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1 Overview

1.1 Constant—Coefficient Systems 2’ = Ax and Stability of a
Fixed Point

Qualitative properties of systems

¥ = Az, z(t) eR",
for constant real matrices A.
Phase plane diagrams for n = 2.
The matrix exponential et
Complex and real Jordan normal form.
Estimates of |e4!| as t — oco.
Asymptotic stability of z = 0 for systems
7 = Az + Q(x)

if all eigenvalues of A have negative real parts and |Q(z)| < C|z|%.

1.2 First Order Systems 2/ = A(t)z + b(t)

Fundamental matrices ®(t) satisfy

O'(t) = A(t)P(t), det®(t)#0 .

Liouville’s theorem:

d
p det ®(t) = tr A(t) - det ®(t)

The inhomogeneous initial value problem
2 = Atz +b(t), 2(0) = xo

has the solution

.’L'(t) = (I)()(t)w() + q)o(t) /Ot (I)al(s)b(s) ds

where ®((t) is the normalized fundamental matrix, i.e., ®¢(0) = I.
Difficulties with localization: Assume that, for every fixed ¢y, the norm of
to)t decays exponentially as ¢t — co. Will all solutions z(t) of the system

A(
e
x' = A(t)x decay as t — 0o? The answer is No, in general.

1.3 Floquet Theory

Consider a linear system

¥ =At)z, =z(t) eR",

where the matrix function A(t) € R™*" has period T' > 0, i.e., A(t+7T) = A(¢).
The normalized fundamental matrix can be written in the form



o (t) = Q(t)e™

where B € C™*" is a constant matrix and Q(t) € C™*™ has period T. The
matrix

M := ®y(T) = T e R™"

is called the monodromy matrix of the system 2’ = A(t)z. The eigenvalues p;
of M are called the Floquet multipliers. If || < 1 for all j then x(t) — 0 as
t — oo for every solution of the system 2z’ = A(t)z.

1.4 Basic Existence and Uniqueness Results

Let f : R™ x [0,7] — R™ denote a continuous function. If the function f(z,t)
satisfies a Lipschitz condition,

]f(x,t)—f(y,t)|§L\x—y\ for all w,yER and OStSTa

then the initial value problem

v = f(x,t), z(0)=a,

has a unique solution z(t) = z(¢,a). Our proof uses the iteration

mk+1(t)=a+/0tf(a:k(s),s))ds for k=0,1,...

starting with xgp = 0. The completeness of the Banach space (C [0,77,]- |OO) is

important.
One often considers autonomous IVPs

= f(z), z(0)=a, (1.1)

where f € C'(R"). In this case the function f(x) is locally Lipschitz. One
obtains a local solution in a maximal time interval 0 < t < t* where t* depends
on the initial value a. If t* is finite then

lim |a(t)] =
Jim [z (t)] = oo,

i.e., the solution blows up as t approaches t*.

(This result for ODEs is quite different if one considers PDEs. In the PDE
case, some spatial norms of the solution may blow up while others remain
bounded as t approaches t*.)

Let x(t) = z(t,a) denote the solution of the IVP (1.1). If f € C' then we
will prove that the function a — z(t,a) is differentiable and the equation

zy(t,a) = f(z(t, a))

can be differentiated in a. One obtains that



Zat(t,a) = fo(z(t,a))zq(t,a), x4(0,a)=1.

This says that the matrix function ®y(t) = z4(¢,a) is the normalized funda-
mental matrix of the linear ODE system ¢’ = A(t)¢ where A(t) = f.(x(t,a)).

1.5 Asymptotic Stability of Periodic Orbits

Let u(t) € RN denote a periodic solution of the nonlinear system =’ = f(z),
thus u(t) = u(t + T) where T" > 0 and wu(t) is not constant. To analyze the
stability of the corresponding orbit

v=A{u(t) : teR}

we consider the linear system

' = Df(u(t))z
where D f(z) = f'(z) is the Jacobian of f(z). The results of Chapter 4 indicate
that the monodromy matrix
M = &y(T) = BT
plays an important role. From u/(t) = f(u(t)) one obtains that u’(t) =
Df(u(t))u'(t). This shows that the function z(t) := u/(t) solves the linear
system 2’ = D f(u(t))z and one obtains that
u'(0) = ' (T) = ®o(T)u'(0) .

The number p; = 1 is an eigenvalue of the monodromy matrix M = ®¢(7") and
Theorem 4.2 is not directly applicable.

Instead, one defines the Poincaré map corresponding to the orbit v and
some cross—section. Then Theorem 14.6, a theorem about the stability of a
fixed point of a map, can be applied if the Floquet multipliers us, ..., u, are
all strictly less than 1 in absolute value.

1.6 Introduction to Bifurcations of Equilibria

We consider scalar ODEs depending on a real parameter A:

2= f(x,\) .
A simple example is the equation

o=\t
For A < 0 there are two fixed points,

1'172()\) = i\/j y

which collide at A = 0. This is an example of a saddle-node bifurcation.
For the equation



¥ =x(\— 1)
a transcritical bifurcation occurs at A = 0: The two solution branches

.Tl()\) == O, SCQ()\) =\

cross each other at A\ = 0 and an exchange of stability occurs at A = 0.
The equation

t' =2\ —2?)

gives an example of a supercritical pitchfork bifurcation. If one perturbs this
equation by h € R and considers

' =h+ax(\—z?)

then the pitchfork bifurcation gets perturbed. We will discuss the 3D surface
of fixed point,

¥ =x*(\h) .

A so-called cusp—catastrophe occurs.

1.7 Hopf Bifurcation

The simplest example where a Hopf bifurcation occurs is given by the system

(;)/:A(A)<§> where A()\):()l‘ j)

and A is a real parameter. The eigenvalues of A(\) are

,LLLQ()\) =At.

For A < 0 the origin is an asymptotically stable fixed point. For A > 0 the
origin is an unstable fixed point. Thus, at A = 0 a change of stability occurs.
An important observation is that for A = 0 the system has a branch of

periodic orbits given by
T cost
<y>(t)_a< sint >

where a > 0 is the amplitude of the orbit.
More generally, let f : RN xR — R denote a smooth function and consider
the ODE system
' = f(z,)), z(t) eRY,

depending on the real parameter A. Assume that *(\) € R" denotes a branch
of fixed points, depending smoothly on A, i.e.,

f(z*(N),\)=0.



Let

AN) = Df(z*(N),\) = fo(z*(N), A) € RVN
denote the Jacobian of f(-,\) at the fixed point z*(\). Assume that all eigen-
values p5(\) of A(N) satisfy
Repj(A) <0 for A< Ag.

Thus the fixed point z*(\) is asymptotically stable for A\ < X\g. Also, assume
that for A = A\¢ a pair of eigenvalues are purely imaginary,

Hi2 = +ib, b>0,

and assume that

d
I Re ,ULQ()\()) >0.

The fixed point z*(\) is unstable for A\g < A < Ag + ¢ and one can expect a
branch of periodic orbits to occur for A near A\g. If the branch of periodic orbits
occurs for Ay < A < A\g + ¢, then a supercritical Hopf bifurcation occurs at
A = Ag; the periodic orbits are stable.

On the other hand, if the branch of periodic orbits occurs for Ag—e < A < A,
then a subcritical Hopf bifurcation occurs at A = \g; the periodic orbits are
unstable.

We will prove this result for systems in two dimensions.

1.8 The Poincaré-Bendixson Theorem
1.9 Hamiltonian Systems
1.10 The Energy Method and the Mathematical Pendulum

1.11 Planetary Motion: The Two Body Problem
1.12 The Stable Manifold Theorem



2 Constant Coefficient Systems 2’ = Az and Stability
of a Fixed Point

Let A € R™ ™ denote a real n x n matrix and let g € R™. The initial-value
problem (IVP)

has the unique solution

z(t) = z(t, x) = eMlzg, teR,
where

e}

At = l ATt

=
This result is theoretically useful, but what does it tell you about the behavior
of the solution?
In Section 2.1 we consider examples for n = 2 and use elementary techniques
to obtain solutions and to discuss their properties.
For general n, the formula z(t) = e4*xq is useful if one can transform A to
diagonal form,

A1 0

A
TIAT = A = ?

since A = TAT~! yields that

e =TeMT™1 where M=
0 | etnt
If A has complex eigenvalues then the transformation matrix 1" cannot be real.
In ODE theory one tries to avoid non—real transformations since they may not
be applicable to nonlinear extensions of linear equations, like
' = Azr + Q(x)

where @ : R — R" is nonlinear.
We will consider the transformation of real matrices A € R™*™ to complex
and real Jordan normal form.

10



2.1 Examples in 2D

Example 1: The system

!/
x T . -1 0
<y) _A<y) with A_( ! 2)
has the general solution
¢

2(t) = zoe™",  y(t) = yoe™ .
A sketch of the phase plane:

The origin is a fixed point for any linear system 2’ = Azx. In Example 1 the
origin is a saddle point.

Example 2: Consider the initial-value problem
/
x -1 -2 T x To

(y) <0—2><y> (y)() <yo> (21)

Obtain that
y(t) = yoe
and
¥ = —x — 2ype X, z(0) =z .

Recall that the IVP

has the solution

t
z(t) = zoe™ —l—/ et g(s)ds .
0

One obtains the solution of (2.1):

11



(1o - () () e
= (z0 — 2yo)e™"’ < (1] > +yoe ( ? ) (2.3)

An important process to obtain the general solution of a system 2z’ = Az is
to transform A to diagonal form, if possible. Let us apply this process to (2.1).

The matrix
-1 =2
a=(" )

has the eigenvalues Ay = —1 and Ay = —2. Also,

(3)=-(8) 0 a(2)o(2)

Denote the eigenvectors by

m_ (1 @ _ [ 2
t —<0> and ¢ —<1>

and define the matrix 7" with columns #(%):

T:(t(l) t(Q)):<(1) f) .

We have

. (-1 0
AT =TA with A_< 0 _2>.

Therefore,
T7'AT = A

is a similarity transformation of A to diagonal form.
If one uses the new variable



thus

Therefore,
From

obtain that

§o =0~ 2Y0, 7o =0 ,

(IZZ)(t)—(ﬂﬁo—?yo)@_t(é>+yo€_2t< ?) :

This solution formula agrees with (2.3).

thus

A sketch of the phase plane:

Note: If the initial vector (zg,%0)” is a multiple of the eigenvector t™M) | then

the solution decays like e :

(50 )=(0)-
)T

If the initial vector (zg,yp)" is a multiple of the eigenvector t) then the

solution decays like e~2¢:

If



then the solution is

(o ) =o (o )+ (7).

If @ # 0 then the corresponding orbit becomes tangential to the eigenvector
tW ie., to the z—axis, as t — oo and the orbit approaches the origin.

Example 3: Consider the system

(Y oa(=) wnac(P 1) e

The matrix A has the eigenvalues A\j 2 = £i. On can transform A to diagonal

form,
TIAT = < 00 > :
0 —2
but the transformation matrix 7" is not a real matrix. To solve the IVP for the
system (2.4) it is easy to check that the system yields
'T/ =Y, y/ =,

thus

" +rx=0, y'+y=0.

The initial condition

z(0) = z0, y(0) =yo
yields the solution

xz(t) = zpcost—ypsint , (2.5)
y(t) = wyocost+ xgsint . (2.6)

It follows that (with ¢ = cost, s = sint)

2%(t) +y2(t) = (zoc—yos)® + (yoc + wos)*
= T+,

thus all orbits are circle around the origin. The solutions (z(t),y(t))” have the
period 27 and encircle the origin counterclockwise since

0 -1 1\ (0
1 0 0/) \1 ’
Let us consider another method to obtain the solution of the IVP for the
system (2.4). In general, if A € C"*", then the IVP

14



has the solution

where

Let us use this formula for

It is easy to check that A% = —1I, thus

A% = (=1)*T and A% = (—1)*4.

Therefore,

8

1
et = A (j=2korj=2k+1)
— 5l
Jj=0

1
A2kt2k A2k+1t2k+1
2 I +Z 2k

= (2K)! +1)!
— (=D)F o (=1%o
— v 7t A
Z 2k)! +Z 2k + 1)
= costI+sintA

The solution formula

(2 )o=er( )
()= oo (730 e

This agrees with (2.5), (2.6).

yields that

Example 4: Consider the system
’ —b
<x>:A(”€) with A:(“ )
Y Y b a

15



where a,b € R, b #£ 0. We have

A=al +bAy

where Ag is the matrix called A in Example 3. Since the matrices Ag and I
commute under multiplication, one obtains that

At 6aI+bAQ

— eat erbt

_ gat [ co8 bt —sinbt

N sinbt  cosbt
If a < 0 the orbits spiral towards the origin as — oco. If @ > 0 the orbits spiral
towards infinity as — oc.

Example 5: Consider the IVP

()=a(3) woa=(23) (5)o=(3) e

The eigenvalues of A are A\; 2 = +2i. Instead of using the complex transforma-

tion
21 0
_1 _
T AT_( 0 —2i>

we use the real transformation

i [0 =2 . (20
PAP_<2 o) with P=( o ).

Using the result of Example 4 one obtains that

At _ p cos(2t) —sin(2t) p1_ cos(2t) —2sin(2t)
c = sin(2t)  cos(2t) —\ 1 sin(2t) cos(2t) ) -
The solution of the IVP (2.8) is

(3 )= (5l 2onte )

It is not difficult to check that

1 1
Zx2(t) +92(t) = 1 x2 + 2 = const =: ¢* .

The orbits are ellipses with equations

(%)2—&—(%)2:1 for ¢>0.

16



Example 6: Consider the IVP

() =a(y) woa=(75 1) (p)o-(5)-

(2.9)
The matrix A has the eigenvalue A = —1, which is geometrically simple, but
algebraically double.
We write

A=—-I+J with J—<8 é)

It is easy to check that J? = 0. Therefore,

eM=etell =l (T +t])=e"! < (1] f > .

The solution of the IVP (2.9) is

z(t) =e 'mo+e ttyo, ylt) =e 'y,

(1)o-ce(3m)

P(t) == (Jc(t),y(t)) - e_tt(% + 10, %) for ¢>0.

Of course, the points P(t) approach the origin as t — co. We claim that the
orbits are tangential to the z—axis at the origin. The tangent vector at P(t) is

P'(t) = e_tt(iyo ; T Yo, %) .

For t — oo and yg # 0 this vector approaches

i.e.,

Let

(_y07 0) .
At the origin, the orbits are tangential to the eigenvector (1,0)” of A.
A sketch of the phase plane:

17



2.2 Solutions of ' = Axr Corresponding to Complex Eigenvalues

Consider the IVP

¥ = Az, x(0)=x,

where A € R™*"™, x(t) € R". Assume that

A=a+1ib, abeR, b>0,

is an eigenvalue of A. (We know that A = a —ib also is an eigenvalue of A.) Let
w = u—+iv,u,v € R", denote an eigenvector of A to the eigenvalue \ = a + b,
thus

A(u+iv) = (a+1ib)(u+iv) = (au — bv) +i(av + bu)
A(u —iv) = (a—1ib)(u—iv) = (au — bv) — i(av + bu)

One obtains that

Au = au—bv (2.10)
Av = av+bu (2.11)

Let us assume that the initial vector x(0) = z¢ lies in span{u,v}, i.e.,

xo = agv + Bou, o, Bo ER.
We claim that the solution
z(t) = ety
lies in span{u,v} for all t € R, i.e.,

z(t) = a(t)v + B(t)u (2.12)

for real valued functions «(t), 5(t). Indeed, if x(t) solves 2’ = Az and has the
form (2.12) then

Az =2 =d'v+ Bu

and
Ar = o«adAv+ [fAu
= alav + bu) + fau — bv)
= (aa—=bB)v+ (ba+ ab)u ,
thus

o =aa—bB, B =ba+af.

18



In matrix form,

(o) -(5 ) () -
The converse is also easy to check: If a(t), 5(t) solve (2.13) then

z(t) = a(t)v + B(t)u

solves ' = Az. We have proved:

Lemma 2.1 Let Ao = a &b denote a pair of complex conjugate eigenvalues
of A € R™™™ and let
Aw = (a +ib)w, Aw = (a—ib)w .

Let w = u + v where u,v € R™. A wvector function

z(t) = a(t)v + B(t)u
with o, B € CH(R) solves ' = Az if and only if (2.13) holds.
2.3 Part of the Transformation to Complex and Real Jordan
Normal Form
2.3.1 Use of One Complex Eigenvalue

Let A € R™" have the complex eigenvalues

A=a+ib and A=a—ib
and let

Aw =X w and Aw =\ . (2.14)

If (w|w) € C™?2 denotes the matrix with columns w and w then

A(w|w) = (Aw|j4w)
= (Aw|\w)

- w5 )

This shows that eigenvectors w and w play a role when one transforms A to a
diagonal matrix or to complex Jordan normal form.

Use of a Real Transformation: As above, let w and w denote eigenvec-
tors of A, i.e., (2.14 holds. Also, as above, let A = a + ib. Recall (2.10), (2.11),
thus

Au=au—bv and Av=av+bu.

19



Therefore,

A(wlu) = (Av|Au) (2.15)
(av + bulau — bv) (2.16)
= ol (§ ) (2.17)

This shows that the vectors v and v play a role when one transforms A to real
Jordan normal form.

2.3.2 A Complex Double Eigenvalue

Let A € R™*"™ denote a real n x n matrix with complex eigenvalue A, which is
geometrically simple, but algebraically double.

The Complex View: There exist non—trivial vectors wy, ws € C™ with

(A= XDw; = 0 (2.18)
(A—)\I)’wg = wi (2.19)

(The vector w; is an eigenvector of A to the eigenvalue A\. The vector wsy is
a generalized eigenvector, satisfying (A — AI)?wy = 0. The vectors w; and ws
form a basis of the generalized eigenspace of A to the eigenvalue \.)

The equations (2.18) and (2.19) yield in matrix form:

A(wi|we) = (Aw;p|Aws)
= (Awi|wr + Awa)

— e (5 3 )

Similarly,

In matrix form:

o o A1
A(w1!w2)=(’w1!w2)< 0 A)
Taken together, one obtains
A1 0 O
o o 0O XN 00
Awiwzlw|we) = (wiwalwnlwz) | 05 5
00 0 X\
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This is a part of the similarity transformation of A to complex Jordan normal
form.

The Real View: Let
w1 = up + vy, W2 = ug + v
with uy, v, ug,va € R™. Since Aw; = (a + ib)w; obtain that

Afun) = (afu) (1§ V)

a

(See (2.17).)
From

Awy = (a + ib)ws + wy
obtain that

A(UQ + ivg) = (a + ib)(UQ + ivz) + uqp + i

= aug — bvg +uy +i(bug + avy + v1) ,

thus

Aus = aug — bug + uy
Avy = bug+ ave + v .
In matrix form,
1 0
0 1
A(valug) = (vilwfvaluz) | =
b

Setting

T = (v1|ur|vz|uz)

one obtains that

a —b 1 0
b a O 1
AT =T 0 0 a —b
0O 0 b —a

This shows that the real and imaginary parts of eigenvectors and generalized
eigenvectors play a role when one transforms A to real Jordan normal form.
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2.4 An Estimate of e

The following is Theorem 14.9 proved in Appendix I.

Theorem 2.1 Let A € C"*" and assume that

Relj < —a <0 forall Xjeo(A).

Then there exists a constant K > 1 so that
et < Ke ™ forall t>0.

2.5 The System 2’ = Az + b(¢)
Let A € R™™"™ and let b : R — R"™ denote a continuous function. The IVP

2= Az +b(t), x(0)==xg,

has the solution
t
x(t) = ey +/ eAt=3)p(s) ds . (2.20)
0

2.6 Application: Asymptotic Stability of a Fixed Point

Let f: R™ — R™ denote a C'-map and consider the system

¥ = f(x) for x(t) e R™.

If f(x) is a nonlinear function, then the ODE system 2/ = f(z) is called nonlin-
ear. In Chapter 5 we will give local and global existence and uniqueness results
for the IVP

2 = f(x), x(0)=ux.

We denote the solution of the IVP by z(t) = x(t, zo).
A point z* € R" is called a fixed point of the system o’ = f(x) if f(z*) = 0.

Definition: A fixed point x* is called stable if for all £ > 0 there exists

0 > 0 so that
|zog — 2| < implies |z(t,z9) —2*| <e forall t>0.
A fixed point is called asymptotically stable if z* is stable and there exists § > 0
so that
|zg — "] < implies lim (¢, z9) = 2™ .
t—o0
An important theorem:

Theorem 2.2 Let f:R® — R", f € C? and let f(z*) = 0. Assume that every
eigenvalue \ of the Jacobian A = f'(x*) satisfies Re A < 0. Then the fized point

x* is asymptotically stable.
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Proof: Without loss of generality, we may assume that x* = 0. We write the
system 2’ = f(z) in the form

7 = Az + Q(x)
with A = f/(0) and

|Q(x)| < Clz|* forall zcR"™ with |z|<1.
(See Lemma 2.3.)
Choose o > 0 so that
ReAj < —a<0 forall N eo(A).
By Theorem 2.1 there exists a constant K > 1 so that

ledt] < Ke™® forall ¢t>0.
We claim: If £ > 0 is sufficiently small and 0 < |z¢| < e then the solution
of the nonlinear equation 2’ = Ax + Q(x) satisfies
lz(t)| < 2Ke *|ag| for t>0. (2.21)

To prove this, let 0 < |zg| = & be so small that

2Ke <1
and

- «
€< —5— .

4K2C

We claim that the solution of the nonlinear equation satisfies

(2.22)

lz(t)| < 2Kee ™ forall t>0.

If this does not hold, then let 7" > 0 denote the smallest time where equality
occurs. We then have (using 2.20):

2Kee™ T = |z(T)|
T
< Kee T [T 9)QGa(s) ds

0

Here

]eA(T_s)\ <Ke®T=9) for 0<s<T
and
1Q(z(s))| < C4K?%e™2 for 0<s<T.
Obtain:
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Kee T

IN

T
|14 =91Q () as
0
T
< CO4K?? . Ke oT / e “ds
0

1

< 4C0K32e T . =

This yields that

thus

10K2 =S¢

This contradicts (2.22).

Since the estimate |z (t)| < 2Kee™ ', t > 0, holds for all small ¢ > 0, it is not
difficult to complete the proof of asymptotic stability of the fixed point z* = 0.
o

Lemma 2.2 Let ¢: [0,1] = R, ¢ € C?. Assume that ¢(0) = ¢'(0) = 0 and let

|¢"(s)| <co for 0<s<1.

Then the estimes

holds.

Proof: For 0 <t <1 we have

t
() = / &'(s)ds, |6/ (8)] < teo -
0
Therefore,

€0

1 1
dUZAW@ﬁame%Atﬁ=2-

o

Lemma 2.3 Let q: R” — R, q € C?. Assume that

q(0) =0, Vq(0)=0
and let

q"(z) = (DiDJQ(x))

1<i,j<n
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denote the Hessian of ¢ at x € R". (Here Dj = 0/0x;.) Assume

l"(@)[ <o for Ja|<1.

Then the estimates
lg@)| < Flal® for o <1
holds.

Proof: Fix z € R™ with |z| <1 and set

o(t) =q(tx) for 0<t<1.
We have ¢(0) = ¢(0) = 0 and

¢'(t) ==z (Vg)(tx) ,
thus ¢’(0) = 0. Also,

¢(t) =z (Va)(te) = > w;(Djq)(te)

yields that J
0"(t) = 3 X wiwy(DiDj)(tw) = 2" (te)x = (@, ¢ (t2)2) .
Therefore, for 0 gzt ;1,

0" ()] < colal* .

Applying the previous lemma we obtain that

la(2)| = [6(1)] < 3 | -
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3 First Order Linear Systems 2/ = A(t)x + b(t)

3.1 Fundamental Matrices; Liouville’s Theorem

Let A(t) denote a continuous matrix function taking values in R"*" for 0 < ¢t <
T.
Consider the IVP
¥ =Alt)z, z(0)=a, (3.1)

where a € R” is a given vector. Theorem 5.2 implies that the IVP has a unique
solution x(t) = z(t, a).

Let a',...,a™ denote a basis of R” and let x(¢,a’) denote the solution of
the IVP

o =Alt)z, x(0)=d for j=1,...,n.
We form the matrix ®(t) € R™*" whose j—th column is z(t, a’):
o) = <w(t, V). .. |z(t, a”)), 0<t<T. (3.2)

It is easy to check that
D'(t) = A)D(t), B(0) = <a1| . ya") .

Definition: A matriz function ®(t) € R™*" is called a fundamental matric
for the system o' = A(t)r in 0 <t < T if ® € C'[0,T] and
O'(t) = A(t)P(t), det®(t)#0 for 0<t<T.

The normalized fundamental matriz Oo(t) is the fundamental matriz satisfying
Dy(0) = 1.

Liouville’s Theorem, which we prove below, implies that a matrix func-
tion ® € C1[0,T] is a fundamental matrix if the differential equation ®’(t) =
A(t)®(t) holds and if det ®(tg) # 0 for some 0 <ty < T

Theorem 3.1 (Liouville) Let ®'(t) = A(t)®(t) for 0 <t <T. Then we have

% det (1) = tr A(t) - det (1) | (3.3)
and, therefore,
det ®(t) = det B(0) - exp ( / i A(s) ds) . (3.4)
0

Proof: We use the notation

and have
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det D(t) = > sgn0 P10, (t) +* Pno, (1) -

O’GSn

Here S,, denotes the group of all permutations of the set {1,2,...,n}.
Consider the derivative of one term:

& (6101 (0) b0, )

This derivative is the sum of n terms, where in each term exactly one factor is
differentiate:

d
% (¢101 ¢20’2 U ¢no’n) = qbllffl ¢20’2 s d)rwn + leol ¢/202 s ¢n0'n + ...
+¢101 ¢20’2 LI Qb/non

Multiplying by sgn o and summing over all o € S,, one obtains:

1 P - P b11 P12 ... Pin
%det o(t) — P21 P22 ... P2 n b1 Phe oo Dby, 4o
¢n1 ¢n2 ¢nn anl ¢n2 ann
b11 P12 ... Din
" G211 P22 ... P
R N

Consider the first term on the right—hand side of the above equation. Using
that ® = A® one obtains that

n
b1, :Zalkz¢>kj for j=1,...,n.
k=1

Therefore,
n S - D, Pk1 Pk2 - PEn
21 P22 ... P2 21 $22 ... P2
¢ (b ¢ no|_ Zalk ¢ ¢ ¢ n
¢n1 ¢n2 ce ¢nn ¢n1 ¢n2 s ¢nn
For k£ = 2,...,n the determinant in the above sum is zero since the first

row agrees with the k—th row. Therefore,

/ / /

11 12 - 1in
¢21 ¢22 o ¢2n _ andet b
¢n1 ¢n2 B ann

The other terms in the sum—formula for % det @ are treated in the same way.
One obtains that
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%det O(t) = (a11 + ... + apy)det @ .

Recall the following elementary result:

Lemma 3.1 Let a € CY[0,T], 3 € C[0,T] denote scalar functions with

& a(t) = a(t), 0<t<T.

Then

a(t) = a(0) exp </0t6(s) ds), 0<t<T. (3.5)

Note that Lemma 3.1 yields formula (3.4) of Liouville’s Theorem.

A simple implication of formula (3.5) is that either a(t) = 0 or «(t) # 0 for
all 0 <t <T. Therefore, if the matrix function ®(¢) is constructed as in (3.2),
where a', ..., a" are linearly independent, then det ®(¢) # 0 for 0 <t < T and
®(t) is a fundamental matrix for the system 2’ = A(t)x.

3.2 Inhomogeneous Linear Systems

Let A(t) € R™™ and b(t) € R™ depend continuously on 0 <t < T

Lemma 3.2 Let ®(t) denote a fundamental matriz for the system x’ = A(t)x.
The IVP

¥ =At)xr+bt), z(0)=a,

has the solution
z(t) = ®(t)®(0) ta + B(1) /t ®(s)'b(s)ds, 0<t<T. (3.6)
0

Proof: Let z(t) be defined by (3.6). Then x(0) = a and, since ®' = AP,

(t) = A(t)(I)(t)(I)(O)_la—|—A(t)(I>(t)/0 ®(s) " 'b(s)ds + ®(t)D(t) " b(t)
= A(t)z(t) +b(t)
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3.3 Difficulties with Localization

First let A € R™*"™ denote a constant matrix and assume that all eigenvalues
of A have negative real parts. We know that all solutions z(¢) of the equation
7' = Ax decay exponentially as t — oco. Now consider a variable coefficient
System

¥ =At)z for t>0

and assume that for every fixed 0 <ty < oo all eigenvalues of the matrix A(to)
have negative real parts. Can one conclude that the solutions of the variable
coefficients system =’ = A(t)x decay to 0 as t — oo? The answer is No, in
general, as the following example shows.

Example: Consider the system 2/ = A(t)x where

0 ~ S c

A(t) =UM)AUT (1), Ao = ( o0 > v = ( ;e )

with real constants «, 3, and

c=cost, s=sint.

It is clear that the eigenvalues of A(t) are « and 7.
Let us assume that

a<0 and v<O0.

Then, if we freeze the coefficient matrix A(t) at any time ¢y and consider the
constant coefficient system

= A(to)w ,

the solution will decay exponentially.
To understand the variable coefficient equation, introduce a new variable

y(t) by
() =U®l)yt), 2/ =Uy +U'y.

The equation =’ = Ax becomes
Uy +U'y = AUy = UApy ,
or
y' = (A -UTT")y .

It is easy to compute that

o= (5 )(7 )24



Therefore, one obtains that 3’ = By with

_ 0 -1\ a f+1
pew-(15)=(57)
The eigenvalues A of B satisfy
0 = det(B—\I)

(@a=N(v=AN+6+1
= M —(a+Y)A+ay+B8+1

thus

1 1
)\1,222(a+7)i\/4(0¢+’7)2—0¢7—5—1~

Therefore, assuming that —f is sufficiently large, the matrix B has a pos-
itive eigenvalue. Then the function y(t) typically grows exponentially and the
function z(t) = U(t)y(t) also typically grows exponentially.
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4 Floquet Theory

In this chapter we consider a variable coefficient linear system

¥ =At)z, xz(t) eR", (4.1)
where A(t) € R™*" is a continuous, periodic matrix function, A(t +T') = A(t).
Here T' > 0 is the period. We will show that the normalized fundamental matrix
D (t) can be written in the form

Do(t) = Q(t)ePt, teR,
where the matrix function Q(t) has period T' and where B € C"*"™ is constant.
(The matrix B is not unique.)

The matrix
M = ®y(T) = BT

is called the monodromy matrix of the system 2’ = A(t)x. The eigenvalues of
M are

'Lszean’ j:1a2a"'an,

where the 7n; are the eigenvalues of B. The p; are called the Floquet multipliers
and the 7; are the Floquet exponents of the system z’ = A(t)x.

We will prove: If |pj] <1 for j =1,2,...,n then all solutions x(t) of (4.1)
decay to zero as t — oc.

Later we will consider nonlinear systems x’ = f(z) with periodic solutions,
u(t +T) = u(t). The Floquet multipliers of the linearized system

y' = Df(u(t))y

play a role in the stability analysis of the periodic solution u(t).

4.1 Auxiliary Results from Linear Algebra

Lemma 4.1 For A € C"*™ we have

dete? = etrA .

Proof: The matrix e is the normalized fundamental matrix of the system

2’ = Az. By Theorem 3.1 we have

d

—det e = (tr A) det e |
dt

therefore

det At = (BT A)

For t = 1 obtain that deted = eT4, o
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Lemma 4.2 Let R € C"*"™ be nilpotent, i.e., R = 0. Then

n—1 ;
(P
B = : R’

satisfies
P =T+R.
Proof: For z € C,|z| < 1, let

F(2) = log(1+2)
thus

We have

ef(2) = plog(l+2) — 1 4~ for |z| < 1.
Since R™ = 0 we have
n—1

B=Y_ (_?jﬂ RI =log(I +R) .

Jj=1

Since the series for log(I 4+ R) is finite we can substitute R for z in the identity

6log(l-l—z) =142

and obtain
eP=T+R.

Lemma 4.3 Let A € C"*" with det A # 0. Then there ezists a (non—unique)
matrizc B € C™*™ with

A=¢eP .
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Proof: Using Schur’s Lemma and blocking we obtain a transformation of A to
blockdiagonal form,

ST1AS = diag (A;)

where

A;j =MIy+Ry), RF=0, MA£0.

By the previous lemma there exists B; € C*** with

€Bj = Ik =+ Rk .
Also, since X # 0, there exists 3 € C with e® = X. We then have

Since every block A; can be written in this way, the claim follows. ¢

a=(0 75

We want to construct a matrix B with e = A.
The matrix A has the eigenvalues +¢ and there exists a nonsingular matrix

S € C**? with
s7tas=( 1 V) =a
0 —i ) 7

Example: Let

If we set
o mi/2 0
b= < 0 —mi/2 )
then
wi/2 0
D_ [ ¢ _
€ ( 0 /2 > =A
We set
B=SDS™!
and obtain

eB=8ePSs 1 =SAS =4 .

Remark 1: The matrix B can be obtained explicitly: We have D = 7 A,
thus
T

_ -1_T -1_T
B=5DS™ =7 SAS 7 A
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thus

0 —n/2
B= < /2 0 > '
Remark 2: The matrix B with e = A is non—unique. Instead of the
matrix D given above we can choose

D_ mi/2 + 2miky 0
N 0 —7i/2 + 2miks

where ki, ko € Z are arbitrary. One obtains e” = A and the matrix B = SDS™!
satisfies e? = A.

Lemma 4.4 Let A,B € C"" and let A = eP. Let \1,...,\, denote the
eigenvalues of B, listed by their algebraic multiplicities, i.e.,

det(B — zI) =TI7_;(\j — 2) .

Then the numbers

are the eigenvalues of A, listed by their algebraic multiplicities.

Proof: By Schur’s Theorem there exists a unitary matrix U € C"*" so that

U*BU=A+R
where A = diag (\;) and R is strictly upper triangular. We have

1
eA+R:I+(A+R)+§(A+R)Q+...:eA+R
where R is strictly upper triangular. To obtain this, note that

(A+R)*=A?+ AR+ RA + R?

where

AR+ RA + R?

is strictly upper triangular. The same argument works for all powers of A + R.
One obtains that A is similar to

e* + R=diag (M) + R .
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4.2 Linear Systems with Periodic Matrix Functions

We consider systems

o = A(t)z

where A(t +T) = A(t) for all t € R for some fixed T > 0. As before, A: R —
R™*™ is continuous.
The example

= () w0 - (708

shows that we cannot expect fundamental matrices to be periodic.

Theorem 4.1 Let ®y(t) denote the normalized fundamental matriz of the sys-
tem ' = A(t)x. There exists a matriz function Q € C*(R) with Q(t+T) = Q(t)
and there exists a constant matriz B so that

Proof: Set

V(t) = ®o(t + Ty (T) .
Then V(0) = I and

VI(t) = A{t+T)®(t+T)0; (T)

= A@DV(?)

It follows that V() = ®¢(¢). In other words,

Oo(t+T) = Po(t)Po(T) . (4.2)
Now let
and set

It is then clear that

and

Qt+T) = @t +T)e BTe Pt (use (4.2) and (4.3))

I
oy
[e=)
—~
o~
S~—
ml
o)
B
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This proves the theorem. ¢

Definition: The matriz M = ®o(T) = B is called the monodromy matriz
of the system x’ = A(t)x with respect to the period T. The eigenvalues p; of
(T are called the Floquet multipliers of the system x' = A(t)x. If n; denotes
the eigenvalues of B, then pj = e are the Floquet multipliers. The numbers ul
are called Floquet exponents of the system. (Then; are not uniquely determined.
One can always add 2min; /T to n; where n; is an integer.)

Transformation to a constant coefficient system: Consider the system
The solution is
Set
We then have

and

Yy =By, y(0)=ux .

We can express this as follows: If we introduce the variable y(t) by z(t) =
Q(t)y(t) then the variable y(t) solves the constant coefficient system

Yy =By, y(0)=ux .

Modulo a periodic change of variables, x(t) = Q(t)y(t), we obtain a constant
coefficient system for the variable y(t).

Theorem 4.2 Assume that the Floquet multipliers p; satisfy |u;| < 1,5 =
1,2,...,n. Then all solutions x(t) of the system x' = A(t)x converge to zero as
t — oo.

Proof: This is clear since y(t) — 0 as ¢ — oo and the periodic matrix function
Q(t) is bounded.

Example: The following simple example illustrates the non—uniqueness of
B. Consider the scalar IVP

7' =(1+cost)z, z(0)=1.
Here n =1 and A(t) = 1+ cost has the period 7' = 2w. Obtain

z(t) t
/ m:/(1+coss)ds:t+sint,
1 0
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thus
2(t) = ettsint |

In this case the normalized fundamental matrix is the scalar function
Bo(t) = eSint gt

The monodromy matrix is

Bo(27) = 27 = 27K pc7

Clearly, we have

where

Q(t) — 6sint
has period 27 and B = 1. However, we can also write
Do (t) = Rt OHR where ke Z .

Here

has period 27 and B =1 + ik.

4.3 A First Result on Periodic Solutions of Nonlinear Systems

Let f:R™ — R", f € C!, and consider the system

¥ = f(x) .

Assume that u(t) is a solution with minimal period 7" > 0. In particular, u(t)
is not constant. It follows that

f(u(0)) #0.
Let

A(t) = Df (u(t)) -

The matrix function A(t) has the period T, but it is possible that 7" is not
the minimal period of the function A(t). This will not play any role for the
following, however.

The system

Yy = Aty
is obtained by linearization about u(t). With
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Do (1)

we denote the normalized fundamental matrix and with
M = &y(T) = BT
we denote the monodromy matrix of the linear system y' = A(t)y.

Theorem 4.3 The monodromy matrix M has the eigenvalue py = 1 with cor-
responding eigenvector f(u(0)) = u’(0).

Proof: From «/(t) = f(u(t)) obtain that

Therefore,
u'(0) = J/(T)
— (1) (0)
Mu'(0) .
o
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5 Basic Existence and Uniqueness Results

5.1 Example of Non—Uniqueness

Let

f(x)=0 for <0 and f(z)=+2z for >0.
Consider the IVP

¥ = f(x), x(0)=0.
Clearly, x = 0 is a solution. Ansatz for another solution:
x(t) = ct® .

One obtains a solution for

In fact, if £y > 0, then the function

() = 0 for 0<t<ty
T Lt —t)2 for t >t

is a solution.
The example shows the importance of a Lipschitz condition for the function
f(z) to obtain uniqueness of a solution of the IVP

' = f(x), =x(0)=u=z0.

5.2 Completeness of (C[0,77],] " |x)

The result shown here is important to prove the existence of a solution of the
Ivp

l‘/:f($,t)7 x(O):a,

where f: R" x [0,7] — R™ is a continuous function which is Lipschitz w.r.t.
the state variable x.

Let C[0,T] denote the vector space of all continuous functions z : [0,7] —
R™. Let |- | denote the Euclidean norm on R"™. The maximum norm on C[0, T
is defined by

|00 = max{|z(t)] : 0<t<T}.

Theorem 5.1 The normed space (C’[O,T], | - |OO> is complete.
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Proof: Let x; = x;(t) denote a Cauchy sequence in C[0,T] w.r.t. |- |oo. Thus,
for every € > 0 there exists J(¢) € N so that

|zj — Tp|oo < e for j>k>J(e).
Since R™ is complete w.r.t. |-| one obtains that for every 0 < t < T the sequence
xj(t) converges,
zj(t) = z(t) eR" as j— 0.

We claim that the limit function z(¢) is continuous.
Given € > 0 there exists k € N so that for all j > k:

|z (t) — i (t)] < g for all te[0,7].
Since x;(t) — x(t) as j — oo obtain that

lz(t) — xp(t)] < for all te[0,7].

Wl ™

Fix any to € [0,7]. We will prove that the limit function x(t) is continuous
in t3. By assumption, xj is continuous in ty. Therefore, for given £ > 0 there
exists > 0 so that

|z(to) — x(t)| < for |to—t| <0, te€][0,T].

W m

Obtain for |ty —t| < 4:

|z(to) — x(t)] < [x(to) — xx(to)] + [z (to) — 2 (t)] + |2x(t) —x(t)] <e .

This shows that x € C[0,T]. Also, given € > 0 there exists J(g) so that for
j>k>J(e):

|z;(t) —xp(t)] <e forall tel0,T].

For j — oo obtain that

|z(t) — zk(t)] <e forall te|0,T]

for kK > J(g). This proves that zy — x w.rt. |- |x. ©

5.3 IVPs: Existence and Uniqueness of Solutions

The proof of existence will be based on the following lemma.

Lemma 5.1 Let T > 0 and let L > 0. Let n, : [0,T] — [0,00) denote a
sequence of non—negative continuous functions satisfying the estimates

t
Ni+1(t) SL/ ne(s)ds for 0<t<T, k=0,1,... (5.1)
0
Then we have
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(Lt)*

< <t< . .
m(t) < == max(s) for 0<t<T (5:2)
In particular,
LT)*
M |oo < ( k:') Moloc =0 as k— oo .

Proof: We use induction in k. For k£ = 0 the estimate (5.2) is trivial. Set

M(t) = On<1?§tno(s) for 0<t<T

and assume that (5.2) holds for some k, thus

(Lt)*
!

nw(t) < M(t) for 0<t<T.

Using (5.1) obtain:

Lk t .
Me+1(t) < L'k'M(t)/ s"ds
. 0
(Lt)k—i-l

= ke MO

for0<t<T. ¢

5.3.1 The Case Where f Is Globally Lipschitz

Theorem 5.2 Let f : R™ x [0,T] — R"™ denote a continuous function and
assume that there exists L > 0 so that

|f(x,t) — f(y,t)| < Llz —y| forall 0<t<T and forall z,yc R".

Then, for every a € R™, the initial value problem

¥ = f(x,t), x(0)=a, (5.3)

has a unique solution x € C*[0,T).

Proof: FEzistence: We define a sequence of function x; € C[0,7] with values
in R™ as follows: Let z((t) = a and let

t
xk+1(t):a+/f(xk(s),s)d5 for 0<t<T, k=0,1,2,.... (5.4)
0
We have
¢
a:k+2(t):a+/f(a:k+1(s),s)ds for 0<t<T
0
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and obtain that

xk+2(t)—azk+1(t):/0 (f(xk+1(s),s)—f(a:k(s),s)> ds for 0<t<T.

Therefore,

t
|Tpt2(t) — xpp1(t)] < L/ |zpt1(s) —xx(s)|ds for 0<t<T.
0
We set

Me(t) = |zpy1(t) —zp(t)] for 0<t<T
and obtain that

t
nk+1(t)§L/ ne(s)ds for 0<t<T, k=0,1,2,...
0

Lemma 5.1 yields the estimates

LT)F
7k ]oo < (k,) M0]oo, k=0,1,2,...
where
k|0 = max{|ng(t)] : 0<t<T}.
Since
>, (LT)"
> <o
k=0

it follows that the sequence zj, = xy(t) is a Cauchy sequence in C[0,T] w.r.t. the
maximum norm. By Theorem 5.1 there exists x € C[0,T] with |z — z|oo — 0
as k — oo. Taking the limit k — oo in equation (5.4) one obtains that

t
x(t)—a+/f(3:(s),s)ds for 0<t<T.
0

This implies that x € C1[0,T] and z solves the IVP (5.3).

Uniqueness: Assume that the functions z,y € C1[0,7T] both solve the IVP
(5.3). For ¢ = x — y obtain:

thus

¢
q(t)|§L/ lg(s))ds for 0<t<T.
0
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Applying Lemma 5.1 with ng(t) = |¢(t)| for all k yields the estimates

k
o)) < £

Taking the limit & — oo one obtains that ¢ = 0, thus z = y. ©.

|gloe for 0<t<T.

5.3.2 The Case Where f Is Locally Lipschitz
Theorem 5.3 Let f, f, € C(R" x [0,T]) and let R > 0. Consider the IVP

v = f(z,t), z(0)=a, (5.5)

where |a| < R. The IVP has a unique solution in some interval 0 < t < Tp
where 0 < Tr < T depends on R, but is independent of a € Br(0).

Proof: Existence: Choose a cut—off function ¢ € C'*°[0, 0o) which takes values
in [0, 1] and satisfies

brlr) = 1 for 0<t<R+1
ET)=9 0 for t>R+2
and set

flx,t) = f(z,t)pr(|z]) .
Set

Mp = max{|f(x,t)] : |z| <R+1,0<t<T}
and note that the function f (z,t) is globally Lipschitz in 2 since there exists a
constant Lr > 0 with

|fo(z,t)] < Lg for z€R® and 0<t<T.
By Theorem 5.2 the IVP

2(t) = fx,1), z(0)=a,

has a unique solution € C1[0, T]. Tt is clear that z(¢) solves (5.5) in 0 <t < 7
as long as [z(t)| < R+1in0<t<T.
Set

1
TR — min{T, m} .

We claim that |z(t)] < R+ 1 for 0 < ¢ < 7g. If this does not hold then there
exists tg with 0 < ty < 7 and

|z(to)] =R+1 and |z(t)]<R+1 for 0<t<tp.
Using that |z(0)| = |a| < R one obtains:
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1 < Jz(to) — z(0)]

- [[f e
< /O 2/ (0)] e

- / ). 0 di
0

< toMg

This implies that ty > 1/Mpg > 7r, which contradicts 0 < ¢ty < 7g.

Uniqueness: Assume that x(t) and y(t) solve the IVP

¥ = f(x,t), x(0)=mx
for 0 <t < 7. Choose R > 0 so that

lz(t)] <R and |y(t)] <R for 0<t<rT.
There exists L > 0 with

|fo(z,t)] <L for |z|]<R and 0<t<rT.
One then obtains that
|z (t) |<L/\x s)lds for 0<t<rT.
As in the proof of Theorem 5.2 it follows that x =y in [0, 7]. ©

5.4 The Maximal Interval of Existence and Possible Blow—Up
Let f:R"® - R", f € C', and let a € R™. Consider the IVP

= f(z), z(0)=a. (5.6)
Set Ry = |a|] and
My = max{|f(z)| : || < Ry+1} and 719=1/My.

By Theorem 5.3 the IVP (5.6) has a unique solution z(t) defined for 0 < ¢ < 9.
(If My = 0 then, trivially, z(¢) = a solves the IVP for 0 <t < oo. In the
following we assume that M; > 0.)
Set

at) = xz(1), Ri1= ]a(l)\

and
Mlzmax{\f(:v)] : ‘$|§R1+1}, T1:1/M1 .
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The initial value problem

o' = f(z), z(r)=aV

has a unique solution defined for 79 < t < 79 + 71. Clearly, if we put the
solution in [0, 7] and the solution in [y, 79 + 71] together, we obtain a solution
x € CH0, 70 + 71].

This process can be continued inductively. Will one always obtain a solution
defined for 0 <t < c0) ?

The simple example

with solution

shows that the answer is No, in general.
Theorem 5.4 Let f : R" — R™, f € C', and let a € R™. Consider the IVP

¥ = f(x), z(0)=a. (5.7)

There are two cases:

Case 1: A unique solution exists for 0 <t < oo.

Case 2: A unique solution exists for 0 < t < t* where 0 < t* < 0o, but does
not exist for 0 <t < t*. In this case,

|z(t)] > 00 as t—t- (5.8)

i.e., the solution blows up as t approaches t*.

Proof: Using the process outlined above, one obtains a sequence of positive
numbers 7, 71, . . . and, for every n, a unique solution z(t) of (5.7) defined for

0<t<m4+m+...+71.

If 3772 7j = oo, then we have Case 1.
Now assume that

o0
ZTj =t"<o00.
7=0

In this case, we obtain a unique solution z(t) for 0 <t < t*, where ¢* is finite.
It remains to prove (5.8). Clearly, 7; — 0, thus M; = 1/7; — oo where

Mj = max{|f(x)| : |2] < [|a)]+1}

and
aV =z(t;), ty=ro+m+... .+ for j=1,2,...
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Since M; — oo one obtains that

laW)| = |z(tj)] = 00 as j—o00. (5.9)

Suppose (5.8) does not hold. Then there exists R > 0 and a sequence t; — t*
with

lz(t;)| < R forall j.
Set
i) = x(i;) ,

thus ‘
la¥)| <R forall j.

Apply Theorem 5.3 to the IVP

2 = f@), a(fy) =V

and obtain a unique solution in an interval [t;,#; + A], where A > 0 depends
on R, but not on j. Since £; — t* one obtains that

ti+ A >t

for large j. Thus, one obtains a solution beyond ¢*. This contradicts (5.9). It
follows that |z(t)] = co ast — t*. ©

A Sufficient Condition for All-Time Existence.

Lemma 5.2 (Gronwall’s Lemma) Let g : [0,T] — [0, 00) denote a non—negative,
continuous function satisfying the estimate

t
g(t)SC’—i—L/ g(s)ds for 0<t<T,
0
where C' and L are positive constants. Then
g(t)§CeLt for 0<t<T.

Proof: Set

t
G(t):C+L/ g(s)ds for 0<t<T,
0
thus ¢g(t) < G(t) and G(t) > C > 0. We have G'(t) = Lg(t) and

Q) Lelt) _ LG()
G G S am

thus




It follows that

G(t)
ln@ < Lt,

thus
G(t) < G(0)elt = celt .
The estimate g(t) < Ce®* follows since g(t) < G(t). ©

Theorem 5.5 Let f:R" — R, f € C', and assume that

(x,f(2)) < C+L|z|* forall z€R"™,
where C' and L are positive constants. Then the IVP

2 = @), (0)=a,

has a unique solution, which exists for 0 < t < co. Here the initial value a € R™
s arbitrary.

Proof: Let 0 < ¢t < t* denote the maximal interval of existence of the initial
value problem. Set

We have

gt = 2(),2'(t)
2(x(t), f(x(8)))

2C + 2L|x(t)[?

2C + 2Lg(t)

IA

Applying Gronwall’s Lemma in every interval [0, 7] with 0 < T' < t* yields the
bound

lz(t)? = g(t) < 2Ce* for 0<t<t*.
Since blow—up cannot occur, the solution exists for 0 <t < co. ©

Example: (The Lorenz system)
(Edward Lorenz, 1917-2008, meteorologist)
For z € R3 let

J(.%'g — .%'1)
flx)=| rx; —x9 —x173 = Az + Q(x) .
1T — b.%'g

Here o,r,b are real parameters, A € R3*3 and
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0

Qz) = —zix3
T1T2

The system 2’ = f(x) has been studied extensively in chaos theory. We
have
(r,Q(x)) = zo(—z123) + T35 =0 for all 2 € R3 .

It follows that

(, f(x)) = (x, Az) <|Al|z]* .
By Theorem 5.5 the solutions of the Lorenz system cannot blow—up, thus they
exists for 0 <t < oo.
5.5 Differentiation w.r.t. the Initial Value

Let f:R™ — R", f € C'. Consider the IVP

o' =f), x(0)=a+h,

where a,h € R". Assume that the solution z(t,a + h) exists in the interval
0<t<Tif |h <dy where §p > 0.
Thus we have

xi(t,a+h) = f(z(t,a+h)) for 0<t<T and xz(0,a+h)=a+h (5.10)

for |h| < dp. Differentiating the function

b— .Z‘t(t, b)

formally at b = a one obtains that

Zat(t,a) = Df(x(t,a))xq(t,a), x4(0,a) =1€R"*". (5.11)

Here D f(z) € R™ " is the Jacobian of f at x € R™.
Thus, if the formal differentiation process can be justified, then the matrix
function

O(t) := z4(t,a) € R

is the normalized fundamental matrix of the linear equation

¢'(t) = Df(x(t,a))p(t), 0<t<T. (5.12)

In the following, we denote by ®(¢) € R™*™ the normalized fundamental matrix
for the linear system 5.12).

We will prove that the function b — x(¢,b) from B(a,dy) — R" is differen-
tiable at b = a and that its derivative at b = a equals ®(¢). In other words, we
will prove:
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1
}lllr% —W (az(t,a +h) —xz(t,a) @(t)h) =0 for 0Z<t<T (5.13)

An Auxiliary Result:
Lemma 5.3 Consider the linear, variable coefficient IVP

¢ (t)=At)q(t) +r(t), 0<t<T,

where A(t) € R™™ and r(t) € R™ are continuous. Let |A(t)| < L for0 <t <T.
A solution g € C1[0,T] satisfies the estimate

lg(t)] < Ce=T2)t for 0<t<T
with

T
2 2 7'828.
C? = |q(0) +/0 Ir(s)?d

Proof: We have

— la(®)?

- 2q(t), (1)

< 2L|g(t)* + 2[g(®)||r(1)]
< QL+ 1)g()] +|r(®)
Therefore,
2 2 ! 2 ! 2
la@)IF < 1q(0)] +/0 r(s)] d8+(2L+1)/0 lq(s)[” ds

t
< 02+(2L+1)/ (s ds
0

The estimate for ¢(t) follows from Gronwall’s Lemma, Lemma 5.2. ¢

Next, we prove that the function b — z(¢,b) from B(a,dy) — R" satisfies
the Lipschitz estimate

|z(t,a+h) —z(t,a)] < C|h| for 0<t<T and |h|<dp

where C > 0 is a constant.
Let us recall the Mean—Value Theorem: For o, 5 € R"™ we have

16~ 1@ = ([ Prtss+ (1 = s)yas) (5 -

We have
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zi(t,a+h) = f(z(t,a+h))
zy(t,a) = f(x(t,a))

thus, using the Mean Value Theorem,

1
x¢(t,a+h)—x(t,a) = (/0 Df(sz(t,a+h)+(1—s)z(t,a)) ds) (x(t,a+h)—z(t,a)) .
Set
1
A(t,h) = / Df(sx(t,a+h)+ (1 —s)x(t,a))ds .
0
Since f € C! there exists L > 0 with

|A(t,h)| < L for 0<t<T, |h|<dp.
For

w(t,h) =x(t,a+ h) —z(t,a)
obtain that

wit, h) = A(t, hyw(t, h),  w(0,h) = h |
thus

d
St W < 2Lw(t, B

This yields that

t
e, )2 < [hf? + 2L/ ho(r, 1) dr .
0
Using Gronwall’s Lemma we obtain the estimate

lw(t,h)| < eT|n| for 0<t<T.

This proves the Lipschitz bound:

lz(t,a + h) —z(t,a)| < eT|n| for 0<t<T, |n|<dp. (5.14)

To prove (5.13) we set

q(t,h) = x(t,a+ h) —x(t,a) — ®(t)h for 0<t<T and |h|<dg.

Here, by definition, ®(¢) is the normalized fundamental matrix for the ODE
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¢'(t) = Df(a(t,a))e(t) -
Thus, ®(t) satisfies

O'(t) = Df(z(t,a))®(t), ®(0)=1.

We note that ¢(0,h) = 0 and must prove that

1
lim — =0.
th(l) ] q(t,h) =0

We have

@(t,h) = z(t,a+h) —xz(t,a) — ' (t)h
= flz(t,a+h)) = f(z(t,a)) — Df(z(t, a)®()h
= Df(z(t,a)) (w(t, a+h)— xz(t, a)) + R(t,h) — Df(x(t,a))®(t)h

where

R(t,h) = f(x(t,a—i—h))—f(a:(t,a))—Df(a:(t,a))(:c(t,a+h)—x(t,a))
1
- (/0 [Df(sa(t.a+h)+ (1= s)a(t,a)) = Df(a(t, )] ds) (2t a + h) = z(t,a))

From the equation for ¢; obtain:

ai(t, h) = Df (a(t, a))(t, h) + R(t, ) (5.15)
Using that
|z(t,a + h) — z(t,a)| < C|h|
we obtain
1
RG] < CIA| [ H(s.t.h) ds
0
with

H(s,t,h) = |Df(sz(t,a+ h)+ (1 —s)z(t,a)) — Df(z(t,a))

for 0 <s<1,0<t<T,|h| <dy. Note that H(s,t,h) is uniformly continuous

on the compact set

[0,1] x [0,T] x B(a, )

and

H(s,t,0)=0.

52



It follows that for all € > 0 there exists § > 0 so that

1
/ H(s,t,h)ds<e for 0<t<T and |h|<§.
0

Therefore, for all € > 0 there exists § > 0 so that

|R(t,h) <elh| for 0<t<T and |h| <.
From (5.15) and Lemma 5.3 obtain that

t,h)| < t,h)| .
la(t, k)| < Cr max |R(t, h)]

It follows that given & > 0 there exists § > 0 so that for 0 <t < 7T

“12' ‘x(t, a+h)—a(t,a) - ‘P(t)h‘ <e

if |h| < 0.
This proves that

lim }IL‘ (alt.a+ 1) — x(t,a) ~ B(1)h) =0

We have proved:
Theorem 5.6 Let f:R" — R, f € C'. Assume that the IVP

2= f(x), z(0)=a+h

has the unique solution x(t,a + h) for 0 < t < T where a,h € R™, |h| < g for
some &g > 0. The function

b— x(t,b)
from B(a,do) to R™ is differentiable at b = a and the Jacobian

xa(t,a) =: D(t)

18 the normalized fundamental matrixz of the linear system

¢'(t) = DF(z(t,a))$(t)
for0<t<T.

The following simple example shows that the differentiability w.r.t. the
initial condition may fail if the function f is not differentiable.
Example: Let f(z) = |z| for x € R. The IVP

v =z, x(0) =m0

has the solution
z(t) = zpet for xz9>0
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and the solution

t

x(t) = xpe”" for x9<0.

Denote the solution by ¢(zg,t). The function xy — ¢(xo,t) is not differentiable
at xp =0if t > 0.
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6 Asymptotic Stability of Periodic Orbits
6.1 Basics and Terminology
Let f: RN — RY denote a C'-map with

|fo(z)| <L forall zeRY.

The solution z(t) of the IVP

x':f(x), 1‘(0) =a
is denoted by z(t) = ¢(t,a). Note that

|p(t,a) — ¢(t,b)] < eltla—b] for t>0. (6.1)
To show this, set

5(t) = d)(tv a) - ¢(t7 b) s
and note that

8'(t) = f(o(t,a)) — f(o(t,])) -
Then apply the mean—value theorem (see Theorem 14.3) to obtain
[0°(£)] < L|o(¢)]
and use that
d 2 / 2
2 107 =26(2) - 6°(¢) < 2L[3(2)[" .

Then apply Theorem 14.1 to obtain the estimate (6.1).

We assume that u(t) is a periodic solution of the differential system 2’ =
f(z) and denote the minimal period of u(¢) by 7' > 0. In particular, we assume
that u(t) is not constant.

If

then
Set

and note that A(t) = A(t+ T

~—
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Lemma 6.1 The linear system

a'(t) = Df (u(t))z(t) (6.2)

has the normalized fundamental matriz

(I)o(t) = D(;S(t,xo)
where Dp(t, a) = ¢pq(t,a).

Proof: From

< 0lt.0) = f(9(t,0)). 9(0,0) =a
obtain:

%gba(t’a) = Df(¢(ta a))¢a(t’a)7 ¢a(07a) =1I.

Taking a = x¢ proves the claim. ©

Remark: The lemma says that the linearized solution D¢(t, zg) is the
solution of the linearized equation,

¥ =Df(u(t)x .
Roughly, linearizing commutes with solving.
We denote the monodromy matrix of the linear system 2’ = D f(u(t))z by
M = @O(T) = ¢Q(T, .’L'O)

and denote the eigenvalues of M by uq,...,un. These are the Floquet multi-
pliers of the linear system (6.2).

Lemma 6.2 py =1 is a Floquet multiplier of (6.2).

Proof: From u/(t) = f(u(t)) obtain u”(t) = D f(u(t))u'(t). Thus, u'(t) solves
the linear system x’ = D f(u(t))z. Therefore,
u'(0) =/ (T) = Mu'(0) .

If w/(0) = 0 then 0 = f(u(0)), and u(t) would be constant. This contradicts our
assumption that u(t) is a periodic solution. ©

The set

v=A{u(®) |0<t<T}

is the orbit determined by the periodic solution u(t). We define the e—neighborhood
of v by

U.=U.(7) = {x e RN | dist(z,~) < e} .
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Here

dist(x,v) = min{|lx —y| : y€~}.

Definition: a) The orbit v is stable if for every e > 0 there exists 6 > 0 so
that for all a € Us we have

¢(t,a) e Uz forall t>0.

b) The orbit v is called asymptotically stable if vy is stable and there exists
6 > 0 so that for all a € Us we have

dist(¢(t,a),y) -0 as t—o0.
We will prove the following result in Section 6.5:

Theorem 6.1 If |pj| < 1 for j =2,...,N then the orbit v is asymptotically
stable.

6.2 The Return Time
Set

v = f(z0)/|f (o)l €RY, N =1.

The hyperplane

H={zcRY | (z — z0,0v") = 0}

crosses the orbit v orthogonally at u(0) = zp. See Figure 6.1.

Let v!,02,...,v" denote an ONB of RY. We set

V=Y. oV e RVXEDand V= (V) e RNV

VIV =Iny_1 and VIV =1Iy.

The hyperplane H can also be written as
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H={zecRY : =20+ Va,a c RN} .
Consider any a € RY. Then ¢(t,a) € H iff

(6(t,a) — z0,0™) = 0.
We define the map F : R x RN — R by

F(tu a) = <¢(t7a) - 1‘0,’[)N> :
It is then clear that F(0,z0) = F (T, x0) and

F(T,z9) = (6(T,x0)— J:O,UN>

(0,0")
=0
Also,
Ft(t7 CL) = <¢t(t7 CL), UN> )
thus

Ft(Tva) = <¢t(T7x0)7UN>
= <f(x0)7’UN>

> 0.

Apply the Implicit Function Theorem (see Theorem 16.1) to the map

F:RxRY SR

where R is the state space, RV is the parameter space, and

F(T7x0) =0

is the unperturbed equation. We now perturb zg and obtain a return time
t =t*(a) ~ T for a ~ xy. See Figure 6.2.

More precisely, obtain that there exist » > 0,7 > 0 so that, for every
a € B,(xg), the equation
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F(t,a)=0

has a unique solution t = t*(a) € (T'— 7,7 + 7). The function a — t*(a) is
C*' on B,(z0). The time t*(a) is called the return time of the orbit starting at
a € B, (1'0)

Note that for a € B, (xo):

gb(t*(a),a) €H and t"(a)~T.
Also, t*(xg) =T.

6.3 The Poincaré Map Corresponding to the Orbit ~
We define the map

P: B.(xg) = RY
by
Pla) = ¢(t*(a), a)

and note that P(a) € H C RY for all a € B, (zo).
We have

P(wo) = X0
and
Pl(a) = & (t*(a), a) Vt*(a) + ¢a(t*(a),a) € RNV
Evaluating this equation at a = x¢ one finds that

Pl(io) = f(x())vt*(l‘()) + M (63)

where M = ¢,(T, z¢) is the monodromy matrix of the system 2’ = D f(u(t))x.
One often restricts P to

N, = By(xg) N H
and then calls the map

Ply,:N,CH—H

the Poincaré map corresponding to the orbit + for the cross section H. See
Figure 6.3.
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6.4 The Poincaré Map in V—-Coordinates

Recall the matrices

V=@ oV e RVN-D and V= (V]oV) e RVV
from Section 6.2.
For each a € N, = B,(x9) N H there exists a unique o € RN~! with
a=z0+Va, acB.RN.

Here we use the notation

B,RY ) ={acRV"! : |a| <71} .
Since P(a) € H there exists a unique (3 so that

P(a) =20+ VB, BeRN"L.

The map a — /3 expresses the map P, restricted to N, = B,(xg) N H, in the
coordinates determined by the orthonormal basis vectors v!,...,vNV~1 of H.
Explicitly,

B8 = VT(P(a) — x0)
= VI(P(zo+ Va) — x)

Therefore,

P(a) =VT(P(zo+Va)—xg) for ae B (RN

is the Poincaré map in V—coordinates.

Clearly, P(0) = 0 since P(zg) = x¢. Also,

P'(0) = VTP (20)V = VT MV € RWN-Dx(N=1)

Here we have used (6.3) and V7 f(xg) = 0.
For the following recall that the Floquet multipliers p; = 1, uo, ..., uy are
the eigenvalues of the monodromy matrix M = ¢4 (T, o).

Theorem 6.2 Let uy = 1, pa, ..., un denote the Floquet multipliers of the sys-
tem x' = D f(u(t))z, i.e., the u; are the eigenvalues of the monodromy matriz
M = ®y(T) = ¢o(T,z0). Then the spectrum of P(0) = VIMV is

o(P(0)) = {pz,..., un} -

Proof: Note that MvY = oY and VI MoY = VToN = 0. Therefore, the claim
follows from

~ B T T
VTMV:<U‘J/VT>M(V]1)N>:<V MV ?) .

*
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6.5 Stability and Asymptotic Stability of Periodic Orbits

We assume |p;| < 1 for j = 2,...,N. Thus, the matrix P’(0) has a spectral
radius strictly less than one.
Using Theorem 14.6 one obtains:

Theorem 6.3 Under the above assumption:
a) For all € > 0 there exists 6 > 0 so that

la| <6 implies |P"(a)] <e forall n>1.
b) There exists 6 > 0 so that

la| <& implies P"(a) >0 as n— oo .
We first translate this result into a result for the mapping
Py, : N, — H where N, = B,(xg)NH .

Theorem 6.4 Under the above assumption:
a) For all € > 0 there exists 6 > 0 so that

a € N5 implies P"(a) € No forall n>1.
b) There exists 6 > 0 so that

a € Ns implies P"(a) > xy as n— oo .
We now show asymptotic stability of the orbit v. Let € > 0 be given and
let § > 0 be chosen so that the following holds:
a € N5 implies P"(a) € N forall neN and P"(a) —0 as n— .

We claim that for a € Nj:

dist(¢(t,a),y) -0 as t—o0. (6.4)

To this end, consider the sequence

a™ = P"a) € N;y, n=0,1,...

We have

a® = g

oV = P(a) = ¢(t"(a), a)

a® = P*a) = ¢(t"(a) + t"(P(a)), a)
etc.
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Define
tn = t*(a) + t*(P(a)) + ... + t*(P" (a)) .

We then have

a™ — P"(a) = ¢(tp,a) € No forall n>0.
Recall that

T—7<t'(b)<T+7 forall be N,
where 7 > 0 is small. In the following, we assume without loss of generality
that 0 < 7 < T/2. Then we have t,, > nT/2, thus t,, — co as n — oo.
Let £ > 0 be large. We write
t=t,+t with 0<t<T+71.
We then have

¢(t,a) = d(tn +t,a) = ¢(t, P"(a))
with P"(a) = a(™ € N.. Therefore,

[6(,a™) — o(F, o)

eLf’a(n) . xO‘
BLT/2

|6(t,a) — u(D)]

IN A

jal™) — x|
Cla™ — x|

As t — oo we have n — oo and, therefore, a(™ — by Theorem 6.4. This
proves (6.4).
We have shown:

Theorem 6.5 Let f: RY — RN fc O, and let |f'(z)| < L for all z € RV.
Denote the solution of the IVP

o' =fx), x(0)=a,

by ¢(t,a). Let u(t) denote a solution of the equation ¥’ = f(x) with period
T >0,

u(t)=u(lt+1T) .

Let v = {u(t) : 0 <t < T} denote the orbit determined by u(t) and set
xo = u(0) = u(T). Set

H(zg) == {z e RY : (z — g, f(x0)) = 0}

and
Ns(xo) := Bs(wo) N H(zo) -
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Let M denote the monodromy matriz for the linear system

¥ =A(t)r where A(t) = f'(u(t)) .
The vector v’ (0) = f(xq) satisfies

M f(zo) = f(=o) ,

thus pn = 1 is an eigenvalue of M. Assume that |pj| < 1 for j =2,...,N.
Then the following holds: Given € > O there exists § > 0 so that

a) a € Ns(xg) implies ¢(t,a) € U for all t > 0.

b) a € Ns(zo) implies dist(¢(t,a),v) — 0 as t — oo.

Let a € RY denote an arbitrary point close to v and let yy € v denote the

point on -y closest to a,
dist(a,y) = |yo —al .
Given € > 0 determine d = (yp) > 0 as in the previous theorem, where z is
replaced by yp. One can show (see Remarks below) that there exists dg > 0,
depending on £ > 0 but not on yp, so that
0(yo) > 00 >0 forall yoe~v. (6.5)

Then, if a € Uy, is arbitrary, it follows that ¢(t,a) € U, for t > 0 and

dist(¢(t,a),y) -0 as too.
This completes the proof that v is asymptotically stable.

Remarks: Recall that ®o(t) = Q(t)eP! denotes the normalized fundamental
matrix of the system =’ = A(t)x where A(t) = f'(u(t)). For any yo € 7 there
exists to € [0,7] with yo = u(tp). Consider the linear system

y' = At +to)y .
Since

Oy (t +tg) = A(t + to)Po(t + to)

one obtains that

U(t) = D(t+to)(Po(to)) "

is the normalized fundamental matrix of the system y' = A(t + t9)y. The
corresponding monodromy matrix is

W) = QT+ 1) B Qo))

= Qto)e” T (Q(to)) "

)
= Q(to)M(Q(t0))™"
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Thus, the monodromy matrix W(T') of the system vy’ = A(t + to)y is similar
to the monodromy matrix M of the system z' = A(t)xz. Thus, the Floquet
multipliers ; are independent of yo € 7. Since |Q(to)||(Q(to)) | < const. one
obtains existence of 9 > 0 with (6.5).

6.6 Stability Check for N =2

Consider a system ' = f(z) where z(t) € R? and assume that u(t) is a periodic
solution, u(t) = u(t +T). Let M = ®,(T) € R?*? denote the monodromy
matrix of the linear system x’ = D f(u(t))z and let g1 = 1 and ps denote the
eigenvalues of M. We know that

det M = pypz = pio

By Liouville’s Theorem (Theorem 3.1) we have

po = detM
= detfbo(T)

= exp (/OT tr Df(u(s)) ds)
= oo ( [ (VD))
Therefore, if

T
/0 (V- F)(u(s)) ds < 0

then 0 < pug < 1 and the orbit v corresponding to u(t) is asymptotically stable.
If

T
/ (V- f)(u(s))ds >0
0
then po > 1 and ~y is unstable.

Example: (Problem 1 on page 219, Perko)
Consider the 2D system

(2) (0 ) () - () = (Dt

It is easy to check that

o= (25 )

is a solution of period T' = w. The corresponding orbit «y is the ellipse
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N2
(5) +yt=1. (6.6)
We have
2 2
T 9o T
= 1= 2
flx 4 ) 92
2
T
f2y = 1_Z_y2_2y2

If one evaluates the divergence of f at u(t), then the term 1 — x2/4 — y? drops
out since u(t) moves along the ellipse (6.6) and one obtains that

(V- Du(t) = —5 (1)~ 2(1) <0

The orbit « is asymptotically stable.
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Figures for Chapter 6




7 Introduction to Bifurcations of Equilibria

7.1 Examples
Saddle—Node Bifurcation: Consider the ODE

¥ =r+ z?
where r is a real parameter. For » < 0 there are two fixed points,

z1(r) = —v/—r, ma(r)=+v-r.

The fixed point z1(r) is stable; za(r) is unstable. At r = 0 the two fixed points
collide. There is no fixed point for r > 0.

For systems of equations, a stable fixed point often is a node, an unstable
fixed point often is a saddle. Suppose a parameter r changes from r < rg to
r > rg and at r = rg a saddle collides with a node. Here it is assumed that the
saddle and the node both exist for r < rg, for example. Then one says that a
saddle—node bifurcation occurs at r = ryg.

Transcritical Bifurcation: Consider the ODE

¥ =x(r—x)

For every parameter value r € R the equation has two fixed points, the trivial
fixed point z1(r) = 0 and the fixed point z(r) = r. The trivial fixed point is
stable for r < 0 and unstable for r > 0. The fixed point z2(r) = r is unstable
for r < 0 and stable for » > 0. Thus, at » = 0, where the two branches of fixed
points cross each other, an exchange of stability from one branch to the other
occurs.

Supercritical Pitchfork Bifurcation: Consider the ODE

' = z(r — %)

For every parameter r € R the equation has the trivial fixed point x1(r) = 0.
The trivial fixed point is stable for r < 0, but loses its stability for » > 0. For
r > 0 two new fixed points occur:

zo(r) = /r and a3(r) = —/7.

Both of them are stable. When r crosses from » < 0 to r > 0, then the
trivial stable fixed point x1(r) = 0 is replaced by the two stable fixed points

.1‘2,3(7“) = :I:\/’F.

Remarks on symmetry: Note that the nonlinear function

f(x)=rz—a®

obeys the rule



The equation has Zs—symmetry. If S is the operator defined by

Sx(t) = —x(t)
then
d d
S$:%S and Sf=/fS.

Therefore, if z(t) is a solution of the equation ' = f(x) then Sx(t) = —x(t) is
also a solution.
One says that the group Z = {id, S} acts on functions z(t).

Subcritical Pitchfork Bifurcation: Consider

' = z(r+ %)

For every r the equation has the trivial fixed point x1(r) = 0, which is stable
for r < 0 and unstable for » > 0. If r < 0 there are the additional unstable
fixed points

zo(r) =+v/—r and x3(r) = —v—r.

When r crosses from r < 0 to r > 0, the trivial branch x1(r) = 0 loses its
stability, but no new stable fixed points occur. The pitchfork bifurcation is
subcritical, i.e., the pitchfork occurs for parameter values r below the critical
value r = 0.

Hysteresis Phenomenon If a subcritical pitchfork bifurcation occurs, ad-
ditional nonlinear terms may stabilize the dynamics.
For example, consider
:U’:r;v+3:3—x5 .

This example can be used to illustrate the hysteresis phenomenon.

A simpler equation with hysteresis is

o =r4+x—ad=f(z,r).

Sketch the function

9(@) = —a + 2

with zeros at —1,0,1. The function g(x) attains a local maximum at xg =

—1/4/3 and

M = g(xo) = 2/(3V3) .
For

-M<r<M
the fixed point equation
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r=gx—x3

has three solutions. The middle fixed point is unstable, the outer two fixed
points are stable. Sketch the function r = —z + 2% and switch coordinates
to obtain the fixed points z* over the parameter r. Saddlenode bifurcations
occur at r = —M and r = M. The stable branches can be used to illustrate
the hysteresis phenomenon when r changes slowly between —M — ¢ and M + €.

7.2 Perturbation of the Supercritical Pitchfork

What happens to a bifurcation if the equation is perturbed? As an example,
consider the equation

' =h+re—a® (7.1)
with parameters h and r. If h = 0 then a supercritical pitchfork bifurcation
occurs at 7 = 0. The parameter h unfolds this singularity. It breaks the
symmetry f(—x) = —f(x) of the nonlinear term.

It is interesting to make sketches of the fixed points x* = x*(h,r) were h is
fixed and —oo < r < c0. For h = 0 a pitchfork occurs. Consider the following
four curves. They have no tangent at (z,7) = (0,0):

Iy @ z(r)=0 for <0 and z(r)=+r for r>0
I'y : z(r)=0 for >0 and z(r)=—vr for r>0
s : z(r)=0 for <0 and z(r)=—yr for r>0
Iy : z(r)=0 for >0 and z(r)=+r for r>0

The pair I'1, 'y as well as the pair I's, 'y make up the pitchfork which occurs
for h = 0.

We claim: If h > 0 then the pair I'1,I's gets perturbed. The perturbed
curves I'yp, I'yp, are smooth. The curve I'yy, has a saddle—node.

If h < 0 then the pair I's, 'y gets perturbed. The perturbed curves I'sy, I'4p,
are smooth. The curve I'y;, has a saddle-node.

To see this, we solve the fixed point equation

h+rz—22=0

for r and obtain

Sketch the graphs of
2 h 2 h

r=x°, r=——, r=z"——

T x
for x > 0 and for z < 0. The cases h > 0 and h < 0 are different. Then switch
the two graphs (for h > 0 and for h < 0) of r = 2?2 — % and obtain x as a

function of r.
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7.3 The Saddle—Nodes of the Perturbed Pitchfork

Fix h > 0. We want to determine the saddle-node (r,z) on the curve I'sy,. We
have r > 0 > x and

r:a:2—ﬁ and O:ﬂ:%?—i—ﬂ.
x dx x?
Obtain
x = —(h/2)3
ro= (h/2)*3+(2/h)3n
= (n/2)*/ +2(h/2)*®
= 3(h/2)*/3

Thus, for A > 0 fixed, a saddle-node bifurcation occurs at

Ten = 3(h/2)%/3 .
The saddle—node is

(rans o) = (3(1/2)%, ~(h/2)'?) .

The equation

r=3(h/2)%/3

can also be expressed as

h=2(r/3)32 .
One obtains that

Ton = —(h/2)Y3 = —(rg,/3)"/? . (7.2)

Similarly, fix h < 0. A saddle-node (r,z) lies on I'y,. We have r > 0 and
z > 0. The saddle-node is

(Tsna:l:sn) = (3(—h/2)2/3, (—h/2)1/3) .

The equation

r=3(—h/2)*?

can also be expressed as

h=—2(r/3)%2 .

The points in the (r, h)-plane, where a saddle-node bifurcation (w.r.t. r) oc-
curs, lie on the cusp

h = +2(r/3)%?2 . (7.3)
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7.4 Stability of Fixed Points of the Perturbed Pitchfork

Fix r and h. Which fixed points x of the equation (7.1) are stable, which are
unstable? Let

f(x,m,h) =h+rz—a3  fo(z,r,h)=r—327.

A fixed point x is a solution of the equation

h+re—a3=0.
It is stable if

fo(z, 7, h) =7 =322 <0

and is unstable if

felz,r,h) =r—322>0.
In the following we fix h > 0 and let « be a fixed point, i.e.,

h+rez—z=0,
thus z # 0 and

It follows that

h
folz,ryh) =71 — 3x% = —22° — - =:q(z) .

We have g(z) = 0 if 2% = -2, ie.,

Sketching the function ¢(x) makes it clear that

q(z) <0 for x>0 and for x < gy

and

qg(z) >0 for zg <x<O0.

It follows that for » < 0 all fixed points z are stable. These fixed points z
are positive, z > 0.
If » > 0 then the fixed points = > 0 and the fixed points  with

T < Tgy <0

are stable whereas the fixed points x with

T < <0
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are unstable.
A saddle-node bifurcation occurs at

(rans wsn) = (3(0/2)°7%, ~(n/2)"%) .

7.5 Bifurcation Diagrams for Fixed r

Consider the equation

flx,r,h) =h+rz—a>=0
for fixed r.

Case 1: r < 0: The fixed point equation requires that

flz,r,h)=h+rz—a23=0,
thus

h=—rz+2°.

The function z — —rz + 23 is strictly monotonically inceasing for » < 0. For
every h € R there exists a unique z € R so that h = —rx + 2%, Inverting
the function h(z) = —rz + 2° one obtains the fixed point z* = x*(h) and the
bifurcation diagram.

One can sketch the function h = h(z) = —rz + 2° and then switch the axes
to obtain the fixed points x* = z*(h) as a function of h for r < 0 fixed.

Note that

fao(z,ryh) =1 — 322 <0

for r < 0 and z # 0. Also, if h = r = 0, then the fixed point z* = 0 is stable
for the equation ' = —x3. Therefore, if r < 0 then all fixed points 2* = z*(h)
are stable.

Case 2: r > 0: The fixed point equation is

h=—rx+a2°.

The function
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attains a local maximum at

xo = —/1/3
and a local minimum at z; = /3. The maximum is

wma(y)”

and the minimum is —M.
For —M < h < M the equation
h+re—a®=0

has three solutions. Two are stable fixed points, the middle one is unstable.
For h = M and h = —M two fixed points collide; a saddle-node bifurcation
occurs.

One can sketch the function h = h(z) = —rz + 23 and then switch the axes
to obtain the branch of fixed points z* = z*(h) for r > 0 fixed. One obtains a
hysteresis loop.

Saddle-nodes for fixed r > 0 occur if hy, = —r + 322 = 0, i.e., at
xo1 = £+/1/3 .
The corresponding values of h are
3/2
h(£+/r/3) = +M = 12(%) :

This agrees with the cusp equation (7.3) derived above.

7.6 The 3D Surface of Fixed points

Figure 3.6.5 in Strogatz shows the surface of fixed points

x* =a*(r,h) .

One can recognize the hysteresis loops. The saddle-nodes occur for pa-
rameters (r,h) on the cusp (7.3). The stable state of the system can change
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discontinuously if the parameters (r, h) cross the cusp. This may correspond to
a catastrophe.

It is more difficult to recognize the pitchfork bifurcation with respect to r
at h = 0 and the perturbed pitchfork bifurcations, which occur for fixed h # 0
as a function of r > 0.
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8 Hopf Bifurcation

Eberhard Hopf (1902-1983)

8.1 Three Model Problems
Example 1: A degenerate Hopf bifurcation. Let

— A -l 2x2
AN = < 1 > eR
where ) is a real parameter. The eigenvalues of A()\) are

,LLLQ()\) =Ati.
For all A € R the ODE system

< Z“" )l = AN ( "; ) (8.1)

has the fixed point 0. For A < 0 we have Repj2(X) < 0, thus the origin is
asymptotically stable. For A > 0 the origin is unstable. For A = 0 the system
(8.1) has a branch of stable periodic orbits given by the solutions

() ==(5a0)

where a > 0 is the amplitude.
A bifurcation diagram for Example 1:

Example 2: A supercritical Hopf bifurcation. Consider the ODE
system

/
<x>:A()\)<x>—\/:c2+y2<x>. (8.2)
Yy Yy Yy
As in Example 1, the origin is an asymptotically stable fixed point for A < 0,
which becomes unstable for A > 0. What happens to the branch of periodic
orbits?

We write the system in polar coordinates: For r» = /22 + y2 obtain
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1
’ L2y
I — 2(7“)

=z’ +yy
A? — zy — ra? + yr + My — ry?
= M2

thus 7’ = Ar —r2 = r(\ — ). Also, for § = arctan(y/z) obtain

0o 1 y'x—ya'
14 y?/a? 22

1
= 2 (zy' — ya')
1
= 2 (2% 4+ ey — roy — Aoy + 32 + ray)
=1
In polar coordinates the system (8.2) reads
r=r(A-=r), §=1. (8.3)
For A > 0 one obtains the periodic solutions
r(t) =X, 0(t) =t mod 27 .
The function g(r) = M\ — r? satisfies

gAN)=-2<0 for A>0.

Therefore, the periodic orbits are asymptotically stable.
A bifurcation diagram for Example 2:

When A changes from A < 0 to A > 0 the asymptotically stable state
x =y = 0 is replaced by a stable periodic solution of small amplitude, a = A.
Thus, when \ passes the bifurcation point at A = 0, a soft transition occurs.

Example 3: A subcritical Hopf bifurcation. In Example 2 we sub-
tracted the quadratic term
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()

on the right side of the ODE system. We will now add this term and consider

the equation
<z),:A(>\)<z>+ x2+y2<z>. (8.4)

As in Examples 1 and 2, the origin is an asymptotically stable fixed point
for A < 0, which becomes unstable for A > 0. In polar coordinates the system
(8.4) reads

r=r(A+7r), 0=1.

For A < 0 one obtains the periodic solutions

r(t)= -\, 0(t) =t mod 2w

with amplitude a = —\. For g(r) = Ar + r% we have

J(=\)=-XA>0 for A<0.

Therefore, the periodic orbits are unstable.

As X\ changes from A < 0 to A > 0 one has a sharp (or catastrophic)
transition: For A < 0 the origin is a stable state. For A > 0 the origin becomes
unstable, and every non—zero solution blows up in finite time.

A bifurcation diagram for Example 3:

8.2 Hopf Bifurcation in 2D: Setup in Polar Coordinates

Consider the following system in polar coordinates:

dr

il Ar 4+ s1(r, 6, \)
df

E = 1 + S9 (T, 0, A)
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where the s; are smooth functions, which are 27—periodic in . We assume that
ro > 0, A9 > 0 and

1,2 [—T(),To] X R x [—)\0, /\0] —R.

Assume the following estimates for all arguments

(Ta 9’ )‘) € [—7‘0,’[“0] x R x [_)\OaAO] :

’81‘+’81,\| < Cr?
|sa| + [saal +[s1,] < Clr|
‘32r’ < C

In the following, we will assume that Ag and ry are small in absolute value.
Eliminate t to obtain
dr

25 =\ s(r,0,0) (8.5)

where |s(r,0,\)| < Cr?.
Details: We have

dr AT+ 81
do 1+ s9
Ar(1+4s2) 81— Arsy
1+ 59 1+ s9
= AXr+s

where

s < 2(]s1] + [Allr[]s2) < Cr?..

Similarly, one can derive the bounds

lsx| < Cr?
|sr] < Clr|
Consider the ODE (8.5). Given an initial condition

r(0) =a where |a| <ag,

we denote the solution of (8.5) by

r(0; N, a) .

For |a| < ag we obtain the Poincaré map P depending on the parameter \:
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(A\ya) = P(\a) :==7r(2m; A\ a) .

If 0 < a < ap and we have

P()‘aa) =a,
then

r2m A a) =a=1r(0;\a) .

If this holds then the function § — r(6;\,a) determines a periodic orbit ~,.
The number a > 0 can be thought of as the (approximate) amplitude of the
orbit.

This motivates to consider the equation

r(2m A a) =a, la| <ap, (8.6)

to determine a solution A = A*(a).

We will use the implicit function theorem to show that, for |a| < ag, the
equation (8.6) has a unique smooth solution A*(a) with A*(0) = 0 if ag > 0 is
sufficiently small.

If

dA*
da
then we obtain a branch of periodic orbits for positive A values. We will show
that the orbits are asymptotically stable: We have a supercritical Hopf bifur-

cation.
If

(a) >0 for 0<a<ag

d\*
da

then we obtain a branch of periodic orbits for negative \ values. We will show
that the orbits are unstable: We have a subcritical Hopf bifurcation.

(a) <0 for 0<a<ag

8.3 Hopf Bifurcation in 2D: Application of the Implicit Func-
tion Theorem

We have
d
d—g =Ar+s(r,0,\) and r(0)=a.
Therefore,
2m
r(2m; A, a) = e¥™a +/ 6)\(2W7T)S(T(T; Aa), T, A)dT .
0

Remark: Since s|(r,0,\)| < Cr? one can show that the absolute value of
the integral can be bounded by Ca? if |a| < ag and ag is sufficiently small.
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We rewrite the equation

r(2m A a) =a

as

27
(1—e2)a+ / e Ms(r(m; M a), T, \)dr =0 .
0

For a # 0 divide by a and then extend the left-hand side smoothly to a = 0.
This leads us to define the function h(A,a) by

1 2m
h(\a)=1—e 2™ 4 ; / e Ms(r(ri N a), 7, N dr for 0 < |a] <ag
0

and

h(M\,a)=1—e2™ for a=0.

Using that s = O(r?) and |r| < Cla| one obtains that the integral is O(a?).
Therefore, h(\, a) is a smooth function.
Since

h(0,0)=0 and hy(0,0) =27 £0
the implicit function theorem gives us a unique smooth function A\*(a) with
h(A*(a),a) =0 for |a|] <ap and A*(0)=0
For a > 0 we obtain a corresponding periodic orbit v, for the original equation

(8.5) with A = \*(a).

8.4 Stability or Instability of the Periodic Orbits

Fix @ > 0 and set A\ = \*(@). We want to understand the stability or instability
of the periodic orbit ~5.
To this end, consider the Poincaré map

a— P(\a) .
We first show that P,(\,a) > 0. We have

P(\a) =r(2m A\ a) ,
thus

Py a) = ro(2m; X a) = 2™ 4+ O([al) .

Here we have used that |s,| < C|r|. The equation

Py, a) = 2™ + O(la|)
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implies that P,(),a) > 0 if ag is sufficiently small.
If

Pa(xa a)|a:a < 1 (87)

then the orbit is asymptotically stable. This holds since the condition (8.7)
implies that a is a stable fixed point of the map a — P(\,a).
For the same reason, if

P\ a)|g=z > 1

then the orbit 5 is unstable.
We now relate the sign of

1—P,()\ a)|a=a
to the sign of
ax*
1o (a) .
We have
a =P\ (a),a),
thus
R 2 R
1= PV (a), @) 52 (@) + Pa(X'(a) 0)
Ata=a
< _ dA*
1—P,(A\a) =P\ a a
(o) = B(Ra) (@)

We have to show that

Py(\,a) >0 for a>0.

From

P(A\a) =r(2m; A\ a)

we have

Py(\,a) =ra(2m X a) .
Recall that

2
r(2m; A\ a) = 2™ —|—/ e)‘(zﬂfT)s(r(T; A a), T, \)dT .
0
We can also write this as

r(2m; N, a) = e a 4 Int(\, a)
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where Int(\, a) denotes the integral. Therefore,

(215 N, a) = 2me®™a + Inty(\, a) .
Using that

|s| + |sA| + [srra] = O(a?)
it follows that

rA(2m;A,a) >0 for 0<a<ag.
Summary: There are three cases:

Case 1: %(a) > 0 for 0 < a < ap: A supercritical Hopf bifurcation.
In this case we have

0<X(a) for O0<a<ap.

The original system has a periodic orbit of (approximate) amplitude a for 0 <
A < A1. Each orbit is asymptotically orbitally stable.

Case 2: ©(0) < 0 for 0 < a < ap: A subcritical Hopf bifurcation.
In this case we have

0>MN(a) for 0<a<ap.

The original system has a periodic orbit of (approximate) amplitude a for 0 >
A > —lams. Each orbit is orbitally unstable.

Case 3: Neither Case 1 nor Case 2 holds. In this case %(O) =0.
The simplest example for this case is the system (8.1), which reads in polar
coordinates

=X, 0 =1.

The periodic solution of amplitude a > 0 is

r(t) =a, 6(t) =t mod 271

for A = A*(a) = 0. Clearly, in this case % (0) = 0. Since the parameter A does

not change along the branch of periodic solutions, the equation (8.1) leads to a
degenerate Hopf bifurcation.

The following example shows that the condition % (0) = 0 of Case 3 can
also occur for non—degenerate branches.

Example 4: The system

(j)/zAu)(”y”)—(x%y?)(j) (5.5)

reads in polar coordinates
r=r(A=7?), 6 =1.
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If A = a2 then the constant function

0—r@;\a)=a
determines a periodic orbit for a > 0. Thus we have

,  dA*

A (a) = a, E(O):O'

Since A changes with a, the branch of periodic orbits is non—degenerate.

For fixed a > 0 the function

o(r) =r(a®—r?) with ¢'(r) =a®—r>— 272

satisfies

¢'(a) = —2a* < 0.
This yields that the orbits given by 7(6; \,a) = a are stable.

8.5 General Theory in 2D
Let A = [—)Xp, Ao] and let

f:RZx A —R?

denote a smooth function with |Df(z,y,\)| < C and f(0,0,\) = 0.
The ODE system

!/
x fl (.’13‘, Y, >‘) >
= 5 ’A =
has the fixed point (z,y) =0 for —Ag < A < Ao.
Set
A(N) = Df(0,0,)) € R**?
where

_ fl:r fl
bf= < foz fzz > '

Denote the eigenvalues of A(X) by p12(A).
Assume that

,Ul,2()\) = Oé()\) == 26()‘)’ O‘(A)HB()‘) eR )
were a(A) < 0 for —A\g < A < 0. Also, assume

a(0) = 0, %‘(0) >0, B0)>0.

(8.9)

We will show that under these assumptions a Hopf-bifurcation occurs at A = 0.

We can write the given system in the form
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( Y )/ =AW < z ) +Q(@,y,A) (8.10)

where

C(z* + 9%
C(|z| + [y])

QI + Qx|
Qx| + 1@y

VANVAN

for all arguments (x,y, \).
We make three pretransformations and will then use polar coordinates:

a) A linear change of variables: There exists a nonsingular matrix
V()\) € R?*2 50 that

VANV () = < (V) =B ) |

BN a(X)
For simplicity of notation, we assume that the system (8.10) already has
the form
/
. a(d) —B(N) ) < x)
= + Q(x,y, A) . 8.11
(5) =050 20)) () e (510

b) Rescaling of time: Introduce new variables
by

Then, with 8 = B(\):

v =57,y =67
and the equation

¥ =ax+ By + Q1

becomes

B’ =aZ - py+Q1 .
We can divide by 8 and obtain

~/

F=at—g+Q .
Note: a(\) = a(N)/B(N\) and a(0) = 0 yields that &/(0) = &/(0)/3(0) > 0.
Thus, using the new variables, 3(\) becomes 1. For simplicity of notation,
we assume that the given system has the form
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( g )/ N ( a(lk) a_()l\) ) < z ) +Q(z,y, ) - (8.12)

c) Rescaling of a: Let A = a()). Since ‘;—i‘(()) > 0 we can express A as a

function of X. Then, dropping the tilde-notation, the system (8.12) becomes

<;>/=<i _>\1><z>+Q(:E,y,>\) (8.13)

where |Q(z,y, \)| < C(a? + 4).

After these pretransformations, we introduce polar coordinates:

r=+vz?+y? 6=arctan(y/x) .

Obtain:

rr’ = z2’ —|—yy'
= \o? —ay+2Q1 +yz + \y? +yQ:
A2 47 cosf Q4 rsind Qo

This yields that
v = Xr+s1(r,0,)\)
where [s1(r,0,\)| < Cy7r2.
Also,
1 yr —yx
1+ y?/a? z?
1
= ﬁ(lﬁ + Ay + Q1 — A\zy + y2 — yQ2>
1
= 72(7“2 +2Q1 — yQ2)
1
= 1+ —(cosf Q1 —sinf Q2)
r
= 1+ SQ(T, 0, /\)

where ’82(’/“, 0, )‘)’ < 02|7’". |Q<$7y7 A)’ < C('xQ + y2)'
The system that we have obtained,

dr
= = Ar+ s1(r, 6, 0)
%f = 1+ 52 (7’, 0, )‘)

satisfies the conditions that were required in Sections 8.2, 8.3, and 8.4.
This, after all, implies that a Hopf bifurcation occurs under the assumptions
that we made for the system (8.9).
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9 The Poincaré—Bendixson Theorem; Uncoupled Os-
cillators

9.1 General Concepts Related to Asymptotic Behavior

Let f:RY = RN fe Ol |Df(x)] < L for all x € RY. We denote the solution
of

x’ = f(z), z(0)==0,
by ¢(t, o). Recall: If a,b € RV then
|p(t,a) — o(t,b)| < eMlla—b] for teR. (9.1)
The point sets

Y(xo) = {p(t,x0) : t€R} and ~F(xo) = {(t,z0) : t >0}

are called the orbit and the positive semi—orbit of the solution ¢ — ¢(t, x¢).
The set

w(zo) = {y € RY 1 ¢(t,, z0) — y for some sequence t,, — oo}

is called the omega-limit set of the positive semi—orbit v (zg).

Examples:
1) If f(u*) =0 and ¢(t,z9) — u* as t — oo then w(zg) = {u*}.
2) If = ¢(t, xo) is T-periodic, then

w(wo) = {(t, o) = 0<t <T} =" (20) =(20) -

3) Assume that u* is an equilibrium of the ODE 2/ = f(x) and assume that
there are two homoclinic orbits @1 and Oy for u*. Then it is possible that

w(fL‘o) =0,U0 U {U*}

for some zg € RY. See Figure 9.1.
4) Let S' =R mod 1. Consider the 2-torus T? = S! x S' and consider the
dynamical system defined by

/
0, = wo
where w; and wy are positive frequencies. Given initial conditions

9](0) = Ujo0 for j: 1,2

obtain the solutions
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Gj(t) = (9]'0 -l-w]'t) mod 1 .
The solution of the system (9.2), (9.3) with initial value 6y = (010, 20) is
¢(t790) = (

One can prove: If the solution ¢(t, p) is periodic for some initial vector 6y then
the quotient

(010 +wit) mod 1
(020 + wot) mod 1

w2
w
is a rational number and all solutions of the system (9.2), (9.3) are periodic.
If wy/wy is irrational then, for all initial data 6y, the omega—limit set of the

semi—orbit v (0y) equals the whole torus,

w(fy) = T? .

Furthermore, the following holds if we/w; is irrational: Let

R = [a1,b1] X [ag,by] C T?,

i.e., R is a rectangle in the torus T2. Let 6(¢) denote a solution of the system
(9.2), (9.3) and let T' > 0. Let

S(T,R)={t : 0<t<T,¢(t) € R} .
Then

. 1
lim T measure <S(T, R)) = area(R) ,

T—o0

i.e., the long—time average, which the orbit of any solution spends in R, equals
the area of R.

Definition: A topological space X is called connected if X cannot be written
as the union of two disjoint non—empty open subsets of X.

By definition, a subset M of a topological space X is called closed if its
complement X \ M is open. Therefore, X is connected if and only if X cannot
be written as the union of two disjoint, non—empty, closed subsets of X. In
other words, X is disconnected if X can be written in the form X = M; U M,
where My, Ms are disjoint, non—empty, closed subsets of X.

Theorem 9.1 As above, let v (xg) denote the positive semi—orbit of ¢(t,xo).
If v (z0) is bounded then w(xq) is non—empty, compact, and connected.

Proof: It is clear that w(zp) is non-empty and bounded.
Let us show that w(xg) is closed. Set z(t) = ¢(t,z0). Let gn € w(xp) and
qn — q. There exists t,, > n with

1

|Qn _x(tn)‘ < o
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Then, for all large n:
1

lg — z(tn)| < 1q— gnl + lgn — z(ty)| < -

Therefore, x(t,) — ¢, which yields that ¢ € w(xg). This shows that w(zg) is
closed.

Suppose that w(zp) is not connected. Then there exist two non—empty sets
My, My, which are closed as subsets of w(zg), with

MlUMzzw(xo), MlﬂMQZ(Z).

Since w(w) is a closed subset of RV, the sets M; are also closed subsets of RY.
Since they are bounded, they are compact. Therefore,

diSt(Ml,MQ) =:6>0.

There are time sequences s,, — oo and t, — oo with
dist(x(sp), M1) -0 and dist(z(t,), Ma) — 0 .

For all large n:

By continuity, there exists &, between s, and t, with

dist(x(&,), Mq) = g .
It then follows that
. 1)
dist(x(€n), My) > 3

Since the sequence x(&,) is bounded, there exists a convergent subsequence:

z(&ny,) = 1.

The point r lies in w(zg) but neither lies in M) nor in My. This contradiction
proves connectedness of w(xg). ¢

9.2 Periodic Orbits in 2D

Theorem 9.2 (Poincaré—Bendixson) Let f : R? — R?, f € C,|Df(x)| <
L for all x € R%. Let xo € R? and assume:

a) v (zo) is bounded.

b) If a € w(xg) then f(a) # 0.
Under these assumptions, the set w(xo) is a periodic orbit. Furthermore,

i) Either w(xg) = v (z0);

ii) or w(zo) = cl(y" (x0)) \ v (o).
In the second case, the set w(xg) is the limit cycle of the positive semi—orbit
v (x0). Case i) occurs if and only if v+ (xo) Nw(xg) is not empty.
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In the above theorem, cl(y"(z)) denotes the closure of the set y*(zg) as a
subset on R2.

An essential tool for proving the Poincaré—Bendixson Theorem is the Jordan
Curve Theorem.

Remark: The Jordan Curve Theorem is due to Camille Jordan (1838-1922).
C. Jordan is also known for the transformation of matrices to Jordan normal
form.

Definition: Let

St ={(z,y) eR? : 2?2 +¢y> =1}

denote the unit circle in R2. A set I' € R? is called a Jordan curve if there
exists a continuous mapping

h:S8' =T

which is one-to-one, onto, so that ¢~ : I' — S is also continuous. In other
words, a Jordan curve I' is a subset of R? which is homeomorphic to the unit
circle S*.

Theorem 9.3 (Jordan Curve Theorem) IfI' C R? is a Jordan curve, then
one can write

R*\T=AUB

where A and B are non—empty, disjoint, open, connected subsets of R?. The set
A is bounded and is called the interior of I'; the set B is unbounded and called
the exterior.

The Jordan Curve Theorem seems rather obvious, but turns out to be dif-
ficult to prove. One can prove it using tools of algebraic topology.

Before proving the Poincaré—Bendixson Theorem, we will prove auxiliary
lemmas.

In the following we will assume:
a) f:R2 5 R2 feCl|Df(x)| <L for all x € R2.
b) 2o € R? and ~*(zg) is bounded.
c) For all a € w(xg) we have f(a) # 0.

Notation: Let a € R? and let f(a) # 0. Let L = L(a, f(a)) denote the
straight line through a orthogonal to f(a). For A > 0 consider the piece of line

La = LA<CL) = LOBA(a) .

See Figure 9.2.
If A > 0 is small enough, then

(f(y), f(a)) >0 forall yé& L. (9.4)
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The line L divides the plane into two half-planes. If (9.4) holds and if y € La
then the vectors f(y) and f(a) point into the same half-plane.

In the following lemma, we track points near a to the line L using trajectories
of the equation 2’/ = f(x).

Lemma 9.1 (Tracking Lemma) Let a € R? and let f(a) # 0. There exist
g0 > 0 and dy > 0 so that the following holds: For all x € Bj,(a) there is a
unique time t*(x) with

o(t*(x),x) € L, |t*(z)| <eo .

The function x — t*(z) is C* and satisfies

t*(z) =0 forall x € LN Bsy(a) .

Furthermore, by choosing &g small enough, we may assume that all points

Yy = ¢(t*<ﬂ?),$), T E B(So(a) )
lie on a line—piece La with (9.4).

See Figure 9.3.
Proof: We know that ¢(t,z) € L is equivalent to

h(t,l’) = <¢(t,$) - a, f(a)> =0.
For the function h(t,x) we have h(0,a) = 0 and

he(0,a) = (¢¢(0,a), f(a)) = [f(a)* > 0.

The existence, uniqueness, and smoothness of ¢* follows from the Implicit Func-
tion Theorem. ©
The following lemma contains a part of the Poincaré-Bendixson Theorem.

Lemma 9.2 Under the assumptions of the Poincaré—Bendizson Theorem, the
following conditions are equivalent:

a) The solution ¢(t,xo) is periodic.

b) ’Y+(950) = w(o)

¢) v (o) Nw(wo) # 0

Proof:
a) implies b): Let ¢(t, ) have the period T. Let y € v (xg). There exists
t > 0 with

y = o(t,xg) = ¢(t + nT,xzp) forall neN.

This yields that y € w(xg). Thus we have shown that v*(zg) C w(zo).
Conversely, let y € w(xg), thus

y = lim ¢(tn,x0)
n—oo
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for a sequence t, — oco. By assumption a) the function ¢(¢,x) is periodic,
which implies that v+ (z¢) is a closed subset of R2. Therefore, y € y¥(zg). We
have shown that a) implies b).

b) implies c) is trivial.

c) implies a): Let a € v (xp) Nw(xp), thus f(a) # 0 by assumption. We
will use the line segment La = L N Ba(a) introduced above.

Since a € Y™ (x0) there exists tg > 0 with a = ¢(to, x0). Then, given ¢ > 0,
there exists t1 > 0 so that

x1:= ¢(t1,a) € Lpn, |r1—a|<e.

To obtain this result we have used that a € w(zg) and have used the Tracking
Lemma.

If 21 = a then it follows that the function ¢(¢,a) has the period ¢; and a)
is shown.

Now suppose that x1 € La, but 1 # a. See Figure 9.4. Let O denote the
piece of orbit given by ¢(¢,a) for 0 < ¢ < t; and let I' denote the Jordan curve
consisting of O and the line segment on L from x; to a. It is then clear that the
orbit ¢(t,x1),t > 0, lies inside I' and cannot approach a. This contradicts the
assumption that a € w(xp). Therefore, x; # a leads to a contradiction. This
proves the lemma. ©

Remark: The implication

v (@o) Nw(zo) # 0 = 7" (w0) = w(wo) (9-5)

does not hold in RY for N > 3. There can be a point P € 4" (xg) which can be
approximated by ¢(t,, xo) as t, — oo and w(zg) = { P} is possible. See Figure
9.5. The implication (9.5) also does not hold for ODEs on TZ.

To complete the proof of Theorem 9.2 it remains to consider the case

7" (o) Nw(wo) =0 (9.6)

and to prove: If (9.6) holds then w(zg) is a periodic orbit which is the limit
cycle of v (xp). The positive semi-orbit y*(xg) spirals towards the periodic
orbit w(zg) as t — oo.

We start with the following simple observation:

Lemma 9.3 Let the assumptions of Theorem 9.2 hold. If a € w(xo) then all
all points ¢(t,a),t € R, lie in w(xg), i.e., y(a) C w(wg).

Proof: Since a € w(zp) there exists a sequence of times ¢, — oo so that

ZTn = ¢(tn,0) > a as n — oo .

Let t € R be arbitrary. Using (9.1) we have

Ot + tn, o) = o(t,z) — &(t,a) as n — o
and ¢(t,a) € w(zg) follows. ©
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Lemma 9.4 Assume that v(a) is a periodic orbit of the system x' = f(z).
Consider the line piece Ln = L N Ba(a) where L is the straight line through a
orthogonal to f(a). If A > 0 is sufficiently small then the orbit y(a) intersects
LA only in a.

Proof: Suppose (a) intersects La also in b # a. See Figure 9.6. Using the
Jordan Curve Theorem, one obtains a contradiction. ¢

Lemma 9.5 Let the assumptions of Theorem 9.2 hold and let a € w(xo), thus
f(a) # 0. As in the previous lemma, consider the line piece Ln = L N Ba(a)
where A > 0 is sufficiently small. If b € Lo Nw(xg) then b = a.

Proof: Since a,b € w(zg) the orbit 4t (zg) approaches a and b for large times.
Using the Jordan Curve Theorem one obtains that a # b is not possible. See
Figure 9.7. ¢

Lemma 9.6 Let the assumptions of Theorem 9.2 hold and let a € w(xy), thus
v(a) C w(xo) by Lemma 9.3. If y(a) is a periodic orbit then y(a) = w(xo).

Proof: Suppose that w(xg) \ 7(a) # 0. Recall that w(zg) is connected by
Theorem 9.1. Since the periodic orbit y(a) is closed, the set w(zg) \ y(a) is not
closed. There exists a point @) € y(a) which is a limit of points b, € w(zg)\v(a).

Consider the line piece La(Q) through the point Q. See Figure 9.8. Use
the Tracking Lemma to obtain that there exist points a, € La(Q) and small
times t,, with |¢t,| < € so that ¢(t,,a,) = by,. Since b, ¢ v(Q) we have a,, ¢
v(Q), thus a, # Q. This contradicts the previous lemma. It follows that
v(Q) = v(a) = w(xp) is a periodic orbit. ©

Completion of the Proof of Theorem 9.2.
Let the assumptions of Theorem 9.2 hold and assume that

v (o) Nw(zo0) =0 .

We must show that w(xg) is a periodic orbit.

Let a € w(zp). We will prove that v(a) is periodic. (Then we have by
Lemma 9.6 that v(a) = w(zp) and are done.)

We know that w(zg) is a closed and bounded set by Theorem 9.1. Since
vt (a) C w(xp) there exists a point P € w(zg) and a sequence of times ¢, — 0o
with ¢(t,,a) = P as n — oo. Since P € w(xp) we have f(P) # 0 and consider
the line piece

La=LNBA (P)
through P. For large n there are times ¢ — oo so that

an = ¢(t5,a) = P, a, € LaN~y(a).

See Figure 9.9.
Since a € w(zg) we have y*(a) C w(zg) (by Lemma 9.3), thus a, € La N
w(xg). Also, P € La Nw(xp). By Lemma 9.5 it follows that a, = any1 = P,
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thus v(a) is periodic. If a € w(zp) then an evolution sketched in the phase
diagram in Figure 9.9 cannot occur.

Summary: Under the assumptions of Theorem 9.2 there are only two cases:
Case 1: v"(z0) = v(z0) = w(xg) is a periodic orbit.

Case 2: v (z0) Nw(zo) = 0 and w(xp) is a periodic orbit.

In Case 2 we have

w(wo)  (cl(r" (@) \ 7" (w0)) -

Also, if @ € cl(yt(zg)) then there exists t, > 0 so that ¢(t,,z0) — Q as
n — oo. If the sequence t,, is bounded, then Q € v (zg). Thus, if

Q € (elr* (@o) \ 7" (x0))

and ¢(ty, o) — @ then ¢, is unbounded. It follows that there is a subsequence
ty of t, so that t; — oo and ¢(t},x9) — Q. Therefore, @ € w(xp). This proves
that

w(zo) = cl(y* (xz0)) \ 7" (o)

holds in Case 2.
Theorem 9.2 yields the following result:

Theorem 9.4 Let f : R? — R% f € C'. Assume that Q C R? is a closed
bounded set and f(a) # 0 for all a € Q. Also, assume that xo € Q implies that
v (o) C Q. Then, for every zo € 2, the positive semi-orbit v*(xg) either is a
periodic orbit or spirals towards the periodic orbit w(xg) as t — co.

See Figure 9.10.

Remarks: In Theorem 9.2 we made the assumption that |D f(z)| is bounded
on R2. In Theorem 9.4 we only assumed that f € C'. Since € is bounded there
exists R > 0 with Q C Br(0). Choose a C*°function x : [0,00) — [0, 1] with
x(r)=1for0<r < Rand x(r)=0forr >R+ 1. Set

f(iE) =x(|z|)f(z) for ze€ R? .

Clearly, |Df(z)| is bounded on R? and Theorem 9.2 applies to the system
' = f(x). Since f(z) = f(z) for z € Q the dynamics of the two systems
2’ = f(z) and ' = f(z) agrees on Q. Therefore, Theorem 9.3 follows from
Theorem 9.2.

Example: Consider the system

¥ =r(1—7r%) +Arcosh, 6 =1,

in polar coordinates. For A = 0 the solution

r(t) =1, 60(t) =t mod 2w

is a periodic solution.
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Exercise: Show that the system has a periodic solution for |A| < 1.
Hint: Consider a region of the form

Q = [Fmin, "maz) X (R mod 2m)

and apply Theorem 9.4.

9.3 Two Uncoupled Oscillators
9.3.1 Density of Every Orbit
Consider the system
(9/1 = Wi, 95 = W2

where w; > 0 are constant frequencies and 0;(t) € S =R mod 1. Given initial
conditions

9]'(0) = Qj for ] = 1,2

the solutions is
o(t) = 01(t) \ [ (a1 +wit) mod1
- 0 (t) - (042 + OJQt) mod 1
Theorem 9.5 If ¢ = we/wy is irrational then every orbit is dense in the torus
St xSt
Proof: We first assume the initial conditions

0:1(0) =0, 62(0)=p5€][0,1).
Let T'=1/w;. We have

01(T)=0+wT) mod1=0

and

02(T) = (f+w2T) modl=(S+c¢) modl.
We define the Poincar’e map P : S' — S! by

PB=(B+c¢) modl
and obtain that

P"8=(8+nc) mod1l=20ynT) for neN.

We claim that the sequence P"f is dense in S'.
Note that if P"5 = P™f then

B+nc=0+mc+k
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for some integer k. Since c is irrational one obtains that m = n. It follows that
the points P"3,n € N, are all distinct.
Define the distance function on S':

dist(r,s) = . %linl , Ir—s+k|.

) )

We have

dist(Pr, Ps) = dist(r, s) .

The sequence P"f has an accumulation point Q € S'. Given € > 0 there exist
m > 0,k > 0 so that

dist(P*B,Q) < €/2, dist(P*™™B,Q) <¢/2 .
It follows that

dist(P*3, P"FE) < ¢ |
thus

dist(8, P™B) < ¢ .

Summary: Given ¢ > 0 there exists m = m(e) € N with

dist(B,P"B) < e .

We note that the map P™ maps the arc from 5 to P™ onto the arc from P™j3
to P?™ 3. This can be continued by applying P™ repeatedly. One obtains that
for every @ € S there exists | € N with

dist(P'™B,Q) < & where m =m(e) .
This proves the claim that the sequence P"f is dense in S'.

We now show that every orbit #(t) is dense in S* x S'. Let Q = (¢q1,¢2) €
S1 x S and let € > 0 be given. We will show that there exists a time ¢ > 0 so
that

Ql(t) =q, dist(@z(t), QZ) <eg.
Since 61 (t) = (a1 +wit) mod 1 there exists a time ¢; > 0 with 0;(¢1) = q.
Set T'= 1/w; and note that

91(151 + TLT) = Hl(tl) =q .

Now consider the sequence

O2(t1 +nT) = 6Oz(ag+t1 + ne)
= (B+nc) mod1

with f = (a2 + 1) mod 1.
The theorem now follows since the sequence P" = (f+nc) mod 1 is dense
in St o
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9.3.2 Time—Average Equals Space—Average for the Poincaré Map

Theorem 9.6 Let c € R\ Q. Let P: S — St denote the map

B—PB=(8+c) modl.
Let I C [0,1) denote an interval of length l. For N € N let

M(I,N):{ne{0,1,...,N} : P"ﬁe[} .

Then

1

Proof: If f : R — C is any function let

1 o,
sz=N+12;ﬂW@

denote the average value of f on the orbit part P/3,5 =0,1,...,N.

With x; we denote the characteristic function of I,
xr(z)=1 for ze€l, xr(x)=0 for z¢I.
Since
N .
#M(I,N) = xr(P'B)
j=0
we must prove that

Avxr =1 as N —=o0.

We will use Fourier analysis. For k € Z let

fk(x) — 627rikm )

Note the orthogonality

(f> fr)r / £ (@) fu(z) do = / 2mik=0)e gy = §; for all j ke€Z .

The Fourier series representation of () is

with



In particular, for £ = 0 obtain that

1
aoz/ xr(z)dx=1.
0

Let us compute Ay fi. For k =0 we have fo = 1, thus

Anfo=1 forall N eN.
Now let k € Z,k # 0. We have

fk(PJB) — 2mik(Btje) — e27rik6qj with ¢ = 2mike

Note that |¢| = 1 and ¢ # 1 since ¢ is irrational. Using the geometric sum
formula obtain that

N 1— gN+1
> fu(PIg) = errihe
j=0 1-q

It follows that

N
> AP <

T 1-ql
Here

q= q(k) _ 627rikc

depends on k, but is independent of N. It follows that

Anfr =0 as N —s o0 for kE#0.
Together with the result for £ = 0 obtain that

1

N
Jim (N—+1 jz%fk(PJﬂ)) — 0k, kEZ. 9.8)

In the following equations we exchange two limit processes. This needs to
be justified, however.
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1 N
lim —— #M(I,N) = lim (7 ZX](PjB)>

N—ooo N +1 N—o00

We now give a rigorous proof. It will be based on the Stone—Weierstrass
Theorem stated below.

A function p : R — C is a trigonometric polynomial (of period 1) if p(z) has
the form

K
— § : ake2mka:
k=—K

where K is finite and ay € C. Let T denote the vector space of all trigonometric
polynomials.

Theorem 9.7 (Stone—Weierstrass) Let f : R — C denote a continuous func-
tion of period 1. Then, for all € > 0, there exists p. € T so that

’f_pa‘oo <e.

Recall the definition of the average,

N

ANf—N—HZf (P75)

where P/3 = (B + jc) mod 1, c irrational.

Lemma 9.7 Let f: R — C denote a continuous function of period 1. Then

1
ANf—>/Of(m)d1: as N — 0.

Proof: Let £ > 0 be given and let p. € T satisfy |f — pe|oo < . We have
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IN

‘ANf — ANpe

1 1 1
+ )ANpE —/ pedx’ + ’/ pedx —/ fdx’
0 0 0

1
2€+’ANpE—/ pedx’
0

(ANf—/Ol f|

IN

Because of (9.8) we have
Ane?™* e 5.0 as N — oo

and obtain that

1
ANpE%/pg(m)dx as N — oo .
0

Therefore, if N > N(e), then

1
yANf—/ fdz| < 3¢ .
0

This proves the lemma. ¢
For € > 0 there are continuous, 1-periodic functions g.(x) and f.(z) with

ge(z) < x1(z) < fo(x) for =z € St

and

1 1
/ggd:v:l—z-: and / fedr=1+¢
0 0

where

1
l:/ xr(x)dx .
0
We then have for all N € N:

Ange < Anxr < Anf- .

If N > N(e) then, using the previous lemma, we obtain that

I =2 < Ange < Anxr < Anfe <1+ 2¢.

This proves that

‘ANXI — l| S 2e .

This completes the proof of Theorem 9.6. ¢
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9.3.3 Time—Average Equals Space—Average for the Uncoupled Os-
cillators

Recall that

o(t) = ((wlt) mod 1, (8 + wst) mod 1)

where ws/wy is irrational. Let R denote a rectangle in the torus S* x S, i.e.,
R C[0,1) x [0,1). With xr(#) we denote the characteristic function of R.
We claim that

T
lim % /0 \r(8(8)) dt = area(R) . (9.9)

For k = (i, k2) € Z? let
Fu(a,y) = e2mikizg2mikay
Obtain that
J(6(1)) = PmikaB itk than)t

Note that for k£ = (0,0) we have fr = fo = 1, thus

T
;/0 fe6@®)dt =1 for k=1(0,0).

Now assume that k € Z2 k # (0,0) and note that

kiwi + kawa # 0

since wy/w; is irrational.
One obtain that

T
/ e?ﬂi(klwl+k2w2)t dt = 1 (€2ﬂi(k1w1+kQWQ)T o 1) )
0 27Ti(k1w1 + kQ(JJQ)

The absolute value of the integral has a bound that does not depend on T > 0.
Therefore,

1 (T
T/ fe@(t))dt -0 as T — oo for k=#(0,0).
0

Since

1 T
T / fk(g(t» dt — 5k105k20 as 1T'— >
0

the proof of (9.9) can be completed in a similar way as the proof of Theorem
9.6.

100



101

Figures for Chapter 9

Figure 9.2

Figure 9.3



Figures for Chapter 9

5 j[a>

Figure 9.6

102



103

Figures for Chapter 9

Figure 9.7

\g(a)

han
n' QMM / u
k/f AN
Figure 9.8
T
< ™ Ounitl

@

Figure 9.9



Figures for Chapter 9

W (X5

wir) \ f‘"”

Figure 9.10

104



10 Hamiltonian Systems; Stability via Liapunov

10.1 Notations
We use the notation

¢=(q1,- - an)"
for the generalized position coordinates and

p= (plv"'7pN)T

for the generalized momenta.
If H(q,p) denotes the Hamiltonian function of a system, then the dynamical
equations

¢ = Hpylq,p)
= —Hy(q.p)

describe the evolution of the system.

Let
[ q _ 0o I
x-(p), J-(_IO).

With these notations, the Hamiltonian system can be written as

¥ = JH' () (10.1)
where

0H OH OH OH\T
) (@)

H(z)= (VH@) = (2&£,. . 22 92 97
(@) = (VH(@)) <3Q1 dqn Op1 opn

10.2 An Example of a Hamiltonian System

Consider Newton’s equation

mq"(t) = F(q)
where ¢(t) € R is the position of the point mass m at time ¢ and F'(q) is a scalar

force acting on the point mass.
The function

q
Ul =~ [ Feas
is the potential energy corresponding to the force F'(¢). The kinetic energy is
1
o N2 - 2
5 (@) =5 D
where p = mq’ denotes the momentum. The Hamiltonian is
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1
H(q,p) = %pQ +Ul(q) .

The Hamiltonian system is

1
/
- H ——
q P p

p= —-H, =-dU/dq
One obtains that

mq" =p' = —-dU/dq = F(q) ,

which agrees with Newton’s equation.
If one assumes Hooke’s law,

then U(q) = %qQ and

1 k
H(q,p) = %p2+§q2 :

10.3 Energy Conservation

Consider any Hamiltonian system ' = JH'(x). Since J € R?V*2N ig skew
symmetric, we have

(a,Ja) =0 forall aeR* .

Let z(t) denote a solution of the equation #’ = JH'(x). Then we have

%H(w(t)) = VH(z)2
= VH(z)J(VH(z))"
= (H'(x),JH'(z))

=0

Energy is constant along any orbit.

10.4 The Pendulum Equation as Hamiltonian

Newton’s equation reads:

1 .
mla’ = —mgsina

or

a"—i—%sinazo.
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Here

meter

g =9.81

sec?
is the acceleration die to gravity. Using

p = mla
we have

L

Ekin = 5 P Epot = mgl(1 — cosa) .

The Hamiltonian is

Hgp) = 50" + mol(1 — cos(a/1))

The Hamiltonian equations become
¢ =p/m, p' =-mgsin(q/l) .

One derives

q" + gsin(q/l) =0

which is equivalent to Newton’s equation.

10.5 Celestial Mechanics: The Two Body Problem as Hamil-
tonian
Let r; € R? and ry € R3 denote the position vectors of two bodies of mass mq

and meo. Newton’s equations are:

mimsa

1
= G —= — = F
miry |I‘2 — I‘1|3 (I‘2 I'1)
/) mims
= G ——=_ — =_-F
mars, P (ry —r9)

Here

11 Newton meter?
kg?
is the gravitational constant. We want to obtain a Hamiltonian system equiv-

alent to Newton’s equations.
Let p; = mjr;- denote the momenta. The kinetic energy is

G =6.67-10"

1
Eyin(P1,p2) = §<m1|r,1]2—|—m2|r/2|2)
1/1 1
= Sl + ol
miq mo
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We have

1 1
Vor Biin = 1Pty Voo Brin = -~ Ps -

The potential energy is

Gm1m2
Epot(r17r2) = —m .

Note: If r = (21, 29, 23)7 € R3 then

—— = — (x{+x5+=x
Oz; |r| duy 7L TR
_ T
P
thus
1 .
V— =3¢
|
Let

Then we have for j =1,2,3:

(1) (2)
o 1 _ % T
aacgl) ‘I‘l - I‘2| |I‘1 — I'Q’?’
and
0 1 _ 7335-2) — xg.l)
al’gz) ’rl - I‘2| |I'1 — I'2|3
Therefore,
Vo Epot = Gmymalry —vo| (v = 12)" = —F
and
VesBypor = Grymales 1| (v~ w)T = F
Let

1y 1) 1) @2 (2 @\7F
0= (2,0, 0, 2, a2, of2)

denote the coordinate vector and let

Do 1) 2 @ @\T
D= (pg )7205 )>p:(g )7p(1 )ap; )7p:(3 ))

108

(10.2)

(10.3)

(10.4)



denote the momenta vector. The Hamiltonian function is

H(Qap) = Ekzn(p) + Epot(q) .

Because of (10.2) the Hamiltonian equation
q/ = Hp
requires that

1
/ /
ry=—p1 and ro=—p2.
mi ma

Because of (10.3) and (10.4) the Hamiltonian equation

p/ = _Hq

requires that

pi/=F and p =-F.

Clearly, the Hamiltonian system

q, = Hp, p/ = *Hq

is equivalent to Newton’s equations.

10.6 The Jacobian of a Hamiltonian Function

Consider the Hamiltonian equation

o' = f(z) with f(z)=JH'(z), H'(z)= (VH(x))T.
The Jacobian of f(x) is

fi(a) = JH"(x)

where

H"(z) = (DiDjH(x))i7j:1,..,2N

is the Hessian of H. Since H”(x) is symmetric we have

fl(f)z(-? é)(Bé g)

with symmetric N x N matrices A and C. Therefore,

ra-( %0 5)

In particular, it follows that

tr(f'(z)) =0 for all x:<g>.

We will see that this implies conservation of phase volume.
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10.7 Stability of Fixed Points

Let z* denote a fixed point of the Hamiltonian system 2/ = JH'(z) =: f(x).
We then have

VH(z*)=0.

Let A1,..., A\on denote the eigenvalues of the Jacobian f/(z*) listed according
to their algebraic multiplicity.
We then have

dxj=tr(f(z*)=0.
Therefore, if there exists A\; with Re A\; < 0 there also exists A\, with Re A\, > 0.

Lemma 10.1 If x* is a stable equilibrium of the Hamiltonian system z’ =

JH'(x) then
Re)j =0 forall X\ €o(f'(z¥)).
10.8 Evolution of Phase Volume
We first recall the general transformation formula for integrals.

Theorem 10.1 Let A, B C RY denote open, bounded sets and let S : A — B
be a C' bijection with det S'(x) > 0 for all x € A. Let h € L1(B). Then we
have

/Mw@:/mam@wumw
B A

In the theorem, the mapping S : A — B can be thought of as a coordinate
transformation and S’(x) € RN*Y denotes its Jacobian.
In the special case where h = 1 we obtain

vol(B) = / det S'(z) dz . (10.5)
A
Let f:RY = RN f e Cl|f.(z)] < C. Consider the initial value problem

¥ = f(z), x(0)=ux,

with solution z(t) = ¢(t, xo).
Let Vo € RY denote an open bounded set and define

V(t) =A{o(t,x) : z € Vo}.
Intuitively, the mapping

Vo = V()
S'{ xr — ot x)
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describes how the volume V; evolves under the flow determined by the map
x — ¢(t,z) for fixed t.
We apply formula (10.5) and obtain

vol(V (1)) /V det '(x) da

= / det ¢(t, x) dx
Vo

Recall the following formulas:

o(t,x) = flo(t,x)), ¢0,2)=x
¢rt(t7x) = f,(¢(t,$))¢x(t,$), ¢m(07$):I

G et b,(t,) = tr](8(t,2)) - det 6 (t,2)

The last equation follows from Liouville’s Theorem, Theorem 3.1: If ®'(¢) =
A(t)®(t) then

% det (t) = tr A(t) - det D(t) .
Therefore,

det ¢, (t,x) = exp (/Ot trf'(o(T, a:))ah') :

Lemma 10.2 Assume that trf'(x) = 0 for all x € RN. Then phase volume is
preserved:

vol(V(t)) = vol(V(0)), teR.

In the Hamiltonian case, the condition trf’(x) = 0 is fulfilled as was noted
in Section 10.6. Therefore, the flow of a Hamiltonian system preserves phase

volume.
The reason for tr f’(z) = 0 in the Hamiltonian case is simple:
We have
q Hy(q,p) >
r = y xr) = )
( p ) T < —H,(q,p)
thus

1o Hyg(q,p)  Hpp(q,p)
fle)= ( —qu(q,p) —qu(q,p) > '

Since Hp, = Hy, it follows that tr f/(x) = 0.

The following result is called Poincaré’s Recurrence Theorem.
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Theorem 10.2 Let Q C RN denote a bounded open set and let the mapping
F : Q — Q be bijective and volume preserving. Consider a set U = B.(y) C €.
There exists x € U and n € N so that F™(x) € U. In words: Think of applying
the map F as evolving by one time step. Given any y € §2, there exists a point
x arbitrarily close to y whose future state F™(x) will return arbitrarily close to
y in finite time.

Proof: The sets

FMU), n=1,2.3...

cannot be disjoint. There exists 7 > k£ > 1 so that

FIU)YNFHU) #0 .
Apply F~* to obtain that

FrU)NU#0 for n=j—-k>1.

Let £ € F™(U)NU. There exists « € U with F"(x) = £. Therefore, x € U and
F'(z)eU. o

Note: Let x(t) = ¢(t,x0) denote the solution of an initial value problem
2’ = f(z),2(0) = xg. Let T > 0 denote some fixed time. If ¢trf’(xz) = 0 for
all z, then the map F' defined by F(xo) = ¢(T,x¢) is volume preserving and
bijective. Also, F"(z) = ¢(nT,x). Poincaré’s Recurrence Theorem applies if
one can find a bounded set €2 which is invariant under F.

10.9 Symplectic Matrices

Symplectic matrices and canonical transformation play an important role in the
theoretical analysis of Hamiltonian systems.
A matrix S € R2V*2N ig called symplectic if

STIS=J where J=( 9 N
Iv 0

An equivalent condition is that S leaves the bilinear form
(z, Jy)

invariant, i.e., .S is symplectic if and only if

(Sz,JSy) = (x,Jy) forall =z, yeR?*N.

The equivalence is clear since (Sz, JSy) = (z,ST.JSy).

Lemma 10.3 If ¢(t,x) denotes the solution of a Hamiltonian system x' =
JH'(x) then each matriz ¢,(t,x) is symplectic.
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Proof: We have

¢i(t,x) = JH (6(t,2)), ¢(0,2) =2 .

Therefore,

Pot(t,x) = JH" (¢(t, ) (t, ), ¢2(0,2) =1 .
Abbreviate

O(t) = po(t,x), A(t)=H"(¢p(t,z)) where z e R? is fixed .

Then A(t) is a symmetric matrix and
O'(t) = JAt)®(t), ®0)=1.
Now let
M(t)=dt)TJa(t) .
Then we have M (0) = J and

M = ()Je+ T g
= dTA(-J)J® + 0T J2AD
=0
In the last equation we have used that J? = —1I. o

10.10 Properties of Symplectic Matrices

The set of all symplectic matrices S € R?V*2N is denote by Sp(IN). Properties

1) and 2) of the following lemma say that the set of matrices Sp(IN) forms a
group under matrix multiplication.

Lemma 10.4 1) If S1,S52 € Sp(N) then S1S2 € Sp(N).
2) If S € Sp(N) then S is nonsingular and S—! € Sp(N).
3) If S € Sp(N) then ST € Sp(N).
4) If S € Sp(N) then S is similar to S~*.

Proof: Property 1) holds since STJS; = J and S3.JS; = J yields that
(5192)7JS1Sy = J. To show 2) first note that STJS = J implies that
|det (S)] = 1. (In fact, one can show that det (S) = 1. See Lax [Linear Al-
gebral.)

From ST.JS = J one obtains that J = (S~!)7JS~!. This says that S~! €
Sp(N).

To show 3) take the inverse of S”.JS = J and use that J~! = —J. Obtain:

SysHr =.
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Therefore, (S~1)7 is symplectic. By 2) it follows that ST is symplectic.

To show 4), note that ST.JS = J implies that J1S7.J = S~!. Thus, ST ~
S~L. For any square matrix A we have A ~ AT. (This is a nontrivial result
of linear algebra; A and AT of the same Jordan canonical form.) Therefore,
S~Sto

Remark: The group Sp(N) is a Lie—group. One defines a Lie—group as a
group, which is also a manifold, and the operations of multiplication,

(S1,52) = 5152,

and taking an inverse,

R

are smooth.

10.11 Canonical Transformations of Hamiltonian Systems

We first consider a general coordinate transformation applied to a general sys-
tem 2’ = f(x) where f:R"™ — R"™.

Let R : R™ — R” be 1-1 and onto and assume that R € C* and det (R'(y)) #
0 for all y € R™. Let # = R(y). For y = y(t) obtain

R(y)y = f(R(y))
y = (R') " f(R®)

Now consider a Hamiltonian system
¢ =JH (z), == ( Z > € R

and a coordinate transformation z = R(y).
Let

K(y) = H(R(y))

denote the Hamiltonian function in y—coordinates. The Hamiltonian system
determined by K is

y = JK'(y) (10.6)

Here

VK(y) = VH(R(y))R'(y)
K'(y) = (R(y)"H(R(y))

Thus the Hamiltonian system (10.6) reads
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y = J(R(y))"H'(R(y)) (10.7)

Using the y—coordinates in the given Hamiltonian system 2’ = JH'(z) one
obtains

y = (R'(y)~ JH'(R(y)) (10.8)
The two systems (10.7) and (10.8) are identical if and only if

(R'(y) YT =J(R (y)T foral yeR*™.

This is equivalent to

J=R(@y)J(R(y)T forall yeR™.

Since the matrix R'(y) is symplectic if and only if (R/(y))? is symplectic one
obtains that the coordinate transformation x = R(y) leads to the Hamiltonian
system corresponding to the Hamiltonian function K(y) = H(R(y)) if and only
if the Jacobian R/(y) is symplectic for all y € R2V.

Definition: A coordinate transformation z = R(y) applied to the Hamil-
tonian system z' = JH'(z) is called a canonical transformation if R'(y) is
symplectic for all y € R?V,

Theorem 10.3 If a canonical transformation x = R(y) is applied to the Hamil-
tonian system x' = JH'(x) then one obtains the Hamiltonian system y' =

JK'(y) with K(y) = H(R(y)).
10.12 Hamiltonian Systems in Action—Angle Variables

Remark: The vector J € RY introduced below has nothing to do with the
matrix J € R2V*2N ygsed above.

Let H(q,p) denote a Hamiltonian function depending on the coordinate
vector ¢ € RY and the vector of momenta, p € RY. The corresponding Hamil-
tonian system is

q/:pr pI: _Hq .

Assume we can make a canonical transformation to so—called action—angle vari-
ables

JeRY, aeT? = (R mod 2m)N

and obtain the transformed Hamiltonian function H(a,.J). The transformed
Hamiltonian system is

Oé/:I:IJ, J,:—I:Ia.

The new variables a and J are called action-angle variables if H, = 0. If this
is the case then

115



Given the initial conditions

J(O) = Jo, Oé(O) = Q)

one obtains

J(t)=Jo, «at) = (wt+ ap) mod 27

where w = H;(Jp). The action variable J(t) = .Jy is constant in time and the
angle variable a(t) evolves on an N-dimensional torus.

If one can introduce actions—angle variables for a Hamiltonian system, then
the evolution of all trajectories takes place on a torus.

10.13 The Harmonic Oscillator in Action—Angle Variables

Recall the equation for a harmonic oscillator

"+ w?q=0, w=k/m.
Its Hamiltonian function is
1

k
H(q,p) = %p2+§q2

where p = mq'.
Introduce new variables J and « by

[ 2
qg=1/—Jsina, p=+v2mwJ cosa .
mw

We will check below that this is a canonical transformation.
The Hamiltonian function becomes

1 k 2
H(q,p) = =——2mwJcos’a+ -~ — sina
2m 2 mw

k
= wlcos’a+ —Jsin®a  (use k = mw?)
mw
= wJ
= H(a,J)

The corresponding Hamiltonian system is

with solution

J(t)=Jo, «at) = (wt+ ap) mod 27 .

For the harmonic oscillator equation one obtains the solution
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2
q(t) =/ — Jo sin(wt + ap) .
mw

This is in agreement with the general solution of the harmonic oscillator equa-
tion:

q(t) = Asin(wt + ayp) .
Let us check that the coordinate transformation

(a7 J) - R(a7 J) = (va)

is canonical. We have

2mwJ cos o

l .
Ra,J) = < me sin «v ) ’

thus

2 1 /2 1
Rla,J) = \/ g cosa 2\ mw g7 Sina
—V2mwdJ sin« % Qma)% COs &

a cos o bsin o«
= ( 1 1 >:¢S

-3 sina = cos«
a

With ¢ = cosa, s = sin a obtain:

T _ ac —s/b 0 1 ac  bs
518 = < bs c/a ) ( -1 0 —s/b c/a
B s/b ac ac  bs
n —c/a bs —s/b c/a
0 1
()
This shows that the transformation (¢, p) = R(«, J) is canonical.

10.14 Stability via Liapunov

Example 1 Consider the system

The point



is the only fixed point. Is it stable? We have

pro.0 =y o) -

thus the eigenvalues of D f(P) can not be used for stability analysis.
Consider the function

L(z,y) = 2* + y*
and let

v(t) = L(x(t), y(x))
where (z(t),y(t)) is a solution of the system. We have
V(t) = (Loa’ + Ly )(t) = (4x3(—y3) n 4y3:x3> (1) =0.
This implies that
2t +yt(t) =i +ys forall t>0.

We claim that this implies stability of the fixed point P = (0,0).

Recall:

Definition: Consider the system 2’ = f(z) and denote the solution with
initial condition x(0) = xo by ¢(t, x0). A fixed point z* is called stable if for all
€ > 0 there exists 0 > 0 so that

|xo — "] < implies |@(t, o) — x| <e forall ¢t>0.
To return to the example, assume that

xg+yg < 6%

From

2 (t) +yt(t) =2y +ys forall t>0
obtain that, for ¢t > 0,

2 (t) < yJxh +ys < af < 6

and, similarly, y?(t) < 62. Therefore,

() + 2 (t) < 20% = €2

if we choose § = £/+/2. This proves that the origin is a stable fixed point of the
given system. The function L(z,y) is an example of a Liapunov function for
the fixed point P = 0.

In the following, we assume that
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f:R*"=R" feC' |Df(z)|<C forall zeR",
and we assume that f(0) = 0. The solution of the IVP

¥ = f(z), x(0)=ux,

is denoted by ¢(t, x¢).
Let
L:R*" >R, LeC',

and let v(t) = L(¢(t,x0)). We have

v'(t) = VL($(t, 20)) f(o(t, x0) =: L(¢(t, 20))

where

L(z) = Z 81']

Definition: Let L : R® - R, L € C..
a) L is called a Liaponov function (corresponding to f(x) and the fixed point
x* =0)if
L0)=0, L(z)>0 and L(z)<0 forall zeR"\{0}.
b) L is called a strict Liaponov function (corresponding to f(x) and the
fixed point z* = 0) if
LO0)=0, L(z)>0 and L(z)<0 forall zeR"\{0}.

Theorem 10.4 Consider that system x' = f(x) where f(0) = 0 and assume
that there exists a corresponding Liapunov function. Then the fized point x* = 0
is stable.

Proof: We have to show that for all € > 0 there exists § > 0 so that

lzg| <6 implies |[p(t,z0)| <e forall ¢t>0.

For given € > 0 set

me :=min{L(z) : |z|=¢}>0.
Since L(0) = 0 there exists § > 0 with 0 < § < ¢ and

L(z) <me for |z[<9.
Let |zo| < 6. We claim that |¢(t, z0)| < e for all t > 0. Set

v(t) = L(o(t, x0)) -
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We have v(0) = L(xg), thus v(0) < me. Also, v/(t) < 0 for all ¢ > 0, thus
v(t) < m, for all ¢ > 0. If |¢(¢,z0)| < € does not hold for all ¢ > 0 then there
exists t1 > 0 with

|¢(t1,[L‘0)| =¢.

This would imply that

’U(tl) = L(¢(t1,$0) 2 me .
This contradicts the estimate v(t) < m. for all ¢ > 0. ©

Theorem 10.5 Consider that system ' = f(xz) where f(0) = 0 and assume
that there exists a corresponding strict Liapunov function. Then the fixzed point
x* = 0 is asymptotically stable.

Proof: By the previous theorem, the fixed point x* = 0 is stable. We must
show that there exists § > 0 so that |xg| < 0 implies that ¢(t,z¢) — 0 ast — co.
Let xp € R™,zg # 0, thus ¢(t,zo) # 0 for all t. Set v(t) = L(¢(t,z0)) and
note that v'(t) < 0 for all ¢.
Let t;, denote a sequence of positive times with ¢ — oo and assume that
o (tk, To) — yo. We claim that yo = 0. Suppose yo # 0. Since v'(t) < 0 for all ¢
we have

L(¢(tg,x0)) > L(yp) forall keN.

Fix some t > 0 and consider ¢(t,yo). We have

L(¢(t,40)) < L(yo) -

Here we used the assumption that yg # 0. By continuity there exists € > 0 so
that

L(¢(t,y)) < L(yo) for |y—yo|l<e.

For large k& we have

|p(th, w0) — yo| < €

and can use the above estimate for y = ¢(tx, z¢) to obtain that

L(¢(tp +t,m0)) < L(yo) -

This contradicts the estimate

L(o(ty +t,20)) > L(yo)

which follows from

L(¢p(tj,x0)) > L(yo) forall jeN.

This contradiction shows that yg = 0.
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Thus, if t;, — oo and if ¢(tg, z¢) converges as k — oo, then

d(tg,x0) >0 as k— oo .

Recall: Given ¢ > 0 there exists ¢ > 0 so that |zo| < ¢ implies |¢(t, zo)|
for ¢ > 0. We use this for ¢ = 1. If |z9| < 6 then |¢p(t,x0)| < 1 for ¢ > 0.
claim that

<e
We

o(t,xg) >0 as t—oo if |zl <9 .

If this does not hold then there exists € > 0 so that for all T > 0 there exists
t > T with

[9(t, o) > € .
We use this for T'= k € N and obtain t; > k with

|p(tk, x0)| > e forall keN.

However, the sequence ¢(ty,zp) is bounded and, therefore, has a convergent
subsequence,

¢(tr,, o) = Yo -
But we have proved that 39 = 0 and obtain a contradiction. ©

Remark: Assume existence of a strict Liapunov function (corresponding
to f and z* = 0) and assume that every semi-orbit ¢(t,z¢),t > 0, is bounded.
Then the arguments of the proof given above show that ¢(t,z9) — 0 as t — oo,
i.e., the fixed point z* = 0 is globally attracting.

Example 2 Consider the system
! 3 3
x —x° —y
= = I‘, .
( y > ( 23— ys ) f(z,y)

L(x,y) = 2 —|—y4 .

Let

We have

L = VL-f
= 42’ (=2 —®) + 4P (2 — o)
— 428 — 448

Thus L(z,y) < 0 for (z,y) # 0. The function L(z,y) is a strict Liapunov
function.

We claim that every semi-orbit



is bounded. We have

2t (t) +yt(t) <2+ yg = C* for t>0.

4
0
This yields that (t) < C*, 2%(t) < C%. Obtain

22 (t) + 2 (t) < 2C* for t>0.

Every semi-orbit is bounded; therefore, the fixed point (0, 0) is globally attract-
ing.
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11 The Energy Method and the Mathematical Pen-
dulum

Many nonlinear ODEs cannot be solved explicitly by integrations. However, if
they can be solved explicitly, the solution formula may be useful and interesting.

The energy method is an integration technique which can be applied to
scalar IVPs of the form

2"+ f(z) =0, z(0)==z9, 2(0)=um (11.1)

where f : R — R is a smooth function.

In Section 11.2 we will apply the energy technique to the equations for
the Mathematical Pendulum. One obtains a connection to complete elliptic
integrals studied in complex variables.

11.1  Solution of z” + f(x) = 0 by Integration
Let F(z) = [y f(£)dE, thus F'(x) = f(z). Multiply the ODE 2" + f(z) = 0 by
2’ to obtain
d (1, ,.9 B
= (g(x) +F(m)) ~0.
If the initial data 2(0) = zg,2’(0) = x; are satisfied, then one obtains

S @0 + Fla(t) = G
with
Co = %x% + F(zo) -
Therefore,

(@' (1)) = 2Cy — 2F (a(t))
which yields that

le—j = +V2,/Cy— F(x)

dix = +/24dt
Co—F(x)

thus

[ —
o CO - F(f)

If the integral

S
/\/CO—F(@
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can be obtained explicitly, one may obtain a useful formula for solutions of the
ODE z" + f(x) = 0.
11.2 The Mathematical Pendulum

The pendulum equation reads

o +w?sina =0 (11.2)
where a = «(t) is the angular displacement of the pendulum and
w = g/l. We consider the ODE (11.2) with initial condition
a(0) =ap, o'(0)=0

where 0 < ag < w. By sketching the phase plane diagram it is clear that the
solution is periodic and «q is its maximal amplitude. If the period is T then

T T
a(t) >0 for 0§t<Z and a(Z):o.
11.2.1 The Linearized Equation

If |a(t)] is small one may replace sina by a to obtain the linear IVP

o +uwla=0, a(0)=ay a0)=0.

The solution is

a(t) = ag cos(wt) .
Its period

2
To = —
w

is independent of the amplitude ay.

11.2.2 Application of the Energy Method

The energy method applied to the nonlinear problem yields

1
~a”? —w?cosa = —w?cosayg .

2
Therefore,

1/2
a(t) = —ﬂw(cosa(t) —cosag> .
This yields

da
= —V2wdt
(cos o — cos ) 1/2 V2w

and
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g
/ 40 — V3wt |

(t) (cos @ — cos ag)'/?

We use the identity

cosz = 1 — 2sin’(x/2)

to obtain

/(i t Sin a“ 2 S 6 2
w

Using the notation

k = sin(ag/2)

we have

/ " a9 .
oty (B2 —sin?(@/2))172 ~ =

If T is the period of the oscillation, then «(7"/4) = 0. This yields the following
relation between the period T" and the amplitude ay:

ao dp wT
/o (k2 —sin?(0/2))12 ~ 2 (11.3)

Define a new variable ¢ by

sin(0/2) = ksin¢ .

Then 6 = 0 corresponds to ¢ = 0 and 6 = «g corresponds to ¢ = 7/2. Further,
note that

cos(6/2)df = 2k cos ¢ do.

Therefore,

do B 2k cos ¢ do
(k2 —sin(0/2))1/2  cos(0/2) (k2 — k2 sin? ¢)1/2
_2d¢
cos(6/2)
2d¢

(1 — kZsin? ¢)1/2

The relation (11.3) becomes

T—4/ﬂ/2 d
S w o (1 —k2sin®¢)l/2

where
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k = sin(ap/2) .

The function

K(k " d¢ 0<k<l1
— <
() /0 e 0Sk<1,

is called the complete elliptic integral of the first kind.
Thus we have shown the relation

4
T =T(ap) = — K(sin(ap/2))
w
between the amplitude g and the period T of the pendulum.

Discussion: Clearly, for ap = 0 one obtains

4 4 27
TO)=—K0)=——-=—.
0)=-K(O0)=—5=—

This agrees with the period
2
TQII
w

of the solution of the linearized equation.
If g — 7 then k = sin(ap/2) — 1 and K (k) — oo.
The period T'(a) approaches oo as ag — 7. The initial state

a(0)=m, o 0)=0

is an unstable fixed point of the pendulum equation

o +w?sina =0

written as a first order system. Using the notations

the system reads

< ;j )': < Peing > = flz,y) -

We have f(m,0) = (0,0)T and

f’(m,y>=< N 1), Az:f’(w,O):( 0 é)

—w?cosx O w

The matrix A has the eigenvalues A\; 2 = £w. The unstable equilibrium point

is a saddle point.
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12 Planetary Motion: The Two Body Problem

Kepler’s three laws of planetary motion were explained by Newton using New-
ton’s second law and a central gravitational field which decays like 1/72.
Kepler’s Laws:

1. The orbit of a planet is an ellipse with the Sun at one of the two foci.

2. A line segment joining a planet and the Sun sweeps out equal areas
during equal intervals of time.

3. The square of a planet’s orbital period T is proportional to the cube of
the semi—major a of its orbit.

Remark: Correct is

ag_GMer M
T2 472 472

where M is the mass of the sun, m is the mass of the planet, and

11 meter? 11 Newton meter?

G =6.674%10" =6.674% 10"

kg sec? kg?

is the gravitational constant. The unit of force

k t
1 Newton =1 Ty meser m62 o
sec

is about the weight of an apple.

Nicolaus Copernicus, 1473-1543
Galileo Galilei, 15641642
Johannes Kepler, 1571- 1630
Isaac Newton, 1643-1727
Pierre-Simon Marquis de Laplace, 1749-1825
Friedrich Wilhelm Bessel, 1784—1846
Mechanics was considered a model for all sciences, the starting point of the
scientific revolution.

12.1 The Two Body Problem: Reduction to One Body in a
Central Field
Denote the masses by m; (sun) and mso (planet). Denote the gravitational
constant by G. The body position vectors are r; and ry. Further, let
r=r9—1r71.

The vector r is directed from my to mao, i.e., from the sun to the planet.
We then have (with r = |r|):

.. r
mity = Gmims — =t F
r
mgf’2 = -—-F

Set M = mq + m9. Then
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1
R = M(mﬂh + marsg)

is the position vector of the center of mass.
It follows that

R=0.

We may assume that we have chosen a coordinate system so that R(¢) = 0.
Let

m1msa
m1+mg
We have
mimeory = moF and mimsery = —myF .
Therefore,

mimer = —(m1 + mg)F =-—-MF .
Dividing by M we obtain

r

3 k=Gmims .

mr = —k

12.2 One Body in a Central Field

The equation
r
mi = —k —
r3
describes the motion of a body in an attracting central force field which decays

like 2.
Angular Momentum. The vector

L=rxmr

is the angular momentum. Since ¥ has the same direction as r it follows that
L =0, thus

L(t) = Lo =TIg X mf'o

is a constant vector given in terms of the initial data

I‘(O) = Io, I‘(O) = I"o .

We assume that Ly is a non—zero vector of length

|Lo|l = 1o -
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(One can also consider the case Ly = 0. If Ly = 0 then r((¢) and r(t) are
parallel at all time. This leads to motion in a straight line and possible collision
of the body with the center.)

Since r(t) is orthogonal to Ly at all time, the motion takes place in the plane
through the origin orthogonal to Lyg.

We choose polar coordinates in this plane so that

r=r7(c,5,0)7 with ¢=cosf, s=sinf .

It then follows that

r=r7(cs, O)T +r(=s,c, O)Té ,

thus
L =r x mt = mr2fes .
(Note that
c -5 0
S X c | = 0 =e3
0 0 1

since the two vectors on the left side of the equation are orthogonal and both
have length one.) '
Therefore, assuming that 6 > 0,

lo = mr20 .
The geometric interpretation of the time—independence of

,df

1
227
2 dt
is Kepler’s second law.

Conservation of Energy. We define

Epin(t) = Ji(t)?
k
Epot(t) = 0]
and
E(t) = Epin(t) + Epot(t) -
Obtain




Here (ignoring the trivial third dimension)

o (2) (e

thus
(B(2),x(t)) = r(t)r(t)
and
Euin(®) =~
Also, Epst(t) = —ré“—t) implies that
Epot(t) = ljg((f))

One obtains that E’(t) = 0, thus

m k
E(t)=Ey= — |k — — .
(t) = Eo = 5 [fol o
The energy E(t) is a constant in time with a value determined by the initial
data.
Below we will assume that Ey < 0. The cases Fy = 0 and Ey > 0 can be

treated similarly, leading to a parabolic and a hyperbolic orbit.

From
f:f*(c>+r<_s>9
s c

it follows that

thus

m

E(t) = 5 (f2(t)+r2(t)92(t)) -

ko
r(t)

We now use conservation of momentum to eliminate 6(t) from this equation.

We have | = mr2(t)0(t), thus

Ep .

. 12
2 20
mr<(t)0°(t) = 2 ()
and obtain the fundamental relation
m 12 k
Eg = — 72(t _—
0= Ot mm T

which is a differential equation for r(¢). In this equation, the constants | =
mr%@o and FEj are determined by the initial data.
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12.3 The Equation of an Ellipse in Cartesian and Polar Coor-
dinates

Apollonius of Perga ( 240 BC — 190 BC) defined an ellipse as the curve where
a plane intersects a circular cone. The French mathematician Dandelin (1794
— 1847) gave a great proof that ellipses can also be defined in another way: Let
Fi and F5 denote two points in the plane and let P denote all points in the
plane with

|F1—P|—|—‘F2—P| =2a .
Then the points P lie on the ellipse with foci F} and F». See the article Dandelin
spheres in Wikipedia.
An Ellipse in Cartesian Coordinates. Let 0 < ¢ < a and let
FIZ(670)> F2:(_C¢O)'
Consider all points P = (z,y) with

’Fl—P‘—F‘FQ—P‘:QCL.

By definition, these points form the ellipse with foci F7, F> and major semi—axis
a. We want to derive the equation satisfied by (x,y). Let

& = |F—PP=(x—c)?+1°
2 = |F—PP=(z+c)?+9°
The equation
di + dos = 2a

is equivalent to
d3 = (2a — dy1)?,

thus
(x4 ¢)? + 4% = 4a® — dady + (z — ¢)® + 4> .

This is equivalent to

dex — 4a® = —dad; |

or

a’> —cx=ady .

Squaring yields

at — 2a%cx + A2x? = a®(2? — 2cx + A + 1?)

or
at + P2? = d?2? + PP+ a2y2 .

One obtains the equivalent condition
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a*(a® — %) = 2%(a® — &) + a*y? .
If we define b > 0 by b? = a? — ¢? then we obtain

- ()

This is the equation of an ellipse with semi—axes a > b > 0 and foci

F1 =(¢,0), Fy=(—c¢0)

where ¢2 = a2 — b2,

The area of the ellipse given by (12.1) is

A=mab .
Details: Solve (12.1) for y to obtain

2
y=+by/1- 2,
a
1 a x2

= ab/1 V1-—€de¢
-1

w/2
= ab / cos? 0 db
—7/2

thus

= gab

(12.1)

An Ellipse in Polar Coordinates. Denote polar coordinates centered at
F1 by (r,0). Let P = (x,y) denote a point on the ellipse with polar coordinates

(r,0). The distances of P to the foci are
di=|FL—P|=r, dy=|F,—P|=2a—r.
If = m — 0 then the cosine theorem in the triangle Fy PF5 yields

(2a —r)* =4 +r? —dercos ¢ .

Therefore,

4a% — dar + 1% =4 +r? — dercos ¢ .

This yields

a’> —c® =r(a—ccos @) .
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Introduce the eccentricity € = ¢/a of the ellipse to obtain

2
Py = 2=
1+ ¢ecosf
This is the equation of an ellipse in polar coordinates where the center of the
polar coordinate system is the point F; = (¢,0) with ¢ = ea. The point F} is
one of the two foci, (¢,0) and (—c,0), of the ellipse.
We note that

(12.2)

r(0)=a(l—¢e)=a—c. (12.3)

Summary: In Cartesian coordinates the equation (12.1) describes an ellipse
with semi—axes a > b > 0. If
F=a®>-1v, 0<c<a,

then the ellipse has the foci at
F1 =(¢,0) and Fy=(—c,0).
The eccentricity of the ellipse is

e=—, 0<ex<1l.
a

In polar coordinates centered at F; = (¢, 0) the ellipse is given by

a(l —&?)

=—2  0<60<27.
14+ ecosf’ =YV =em

r(0)

12.4 Derivation of Kepler’s Orbit by Conservation of Energy
and Angular Momentum

Recall the dynamical equations

dro_ (e 2k e )"
dt m mr  m2r2
@ B l
. mr?
The equations yield
dr 9 B 1\1/2

with



We will solve the differential equation (12.4) for r = r(#) using separation of
variables. Formally:

dr

ir2<A+f—1)l/2:d9'

r2

In the indefinite integral

r2

Int:/ dr 72
:I:TQ(A+§7 1)

use the substitution

to obtain
Int = /i(A + Bu—u?)"Y2du, u=1/r.
The integral can be evaluated in terms of arccos. Note that the identity

a = arccos(cos «v)
yields
arccos'(y) = +(1 —y?) V2.
Set

h(u) = arccos <2u — B)

where the constant ¢ is to be determined. We have

-1/2
B (u) = iZ(l — ¢ %(4u® — 4uB + Bz))

—1/2
— 42 (q2 — 40?4 4uB — B2)
1 ~1/2
= :l:(z(q2 — B?) +uB — u2>
If
Loy 2
Z(q -B7) =4
then
W (u) = (A + Bu—u?)"Y2 .

Thus, if we let
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q=VB%+4A
then

2
Int = /i(A + Bu — u?)"'/* du = arccos ( “ > + const .

q

Recalling the substitution r = 1/u we obtain

0 — 6y = arccos (1(2 - B)) ,

q'r
thus
1 B q
o 5(1 + ECOS(@—Q())) .
We now define € and a by
2
5:%, a(l—az):ﬁ
and find that
1— 2
o) = — =)

"1 +ecos(0 —0y)
Using the condition r(0) = a(1 — ¢) (see (12.3)) we obtain §y = 0, thus

2
r() = A=)
1+ ecosf
Since this equation agrees with (12.2), the orbit of the planet is an ellipse.
We have derived Kepler’s first law using Newton’s second law and the law of
gravitational attraction.
It is interesting to relate the semi-axis a to the energy Ey. We have

9 4A  2I?E,

gf=l= = = ———

B2 mk?2

and 2
2

1-e)== = —

a(l=e)=p=—,

thus

. k
2|Eo|

12.5 Derivation of Kepler’s Orbit by Lagrange’s Equations

Recall the energies
Ekm = % (7.“2 + T292)
k
Epot = _;
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and the size of the angular momentum

| =mr0 .

Obtain 7262 = mszrz and

EO = Ekin+Epot

m .o, M 9.9 k
pa— — — 0_7
SRR
m ., 121 k
frd — 7T —_— ] — —
2 2m r2  r

Differentiation and division by 7 yields that

. l21+k 0
mi— — —=4+—==0.
mr3  r2

Let us derive this equation using the Lagrange function

L(T,Q,’f",é) = Ek’in_Epot

_ Mo M s K
= 57 + 5 " 0° + "
We have
L = mr
-k
L, = mr@——2
r
L, = mr?6
Ly = 0
The Lagrange equations are
d
aLT‘-*LT =0
d
—L;—Lp = 0
dat 0
This yields that
mf—mr92+7 =0
r
mr?0 = 1

As above, one obtains the equation (12.5) for r = r(t).
From [ = mrQ% obtain that
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d I d

At mr2 de’
thus
dr [ dr
dt — mr?de
d’r Il d [ dr
a W@(W@)

__Pzﬁp2ﬂ(ﬂ2
m2rd df2  m?2rd \do

Using these equations in (12.5) yields that

Pﬁr%WQQka
mrd df?2  mrd \db mr3 2
Multiply by ”}—52 to obtain
1 d&%r 2 sdr\2 1  mk
LA (e I 12.
rZ2 dg?z 3 (d@) r + 12 0 (12.6)
Set
1
) = —
RN
and obtain that
w1
de r2 df
&L__1%42(ﬂ2
a2 r2 dh? 3 \df

Therefore, if equation (12.6) is expressed as an equation for u(f) one obtains
that

mk

u(9) +u(6) = - .

12.6 Negative Fy Leads to an Ellipse
Set

_mk
= l% .
One can check the dimensionality of :

_ 1
~ length

[7]

The general solution of the equation
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u”—i—u:'y

is

u(f) =+ acosf + Bsinb .

If one requires that

r(0) = m

has a minimum at § = 0 then 8 = 0. This yields that

u(f) =y(1+¢ecosh) .

We claim that €2 < 1 if and only if Ey < 0.
Recall the energy equation

Assume that

where ¢ = cosf .

Obtain

where s =sinf .

We have

thus

Since

obtain that
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07
m?2 k
Obtain

meao 1 k1, 2\ _

> +2mr2 o= 21{:7 (ss +(1+ec)> kvy(1+ ec)
1 &2

(5

GRS

Using the energy equation, we have

2F)
ef—1=—".
Ky

This shows that €? < 1 is equivalent to Ey < 0.

12.7 Time Dependence
The Period T. Recall that mr20 = [, thus

1 l
—r?df = —dt .
2 2m
Integration over one period yields the area of the ellipse,
b l T
mab = —
2m =
thus
T 2wabm
l
Using that
l2
P2 = a2(1—e2) = &
a“(1—¢7) "
one obtains
T2 — 42,3
m“a i

Kepler’s Third Law. To apply the result to the two body problem, we

set
= 7m1m2 R k= Gm1m2 .
mi + mg
This yields
T2 _ 472a3 .
G(m1 + mg)
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Kepler’s Equation. Let u denote the eccentric anomaly, the angle at the
center. Let u = 27t/T denote the mean anomaly. Kepler’s equation is
U=u—esinu .
Derivation: Denote the area SPyP by A(t). Then we have
A(0) =0, A(T)=mab
and A'(t) = const by Kepler’s second law. Therefore,

mabt
T
Let B(t) denote the area SPy(@Q). Then we have

At) =

a wa’t
B(t) = 7 A() = =

One can also express B(t) as the difference between the area of a circular sector
and a triangle. This yields

1 1
B(t) = = a*u — =ea’sinu .
(t)=35 5
One then obtains Kepler’s equation.

Solution of Kepler’s Equation in Terms of Bessel Functions. Let
u(p) € [0, 7] denote the solution of Kepler’s equation for 0 < p < m. We have

and write

ul(p) ==Y cusinnp)
n=1

One obtains

N

¢ = /OW(U(M)H)Sin(J'M)dM
1

= [ = 1) costin) de

1 (", ,
= j/o w () cos(jp) dps

Note that the function u(yu) is strictly increasing since

p=u(p) — esin(u(p))

implies
1= /() — ecos(u(p)) u' (1)
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thus

u'(p) >0 .
Denote the inverse function of u(u) by p(v). We then have

w(p(v)) = v, u(u)p'(v) =1,

In the above integral we make the substitution

Since

o (p)dp = dv
we obtain

1 K
gcj = j/o cos(ju(v))dv .

So far, we have not used Kepler’s equation. Note that

p=u(p) — esin(u(p))
and u(u(v)) = v. In Kepler’s equation, replace p by p(v) to obtain that

w(v) =v —esinv .
This yields
2 [T o .
cj = = Ccos (]5 sin(v) — j?)) dv .
Bessel defined

1 ™
Jj(x) = / cos (:Usin(v) —jv) dv for j=0,1,...
T Jo
One then obtains
2.
¢j = E‘Jj(Ja)

and the solution of Kepler’s equation is

u(p) = p+2 Jj(e) sin(ju) -

n=1
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12.8 Bessel Functions via a Generating Function: Integral Rep-
resentation

Let

g(z,t) = exp ( (t—- ) Z In( (12.7)

Here z € C and t € C\ {0}. For fixed z, the function ¢t — g(z,t) is analytic in
C\ {0} and, therefore, has a unique Laurent expansion about ¢ = 0. Also, for
z and t real, the value g(z,t) is real. This implies that J,,(2) is real for real z.

Lemma 12.1 Let f(t) =Y o7 cnt™ denote a function which is analytic for

n=—o00
t # 0 and which is real for real t. Then the coefficients ¢, are all real.

Proof: Set g(t) = ) ¢,t". Then g(t) is also analytic for ¢ # 0. Furthermore,
for real t,

f) = ft) = g(t) .
The identity theorem yields that f and ¢ are identical. The uniqueness of the

coefficients ¢, implies that ¢, = ¢, is real. ¢
n (12.7) substitute

1
t=¢e", t—;zZisinv,

to obtain

exp(izsinv) g In( e

Multiply by e~%? and integrate over 0 < v < 27 to obtain

/027r eIFSIMU—IY gy — 21 J;(2) .
Let z = x be real and take real parts to obtain that
27
2nJ(x) = /0 cos(zsinv — jv) dv
If we set
q(v) = cos(zsinv — jv)

then

q(2m —v) = cos(—zsinv + jv)

cos(zsinv — jv)
= q(v)
This yields that
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nJj(z) = /0 cos(zsinv — jv) dv .
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13 The Stable Manifold Theorem

Example: Consider the nonlinear system of ODEs

ry = —I1
/ o 2
Ty = —XT2+x]
/ 2
$3 = I3 + .',Ul

for 2(t) € R3. We write the system as

' = Az + F(x)
where
-1 0 O -0
A= 0 -1 0|, Fl=| 23
0 0 1 22

The point x = 0 is a fixed point and the system z’ = Az is the linearization
about this fixed point. The spaces

E® = span{e', e}, E“ = span{e’}

are the stable and unstable spaces for the linear system 2’ = Az.
Consider the nonlinear system 2’ = Az 4+ F(z) with initial condition

Q@
z(0)=| B
~
Obtain:
r1(t) = aet
h(t) = —xo(t) + ae
z5(t) = x3(t) + a?e 2
It is elementary to show that
ae™t
x(t) — (5—|—a2)€_t _ a2€—2t

(7+ )t = e ™

Details: To obtain z2(t) use the Ansatz xper¢(t) = ce?! to obtain a particu-
lar solution of the inhomogeneous equation. Then add a solution xpey, (t) = ge™*
of the homogeneous equation. Determine ¢ so that the initial condition holds.
The same process works to determine z3(t).

Using the solution formula, it is clear that z(t) — 0 as ¢t — oo if and only if
v =—a?/3. Also, x(t) — 0 as t — —oo if and only if « = 8 = 0.
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The two—dimensional manifold S of points

a
B €R® where a,8€R

a2

3

is the stable manifold of the nonlinear system 2/ = Az + F(x) for the fixed
point = 0. Note that the space E® is tangent to S at x = 0. In the example,
the unstable manifold of the nonlinear system agrees with E%, the unstable
subspace of the linear system z’ = Ax.

General Theory: Let f : R® — R”, f € C!, and assume that f(0) = 0.
Set A= Df(0). Consider the system
' = f(r) = Ar + F(x) .

We have F'(0) = 0 and DF(0) = 0. Clearly, x = 0 is a fixed point of the ODE
x' = f(x). The system 2’ = Az is obtain by linearizing about z = 0. We denote
the solution of the initial value problem

¥ = Az + F(x), z(0)=uxz0,

by x(t, xg).
Assume that A has k eigenvalues Aq,..., A\ with negative real parts and
n — k eigenvalues Ag41,..., Ay, with positive real parts,
ReAj <0 for j=1,...,k
and

ReAj >0 for j=k+1,...,n.

Here the eigenvalues are counted by their algebraic multiplicities.

Let E% C R™ denote the sum of the generalized eigenspaces to Ay, ..., \x
and let E* C R"™ denote the sum of the generalized eigenspaces to Ag11,. .., An.
Clearly, if zg € E° then eAlyy — 0 as t = oo and if zp € E* then ezyg — 0 as
t — —oo. The space E® is the stable space for the linear system x’ = Az and
E" is the unstable space.

Theorem 13.1 (Stable Manifold Theorem) Under the above assumptions, there
exists a manifold S C R™ of dimension k with 0 € S so that x(t,x9) — 0 as
t — oo if xg € S. The manifold S has the tangent space E° at x = 0.

Proof: There exists a matrix T' € R™®*" so that

_ P 0
TlAT:<0 Q):B

where P € RF*¥ has the eigenvalues A1, ..., \; and Q € R("=F)x(n=k) haq the
eigenvalues Agy1,...,A,. Using the variable y € R" with = Ty one obtains
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y = By+T71F(Ty) =By+G(y) .

Here G € C',G(0) = 0, DG(0) = 0. It suffices to prove the Stable Manifold
Theorem for the y—system.
We note the following: There exist constants K > 0, > 0,0 > 0 with

Ke (@to)r for >0
Ke™ " for >0

e

<
e=@r <

Also, for any € > 0 there exists § > 0 so that

|G(p) —G(g)| <elp—gq| for |p| <0,lql<1d]. (13.1)
In the following, we will assume that € > 0 is chosen so small that

ek 1
<
o — 4
and 6 > 0 is chosen so that (13.1) holds.
Considering the system

v=(1 o )v+ew (18.2)

I GI
Z/:<5H) and G:<GH>

where y! € R* y/T € R"* and similarly for G.
In the following, we will assume

we will write

acRF 2Kla| <6 .

We will try to determine a C'-map

a — (a) € R!
(where | = n — k) so that the solution y(t) of (13.2) with initial value

y(0) = ( w?@ > (13.3)

satisfies

y(t) -0 as t—o0.

Then, if ¢/(0) = 0 and D (0) = 0, the manifold
S:{ “ . a € RF |a\<i}
¥(a) ’ 2K
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is the local stable manifold.

Motivation: Assume that y(¢) satisfies the IVP (13.2), (13.3).
Then we have

t
yl(t) = ePta+/ ePt=9G1(y(s)) ds (13.4)
0
t
s = i)+ [ QG () ds (13.5)
0
Assume that y'/(t) — 0 as t — oo. Then we have

yH(t) = @t (”¢(a) + /Ot eiQsGH(y(s))ds) —0 as t—o0.

This implies that

v+ [ @E () ds) =0,

thus

(1) = - / h QUG (y(s)) ds .

We now fix a € R¥ with 2K|a| < 6 and consider the integral system

y't) = ela+ /tep(t_s)GI(y(s))ds (13.6)
0
yii) = — / Q=G (y(s)) ds (13.7)

If y(t) = y(t,a) is the solution, then we will set ¢(a) = (0, a).
Set

Y = {y Dy [0,00) = Ry e C,ly(t)| < 2Kl|ale™®" forall t> O} .

For y € Y define

where

(Hy)' ) = elta+ /OteP(tS)Gl(y(s))ds (13.8)

(") = ~ [ QG () ds (13.9)



Lemma 13.1 Ify€Y then HyeY.
Proof: For y € Y we have |y(s)| < de™*® <4, thus
G(y(s))| <ely(s)| < e2K|a[e™,  5>0.
Obtain that
t
(Hy)(t)| < Ke™®a| + e2K|a| K / e~lato)t=s)g=as g
0

The integral Int is bounded by

t
Int < e—(a-i—a)t/ %5 ds < l oot
0 o

Therefore,
K
(H'y)(1)| < Klale™ + == 2K|ale™" .
o
Since

eK
— <
g

N

obtain that

(Hy)(t)] < gK\a|€_at for t>0.
Also,
(0] < [ Ke Ok ale o ds.
t
Using that

o
2e K < —

=9
obtain that

o * —(a+0)s
(HTy)(®)) < Kla|S e / o~ (eta)s g
t

The integral equals
Int = L e_(a""o')t .
a+o
One obtains that

(Hy)(0) < 5 Klale™

and
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|(Hy) ()] < [(H'y) () + |(H " y)(t)] < 2K|ale™" for t>0.
o

Lemma 13.2 Let y(©) = 0 and define the sequence y9) € Y by

y(]’+1) _ Hy(j) fOT’ j = 07 17 2, e
Then the estimate

Y1) =y ()] < ;‘_“J e for t>0 (13.10)

holds for j =1,2,...
We use induction in j. For j = 1 we have

ly (0] = le™a| < Klale™" .

Assume the estimate (13.10) holds for some j > 1. Then one obtains that

G(y9(s)) — GyY(s))| ds .

’(y(f'ﬂ) _ y(j>)l(t)’ <K /0 " —(ato) )

Here, using the induction assumption,

G (s)) - GuU(5)] < 2 5y e

Therefore,

IN

j ! ek —(o+4o ! os
‘<y(3+1) _y(J)> (t)‘ K]|al ek (at )t/o %5 ds
1
27—1
1 1

4 21°

efozt

IN

eK
Klal 5=
—at

Kla

Also,

IN

, NI K DO ety —as
’<y(3+1)_y(a)> (t)‘ Kggj—1|a|/t e—o(s—t) g=as jo

= KWLK et Ooe_(a‘“’)sds
27—1
t
eK 1 _ .,
Klal == 5= ¢

IN

Using that
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eK
— <
g

A~ =

one obtains that

1

—at
— €
2i-1

. : 1
y(]'H)(t) _ y(])(t) < Klal 3 for t>0.

This completes the proof of (13.10) by induction. ¢

Lemma 13.3 Let a € R¥ and assume that |a| is so small that 2K |a| < §. Then
the integral system (13.4), (13.5) has a unique solution y € C[0,00) satisfying
ly(t)] < 0 for 0 <t < oo. This solution y(t) satisfies the decay estimate

ly(t)] < 2K|ale™™ for 0<t<oco. (13.11)

Proof: Let y9) € Y = Y(a) denote the sequence determined in the previous
lemma. The estimate

. - Kla
Y1) 00| < 214

< 51 e for t>0

implies that, for every fixed t > 0, the sequence y)(¢) is a Cauchy sequence in
R™. A standard convergence argument implies convergence,

yD(y) = y(t) forall t>0

and y € Y. The estimate (13.11) holds for every function y), therefore also
for the limit function y.

Suppose that v € C[0, ) is a second solution of the integral system (13.4),
(13.5) with |v(t)| < § for all t > 0. For ¢ = y — v obtain the estimates

t
1) < K /O e~y () — u(s)| ds
t
< €K|q‘oo€_(a+a)t/ e(a—i—a)sds
0
eK
S 7‘q|oo
o
< Ly
> 4(100

and

g (1) < K | e 75 Velq(s)| ds

oo
< EK\q]ooe"t/ e 7%ds
¢

= — gl
o
1

S Z|Q‘oo
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The estimate |q(t)| < % |¢|co implies that ¢ =0, i.e., v =y. ©

We continue the proof of the Stable Manifold Theorem. For a € R* with
la] < % let y(t) = y(t,a) denote the solution of the integral system (13.4),
(13.5) satisfying

ly(t)] < 2Kla[e™®" for ¢>0. (13.12)
Obtain that
y'(t) = Py't)+G'(y(t), y'(0)=a
gyt = Qu(t)+GMyt), y(c0)=0

Set
1 n—k k 0
P(a) ==y (0,a) € R for a€eR" Ja|<—.
2K
The solution y(t) = y(t, a) of the integral system (13.4), (13.5) solves the IVP

vy = By +G(y), y(0)= < ¢ELCL) ) ) (13.13)

Since y(t) — 0 as t — oo it follows that the solution of the IVP (13.13) converges
to 0 as t — oo.
Define the manifold

SZ{(U&)) . a € RF, |ay<%}.

Then, if y(t) is a solution of the system y' = By + G(y) with initial date on S,
then y(t) — 0 as t — oo.

We claim: The manifold S is invariant under the flow of the system 3’ =
By + G(y) in forward time. In other words, if y(¢) is the solution of (13.13) for
t >0 then y(t) € S for all t > 0. Fix ¢ty > 0. We must show that

Y(y'(to)) =y (to) -

Set ap = y'(to). To determine v(ag) we must solve the integral system

t
u'(t) = ellag+ / ePt=G (u(s)) ds
0

ul(t) = —/ Q=G (u(s)) ds
t

for u € C[0,00) satisfying |u(t)] < d for ¢ > 0. If u(t) is the solution, then

¥(ag) = u'(0).

However, the function y(¢ + tg) solves the integral system and the required
estimate. Uniqueness implies that
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u(t) =y(t+1t9) for t>0.

Therefore,

Yy (to)) = P(ao) = u''(0) =y (to) -

This proves that the manifold S is invariant under the flow of the ODE
system 3’ = By + G(y) in forward time.

Lemma 13.4 The stable manifold S has the tangent space E° at the point 0.

Proof: First, if a = 0 in (13.4), (13.5) then y = 0 solves (13.4), (13.5), thus
1(0) = 0. This implies that the point 0 € R™ lies on S.

Second, we must show that the Jacobian of ¢)(a) at a = 0 is zero, Dy (0) = 0.
The proof of Lemma 13.3 shows that the functions 39 (t) satisfy the estimates

A A K*?
w0~y < B0 g o1,

- 21y

and y(© = 0. Therefore,

|01 (0)] < Cela] forall

where C' is a constant and € > 0 can be chosen arbitrarily small. For j — oo
obtain that

[Y(a)| = |y"1(0)| < Célal

where € > 0 can be chosen arbitrarily small and a € R* satisfies |a] < 6(¢)
for some §(g) > 0. This estimate and ¢ (0) = 0 imply that D1 (0) exists and
D (0) = 0.

We have shown in Section 5.5 that the solution of an IVP can be differen-
tiated w.r.t. the initial data. With similar techniques, one can show that the
function 1 (a) has a derivative w.r.t. a € R¥, i.e., the manifold S has tangent
spaces. In particular, since Di(0) = 0, the tangent space to S at 0 is E®, the
stable subspace of the linear system 1y = Ay.
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14 Auxiliary Results I

14.1 Notations

For u,v € C" let

n
(u,0) =,
j=1
denote the Euclidean inner product and let

Jul = v/ {u, u)

denote the Euclidean norm. Recall the Cauchy—Schwarz inequality

[{(u,v)| < |ul|lv| forall w,veC™.
If A e C™"™ then

|A] = min{C >0 : |Az| < Clz| forall z e C}

= max{|Az| : z€C" with |z|=1}

denotes the matrix norm of A corresponding to the Euclidean vector norm.

14.2 Estimates of Functions
Theorem 14.1 Let q: [0,7] — [0,00) denote a C*—function and let K > 0. If

d(t) < Kq(t) for 0<t<T
then

q(t) < q(0)eft for 0<t<T. (14.1)
Proof: Let € > 0. We claim that
q(t) < (q(0) +e)eft for 0<t<T. (14.2)

If (14.2) does not hold then there exists 0 < ty < T with

q(t) < (q0) +e)eXt for 0<t<ty and q(ty) = (q(0) +e)ef . (14.3)
Set

h(t) = (q(0) + €)Xt for 0<t<T.
We have ¢(0) < h(0) and

dt) < Kq(t) < Kh(t) =R () for 0<t<tp.

This implies that ¢(tg) < h(tg), a contradiction to (14.3). Therefore, the in-
equality (14.2) holds for all € > 0. As ¢ — 0 the estimate (14.1) follows. ¢
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Theorem 14.2 Let A(t) € R™™™ denote a continuous matrixz function defined
for 0 <t <T. Assume that |A(t)| < L for0<t<T. Let w:[0,T] - R" w e
cto,T). If

w'(t) = A(t)w(t) for 0<t<T
then

lw(t)] < |w(0)| et for 0<t<T. (14.4)
Proof: For q(t) = |w(t)|* we have
¢(t) = 2(w(t),w'(t))

= 2(w(t), At)w(t))
2Lq(t)

IN

By Theorem 14.1 the estimate

lwt)|? < lw(0)[?e*t for 0<t<T

follows. ¢

14.3 The Mean—Value Theorem

Let h : [a,b] — R denote a C'—function. We have

h(b) — h(a) = /b h'(z)dx (substitute z = a +t(b — a),dz = (b — a)dt)

a

- (/Dlh’(ath(b—a))dt)(b—a)

= KO -a)
for some a < £ <b.
The result
h(bl)):Z(a) =Nh(¢) forsomea<¢<b (14.5)

is often called the Mean Value Theorem.

If the function h takes values in R¥ &k > 2, then (14.5) holds for every
component hg(x), but £ = &. The equation (14.5) generally does not hold if h
is vector—valued.

Theorem 14.3 (Mean Value Theorem) Let h : R* — R¥ denote a C'—function.
Then for all a,b € R™ we have

h(b) — h(a) = (/01 Dh(a + t(b — a)) dt) (b—a)

where Dh(x) € RF*" is the Jacobian of h(x) at x € R™.
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Proof: Set q(t) = h(a+t(b—a)) for 0 <t < 1. We have

h(b) — h(a) = q(1)—q(0)
)

1
= /q'(t d
0

1

t
= (/0 Dh(a+t(b—a))dt)(b—a)

14.4 Matrices and Norms

Let || - || denote a vector norm on C™ and let A € C"*". The matrix norm
corresponding to the vector norm || - || is
|A| = min{C >0 : [|Az| < C|z|| forall z e C"}

= max{||Az| : x € C"|z| =1}
For example, let

|T|oo = max{|z;| : j=1,2,...,n}

denote the maximum norm on C". The corresponding matrix norm is the
maximal row sum of absolute values,

n
|A\Oozmax{2|aij| : lgign}.
j=1

Let

n
(w,y) ="y => zy,

j=1

denote the Euclidean inner product on C™ and let

|z| = Vare = \/(z,y)
denote the Euclidean norm.
The corresponding matrix norm is
|A] = max{c : o is a singular value of A}

The singular values of A are the non—negative square roots of the eigenvalues
of A*A.
If T € C™*" is a nonsingular matrix define the vector norm | - |p by

lz|r = |T7 2| = |y| where z=Ty.

The corresponding matrix norm of A € C"*" is
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|Al7 = min{C >0 : |Az|r < C|z|p forall zeC"}.
Lemma 14.1 Let A € C™"*™ and let T € C™*™ be nonsingular. Then
|Alr = |A| where A=T ‘AT .

Proof: We have for all x € C™:

|Az|p = |T7 ‘Azl
= |AT 'z
< |A|T 2|
= [Allzlr
This proves that |A|r < |A]. . )
Also, there exists y € C",y # 0, with |Ay| = |A|[y[. Using z = Ty in the
above estimate one obtains that |Ax|p = |A||z|p. Therefore, |A|lp = |A|. ©

14.5 Similarity Transformations

Consider a linear system of ODEs, 2’ = Ax, where x € C" and A € C"*". Let
T € C" " denote a nonsingular matrix and introduce new variables y = y(t)
by

x(t) =Ty(t) .
One obtains that

y =By where B=T71AT .

The transformation

A— T AT

is called a similarity transformation of A. One often tries to find a transforma-
tion matrix 7 for which the transformed matrix B = T~ AT is simpler than
the matrix A.

The following theorem, called Schur’s Theorem, is often useful.

Theorem 14.4 Let A € C"*™. There exists a unitary matrix U € C"*™ so
that U* AU is upper triangular,

U*AU =A+ R,

where A is diagonal and R is strictly upper triangular. The eigenvalues \j of
A are the diagonal elements of A. They can occur in any prescribed order.
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Proof: Use induction in n. The case n = 1 is trivial. Let A\; be an eigenvalue
of A and let u! € C”,

Aut =\t Wt =1

Let u',u?,...,u"™ denote an othornomal basis of C* and let U; € C™*" denote

the unitary matrix with columns u!,u?,...,u". Then we have

Ur AUy = UF (\ul|o?] ™) = | ) where Ay € C(=Dx(n=1)
: 2
0

By the induction hypothesis, there exists a unitary matrix Uy € C»—1x(n—1)

so that UjAyUs is upper triangular. Setting

U=U;
. U2
0
one obtains that U is unitary and U*AU is upper triangular. ¢

Theorem 14.5 Let A € C"™™ have the spectral radius

p(A) = max{|\| : X is an eigenvalue of A}

and let ¢ > p(A). There exists a nonsingular matriz T € C™*™ with
p(A) < |Alr <q.

Proof: By Schur’s Theorem there exists a unitary matrix U € C"*" so that
U* AU is upper triangular,

U'AU = A+ R,

where A is diagonal and R is strictly upper triangular. Let S. denote the
diagonal matrix

and let T, = US;. We have

T-YAT. = ST'U*AUS. = A+ SC'RS. .

Here
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(S;lRSE)ij = €j7i7‘ij = O(E) for i< 7.
It follows that
T AT < p(A) + O(e)
Choosing € > 0 small enough one obtains that
[Alr, = [T AT = p(A)| + O(e) < q -

The lower bound p(A) < ||A]| holds for every matrix norm corresponding to a
vector norm. ¢

Lemma 14.2 Every matriz A € C"*" is similar to its transpose, AT ; i.e.,
there exists a nonsingular matriz S so that STAS = AT

Proof: We first prove that the matrix

0 1 0 0
0 O 1 :
Jk: E ." ._‘ 0 ERka
: 0 1
O ... ... 0 O

is similar to JkT . Take k =5, for example. Let o denote the permutation

/12345
7= \5 4 3 21

and let P denote the corresponding permutation matrix:

000O01
00010
P=]1001200
01000
100 00

When one forms P.Js, the permutation o is applied to the rows of Js:

00000
00001
Pis=1 0 0 0 1 0
00100
01000

When one forms PJ5P, the permutation o is applied to the columns of P.Js:
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00 0O00O
10 000
PjsP=]1 010 00
00100
00010

Clearly, PJsP = J5T. Since P2 = I we have P = P~!, thus P~1J5P = J5T.
This proves that Js5 ~ JZ .
We now use the Jordan form theorem. Given any matrix A € C™*" there
exists a nonsingular matrix R € C™*" so that
RYAR=A+J
where A + J is a block—diagonal matrix with the following property: Each
diagonal block has the form
M or M+ Jg
where A is an eigenvalue of A and Jj is defined above. Since J,? ~ Jj, it follows
that (A + J)T ~ A + J. Obtain that
A A+ T ~A+ T

Thus, there exists Q € C™" with Q7'AQ = A + JT. This yields that
QTAT(Q YT = A+ J ~ A. The theorem is proved. ©

14.6 Stability of a Fixed Point of a Map
Let F : RV — RY denote a map. Given zg € RY let the sequence z,, € RN be
defined by z, = F"(x¢), i.e., the sequence z,, consists of the points

ro, w1 =F(v0), z2=F(v1), x3=F(z2),

The points z,, are the points of a discrete-time evolution in the state space RY
starting at zg at time ¢t = 0.

A point z* € RY is a fixed point of the evolution determined by F if
F(z*) =x*.

Definition: a) The fixed point z* is stable if for every ¢ > 0 there exists 6 > 0
so that

|zog —2*| < implies |z, —2*|<e forall neN.

b) The fixed point z* is asymptotically stable if z* is stable and, in addition,
there exists § > 0 so that

|lzg —2*| < implies z, > 2" as n— .
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Theorem 14.6 Let F : RY — RY denote a C'—map and let * € RN denote
a fized point of F, i.e., F(x*) = x*. Let F'(x*) € RV*N denote the Jacobian
of F at the fized point x*. If p(F'(z*)) < 1 then x* is asymptotically stable.

Proof: Let z* = 0 for simplicity of notation and let A = F’(z*). Fix a number

q with
p(A) <g<1.

By Theorem 14.5 there exists a norm | - || on RY so that
A <g<1.

First assume that F' € C2. We have
F(z) = Az + Q(z) for zcRN
where
Q)| < Cllz||* for ||| <1.
Therefore,
|F@)I < (a+Cllel)lle| for Jall <1.
Choose § > 0 so that ¢ := g+ Cd < 1 and obtain that

[E@@)] < gllz]| for [lz[[ <.

Since 0 < ¢ < 1 asymptotic stability of the fixed point x* = 0 follows.
If F € C! then

F(z) = Az + Q(z) for xcRYN

where

Q@) = o(l[z]]) for |lzf|<1.
This means that

@)l

a—0 |z

Obtain that

Q)]

]

1P < (04 "2 ] for 0< o) <1
Choose ¢ with

p(A)<g<qg<1l.
There exists § > 0 so that
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Q)]

]

<g—gq for O<|z| <0.
Then, for ||z|| <4,

[1E (@) < gllz]|  where 0<¢<1,

and asymptotic stability of the fixed point x* = 0 follows. ¢

14.7 Symplectic Matrices

The Lie group of symplectic matrices plays a role in the theory of Hamiltonian
systems.
Let

_ 0 I 2nXx2n
J_<—I O)ER

where I = I, is the n xn identity matrix. Note that J? = —Iy,, thus J~! = —J.
Exchanging column j with column n + j for j = 1,...,n in J one obtains the

matrix
~ I 0
=(o %)

det(J) = (—1)"det(J) =1 .

Therefore,

Definition: A matrix S € R?"*?" is called symplectic if

STJS =J.

The Lie group of all symplectic matrices of dimension 2n x 2n is denote by
Sp(n).

The matrix J defines the bilinear form on R2":

(x,Jy) .

A matrix S € R?"*2" is symplectic if and only if S leaves this bilinear form
invariant. Le., if one applies S to x and y one obtains

(Sz,JSy) = (x,Jy) forall =z yecR>™
if and only if S is symplectic.

Theorem 14.7 1) The symplectic 2n X 2n matrices form a group under matriz
multiplication.

2) If S is symplectic, then ST is also symplectic.

3) If S is symplectic, then S is similar to S~*.
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Proof: 1) It is clear that s, € Sp(n). Also, if S1,S2 € Sp(n), then 5152 €
Sp(n). The equation STJS = J implies that det(S?) = 1, thus S is nonsingular
and
J=(s"Hljst.
Therefore, S~ € Sp(n).
2) Taking the inverse of the equation STJS = J and using that J~! = —J
one obtains that
SysHT =7,
thus (S~1)T = (S7)~!is symplectic. Using 1) one obtains that S7 is symplectic.
3) From STJS = J obtain that
JSJ = (s,
Thus, S is similar to (ST)~! = (S71)T. For all square matrices A we have that

A is similar to AT. Therefore,

S~ (S HT ~ 571,

14.8 Real and Complex Jordan Normal Form
14.8.1 Complex Jordan Normal Form

For k =2,3,... let I}, denote the k x k identity matrix and let

0 1 0
Jip =

: .1

0 -+ --- 0

Let A € C™*™. There exists a nonsingular matrix W € C™ " so that W 1AW
is block—diagonal,

By 0
1 By
W™ AW = ) (14.6)
0 By
where Bj is a diagonal matrix with eigenvalues of A on the diagonal and each
matrix Bs, ..., B; has the form

Bj = AIk] + ka (147)

where A is an eigenvalue of A. The block-diagonal matrix in (14.6) is called
the complex Jordan Normal Form of A. Note, however, that a diagonal matrix
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B; may not be present. Also, if A can be diagonalized, then matrices of the
form (14.7) do not occur in the complex Jordan Normal Form of A. A matrix
of the form (14.7) occurs in the Jordan Normal Form (14.6) of A if and only
if the algebraic multiplicity of the eigenvalue \ of A is strictly larger than its
geometric multiplicity.

The theorem that every matrix A € C"*" can be transformed to Jordan
Normal Form can be proved in three steps:

Step 1: By Schur’s Theorem there exists a unitary matrix U € C™*™ so
that U*AU = A + R is upper triangular.

Step 2: Blocking Lemma: Let A be a block matrix of the form

My, Mo
A=
( 0 M,
with square matrices M; and My, which have no common eigenvalue, i.e.,
o(My) No(Msy) = 0. Then there exists a transformation matrix 7' of the form

(4 5)

e (MO
TAT_<0M2.

so that

Thus, the transformation 7' AT eliminates the coupling block Mjs.

After using the Blocking Lemma repeatedly, one only has to consider ma-
trices which have only one eigenvalue A. Since T~1(A\I)T = A one may assume
that A = 0. A matrix which has A = 0 as its only eigenvalue is nilpotent.

Step 3: Prove that every nilpotent matrix can be transformed to Jordan
Normal Form.

14.8.2 Real Jordan Normal Form

We first treat two simple cases. Let A € R?*? have the eigenvalue

A=a+1iB where o,f€ER, [>0.

There exists
w=a+1ibecC?® with a,beR? w0,
with

Aw = w, Ao =\ .

Since w and w are linearly independent, it follows that a and b are linearly
independent. One obtains that

A(a +1ib) = (e +if)(a+ ib) = aa — b+ i(Sa + ab) ,
thus
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Aa=aa—pb and Ab= fBa+ ab.
We set

T = (bla) € R**? |

i.e., T" has the columns b and a. Obtain

A(bla) = (Ba + ablaa — 8b) = (bla) ( P > ,

thus

6«
This is the transformation of A to its Real Jordan Normal Form.

Second, assume that A € R*** has the complex eigenvalue A = a + i3 of
geometric multiplicity one and algebraic multiplicity two. We first recall the
transformation of A to its complex Jordan Normal Form. There exist linearly
independent vectors w!, w? € C* so that

TlAT:<a _5> .

Aw' = !

Av® = w? +w!
If one sets

W = (w1|w2‘ﬂ)1‘ﬂ)2) c C4><4

then one obtains AW = W B with

S O O >
SO > =
S O O
= OO

Thus W—'AW = B is the transformation of A to complex Jordan Normal
Form.
Let

wl =a' +ib', w?=d®+ib?

with a®, bt a2, b> € R%. Since Aw! = Aw! obtain that

AbYab) = (b]a}) (g —,3> . (14.8)

a

This follows in the same way as in the case of a real 2 x 2—matrix treated above.
From

Aw? = \w? + w'
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obtain that

Ala®> +ib*) = (a+iB)(a® +ib?*) + a' +ibt
= aa® - Bb* +a' +i(Ba® + ab® +b')
thus
Ad® = wd® - Bb? +adt
AV = Ba®+ ab® + b

In matrix form:

A(P]a?) = (b']a"|t*]a?) =

w0 O =
|
=

Setting

T = (bYa!|b?|a?)
and using (14.8) one obtains that

a —f 1 0
_ 8 a 0 1
AT =T 0 0 o -8
0 0 B «
Thus
a —p 1
—1 o ﬂ (67 0 1
T AT = 0 0 a -8
0 0 O «

is the transformation of A to its real Jordan Normal Form.

General Case: Let A € R"*™. There exists a nonsingular matrix T €
R™™ g0 that

Dy 0
Dy
T AT =
0 D,
where D is a real diagonal matrix and where each matrix Do,..., D, either

has the form

n=(5 )
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where a + i3 is a complex eigenvalue of A or has the form

B I 0
p=| P with B:(O‘ _5).
o 8 «
0 B

Again, o + i is a complex eigenvalue of A.

14.9 Matrix Exponentials
We first consider the complex case. For A € C"*" the IVP

2 (t) = Az(t), 2(0) =z,

has the unique solution

2(t) = ez
where
= 1
et = Z; i (At) .
j=

Often it is not easy to understand the behavior of the solution z(¢) using this
formula. If

By 0
By
W AW = . =B
0 By
transforms A to complex Jordan Normal Form then A = WBW ! and
et =wePtwl .

Here eP? is the block diagonal matrix with blocks efit. If

A1 0
By =
0 A
then
et 0
eBlt —
0 6/\""t
If
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B; =X+ J, k>2,

then
ijt — eAteJkt
At 2 et
- Do+t + —J2+ ... Jh- )
c (’“+ R T
thus
1t ... R (k—1)
oBit — M e
0 1

The term .J; in the complex Jordan Normal Form of A contributes a polynomial
in ¢ of degree k — 1, multiplying the exponential e*t.

Definition: An eigenvalue A of A is called semi—simple if its algebraic
multiplicity equals its geometric multiplicity.

An eigenvalue X of A is semi—simple if and only if a term

B =X+ Ji, k=>2,

does not occur in the complex Jordan Normal Form of A.

Theorem 14.8 Consider the IVP

2 =Az, 2(0) =2

where A € C*",

a) All solutions z(t) = ez converge to zero as t — oo if and only if all
eigenvalues A of A satisfy Re A < 0.

b) All solutions z(t) = e?zy are bounded for 0 < t < oo if and only if all
eigenvalues A of A satisfy Re A <0 and if Re A = 0 then )\ is semi-simple.

The Real Case: If A € R™ ™ it is often good to express e' completely in
terms of real functions.
First let

where «, 8 € R. We have

A=al+pQ with Q:<(1) _01>

Thus
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oAl _ pat ,B1Q

where
Pl = 3 (Lt)j@j
Since Q? = —I, one obtains that
sa_ (5B - (B
e = (; (25)! ( 1)]> L2 + (; (2j—|—1)!( 1)]) @
thus

AIQ _ cos(ft) —sin(pt)
N < sin(8t)  cos(t) > '

Therefore, if

then

o o (S8 i )

If St > 0 then the mapping

()= (pom ey (n)

describes the rigid rotation of the x1 —xs—plane by angle §t in counter—clockwise
direction.
Second, consider the ODE system 2’ = Az where A € R?*? and

a

-1 o
T AT_(ﬁ

B\ _
N =oal + 5Q .
Then we have

eAt — eotheBtQT—l )

If one introduces y—coordinates by x = Ty then one obtains the rotation (14.9)
in y-coordinates. The factor e* is not affected by the coordinate change.

Next consider the case where A € R*** has the complex eigenvalue A =
a + 18,8 > 0, which is geometrically simple, but algebraically double. There
exists a transformation matrix 7 € R*** so that
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81 0

a 0 1 | BQ 0 0 I\ .
0 o -8 —0J4—|-< 0 5Q>+<0 0)—.D.
0 B «

It is easy to check that the matrices

pR 0 0 I
(0 ﬁ@) and <0 0)

commute under multiplication and

0L\ .
0 0 -
Therefore,

eDt o eat 6BtQ 0 _[2 tIQ i eat eﬁtQ teﬁtQ
- 0 e 0 I )~ 0 M9 )
The assumption that the eigenvalue A\ of A is geometrically simple, but al-

gebraically double leads to the linear factor ¢t multiplying e’*? in the above
formula for eP?.

T—1AT =

o o™ R

14.10 Estimate of |e?|
Theorem 14.9 Let A € C**™ and assume that

Re)lj < —a <0
for all eigenvalues \; of A. Then there exists a constant K > 1 so that
let| < Ke™®t for t>0.

Proof: Let W—1AW = B denote the transformation of A to complex Jordan
normal form. The matrix B is a block matrix with blocks of the form

By =M+.J

where A is an eigenvalue of A and J is nilpotent, J™ = 0.
One obtains that

eBit — A+t _ ATt

Since J™ = 0 it follows that

le’ | < Cy(1+tm 1) for t>0.

Since A < —a the estimate

|eBit| < Cpe@t for t>0

follows. ¢
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15 Auxiliary Results, 11
15.1 The Stable Subspace for a Linear System
We first consider the complex case. Let A € C"*". Consider the IVP

2= Az, z(0)=z,

with solution
2(t)=etlzeC?, teR.
Definition: The complex stable subspace of the system 2’ = Az is
Ei={z2eC" : etz =0 as t—o0}.
If A € C is an eigenvalue of A then

Egjen(A) ={2€C" : (A= X)"2=0}

is the generalized eigenspace of A.

Theorem 15.1 Let Aq,...,\r denote the eigenvalues of A with negative real
parts,

ReXj <0 for j=1,...,k.
The complex stable subspace of A equals the sum of the generalized eigenspaces

of A corresponding to eigenvalues with negative real parts,

E((S: = Egen()‘l) DD Egen()‘k) .
Proof: There exists W € C"*" so that

By 0

B
WLAW = 2 —B

0 By
is the transformation of A to complex Jordan Normal Form. Note that each
block By is either diagonal or of the form
By =My + Iy
Every zy € C can be written as zg = Wa for a unique a € C™. Note that

eAtzo = WeBtW_lzo = WePla ,

A

therefore ezy — 0 as t — oo if and only if eBla — 0 as t — oo.

Let
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W= whwll)

where the columns of W/ are generalized eigenvectors corresponding to the
eigenvalues A of A with ReX < 0 and the columns of W!! are generalized
eigenvectors corresponding to the eigenvalues A of A with Re A > 0.

If zy € C™ then

zo=Wa = wial + whaIl

First let
20 € Egen()\l) DD Egen()\k) :

Then o!! = 0. For blocks B, corresponding to eigenvalues A with Re A < 0 we
have
Pt 50 as t—o00.

Therefore,

B ol
et< 0 >—>O as t—o00.

This proves that if

20 € Egen()\l) - D Egen()\k)

then zg € E¢.
Conversely, let zo € EZ, z0 = Wa. We must show that a!l = 0. Recall: If

By =Xy + I
then
1t .ot (m—1)!
eBat — At
t
0 1

Assume that Re )\ > 0 and

Pt 50 as t— oo

for some 5 € C™. It follows that

(qutB) =eMB, >0 as t—o00.
m

Therefore, 3,, = 0. Then it the follows that 5,1 = 0, etc. Thus, if

BB 50 as t—

holds and if Re A > 0 then 5 = 0.
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Therefore, if eBta — 0 as t — oo, then o!! = 0, thus

20 € Egen()\l) b---D Egen()\k:) .

Now let A € R"*" and consider the IVP

¥ = Az, x(0) =1z

with solution
z(t) =eMzg e R", teR.
Definition: The (real) stable subspace of the system ' = Ax is
ES=Ey={xgcR" : Mgy >0 as t— oo}
Lemma 15.1 For A € R™*" we have
E*=R"NEZ .

Proof: If o € R" N EZ then eAtyy — 0 as t — oco. Therefore, z € E5. This
proves that

R"NEg C E*.
Conversely, if xo € E° then xo € E and x¢9 € R". Thus,
E*CR"NEZ.

O

Lemma 15.2 If E¢ is a subspace of C" of complex dimension k, then E° =
R™ N EZ is a subspace of R™ of real dimension k.

This follows from the result about the real Jordan Normal Form of A.
Essentially: Let A = a4+ i3,8 > 0, denote a complex eigenvalue of A and
let
wh, . wleC”

denote a Jordan chain for \:

Aw' = \w!
Aw? = I’ +w'
At = b 4wt
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Then ) is also an eigenvalue of A and

o', ... ol eC”

is a Jordan chain for \. If
w=d +iV, j=1,...,1,
then
spang{at,bl, ... .d, bl} =R"N <E1 & Eg)

where

Ey = spanc{w', ..., w'}, E; = spanc{w?,..., @'} .

The spaces E; have the complex dimension [ and and the space Fq & E3 has
dimension 2/ since the eigenvalues A and A are distinct. The space

spang{al,bl, . .. .a, bl}

has dimension 2/ as a real subspace of R".
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16 Auxiliary Results, 111

16.1 The Implicit Function Theorem

Let R™ denote the state space and let R™ denote the parameter space. Let
F :R" x R™ denote a C*-map, k > 1. Consider the equation

F(z,\)=0.

For fixed A € R™ the equation has n scalar unknowns, the components of x,
and n scalar conditions are required since F' maps into R".
Assume that

F(CCQ, )\0) = 0
for some gy € R™, A\g € R™. Now perturb A¢ and consider the equation

F(z, Ao + A))

for the unknown = ~ xp. One expects that, under certain conditions, the
perturbed equation has a solution

r=1x9+ Ax

where Ax is small if the perturbation AM is small. This holds indeed if the
Jacobian

A = Fy(z0,\o) € R™*"

is nonsingular.
In the following we write y instead of A.

Theorem 16.1 (Implicit Function Theorem) Let X C R™Y C R™ denote
open sets and let

F:XxY —R"

denote a C*—map, k > 1. Assume that

F(x0,y0) =0

for some x¢g € X,yg € Y and assume that

A= Fm(l'o,yo) € R™"

is nonsingular. Then there exist open sets Xo C X, Yo C Y and a C*-map

0 : Yb —)XO
so that

F(0(y),y) =0 forall yeYy.
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Further, if

F(x,y)=0 and z€ Xp,y€Yy,

then x = 6(y). Thus, for any fized y € Yo, the only solution x € Xy of the
equation

F($ay) =
isx = 0(y).

Idea of a Proof: For small Ay € R™ we want to obtain a small vector Az € R"
so that

0 = F(zo+ Az,yo + Ay)
~  F(zo,y0 + Ay) + Fy(z0,y0 + Ay)Az
~ F(zo,y0 + Ay) + AAx

This suggests to take

(Ax)g = —A’lF(:co, Yo + Ay)

as a first approximation for Az and to set

x1 =x0+ (Az)g = 29 — A_lF(xo,yg + Ay) .
Define

O(a) =z — A7 F(z,y0 + Ay) .

Then z; = ®(xp). This suggests to consider the iteration

Tj41 = @(a;j), j = O, 1, e

One can apply the contraction mapping theorem to show that the map ®(x)
has a unique fixed point, ®(z*) = z*. It then follows that

F(x*,y0+Ay) = 0.

The fixed point x* of the map

B(x) = 2 — A~ F(a,yo + Ay)

is the locally unique solution of the equation F'(z,yo + Ay).
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17 Auxiliary Results, IV

17.1 Linear Algebra

Direct Sums Let V' denote a vector space and let V7, V5 denote two subspaces
of V. Then

V1+V2={U=U1+2)2 : vlevl,UQEVQ}

is another vectors space, the sum of V; and Va. If Vi NV, = {0} then one writes

Vi+Vo=V1@ Vs

and calls V7 & V5 the direct sum of the subspaces V; and Va. For every vector
v € V3 @ V5 there are unique vectors v; € Vi and vy € Vo with v = vy + vs.

Let A € C™™ and let A be an eigenvalue of A. Recall that
Egen(\) ={2€C" : (A=X)*2=0 forsome k€ N}
denotes the generalized eigenspace corresponding to the eigenvalue .
Lemma 17.1 If A and p are two distinct eigenvalues of A then
Egen(A) N Egen(p) = {0} .

Proof:
o

Let A € C™*™. The IVP

has the solution
2(t) = etz
Definition: The stable subspace of the system 2’ = Az is

Ei={z : eMz%—0 as t— oo}

Let’s assume, for simplicity, that A has only two eigenvalues, A1 and As.
Assume

Redi <0< Re)sy.
We claim that

E¢ = Egen(M1) -

Proof: Assume that



There exists T' € C**™ so that

TlAT:(B1 0 ):B

where

Bj=\ly, +R;, RY=0 for j=12.
We have

AT =TB, T=(T!,1)

where TT has k; columns and 7! has ko columns. The columns of 77 are a
basis of Fgen(A1) and the columns of T IT are a basis of Egen(X2). Given any
z € C™ we can write

zo=Ta= Tl + TH I
We have
Bt 1
At Bt e
eVzg="Te a:T< Bat 11 > .
If 29 € Egen(A1) then o'l =0 and ezy — 0 as t — co. This proves that

Egen()\l) C E([Sj .
Now assume that zg € C \ Egen(A1). Then o!f # 0 and
B2t o 11
does not converge to zero as t — co. Therefore, zg ¢ EZ.
Theorem 17.1 Assume that A € C™™" has the distinct eigenvalues A1, ..., \q
and assume that
Re)dj <0 for 1<j<aq
ReA;j >0 for q1<j<gq
Then
E¢ =
Let A € R™*", Define the stable subspace of A as

Ey={xo : eMag—0 as t— 0.

Claim:
Ep =R"NEZ .
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Decomposition of R" into tow invariant subspaces: Let A € R™*"
let

q
Vi= ZEgen(/\j)
j=1
and

Vo= Egen(\)

i>q1
We know that
C"=ViaV,
and Vi = E¢.
Set £1 = R" N V;. We have
A(V;) CV;
We claim that
R" = E|, @ Ey

Use that

ze€V;, = ze€V;.

Let x1,...,z; € R™ denote a basis of F1 and let y1,...,y; € R™ denote a
basis of E5. We have

iy (PO
rur-n-(£0).

Note that

k
A.%'j = sz-jmi .
=1

The matrix P € RF*¥ has the eigenvalues Aj of A with

ReAj <0 for 1<5<q .

00000000000000000000000000000000000000000000000000000000000
We first consider the complex case. Let A € C™"*™. Consider the IVP

Z=Az, 2(0) =z,

with solution

zt)=eMzeC”, teR.
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Definition: The complex stable subspace of the system z' = Az is
Ei={2eC" : etz =0 as t—o0}.
If A € C is an eigenvalue of A then

Ejen(A\) ={2€C" : (A= X)"2=0}
is the generalized eigenspace of .
Theorem 17.2 Let Aq,..., . denote the eigenvalues of A with negative real
parts,

ReXj <0 for j=1,...,k.
The complex stable subspace of A equals the sum of the generalized eigenspaces
of A corresponding to eigenvalues with negative real parts,
E(isj - Egen<)\1) DD Egen()\k) .

Proof: There exists W € C™*" so that

By 0

. By
WlAW = , - B

0 By
is the transformation of A to complex Jordan Normal Form. Note that each
block B, is either diagonal or of the form
By =Xy + I,
Every 2y € C can be written as zg = Wa for a unique a € C™. Note that

Mz =WePW 20 = WePla

A

therefore ezy — 0 as t — oo if and only if ePla — 0 as t — oo.

Let
W = (WI|WII)

where the columns of W' are generalized eigenvectors corresponding to the
eigenvalues A of A with ReX < 0 and the columns of W!! are generalized
eigenvectors corresponding to the eigenvalues A of A with Re A > 0.

If zy € C™ then

zo=Wa= wial + whall

First let
20 € Egen()\l) b---D Egen()\k) .
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Then o!! = 0. For blocks B, corresponding to eigenvalues A with Re A < 0 we
have

eBat 50 as t— 0.

Therefore,

B of
et( 0 >%O as t—o00.

This proves that if

20 € Egen()\l) b---D Egen()\k:)

then 2o € E¢.
Conversely, let zg € EZ, zo = Wa. We must show that all = 0. Recall: If

By =X, + Jm,
then
1t ...t (m—1)!
oBat — N ' '
t
0 1

Assume that Re A > 0 and

BB 50 as t—

for some § € C™. It follows that

(qutﬁ> =eMB, >0 as t—o00.
m

Therefore, 5, = 0. Then it the follows that 5,1 = 0, etc. Thus, if

Pt 50 as t— oo

holds and if Re A > 0 then 5 = 0.
Therefore, if eBta — 0 as t — oo, then o!! = 0, thus

20 € Egen()\l) DD Egen()\k) .

Now let A € R™*" and consider the IVP

¥ = Az, x(0)=x0

with solution

o(t) =eMzg e R, teR.
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Definition: The (real) stable subspace of the system ' = Ax is
ES=FEf={xocR" : eMazg—0 as t— oo} .
Lemma 17.2 For A € R™" we have
E°=R"NE; .

Proof: If o € R" N EZ then ety — 0 as t — oo. Therefore, x € E*. This
proves that

R"NEg C E.
Conversely, if zo € E° then x¢ € E¢ and zg € R". Thus,
E°CR"NEZ .

O

Lemma 17.3 If Ef is a subspace of C" of complex dimension k, then E° =
R™ N EE is a subspace of R™ of real dimension k.

This follows from the result about the real Jordan Normal Form of A.
Essentially: Let A = a + i3, 8 > 0, denote a complex eigenvalue of A and
let

wh, . wleC”
denote a Jordan chain for A:
Aw' = \w!
Aw? = I +w!
Awt = ot +wt!

Then \ is also an eigenvalue of A and

@', ol eC”

is a Jordan chain for \. If

w =d +i, j=1,...,1,
then

spang{at,b', ... al, 0"} =R" N <E1 & Eg)

where
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By = spanc{w?, ... ,wl}, By = spanc{w?,. .. ,wl} )

The spaces E; have the complex dimension [ and and the space E1 & E has
dimension 2/ since the eigenvalues A and A are distinct. The space

spang{at, b, ... al, b}

has dimension 2! as a real subspace of R".
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