This completes the induction argument.
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13 The Heat Equation and the Wave Equation in a

Rectangle
Let D C R? denote the rectangle

D=(0,L) x (0,H)
and let D denote its boundary.

13.1 The Heat Equation in a Rectangle
Consider the IBVP

U = Upe +uyy for (x,y)eD, t>0,
u(xz,y,t) = 0 for (x,y)€dD, t>0,
u(z,y,0) = a(z,y) for (z,y)€D.

The ansatz in separated variables

u(aja Y, t) = ¢<$, y)h(t)

leads to

W) _ Aoey)
ht) o) |

One obtains the eigenvalue problem

—Ad(z,y) = Ap(z,y) In D, é(z,y)=0 for (z,y) €D
and the equation
B (t) = —Ah(t) .

To solve the eigenvalue problem, let

o(z,y) = f(x)g(y)

and obtain
—f"(@)g(y) — f(x)g"(y) = M (2)g(y) ,
thus
—["@) 9"y _
flx)  g(y) '
Also,

(13.1)



The eigenvalue problem

—f"(@) = pf(x), f(0)=f(L)=0

has the eigenvalues and eigenfunctions

nm\ 2 .
Loy, = (T) ,  fulz) =sin(nmrz/L) for n=12,...

Similarly, the eigenvalue problem

—9"(y) = rg(y), 9(0)=g(H) =0

has the eigenvalues and eigenfunctions

2
Fm = (%) , gm(y) =sin(mnry/H) for m=1,2,...

The eigenvalue problem (13.1) has the eigenvalues

s (5 ()
nm = MUn T Km = I H

and eigenfunctions

Gnm(x,y) = sin(nmx /L) sin(mny/H
for (n,m) € N x N.

If one can write the initial function

u(z,y,0) = a(z,y)

as a series

oz(:v,y) = Z Z Oénmd)nm(x?y)

n=1m=1

then one obtains the solution

oo oo

n=1m=1

Note that

/D Gnymy (iU, y)¢n2m2 (x7 y) dxdy =0

unless ny = ny and my = my. Also,

LH
/ G2 (2, y) dedy = —— .
5 1

I 1ere O]e7
nm LH D ¢nm 17 y « $7 y Ci$dy *
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Example 1: Let D = (07) x (0,7) and consider the IBVP

U = Upg + Uy for (z,y)eD, t>0,
u(z,y) = 0 for (x,y)€dD,
u(z,y,0) = sinxsin(2y) for (z,y) €D .

We have L = H = 7 and

a(z,y) = u(x,y,0) = sinzsin(2y) .
Since L = H = 7 obtain that

brm(z,y) = sin(nz)sin(my) and  Apm =n? +m? .

Therefore,

a(m,y) = ¢12(x,3/), A2 =5.
The solution of the IBVP is

u(z,y,t) =sinz sin(2y) e .

13.2 The Wave Equation in a Rectangle

See Haberman, Sect. 7.3.
Consider the IBVP

uy = (Upy + Uyy) for (z,y)eD, t>0,
u(z,y) 0 for (x,y)€dD,
u(zx,y,0) a(z,y) for (x,y) €D,
u(z,y,0) = px,y) for (z,y)€D.

The ansatz in separated variables

U(fL‘, Y, t) = ¢($a y)h(t)

leads to the eigenvalue problem

—Ad(z,y) = Ap(z,y) i D, Pz,y)=0 for (z,y)€dD  (13.2)

and the equation

R'(t) + AXh(t) =0 . (13.3)

The eigenvalue problem is the same as for the heat equation. One obtains the
eigenfunctions
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Gnm(x,y) = sin(nmx/L) sin(mmy/H)

and the corresponding eigenvalues

o= () + ()
nm — L H .
With A = A\, = k2, the equation (13.3) has the general solution

P, (t) = @ co8(kpmct) + b sin(kpmet) .

The functions

Unm(xv Y, t) = anm(xa y)hnm(t)

solve the wave equation and satisfy the boundary condition

Unm(,y,t) =0 for (x,y)=0D .
Let

w(@, Y, t) =) bum (@, ) ham(t) -

n=1m=1
Then the initial condition for u requires that

oo o0

a(x,y) = u(x,y,O) = Z Z ¢nm(xay> Anm

n=1m=1

and the initial condition for w; requires that

5(937y) = Ut(ﬂﬁ,yvo) = Z Z ¢nm(xay) bnmknmc .

n=1m=1

These series expansions of the initial functions a(z,y) and S(x, y) determine
the coefficients a,, and by,,.

Example 2: Consider the wave equation

uy = AAu

in the square D = (0,7) x (0,7) with boundary condition

u(z,y,t) =0 for (x,y) € dD

and initial conditions

u(z,y,0=0 for (x,y)€ D

and

ut(x,y,0 = sin(2x) sin(3y) for (x,y) € D .
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We have

o23(x,y) = sin(2x) sin(3y) = ue(z,y,0)

and
Mo =22 +32 =13, ko3 =13
One obtains

1
V13 c

bog kog c =1, bz =
and

bym =0 for (n,m)#(2,3).
The solution of the IBVP is

1
u(et) = e

It is easy to check that the boundary and initial conditions are satisfied. Also,

sin(2z) sin(3y) sin(v'13 ¢t) .

Uy = —13c2u,
Au = —(4+9)u=—13u

thus uy = 2 Au.
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14 Poisson’s Equation in R?

Let f : R?> — R denote a C?function with compact support, i.e., there exists
R > 0 so that f(y) =0 for |y| > R. Here

y=(y1,) €R?, |yP=yi+y3.
Let

O(y) =Myl for yeR? y#0.

Theorem 14.1 The function

satisfies
Au(z) =2nf(z) for zeR?.

Proof: We have for j =1,2:

0 Y;
——®(y) = 52
y; v+ 3
and
> & » 1 2y
9 d(y) = _
dy? yi +us  (y7 +u3)?
thus

Ad(y) =0 for yeR? y+#0.

Fix x € R and choose R > 0 so large that

fle—y)=0 for [y[=R.
Set

Br={yecR? : |y/<R} and B.={ycR?®: |y <e}.
With

ngaBgz{yER2 Dyl =€}

we denote the boundary curve of B.. Clearly, I'. is the circle of radius € centered
at y = 0.
The singularities of the functions

Yj

)
Q(y) =Inly] and ——@(y)= 5"
| v+ 3

y;
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at y = 0 are integrable. Therefore,

0 0
s = [ o) 5 sy

Differentiating again,

0? 0 0
— = — —0 — —y)d
) [, (Gor2) - fe =)y
_ /;"/BR\B;”
=: Inty + Ints
We have
0 1
Z$ < =
‘324]‘ (y)‘ ~ yl
and
€ 21
/ dy:/ / 17"d7‘d¢:27r6.
. |yl oJo T
Therefore,
|Int1] = 0(6) .
Also,

Inty — /B . (;:2@(;/)) flz —y) dy—/F (aayjfb(y)) flz —y)n;i(y) dS(y)

=: Int3;+ Inty;

Here

1) = (m()ma) = - for yeT.

is the unit outward normal on I';. (OQutward refers to the domain Bp \ B:.)
Since A®(y) = 0 for y # 0 one obtains that

2
ZIntg,j =0.
7=1

Also, since
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we have

and

It follows that

2
1 1
ZIntM == / flz—y)dy = —2mef(x —ye)
= € €
for some y. € I'.. Therefore,

Au(z) = O(e) + 2 f(x — ye) .

For ¢ — 0 one obtains that

Au(z) =27 f(x) .

o
Theorem 14.1 yields: If f € CZ(R?) then the function
1
u(@) = o | In(ly)f(z —y)dy
™ JR2
satisfies

Au(z) = f(z) for z€R?.
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15 Green’s Functions for BVPs

15.1 An Ordinary BVP
Consider the BVP

—u(x) = f(z), w(0)=u(1)=0

where f € C[0,1] is a given function. It is easy to prove that there exists a
unique solution.
We construct a solution as follows: Let

We have

#(a) = /0 " f)dy .

thus

—a"(x) = f(x) .
To obtain a solution of the BVP let

u(z) =u(z) + cx .

We determine the constant ¢ so that u(1) = 0. This yields

1
e==il) = [ 1=prwdy.
Obtain

T 1
u(z) = /0 (v— ) f(y) dy + /0 (1~ y)f(y) dy
1

= [w-rte-ms@iy+ [ w0-piwa
O X
T 1

- /y(l—x)f(y)dy—l-/ z(1—y)f(y)dy
0 T

The Green’s function for the BVP is

[yl —2x) for 0<y<z<l1
G(x’y)_{m(l—y) for 0<z<y<l1

The solution of the BVP is

1
u(x):/o G(z,y)f(y)dy for 0<z<1.

By our construction, it is clear that u(z) solves the BVP.
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But we want to check this formally in a different way. Since

G(0,y) =G(l,y)=0 for 0<y<1
it follows that u(0) = u(1) = 0. Also,

B o Yy for 0§y<ﬂ§§1
Gx(ZE,y)_{y—l for 0<z<y<l

Therefore,

1
—u/(x) = /O—Gm(%y)f(y)dy
= 1
- /yf(y)dy+/(y—1)f(y)dy
0 T

Differentiation yields that

—u'(z) = 2f(z) — (x = 1) f(z) = f(z) .

A more formal argument: We have

/0 for T #Ey
~Caa(2,y) = { oo for oz =
and
1
0
Therefore,
*sz(l’,y) = (S(I‘ - y)
and

1
ulz) = /0 G(x.y)f () dy

yields that
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15.2 The Dirichlet Problem for Poisson’s Equation in the Half-
Space R?

Let
U=R3 ={zeR® : 23>0} .
The boundary of the half-space U is the plane
oU = {zx € R® : 23 =0}
and the unit outward normal on OU is the vector

n(y) = (0,0,-1), yeaU .
Consider the Dirichlet Problem

—Au(z) = f(z) for zeU, wu(z)=g(x) for xe€dU. (15.1)

We assume that f(z) and g(z) are given smooth functions with compact sup-
port.
Recall that

1
O(r) = —— eR3 0
(z) Infa]’ T , T#0,

is the fundamental solution of Poisson’s equation —Au(x) = f(z) in R3.
For x = (z1,x2,23) € U let & = (21, x2, —x3). Consider the Green’s function

G(r,y) =P(z —y) —®(T —y)

defined for x € U,y € U,y # =.
We claim that the solution of the Dirichlet problem (15.1) is given by

/ G(z,y)f(y)dy + K(fv,y)g(y) dS(y)

where

0 0

We have u(z) = ui(z) + ug(x) with

K(xay):_

/G’azy y)dy for zcU
and

u Jou K(2,9)9(y) dS(y) for zelU
2z g9(z) for x €U
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Lemma 15.1 Define
/ Gz, y)f(y)dy for €U .
Then
—Auy(z) = f(z) for ze€U, wu(zx)=0 for x€dU.
Proof: We have

AP(z—y)=0 for z#vy.
Therefore, if x € U then

AP(T—y)=0 foral yeU.
It follows that

A/ y)dy=0 for ze€U.
Therefore,
—Aug(z :—A/ x—y)fly)dy for ze€U.
The proof that

—Aui(z) = f(x) for ze€U

follows in the same way as in the case of the equation —Au(x) = f(z) in R3.
In a formal sense,

—A®(z) =6(z), —AP(x—y)=6dz—-y).
This argument yields that

Ay (z) = /U —A®(z — y)f(y) dy
= /5(w—y)f(y)dy
U
— f)

Next, let us show that ui(x) =0 for x € OU. If x € QU then T = z and the
two functions

O(x—y) and P(z—vy)

are identical as functions of y € QU, y # x. Therefore,
G(x,y)=0 for z,yedU, x#uy.
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At y = z the two functions ®(z,y) and ®(Z,y) are not defined. But the
singularities are integrable. It follows that

ui(x) =0 for ze€du.

o

Lemma 15.2 We have

0 G(z,y) 3 for zeU, yeodU.

K(m,y):a—%

" 27|z —yf?

Proof: For x € U,y € 9U it holds that

3

S <j£:($j-—3U)2)_l/2

|z —y =
0 1 T3y
Oys3 v —y| z =y’
01 . I3— Y3
dys |2 -yl | —yf?
Since |r — y| = |Z — y| one obtains that
K(ay) = - ( (&5~ w5)) = 52
x,y) = ———= (23 —ys — (T3 — =— .
Y Az — y|? 37 Y3 37 Y3 ol — yP
o
Note: For x € U,y € 0U we have
1 I3
K(.%',y) = 3/2

2 ((901 —y1)? + (w2 —y2)? + x§>

Therefore, if (y1,y2) # (21, x2), then

K(z,y) >0 as x3—0.

Ifx € Uy e dU and

(y1,92) = (21, x2)
then

I xz3

K(%y)szg

= 5 200 as z3—0.
T Ty 2mrs

Lemma 15.3 We have

K(z,y)dy=1 forall z€U.
RQ
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Proof: Fix x € U and consider the integral

~3/2
= [ (- 4 wa - +a3) g
R2

Introducing polar coordinates in the plane OU, centered at (z1,z2), we have

27 o8]
I = / / (r? + 22) 732 drdg
0 0
= 2m / (r? + 22)732rdr  ( substitute r = x3p)
0

o
= 2mad [ ad) pdp
0

_ N ( substitute p* +1 = v, 2pdp = dv)
= substitute =, =dv
x3 Jo (p?+1)3/2 P P pap

27
xs3

It follows that

x3
K dy=3T1=1.
- (z,y)dy 5
O

Lemma 15.4 Let g : OU — R denote a continuous, bounded function. Set

uz(z) = [ K(z,y)g(y) dS(y)
oUu

forx e U. Then

Aug(x) =0 forall z€U .
Also, the function given by

us(z) = { Jou K(2,9)9(y) dS(y)  for rclU
’ 9(x) for x e U

for x € U is continuous

Proof: Let z € U and let € = x3/2. We have

(A®)(z —y) =0 if |y3| <e

and
(AB)E—y) =0 i |ys| <=
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Therefore,
x3

AG(z,y) =0 for z€U, |ys|< 5

It follows that

0
— A;G(z,y) =0 for z€U and ye€dU
dy3
and
AyK(z,y)=0 for ze€U and yedU.
Therefore,

Aug(x) = Ay | K(z,y)g(y)dS(y) =0.
oUu

To show continuity of the function uy(z) at the points x € OU we fix a point

2% = (29, 29,0) € OU .

We have for x € U:

up(z) — g(2%) = | K(z,y)(g(y) — g(z°)) dS(y) .
oU

Let € > 0 be given. There exists § > 0 with

lg(y) —g(2")| <e if |y—2° <5, yeoU.
Set

Ms={ycoU : |y—a" <6}.
In the following, let € U and let

N

z — 2% <

We have

lus(z) — g(a®)] < /8 K@pla) - sl ds(y)

_ / +/
Mg OU\ Mg

=: Int1 + Ints

Clearly, Int; < e since |g(y) — g(2°)| < & for y € M.
To estimate Inte note that y € OU \ My implies that
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ly—z| = |ly—2a"+2° —2xf
> |y —a% —[2° — 2|
1 0
> oy —
> 2Iy x|

In the last estimate we have used that |y — x| > 6 and |z — 20| < g.
One obtains:

T3 1 I3 8
K == z2 )
) = on o=y = 2r [a0— g
Therefore,
8
Ints < 2|g]so 2i773 Ints

with

Int / L isw)

nty = _— y) .
AU\ M \fUO - Z/\?’

Let

Us={yeR® : |y >4} .

We have, using polar coordinates,

d
Int3 = / 7?43
Us |y’

2 o 1
= / / —rdrde
0 s T
o0

27r/ d—g
Fy T
21

1)

It follows that

C
Inty < %

where C' is a constant independent of x. There exists 6 > 0 so that

%SE for O<a:3§5.

Therefore,

lug(z) — g(2°)] <2 if z€U and |z—2° < and 0<x3<90.

| s
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16 The Wave Equation in Spherical Coordinates
16.1 The Lapacian in Spherical Coordinates
x = rsinfcos¢

= rsinfsin¢

= rcosf

r = \/m

¢ = arctan(y/x)
6 = arccos <;>
Va2 4 y? + 22

The angle ¢ is the azimuthal angel; € is the polar angle.
The Laplacian:

1
AU(T7 95 ¢) = ﬁ (T2UT)T + =

e (sin® vg)g +

r2sin26 Voo

16.2 The Wave Equation in a Ball

We consider the wave equation

Ut = C2AU
in a ball of radius a. We require the boundary condition
u(a,8,6,t) =0 .
Let
U(T, 0, o, t) = ’U(?", 0, ¢)h(t) :
One obtains

()  oAv(rb,¢) 5 2 : _
0 =c o(r.0.9) =—w*=—(ck)” with k=w/c.

The equation

R'(t) + K*c*h(t) = 0

has the solutions

h(t) = Acos(kct) + Bsin(ket) .

Consider the eigenvalue problem

Av+Ev=0, v(a,b,¢)=0.
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Let

v(r,0,¢) = R(r)O(0)®(¢) -

Substitute this ansatz into

Av+ k=0
and divide by v to obtain

1
7(T2Rr)r +

Ri2 (sin 0 @9)9 +

Dyp+ k> =0. (16.1)

Or2sinf dr2sin? 0

Multiply by r2sin? 6.
Obtain that

"

2
— =const =: —m~ .
[0

Here m must be an integer to make ®(¢) periodic with period 2.
Substituting ®”/® = —m? into (16.1) one obtains

1,5 1 )
Y )T N - N 9 -
R(T Br)r + @smH(Sln Oo)o sin? @

There are two terms depending only on 7 and two terms depending only on 6.
Call the separation constant (). Obtain

+r2k2 =0. (16.2)

2

. N, m
_ =0. 16.
sinﬂ(smeg) +<Q sin20>@ 0 (16:3)
and
2 pry/ 212 —
(PR + (k= QR =0. (16.4)
The R—equation
r’R"+2rR + (k*r* = Q)R =0 (16.5)

is called a spherical Bessel equation. (A difference to the R-equation, that one
obtains in 2D polar coordinates, is the factor 2 in the equation above. Also, in
the 2D equation the constant ) becomes m?, where ®” + m?® = 0. In 3D, the
constant () comes from the ©-equation.)

16.2.1 The Spherical Bessel Equation

First consider (16.5) for k£ = 0. One obtains an Euler equation, and the ansatz

leads to the indicial equation



The #—equation will require to choose

Q=Q,=n(n+1), n=0,1,...

For @ = n(n + 1) the indicial equation has the roots

/\1:n, /\QZ—n—l.

This yields the general solution

R(r)=ar" + R

of (16.5) for k =0 and @ = n(n + 1). The boundary conditions

R(0) finite, R(a)=0

yield R = 0.
Consider (16.5) for k£ > 0. One can transform to Bessel’s equation as follows:
Define

x=kr, y(x)=uykr)=r"2R(r).
(Note that the factor 7'/2 was not present in 2D.) Obtain:

R(r) = r_1/2y(kr)
R(r) = —=r732y(kr) + kr= Y2y (kr)

R'(r) = §7“_5/21/(167“) — kr_3/2y’(k7") + k27”_1/2y”(k:7")

Therefore, if R(r) satisfies (16.5), then we have

0 = ri/? (TQR” +2rR + (K*r* — Q)R>
= k%% (kr) — rky (kr) + zy(kr) + 2kry’ (kr) — y(kr) + (K*r® — Q)y(kr)
= 22y (z)+ 2y (z) + (2 - Q — i)@/(x)

We have derived the equation
2, 1 / 2 1
2%y (@) +ay/(2) + (22— Q = (@) = 0.,
which is Bessel’s equation of index 4/Q + i.
If @ =n(n+1) then
1

1_ Y

i.e., we obtain Bessel’s equation of index n + %
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Summary: Using polar coordinates in 2D, Helmholtz equation Av + k?v =
0 leads to Bessel’s equation of index m for the R—equation, where m =0,1,2. ..
The index m is determined by the ®—equation.

Using spherical coordinates, the 3D Helmholtz equation Av + k%v = 0 leads
to Bessel’s equation of index n+% for the R—equation, where n =0,1,2... The
index n is determined by the ©—equation.

In 3D, the index m, coming from the ®—equation, is present in the ©-
equation, but is not present in the R—equation.

16.2.2 Legendre’s Equation
The O equation (16.3) reads

o'+

cosf 2

’ _m o
0@+(Q sin29>@_0' (16.6)

Recall that 0 < 6 < . Thus we may write

©(0) = P(cosb)
©'(#) = —sinf P'(cosh)
0"(f) = —coshP'(cosh) +sin @ P"(cosf)

If ©(0) solves (16.6) and if P(cosf) = ©(#) then obtain

2

sin? 6 P"(cos ) — 2 cos @ P'(cos §) + (Q - = 0>P(cos 0)=0. (16.7)
sin
Set x = cosf. Obtain
2\ plt / m?
(1—:1:)P(a:)—2a:P(x)+<Q—1_I2>P(x):O. (16.8)

This equation is called an associated Legendre equation. The points x = +1
are regular singular points.

We may assume m to be integer. Then one can show that (16.8) has non-
trivial solutions that are bounded for —1 < z < 1 if only if @ = n(n+ 1) and
—n < m < n with integers n.

We now assume

Q=n(n+1)

with integer n, n > 0. Then, for m = 0, one obtains Legendre’s equation

(1 -2 P"(z) — 2z P'(z) + n(n+1)P(z) =0 . (16.9)

Remark: If m = 0 then ®(¢) = const, i.e., we consider solutions v(r, 8, ¢) of
Helmholtz’s equation that are independent of ¢.
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16.3 Legendre Polynomials
Lemma 16.1 The n—th degree polynomial

Pz) = D”((:pQ - 1)”), D=2

solves Legendre’s equation (16.9).

Proof: Let

w(z) = (:c2 -1 w(z) = 2na:(x2 — 1)”_1 )
thus

(1— 2w + 2nzw =0 . (16.10)

Recall Leibniz’ rule,

n+1 n+1 ' '
D™ (fg) = ) ( i ) (D7 f)(D"+1g)

§=0

= DG (e )(DAD) + gu(n+ DDA)(D"g) + ..

Apply D" to (16.10),
(1—2%) D" 2w—22(n+1) D" w—n(n+1) D"w+2nz D" M w+2n(n+1)D"w = 0
thus

(1 —2%)D""2w — 22 D" w4+ n(n +1)D"w =0

This shows that D™w solves Legendre’s equation and completes the proof. ¢
The polynomial

Po(z) = — (@2~ 1)) (16.11)

nl2n
is called the n—th Legendre polynomial. Formula (16.11) is called Rodrigues’
formula for the Legendre polynomial P, (z) of degree n.
We claim that the normalization factor 1/(n!2") is chosen so that P, (1) = 1.
In other words, we have

Lemma 16.2 The n—th Legendre polynomial, defined by (16.11), satisfies
P,(1)=1.

Proof: We have

or(w4ae=17) =32 ) 2 (e 7)o (e )



Evaluate at z = 1. Note that, for j > 1, the term D"/ ((z — 1)") is zero at
x = 1. For j = 0 obtain:

Di((a + 1) D (@ - 1))
( )

= (@+1" (@ -1

= 2"nl.

=1 =1

This is the value of the above sum at x = 1. The lemma is proved. ¢
The following theorem of the French mathematician Michel Rolle (1652
1719) is a special case of the mean value theorem:

Theorem 16.1 Let f € Cla,b] N C'(a,b) denote a real-valued function. If
f(a) = f(b) then there exists a < & < b with f'(§) = 0.

Using Rolle’s theorem, it is easy to show:

Lemma 16.3 The n—th Legendre polynomial P,(x) has n simple zeros in the
open interval —1 < x < 1.

Proof: The function

fl)=(*=1)"=(@@+ )"z -1)"
satisfies
Dif(-1)=Dif(1)=0 for j=0,1,....,n—1.
Since f(—1) = f(1) there exists —1 < £ < 1 with Df(£) = 0. Since

Df(=1)=Df(§) =Df(1)=0
there exist &1, &2 with

—“l<é<éE<é<l

so that

D*f(&) =D*f(&)=0.
If n > 3 then

D*f(=1) = D*f(&1) = D*f(&) = D*f(1) =0 .

Therefore, D3 f has three distinct zeros in the interval (—1,1), etc. ©
For series expansions in terms of the polynomials P, (x) one has to know
orthogonality in the Lo—inner product.
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Lemma 16.4 The sequence of Legendre polynomials,

1
Po(@) = —=D((@* = 1)"), n=0,1,...

satisfies

/1P(az)P(az)—26mn m,n =0,1
71 m n _2n+17 ) - b A

Proof: Orthogonality: For m < n it follows through integration by parts that

[ - ) ar=o.

~1
(Move D" to the first factor through integration by parts.)
Normalization: We claim that

1
/1(P"(“”))2dm = 2n2+ E (16.12)

For the left-hand side in (16.12) we have

lhs = 22”(1n')2 /1 D" ((av2 - 1)”) D"((az2 - 1)”) dz

-1
2n)!
- 22(”(71)!)2 J

with

J:/1(1—x2)”dx.

-1
To obtain the last equation we have used n fold integration by parts, noting
that

D ((x2 — 1)”) = D?g? = (2n)! .

It remains to compute J. We will prove:

1 2n+1 n! 2
/_1(1 — 2" dx = W : (16.13)

To show this, we will use Euler’s Beta function and its relation to the I" function.
By definition,

1 00
B(p,q):/ (1 — )7 Lat, F(z):/ e tt*Lat,
0 0

for p > 0,g >0,z > 0.
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Lemma 16.5 For allp > 0,q > 0,

I'(p)T'(q)
B ===
(p:q) T +q)
A proof is given below.
Using the substitution
1
=y, 2xdr=dy, dr= iy_l/Q dy

we have

1
J = 2/(1—x2)"dw
0
1
= /Oy‘l/Q(l—y)”dy

= B(gn+1)
I'($)I(n+1)
I'(n+ %)

Here I'(n + 1) = n!. Also, using the fundamental functional equation for the I’
function, I'(z + 1) = 2I'(2),

1 1 1
N=z+1) = -TI(z
G+ = 5T()
1 3 31 1
Nz+2 = I'(z+1)=--T(z
(342 = TG+1)=35T0)
1-3-...-(2n+1) 1
Therefore,
ry o
I'n+3)  1:3-...-(2n+1)
22n+1n!
T @n+ 1)
Obtain, with [hs the left-hand side of (16.12),
o (@2n)lJ
lhs = 72%(71!)2
_ (Qn)!22n+1
o 22(2p 4 1)!
B 2
- 2n+1

131



This completes the proof of (16.12).
Proof of Lemma 16.5: Using the substitution

2 =t, 2uxdr=dt,

one obtains that
> 2p—1 2 L[ 1_—t
/ P e ™ dx = / P~ e M dt
0 2 Jo

We will evaluate the integral

T ap1, 2g-1 a2
I:/ / Py e Y dady
o Jo

in two ways: (a) using Fubini’s theorem, (b) using polar coordinates. Obtain

(a):

I = </<><> g2P1le—e’ dm) </0<><> y2q_16_y2 dy)
1

0
= —T'(p)I'(g)

S

Also, (b), using x = rcos ¢,y = rsin ¢,

w/2 oo
I = / r2PT2472 (o571 ¢) (sin?471 ) e rdrdg
¢=0 Jr=0
00 ) w/2
= </ p2rt2a—le—r dr) </ cos?P~1 ¢ sin?171 gi)dgb)
0 0
1
= STp+ah

To evaluate I; we will use the substitution

t=cos?¢, dt =—2sin¢ cospds .

We have
1 w/2
L = 3 / (cos®™ 72 ¢) (sin®12 ¢ )2sin ¢ cos ¢ d¢p
0
1 /2
= 3 / (cos®2 ¢) (1 — cos® ¢)?~1 2sin ¢ cos ¢ de
0
1 1
= o5 [ =Tt
0
1
- 5B
5 Bp,q)
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We have shown that

1= TON0 = {70+ 0B

which proves the lemma. ¢

16.4 Expansion in Terms of Legendre Polynomials

In the function space H = La(—1,1) one defines the inner product and norm
by
! 2
(ro) = | s@at@)de, I = (£.5)-
Then the sequence of Legendre polynomials,
P,(z), n=0,1,...
is an orthogonal sequence in H with

2

Pl =——.

Let

I, = span{l,x,..., 2"} = span{ Py, P1,..., Py}

denote the subspace of H consisting of all polynomials of degree < n. If f € H
is given, denote by

n
fo=7) a;F
§=0

the best approximation to f in II,,. One can show that f, is characterized by
the orthogonality condition

f - f n 1 Hn .
In other words, one needs to find f, € II,, so that

(f_fn,Pk;):O, ]{7:0,...,7'1.
This yields

2k

1
ap = 2+1 /_1 f(z)Py(z) dx .

One can prove that

lf—=full =0 as n—oo.

This follows, essentially, from the Weierstrass Approximation Theorem.
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16.5 All Eigenvalues of Legendre’s Equation

Consider the equation

(1—2%)P"(x) — 2zP'(z) = —QP(z), P(—1) and P(1) finite.
We claim that the eigenvalues @,, = n(n + 1) are the only eigenvalues.
Suppose that
(1 — 228" (x) — 228'(x) = —=AS(x), S(-1) and S(1) finite
and \ # @, for all n. We claim that S = 0.

We have

(1—22)8) +AS =

0
(1=2*)PY+QP = 0

for @ = @, and P = P,. Obtain
(1—2*)8")YP+ASP =

(1—2%)PYS+QPS =

Integration over —1 < x < 1 and integration by parts implies that

1
(S.P) = /_ S()Pla) dz =0

for every Legendre polynomial P = P,
Let

I, = span{l,x,..., 2"} = span{ Py, P1,..., Py}

denote the vector space of all polynomials of degree < n. If f € Il,, is arbitrary
then

Therefore,

IS—fI* = (S—f.5~f)
= [ISI? + 111

thus

ISI< IS~ fll forall feTl,.
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Let € > 0 be given. By Weierstrass’ approximation theorem there exists a
polynomial f with

1S — floo < €.
It follows that

|S]]? < 2¢2 .

Since € > 0 is arbitrary, one obtains that S = 0.

16.6 Harmonic Functions in Spherical Coordinates

Recall the Laplacian in spherical coordinates

1, : 1

Av(r,0,¢) = ] (r<ve), + T (sin® vp)g + oyl

The ansatz
v(r,0,¢) = R(r)©(0)2()
leads to
1, 1 1 Dy
Dy + ———(sin 6 T, 16.14

Rr2 (r"Bp)r + Or? smH(Sln Oo)o+ r2sin2f @ 0 (16.14)

Obtain
" +m?d=0.

Multiply the equation (16.14) by 72 and call the separation constant ). Obtain

(r’RY —QR = 0
1 . "y m? _
—— (sin06) +(Q sin2e>@ ~ 0.

The ©—equation will lead to

Q=n(n+1) for neNyp.

Then the R—equation becomes

R’ +2rR —n(n+1)R=0.

The ansatz

R(r) =1
leads to the quadratic

M4d-—nn+1)=0
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with solutions

)\1:72, /\Qz—n—l.

The general solution of the R—equation is

R(r) = Ar™ + Br~ (1)
The B©-equation reads

o+ (Q_ ngg)@:o.

cos

@//
+ sin 0

Using the transformation

©(0) = P(cosh)

one obtains the associated Legendre equation for P = P(z):
m2

1—2a2

For m =0 and Q = n(n + 1) one obtains Legendre’s equation

(1-2%) P'(x) - 22 P'(2) + (Q

(1—2?)P"(z) — 2z P'(z) + n(n+1)P(z) =0 .

Lemma 16.6 The n—th degree polynomial

Pz) = D”((:nQ - 1)”), D= % ,

solves Legendre’s equation.

The proof is given in Section 16.3.
The polynomial

_ 1
~ plon

P, (x)

D”((g;2 - 1)”)

)P(x)zO.

(16.15)

(16.16)

(16.17)

(16.18)

is called the n—th Legendre polynomial. The above formula is called Rodrigues’

formula for the Legendre polynomial P, (z) of degree n.

Examples:

Py(z) =
Pl(ﬂj‘)
Py(z) = (32°—1)/2

X

Note that the functions

(Ar"™ + Br_(”+1)) P, (cos @)

are harmonic functions in R3\ {0}. These functions do not depend on ¢.
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Consider the associated Legendre equation with @ = n(n + 1):
2
2\, 1t / m
(1— 22)y" — 22y + (n(n+1)—172>y:o (16.19)
-z

Here n and m are integers. It is remarkable that a solution P(x) = P,(x) of
the equation for m = 0 leads, in a simple way, to a nontrivial solution for any
integer m with 1 <m < n.

Lemma 16.7 Let 1 < m <n with integers m and n. The function
yx) =1 —2H)™2D"P(z), —-1<z<1,
solves (16.19) if P(x) solves Legendre’s equation,

(1—2?)P"(z) — 2z P'(z) + n(n+1)P(z) =0 . (16.20)

16.7 Solutions of the Associated Legendre Equation

The associated Legendre equation reads

2
1—2a2
Here n and m are integers. It is remarkable that a solution P(z) = P, (x) of

the equation for m = 0 leads, in a simple way, to a nontrivial solution for any
integer m with 1 <m < n.

(1—22)y" —2xy + (n(n +1)— >y =0 (16.21)

Lemma 16.8 Let 1 < m < n with integers m and n. The function
yx) =1 —2>)™2D"P(z), —-1<z<1,
solves (16.21) if P(x) solves Legendre’s equation,
(1 —2?) P"(x) — 22 P'(x) + n(n+ 1)P(x) =0 . (16.22)

Proof: Let u = D™P. We derive an equation satisfied by w by differentiating
(16.22) m times:
We have

D™((1—2*)P") = (1-2*)u" —2mau’ —m(m —1)u
D"(=2zP") = —2zu —2mu
Therefore,

2

(1—22)" —2z(m+ 1D/ + (2 +n—m?> —m)u=0.

We have
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2 m/2

u = (1-27)"
o = (1-2?)" m/2 Y +ma(l—z?) "2y
I ( xQ) m/2 //+2mx(1—x )7%71?/
+ (m1 =227+ m(m + 2)2%(1 73:2)_%_2)‘7;

Substitute these expressions for u,u,u” into the equation for u and multiply
by (1 — 22)™/2. Obtain for y = (1 — )™/ ?u:

(1 -2y + Q1Y + Qay =0

where
Qi=(1—-2*)2mz(1—z®) "t —22(m+1) = -2z
and
Q: = m+mim+2)z3(1—2>)"!  (from u”)

—2(m + 1)mz?(1 —2*)~'  (from o)
+n(n+1)—m?—m fromu
= nn+1)+ (1 —-2%)"" (m(m + 2)2? — 2m(m + 1)z* — m*(1 — xz))

m2

= n(n+1)—1_x2

This proves the lemma. ©

If P = P, is the n—th Legendre polynomial, then the function y(z) defined
in the previous lemma is nontrivial for 1 < m < n. In fact, if m is even, then y
is a polynomial of degree n. If m is odd, then y is a polynomial of degree n — 1
multiplied by v1 — z2.

For our discussion of spherical harmonics below, it will be convenient to
introduce the following functions:

—1)m
2n n
for —n < m < n. The functions P}"(z) are called associated Legendre functions
of order m. Since

n

(1—2®)ym2pmtrxn X =22 -1, (16.23)

P,(z) = D'X", X =gz%-1

217 n!

is the Legendre polynomial of degree n, we have

P (z) = (=1)™(1 — 2)™2D"P,(z) for 0<m<n.
However, the formula (16.23) makes sense also for —n < m < —1.

Example:
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Pie) = g (2?20 (@2 - 1))

244!

8! .
= gt
= 105(1 — 2?)?

Therefore,

P}(cosf) =105 sin 6 .

In general, if 2 = cosf, then (1 — 22)™/2 = sin™#. Since D™"X™ is a

polynomial in x, the function P"*(cos#) is a polynomial in sinf and cos#@ if
0<m<n:
_1)ym
ALY !
It turns out that for —n < m < —1, the function P*() is also a polynomial in
sinf and cos . This follows from the next lemma.

We claim that, for 1 < m < n, the function P, (z) is a multiple of the
function P)"(z). Precisely:

sin™ 6 (%)ern(;vQ - 1"

P (cosf) = (

r=cos

Lemma 16.9 For 1 <m <n we have

m (n—m)!

By (e) = (=1) (ntm)!

P'(x), —-l<zxz<l.

Before proving the lemma, consider the example m = n = 4. We have seen
above that

Pia) = - (1 4?)2

24 4!
Also,
1
—4
P4 = m (]. — 332)2 .
This yields that
_ 1
P4 4 = g Pf(l') ’

which agrees with the claim of the lemma.
Proof of Lemma 16.9: One must show that

_ |
(n=m) s pmtnyn — pemengn here X — a2 — 1.
(n+m)!
Essentially, this can be shown by applying Leibniz’ rule of differentiation to

X'"=(x+1)"(z—-1)".
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We have

por(rye-nr) =S (") (P ) (e ).
j=0

J

Here
J n n!
Dl(x+1)" = =7 '(iL‘—l-l)
and
; n!
DM (x -1 : 1)™mtI
@1 = =)
One obtains:
D"*m((:c—kl) x—1) ) Zcmn]x—Fl" Iz —1)mH
7=0
with
o (n —m)nln!
Tl = m= )i = )i m + )
Similarly,

D (@4 1)@= 1)) = nin ( me ) (DF(+ 1)) (D =F @ = 1))
k=0

Note that the term in the sum is zero unless m < k < n. Therefore, with
k=m+j,

D (@ +1)" (@ = 1)") = zn: ( e ) (Dt +1)m) (D — 1))

k=m
=S () e ) (o)

J=0

S (n+m)!nin! — j
- j=0 (m+ ) (n—7)ln—m _j)!j!(x—i-l) (z —1)

Therefore,

n—m

XmD’”m((ac—H) (z—1) ): Z B

]:

(n +m)nln!
F = ) —m )1

(z+1)" (2 —1)™" |
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Finally,

(n—m)! (n+m)nin! B (n —m)!n!n! B
(n+m)! (m+)NDn—Hn—m—)4  jln—m—5il(n—j)(m+j)

cmnj .

The lemma is proved. ¢

From the previous two lemmas, it is clear that both functions, P, (z) and
P"'(x), satisfy the associated Legendre equation (16.21).

The functions P*(x) for —n < m < n are introduced in order to define the
spherical harmonics,

Y0, ) = 4" P (cos0)e™?, —m<f<m, 0<7<2m,

n

with

2n+1 (n —m)!
,Y;n_\/ (n —m)

dr (n+m)!

for —n < m < n with integers m,n. We can think of Y" (0, ¢) as a function
defined on the unit sphere in R3. We will consider spherical harmonic in the
next section.

Let us first discuss the functions P)"(x) further.

Lemma 16.10 We claim that

1
/P;”(J:)P;”(x)dq::O for p#q.

-1

Here we may assume |m| < p < q.

Proof: The functions

fpla) = P*(x) and  fy(z) = F"(z)
satisfy

m2
(1=2*)f) + (p(p +1) - m)fp =0 (16.24)

and

m2
(1=2?)f)) + <Q(q +1) - m)fq =0 (16.25)

Multiply equation (16.24) by f, and multiply (16.25) by f,,. Take the difference
of the resulting equations and obtain that

1
| h@)fite)dz =0

since p(p +1) # q(g+1). ©
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Lemma 16.11 For |m| < n we have

(n+m)! 2
(n—m)! 2n+1 "~

1
| Pr@py ) -
—1
Proof: With ¢, = ﬁ and X = 22 — 1 we have
1 1
/ P (x)P'(x)de = (—1)mc721/ X™(DmTX™) (D™ X™) da
—1 -1

1
= (-1 / D (X (DX ) X" da
-1

=: Int
Apply Leibniz’s rule,
m+n
pmtn (Xm(Dm-f—an)) — Z < m + n ) (Dm—l—n—ij)(Dm-‘rn-‘ran) )
° J
7=0

If n — 7 > m then the first term is zero. If n —j < m then m + j > n and
m +n+ 75 > 2n. Therefore, the second term is zero. We must only consider
the term in the above sum that is obtained for j = n — m. The integral in Int
becomes

1
( nem ) / (D2 X™) (D X™) X" dz .
n—m -1

Here D?™X™ = (2m)! and D*"X" = (2n)!. Obtain:

(n+m)!

Int = (=1)"e@2m)N @)l =

(16.26)

with

1
J = /X"d:c
-1

1

= (—1)”/ (1-2*)"dx

-1
L P
(2n+1)!
In the last equation we have used (16.13).
Together with (16.26):

(2m)!(2n)!(n + m) 1227+ nln!
22nplnl(n — m)!(2m)!(2n + 1)!
(n+m)! 2
(n—m)! 2n+1

Int

This proves the lemma. ¢
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16.8 Spherical Harmonics as Eigenfunctions of the Laplace—
Beltrami Operator

Let r, 0, ¢ denote the usual spherical coordinates. Recall the expression for the
Laplacian in spherical coordinates,

1 1
Av=— (rzvr)r + = <’U99 + cot 0 vy +
r r

75 0)
v, .
sin? 6 99

If Y(6,¢) is a function on the unit sphere, then define the Laplace-Beltrami
operator L by

LY =Yyp+cotf Yy +

Yoo -
sin? 6 9

If v(r,0,¢) = R(r)Y (0, ¢) then we can write the Helmholtz’ equation
Av+ kv =0
as
1 R
— (PR)Y + 5 LY + k*RY =0
r r

Equivalently,

1 1
E (7'2R/)/ + k27’2 -+ ? LY = 0 .

Denoting the separation constant by @) we obtain

(r*RY + (K*r* = Q)R = 0
~LY = QY

As we have seen, the R—equation is an Euler—equation for £ = 0 and leads to
Bessel’s equation for £ > 0. The equation

is an eigenvalue problem for the Laplace—Beltrami operator L. It turns out that
we have already determined eigenvalues and eigenfunctions of L.

Theorem 16.2 Let m,n denote integers with —m < m < n and let

Pm(x) _ (_1)m (1 - x2)m/2 Dm+n((x2 _ 1)n>

" 2nn)!
denote the solution of the associated Legendre equation constructed above. Then
the function

Y (0, ¢) = P™(cos )e™?
is an eigenfunction of —L to the eigenvalue Q = @, = n(n+ 1).
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Proof: If one substitutes Z (6, ¢) = ©(0)®(¢) into the equation

LZ+QZ=0
then one obtains
1
0"® + (cot )0’ + —— 00" + QO =0 .
sin“ 6

Equivalently,

]‘ 1 / "

~ (o £0 e) S L0-=0.

@< + (cot ) +sin2¢9<1>+Q
If

" +m’® =0

then the equation for © becomes

" / . m _
0" + (cot §)O +(Q SinQG)@_o.

The function

©(0) = P*(cos )

satisfies this equation with @Q = n(n+1) and the function ®(¢) = ¢™? satisfies
the equation ®” 4+ m?® = 0. This proves the theorem. o
One can show that the 2n + 1 eigenfunctions

Z™(6,¢) = P™(cos0)e™?, —n<m<n,

to the eigenvalue @, = n(n + 1) of —L are linearly independent. This follows
since these functions are orthogonal with respect to the Lo—inner product on
the unit sphere. Therefore, the eigenvalue @, = n(n + 1) has multiplicity at
least 2n + 1.

One can prove that the system of functions

Z"0,¢6), —n<m<n, n=0,1,...
is complete in Ls.
One can prove that the operator —L has the eigenvalues @, = n(n + 1)
where n = 0,1,2,.... Each eigenvalue n(n + 1) has multiplicity 2n + 1. We
have constructed an orthonormal basis of eigenfunctions for L,

Y™, ¢) = 4" P™(cos§)e™?, —n<m<n,

n

where v," is defined as above,

2n+1 (n—m)!
van\/ ( r

dr (n+m)!

Example: The spherical harmonic Y is
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Y5 (0, 6) = —;\/6% cosfsinfe’® .

Let us continue the discussion of harmonic functions

v(r,0,¢) = R(r)Y (0, ¢) .
With @ = n(n + 1), the R—equation is an Euler equation with general solution

C2
Tn—l—l :

R(r)=cyr" +

Assume @) = n(n + 1). Substitute

into

Yoo + cot 0 Yy +

Yoo +n(n+1)Y =0.

sin® 6

Divide by Y. Obtain

! (@”+ t@@’)+ L +n(n+1)=0

b~ CO —_ nn = .

© sin?f @
With ®”/® = —m? obtain

m2
0" +coth O + (n(n+ 1) — T)@ ~0.
sin” 0

Let ©(0) = P(cos?),

©' = —sinf P, ©"=—cosdP +sin?0P" .

Obtain
m2
sin?@ P” —2cosf P + (n(n+1) — — 20>P =0.
sin
If z = cosf, then sin?6 = 1 — 22, thus
m2
(1—x2)P"—2xP'—|—(n(n+1)—1 2)P:O.
-z

The functions P} (z) satisfy this equation for —n < m < n. Then

Z™(8, $) :== P™(cos h)e™?

n

satisfies

—LZ™ =n(n+1)Z" .

We claim that the system of functions
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Y0,6), —n<m<n, n=0,1,...

is an orthonormal system in L(S) where S is the unit sphere in R3. Recall
that the element of area for the unit sphere S is

dS =sinfdbde .

Integration over the sphere S:

/SZdS:/Ozﬂ/OWZ(O,qb)sinadﬁqu

The Lo—inner—product of two functions defined on S is:

(Zl,ZQ):/21Z2dS
S

The Lo—morm is:
12|l = (z,2)"/?
Orthogonality: If m; % ms then
2
/ eTImeim2® g — () |
0

If nq # no then

/OP,’;’IL(COSG)Pg(COSH)SinﬁdG = /Pm(x)Pm(x)dac

Therefore, if m1 # ms or ny # ny then
(2. zz2) =0.

ny o’

Normalization:

1
\Z? = o / (P (2) da

_4rm (n+m)!
o 2n+1 (n—m)!
= (/Y

Therefore, the functions
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form an orthonormal system in Lo(S). One can prove that this systen is com-
plete, i.e., if y = y(0, ¢) is any function in Ly(S) then the series

00 n
Z Z amnYr:n(a ¢) With Amn = (Yénvy)

n=0m=—n

converges to y w.r.t. the Lo-—norm on S.

16.9 Spherical Harmonics are Restrictions of Harmonic Poly-
nomials to the Unit Sphere

We have
Y0, ¢) = 5 Py (cos 0)e™?
where
1
P(w) = gy (1= g2ym2pminxn X —g? 1.
Set

v(r,0,¢) = r"Y," (0, )

to obtain a function defined in all space.

Claim:
Av =0
Proof: We have
1 5
szﬁ(r Vp)r + — Lo
Here
L(r"Y,") = —r"n(n+ 1)Y,"
Also,
(r"), = nr !
r2(r), = nrt
(r*v.), = n(n41)r"Yy™

This shows that Av = 0.
Definition: A function

p(z,y,2), (z,y,2) ER®,

is called homogeneous of degree n if
p(Az, Ay, Az) = A"p(z,y, 2)
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for all (z,y,z) € R and all X € R.
Clearly, any function of the form

T(z,y,z) =a"y"22"

with nonnegative integers n; is a polynomial which is homogeneous of degree
n = ni+no+n3. Any sum of such terms, of the same degree n, is a polynomial
that is homogeneous of degree n.

Harmonic polynomials that are homogeneous of degree n can be studied
with algebraic methods. We want to show:

Theorem 16.3 If one writes the function
v(r,0,¢) = r"Y,"(0,9)

in Cartesian coordinates x,y, z, then one obtains a polynomial in x,y, z which
18 homogeneous of degree n.

Proof: It suffices to prove this for 0 < m < n. We have

v=cr"sin™ 0 (D" X"™)| s=cos 0 e'm?

Here

eM® = (cos ¢ + isin §)™

is a sum of terms

cosl g sin™ g, 0<I<m.
Also,

n
X'=(z?-1)" = E cjnx2"_27 =22 el 4L
J=0

Therefore, D" X™ is a sum of terms

n—m—2j
’

T n—m>n—m-—25>0.

It follows that v is a sum of terms

H = r"sin™ 6 cos"” ™2 g cos' psin™ ! ¢

where

0<I<m and n—m-25>0.
Recall that

x = rsinfcos¢
= rsinfsing
z = rcosf
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Therefore,

H = r"sin'fcos! ¢sin™ ' 9sin™ ! ¢pcos™ ™% 9

l mfl,rnfm n—m—2j 0

= zy cos
— a?lymfer]znfme]

_ mlymfl($2 +y2 _i_ZZ)janmej
This is a polynomial which is homogeneous of degree n.

2D Analogy. Consider

p(x,y) = (x+iy)", qz,y) = (xr —iy)" .

It is easy to see that p(z,y) and ¢(x,y) are harmonic polynomials which are
homogeneous of degree n. The corresponding restrictions to the unit circle are

p(cos p,sing) = e
q(cos p,sinp) = e M?

The functions e are the ‘spherical harmonics’ on the unit circle in 2D. They
are restrictions to the unit circle of the homogeneous polynomials p and q.

3D Generalization. The functions Y,)"(6, ¢), defined on the unit sphere
in R3, are the generalizations of the functions e*™? defined on the unit circle
in R2. The expansion in terms of the spherical harmonics Y, (0, ¢) generalizes
the Fourier expansion in terms of the functions e*?.
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17 Review I

17.1 Scalar ODEs
Solve the IVP

()= Aa(t) +h(t), «0)=ag.
The solution is

t
aft) = eMag —|—/ A=) n(s)ds .
0

17.2 A Matrix Equation
Let A € C™*"™. Let ¢ € C" be an eigenvector of A,

Ap =)Ao .
Consider the IVP

u'(t) = Au(t) + ¢, u(0)=0.

Ansatz:

where a(t) is a scalar function.
The equation u'(t) = Au(t) + ¢ becomes

o (t)p =)Ao+ ¢ ,
thus

dt)=xa(t)+1, «a(0)=0.
Assuming A # 0, the solution is

t
1

a(t) = / A ds = — (M —1) .
0 A

Therefore,

17.3 An Inhomogeneous Heat Equation

Consider the IBVP

U = Ugy + sin(3x)
u(0,t) = wu(mt)=0
u(z,0) = 0
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Ansatz:

u(z,t) = at) sin(3z)

Note that sin(3x) is an eigenfunction of the operator 9%/9x2.
Obtain

ug(x,t) = o (t)sin(3z)
Ugg(x,t) = —9a(t)sin(3x)
The equation us = u,, + sin(3z) leads to

o (t) = —9at) +1.
Since «(0) = 0 obtain

t
a(t) :/ e t=3) s =
0

(1—e%

O =

and

u(z,t) = = (1 — e ) sin(3z) .

Nea i

17.4 An Inhomogeneous Wave Equation

Consider the IBVP

U = CUpy + sin(3z)
u(0,t) = wu(mt)=0
u(x,0) =

u(z,0) =

Ansatz:

u(z,t) = a(t) sin(3x)
Note that sin(3z) is an eigenfunction of the operator 92/9x2.

Obtain the IVP
o' (t) +932a(t) =1, a(0)=a'(0)=0.
The constant function

1
9¢2
is a special solution. The general solution is

as(t) =

1
at) = 02 + Acos(3ct) + Bsin(3ct) .
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The condition «(0) = 0 yields that A = —9% and the condition o/(0) = 0 yields
that B = 0. Therefore,

alt) = %(1%05(3@))
w(z,t) = 91?(1—cos(30t))sin(3x)

17.5 An Inhomogeneous Heat Equation with Time—Dependent
Source

Consider the IBVP

Ut = Ugy + GSt sm(3x)
u(0,t) = wu(mt)=0
u(z,0) = 0

Ansatz:

u(z,t) = a(t) sin(3x)
Note that sin(3x) is an eigenfunction of the operator §%/9x2.
Proceeding as in Sect. 17.3 leads to the IVP
o/ (t) = —9a(t) + €, a(0)=0.

The solution is

t
alt) = /6_9(t_8)e”ds
0

t
= e_gt/ e(OFe)s g
0

_ 1 et —9t
N 9—1—8(e )

Obtain the solution

1
9+¢

If ¢ > 0, the growing forcing term e’ sin(3z) in the heat equation leads to a
growing solution u(z,t).

u(z,t) = (et — e ) sin(3z) .

17.6 The Wave Equation in a Rectangle

Let D = (0,L) x (0, H).
Consider the IBVP
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Uy = CQ(um—i—uyy) in D x[0,00)

u(z,y,t) = 0 on 9D x[0,00)

u(z,y,0) = 0 in D
)

ut(x,y,0) = sin(2z)sin(3y) in D

Note that

¢23(x,y) = sin(2x) sin(3y)

is an eigenfunction of the Laplace operator A:

Aoz = (=4 — 9) o3 = —13¢23 .

Ansatz:

Obtain the IVP

R'(t) +13c%h(t) =0, h(0)=0, K (0)=1.
The solution of the IVP is

h(t) = J%c

The solution of the wave equation is

sin(v/13ct) .

u(x,t) = sin(v/13ct) sin(2z) sin(3y) .

1
V13e
17.7 First Order PDEs

Consider the IVP

ut(x,t) + aug(x,t) = F(x,t), u(z,0)= f(x).

Assume that u(zx,t) is a solution.
Fix zg and set

h(t) = u(zo + at,t) .
Obtain

B (t) = F(zo + at,t), h(0) = f(xo) .

Therefore,

u(zo + at,t) = h(t) = f(zo) + /OtF(xo +as,s)ds .
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If 29 + at = x then g = © — at. Therefore, the solution is

u(z,t) = h(t) :f(x—at)+/tF($—at—|—as,s)ds :
0
If ' =0 then
u(z,t) = f(x —at) .

If @ > 0 then the profile u(x,0) = f(x) moves at speed a to the right.

Variable Signal Speed:
Consider the IVP

ug(x,t) + a(z, )uy(z,t) =0, u(z,0) = f(x) .

Fix xg and let

él(t) = a(f(t)vt)v 5(0) = o -

The characteristic line starting at the point (x,t) = (z¢,0) consists of the points

(£@),t), t=0.

If u(z,t) is a solution and

h(t) = U({(t),t)
then h(0) = u(xo,0) = f(xo) and

h(t) = w(§(t),t) + & (tua(§(t),1) =0 .
Therefore, the solution u(z,t) carries the value f(xg) along the characteristic
line starting at (xo,0).

Example:
ug(x,t) + tug(z,t) =0, wu(x,0) = f(z) .
The IVP

has the solution

Obtain
t2
U(E + x07t) = f(.'lf()) )
thus
t2
ult) = e~ )



17.8 Laplace’s Equation in a Rectangle

Let D = (0,7) x (0,1). Consider the equation Au = 0 in D with boundary
conditions

u(0,y) = wu(my)=0 for 0<y<l1
u(xz,0) = sinz for O<z<m
u(z,1) = sin(2z) for O0<z<m

To solve the problem, let u = uq + u where uq and us are harmonic functions
satisfying

u1(0,y) = wui(my)=0 for O<y<l1
ui(xz,0) = sinz for 0<z<m
ui(z,1) = 0 for O<z<m

and
u2(0,y) = wi(my)=0 for O0<y<1
ug(z,0) = 0 for O<z<m
ui(z,1) = sin(2z) for O0<z<m

To solve the problems, let

ui(x,t) = (sinz)h(y)

and
up(z,t) = (sin2x)g(y) .
Obtain
0= Auy = —(sinz)h(y) + (sinz)h" (y) ,
thus

W'(y) = h(y) .

The boundary conditions are
h(0)=1 and h(1)=0.
Obtain
h(y) = ae? + be™?

where
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a+b=1, ae+ble=1.

The solution of the linear system for a and b is

1 e?
e b= ez -1
Therefore,
ey e? v
hy) = —

() ez —1 * ez —1

and
2=y _ oy
w(,y) = (sinz) ——

Similarly,
0 = Aup = —4(sin 2x)g(y) + (sin22)g"(y)
thus

The boundary conditions are
g(0)=0 and g¢g(1)=1.
Obtain

g(y) = ae®¥ + be=%¥

where

a+b=0, ae®+b/e*=0.

The solution of the linear system for a and b is

L ,_ -l
e2 —1/e?’ e2—1/er "
Therefore,
ey e~
9) = e2—1/e2 2 —1/e2
and

ey e~ )

ug(z,y) = (sin2z) <€2 —1/e2 2 —1/e2

The solution of the given problem is
w(z,y) = ur(z,y) + uz(2,y) .
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17.9 Laplace’s Equation in a Disk
Let

Bs = {(x,y) eR?; 22 +4% < 25}

denote the disk of radius 5, centered at the origin. We want to determine a
function u(r, ¢) with Au =0 in Bs and

u(5, @) = cos(2¢) + 7sin(3¢) for P R.
We know that the functions

r’ (A cos(n¢) + B sin(ncb))
are harmonic. Determine

ui(r, @) = Ar? cos(2¢)
with

u1(5, @) = cos(2¢) .

This requires A = %, thus

ui(r, @) = (r/5)2005(2¢) )

Determine

us(r, ¢) = Brdsin(3¢)
with

u2(5, @) = 7sin(3¢) .

This requires B = %, thus

us(r, @) = 7(r/5)> sin(3¢) .

Together, the solution of the given problem is
u(r, @) = (r/5)% cos(2¢) + 7(r/5)* sin(3¢) .

17.10 Laplace’s Equation in an Annulus

Let
A={(z,y) eR* : 1 <a2?+4y* <25} .

We want to determine a function wu(r, ¢) for which Au =0 in A and

u(l,¢) = 1+sin(2¢) for ¢peR,
u(d,¢) = 0 for ¢eR.
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Determine harmonic functions u; and ug with

ul(l,gb) =
ui(5,9) = 0
and
u2(1,¢) = sin(27)
UQ(5,¢) = 0

Then v = u1 + us.
Obtain

ui(r,¢) = A+ Blnr .

The boundary conditions require that

12“1(17¢) =A
and
0=wu1(5,¢)=A+ Blnb5 .
Therefore,
Inr
U1(T,¢)—1*Ro

For ua(r, ¢) obtain that

us(r, @) = Ar?sin(2¢) + BT% sin(2¢) .

The boundary conditions require that

B
A4+B=1 and 20A+ —=0.

25
Obtain that
-1 o (25)?
A= (25)2 -1’ b= (25)2—-1"
thus
1 25)2 :
uz(r, @) = 257) — 1 (( 7“2) — 7“2> sin(2¢) .

The solution of the given problem is

U(T, Qb) = u1 (Ta ¢) + UQ(T, QS) :
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17.11 The Heat Equation in a Rectangle
Let

D = (0,m) x (0,7) .
Consider the IBVP

ug = Au-+sinzsin(2y) for D x[0,00)
= 0 for (x,y,t) € 9D x [0,00)
0 for t=0

Note: The function

o(x,y) = sinx sin(2y)

satisfies the boundary condition and is an eigenfunction of A.
Ansatz:

u(x,y,t) = a(t) sinxsin(2y) .
Obtain

ad(t)==ba(t)+1, «a(0)=0.

(1 — e ) sin z sin(2y) .

Ut =

u(z,y,t) =

17.12 The Heat Equation with Inhomogeneous Term and Initial
Condition

Consider the equation

Ut = Uge +8ine for O<ax<m, t>0

with boundary condition

u(0,t) = u(m,t) =0

and initial condition

u(z,0) = sin(2z) .

Solution:

u(z,t) = e Wsin(2z) + (1 — e %) sin(2z) .
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18 Review II
18.1 2D Laplace Equation in Polar Coordinates
1 1
Av = v, + ;vr + ﬁ“d@ =0
Let

Obtain
The equation

has the solution

R(r) =rm

Obtain the harmonic functions:
v(r,¢) = rimleme mez .

18.2 2D Wave Equation in Polar Coordinates

Consider the wave equation

uy = AU .

Let

u(r, ¢, t) = v(r,d)T'(t) .
Obtain

T'(t) + W?T(t) =0, w= ke,
and
Av+kv=0.
Let
v(r, ¢) = R(r)®(¢)

Obtain

D,,(0) = M mel,
and
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R’ +rR + (r’k* —m*)R=0.
Introduce the function f(z) by

frk) = R(r) .
Obtain Bessel’s differential equation for f(x):

22 f"(x) + xf (z) + (2 —m?) f(z) = 0.

Bessel functions of the first kind are solutions which are regular at x = 0. These
are the Bessel functions

TA™M — (—1)J T o
Im(x) = (§> ZO: m<§)2j for me Z.
(Note that J_p,(z) = (=1 Jn(x).) Obtain

R(r) = Jm(rk) for meZ, k>0.
Solutions of the 2D—Helmholtz equation:

o(r, @) = Ju(rk)e™, meZ, k>0.
Solutions of the 2D—Wave equation:

u(r, ¢, t) = Jy(rk)e™ (A cos(wt) + Bsin(wt)) where w =ck .

The parameter k£ becomes discrete,

k=xmj/a for meZ, jeN,

if the boundary condition

u(a, ¢,t) =0

is required.

18.3 3D Laplace Equation in Spherical Coordinates

_ Lo , _
Av = 3 (revg), + - (sinQvg)p + anZg U = 0
Let
v(r,0,¢) = R(r)0(0)®(¢) -
Obtain
D(p) =™, meZ.
Let
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©(0) = P(cosf), x =cosb .

Obtain the associate Legendre equation

m

(1= 2%)P"(x) - 20P' () + (Q
and
(r*R) —QR=0.
The equation for P(x) yields that

Q=nn+1), n=0,1,2...

It is remarkable that the eigenvalues @ = n(n + 1) do not depend on m. Solu-
tions for which P(+1) is finite are the Legendre functions

_(-ym
21nn

(Note that P, ™ (x) is a multiple of P*(z).)
Obtain the harmonic functions:

(1 —z?)™2D (22 —1)") for —n<m<n.

v(r,0,0) = r"P™(cos0)e™? for —n<m<n, n=0,1,...

Remark: In 2D the R-equation depends on the parameter m € Z, where
®" +m?® = 0. In 3D the R—equation depends on the parameter n € Ny, which
appears the ©—equation.

18.4 3D Wave Equation in Spherical Coordinates
Let

u(r, 0, ¢,t) =v(r,0,0)T(t) .

Obtain
T"(t) + W’T(t) =0, w=ke,
and
Av+kv=0.
Let

v(r,0,¢) = R(r)©(0)®(¢) .

The equations for © and for ® are the same as for the Laplace equation: Obtain
O(0) = P(cosf), x=cosh
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and

o (L= 22D (@ — 1)) for —n<m<n.

For R(r) obtain
(PR + (K = n(n+ 1)) R =0.
Let
y(rk) =vrR(r), z=rk.
Obtain the Bessel equation

22y (2) + 2/ () + (2 — (n+ )?)y(a) = 0.

This yields that

y(fL‘) :Jn+1/2($), ’I’L:0,1,2,...

Obtain
1
R(r) = W Jnt1/2(rk) .
Solutions of the 3D—Helmholtz equation:
1 .
v(r,0,¢) = 7 Jng1/2(7k) Py (cos 0)e™m®, —n<m<n, k>0.

Solutions of the 3D—Wave equation:

1 ,
u(r,0,¢,t) = —= Jyp1/2(rk) Py (cos g)etm? (A cos(wt)+B sin(wt)) where w =ck.

N
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