MATH 313, Complex Variables , Spring 2020
Prof. J. Lorenz, Instructor
Homework 2, assigned Feb. 7, due Feb. 21
Solutions

1. Let

u(z,y) = 223 — 6xy* + 22 —y* —y .

a) Check if u(z,y) is a harmonic function or not.

b) Find all functions v(z,y) so that

f(@+iy) = u(z,y) +iv(z,y)
is complex differentiable in C.

Solution: a) We have

Uge = 122 +2 and  wuyy = —122 — 2,
thus Au = Uz, + uyy = 0. The function u(x,y) is harmonic.
b) From u, = 6% — 6y> + 22 = v, obtain that
v = 622y — 2> + 2xy + h(z) .
Then v, = —u, yields that

vy = 120y + 2y + b () = 120y + 2y + 1 .
Obtain that

v = 6x2y — 2y3 + 2zy + = + const

2. Let f(z) = f(z+iy) =3z +y+1i(3y — x).
a) Show that f(z) is an entire function.

b) Determine f/(z).

c¢) Show that

f(z) =cz forall zeC,

for a constant c¢. Determine c.

Solution: a) Let u = 3x 4+ y,v = 3y — . Then we have

Up =3, uy=1, wvp,=-1, v, =3,

thus v, = vy and uy = —v,. The Cauchy-Riemann equations hold. f(z) is
entire.

b) f(z) = uy +ivy =3 —1

c) B—i)(z+iy) =3x+y+iBy —z) = f(2)



3. Recall the hyperbolic functions

sinhy =
coshy = —(e+¢7Y)
and let

f
a) Show that f(z) is an entire function.
b) Determine f/(z).

c¢) Show that

z) = f(x 4+ iy) = sinz coshy + i cosx sinhy .

~—

1
f/(Z) _ 5(eozz + eﬁz)
with constants «, 5. Determine the constants «, 5.

Solution: a) We have

Uy = cosxcoshy
uy = sinxsinhy
vy = —sinxsinhy
vy = cosxcoshy
Thus u, = vy, uy = —v;. The Cauchy-Riemann equations hold. f(z) is entire.
b) We have
fl(z2) = ug+ivg

= cosxcoshy —isinxsinhy

e—iatiy) 4 1 eilz+iy)

1
= 5 cos z(e! +e7Y) — % sinz(e’ —e™Y)
1 . 1 _ .
= 3 eY(cosx —isinx) + € Y(cosx + isinx)
1 ; 1 ;
= 3 eYe " 4+ 3 e Ve
1
2

The equation

holds with o = —i and 8 = 4.

4. a) Prove that the function



u(z,y) = (z,y) € R*\ {(0,0)} ,

Yy
x2 + y2 ’
is harmonic.

b) Determine a holomorphic function f(z) for z € C\ {0} with

Re f(x +iy) = u(x,y) .

Hint: You may use that the function f(z) has the form f(z) = £ for a constant
c € C. Determine c.

Solution: a) Let q(z,y) = (22 +4?)~1, thus u(z,y) = yq(z,y). We have

4z = _2$q2
Qe = —2(12 - 45“]%0
= —2¢°> +82%¢
@ = —2y¢°
ay = —2¢°+8y°¢
Therefore,
Upr = Yqez = _2yq2 + 8:B2yq3
and

Uy = ¢+ Yy
Uyy = 20y + Yqyy
= —dy¢® — 2y + 8y’

This yields that

Ugg + Uyy = qu(—2+8x2q—4—2+8y2q)
= yq2( — 84 8(a” + y2)q)
= 0

b) Let a,b € R and let

a4+ b
T+ 1y
(a+ib)(x —iy)
z? + y?
ax + by + i(bx — ay)
22 1+ 2

flz) =

To obtain that Re f(z) = u(x,y) we must choose



a=0 and b=1.
This yields that

T
2 4+ y2
One can then check that u,; = v, and uy, = —v;.

One obtains that

Im f(2) = v(z,y) =

f(z) = u(x,y) +iv(z,y)
Y+ ix

. T — 1y
Zx2+y2

) T — 1y
"ty —iy)

7

z
This yields that ¢ = i.
Remark: Noting that
e ! — = Reiz(i_z‘z)
T +y ety
- Y
z? + y?
= u(z,y)

it is clear that u(x,y) is harmonic. This arguments is easier than the compu-
tations given under a).

5. Evaluate fol(l + it?) dt.

Solution:

1 1
/(1—|—it2)dt = 1+z‘/ t2 dt
0 0

7
= 14 -
+3

6. Evaluate the integral foﬂ/ Seitdt in two ways: By using the exponential
function and by using e = cost + isint.

Solution: First way:



~.

0
= —i em/?’—l)

/71'/3 it gy — 1 it w/3
0

= sin(7/3) —i(cos(w/3) — 1)
3 1
= o +5
Second way:
/3 /3
/0 (cost +isint)dt = (sint—icost)o

(
= —i(cos(m/3) + isin(n/3) — 1)

= sin(7w/3) —i(cos(m/3) — 1)

V3 i

- 373
7. Evaluate fooo e ?t dt for Rez > 0.
Solution: For Rez > 0:
[ = L]
0 —Z t=0
_ 1
oz

8. Evaluate fo% e*® dg for all integers k and use your result to compute

2
/ sin(ma) sin(nx) dx
0
for all positive integers m and n.

Solution: One obtains:

2m ke g 27 for k=0
0 1 0 for k#0
From

1 . A
sin(kz) = 5 (etkz _ o=ihe)
i

obtain that

1 . . : .
sin(mz)sin(nx) = —= ("™* —e ") (T — ")

4
1

4

_ _7(6i(m+n)x + e—i(m—l—n)m o 6i(m—n)z

o ei(n—m)x)



The integral is

It——l —4 for m=n
e 0 for m#n
Thus,
2w
/ sin?(ma)dx =7
0
and

2m
/ sin(mx)sin(nx)der =0 for m#n.
0

9. Recall that

e”” = cosz+isinz

e = cosz—isinz

Use this to write sin z in the form
sinz = u(x,y) +iv(z,y) for z=x+1y.

Use sinh y and coshy in your answer.

Solution: We have

1 . .
— %(eize—y _ e—imey)
i
1/ - .
= 5 <e Y(cosx + isinx) — e€Y(cos x — isin x))
i

1 :
= 5 sinz(e? +e7Y) + % cosz(e? —e™Y)

= sinxcoshy + cosxsinhy

10. Evaluate

P
/ZJr dz for j=1,2,3
I

. z
J

where

a) I'; is the semicircle with parameterization z = 2¢*®,0 < ¢ < 7.
b) I'y is the semicircle with parameterization z = 2¢'®, 7 < ¢ < 2.
¢) T'3 is the circle with parameterization z = 2¢,0 < ¢ < 27.

Solution:
a) We have dz = 2ie’® and



L/(1+2)¢;::t/21+e%%2wwd¢
Iy 0
— 9 [T 41)d
z/o(e—i-)(;S

1.
= 2i—(e™—1)+2mi
7
= 2(-1—-1)+2mi
= —44 27

2 2 ) )
/u+mz /(HWWW@
s T

2w
_m/@Mmm

1 ) .
= 2i— (™ — ™) + 2mi
(3

= 2(1—(-1))+2mi
= 4+2m

c) The integral along I's equals the sum of the integrals along I'y and T's.

Therefore,
2
/ s dz = 4mi .
T z

Res(f(2),z=0)=2.

This also follows from

Remark 1: Since %z = 1 and since I'; goes from zp = 2 to 21 = —2 we
have
/ ldz =21 — 20 = —4.
I
Similarly,

/ldz:4, /1dz:0.
I'a I's

Remark 2: We have

d 1
il I
dz 08 # z

in the upper—half plane. Also,



—2=2(—1) =2e™ = "2 Tog (—2) =In2+ i .

Therefore,

/1112dz = 2(Log(—2)— Log(2)>
= 2(In2+ 7 —1n2)

= 2m

11. Let I' denote the semicircle with parameterization z = €'%,0 < ¢ < .
Evaluate fr V/zdz =: Int and write your result in the form Int = x + iy.

Solution: For z = €® we have \/z = €/%/2 and

¢ )
/ﬁdz = /emmz’ewdqﬁ
r

0

:ifﬁwm
0

_ -2 sige|T
Z3Z,€

— g (63771'/2 o 1)

0

Wl N W
—~

—i—1)

§(1+i)

Remark: Let
it T 3m
Q={z=re? : r>0,——<op<—}.
2 2
For z = re® € Q let

f(Z) — 223/2 — §T3/2637r7§/2 ]

3
Then f(z) is holomorphic in Q and
)=z
(This requires some arguments.)
One obtains that
2 .2 2 .
[ VRt =)= £1) = S(-Di— 5 =2 (1+9)
r 3 3 3



