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1 First Order Scalar PDEs

First order scalar PDEs can be solved by solving families of ODEs. This is not true anymore
for higher order PDEs or for systems of first order PDEs.
The general quasilinear first order equation for an unknown function w of two independent
variables x, y is
a(z,y, u)uy + bz, y, u)uy = c(z,y,u) .

In applications, y is often the time variable, y = ¢, and b(x,y,u) # 0 for all arguments of
interest. Then we can divide by b and achieve the standard form

up + a(z, t,u)u, = c(x, t,u) .

We start with some simpler special forms and discuss the following types of linear equations
first:

us+au, = 0, a€eR

ug +au, = F(x,t)

ur +auy = c(x,t)u+ F(x,t)
ut +a(z,t)uy, = 0
ur +a(z, t)u, = c(z,t)u+ F(x,t)

It is not difficult to generalize to more than two independent variables, e.g., to pdes for u(z,y, t).

1.1 Linear Problems

1. The simplest problem. Consider the Cauchy problem !

u+au, = 0, z€R, t>0, (1.1)
u(z,0) = f(x), zeR, (1.2)

where f € C! is a given function and a is a real constant. It is not difficult to check that the
problem is solved by
u(z,t) = f(x — at) (1.3)

since ut(x,t) = —af'(x — at) and u,(x,t) = f'(x — at). The solution describes the propagation
of the initial data f(x) at speed a.
Consider a so—called projected characteristic, parameterized by ¢,

Ty = {(azo Yat,t) : t> o} . (1.4)
If we evaluate the solution u(z,t) = f(x — at) on I'y, we obtain that

u(zo + at,t) = f(xo) ,



Figure 1: Projected characteristic I'y, for a > 0

i.e., the solution carries the initial value f(xo) along the projected characteristic I'y,.
We want to show that the above Cauchy problem does not have another solution. To this
end, let v(z,t) denote any C! solution. Fix any ¢ € R and consider the function

h(t) = v(xo + at, t) ,
i.e., consider v along the projected characteristic I'y,. Obtain
R'(t) = (vs + avy)(mo + at, t) =0 .

Since h(0) = v(x0,0) = f(xo) we obtain that v equals f(z¢) along the projected characteristic
I';,, and therefore v agrees with the solution (1.3).

2. Addition of a forcing. Consider the Cauchy problem
ur+auy = F(z,t), z€R, t>0, (1.5)
u(z,0) = f(x), zeR. (1.6)

As above, let f € C',a € R; we also assume F,F, € C. Assume that u € C' is a solution.
Define
h(t) = u(xo + at,t) ,

i.e., consider u along the projected characteristic I';,. Obtain
B (t) = (w + aug)(wo + at, t) = F(zg + at,t) .
Also, h(0) = f(zo). Therefore,

h(t) = f(x0) +/0 F(zo+ as,s)ds .

LA PDE together with an initial condition is called a Cauchy problem.
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Figure 2: Solution of u; + aug =0, u(z,0) = f(x), a >0

Since u(xg + at,t) = h(t) we can obtain u(z,t) as follows: Given (x,t), first determine zy with
To + at =z, i.e.,
ro = — at .

(This determines the projected characteristic I'y, which passes through = at time ¢.) Second,

u(z,t) = h(t)

= f(xat)Jr/O F(xz — at + as,s)ds . (L.7)

So far, we have assumed that u solves the problem (1.5), (1.6) and have derived the above
formula (1.7).

Exercise: Show that the function given by (1.7) solves the problem (1.5), (1.6).
Example 1.1: Solve
ur +auy =1, wu(z,0) =sinx .
The formula (1.7) yields
u(x,t) =sin(z —at) + ¢ .

We note that the forcing term 1 on the right—hand side of the pde u; + au, = 1 leads to the
growing term ¢ in the solution.
3. Addition of a zero—order term. Consider the Cauchy problem

ug +au, = c(z,t)u+ F(x,t), xR, t>0, (1.8)
u(z,0) = f(z), zeR. (1.9)
Assume f € Cl,¢,cp, F, F, € C,a € R. As before, we first assume that u is a C' solution.

This will lead us to a formula for u. We can then use the formula to show that the problem
actually has a solution.



Consider the function
h(t) = u(xo + at,t) .

Obtain h(0) = f(z0) and
W(t) = (u+ aug)(zo+ at,t)
= c(xo + at,t)h(t) + F(xo + at,t) .

Thus h(t) satisfies a 1st order linear ODE.
Recall that the ODE IVP

W(t) =v()h(t) +g(t), h(0)=ho,
is solved by

h(t) = ho exp( /O +(r)dr) + /0 exp( / +(r)dr)g(s)ds |

Thus we can obtain the solution wu(z,t) in explicit form by solving linear ODE initial value
problems.

Exercise: Derive the resulting formula for u(z,t) and show that it defines a solution of the
Cauchy problem (1.8), (1.9).

Example 1.2:
ur +auy = —u+1, wu(x,0)=sinx .

Obtain

t

ht) = f(zo)e™t + / e (%) ds
0
= sin(zg)e f+e (! - 1),

thus

u(z,t) =sin(z —at)e " +1—et .

We note that the zero—order term —wu on the right—hand side of the pde leads to the exponetially

decaying factor e~

4. Variable signal speed a(z,t). Consider the Cauchy problem

up + a(x, t)uy, =0, u(zx,0) = f(x), (1.10)
where a, f € C'. Consider a line parameterized by ¢ of the form

Iy = {(f(t),t),t > 0}, et (1.11)

where ¢ : [0,00) — R is a C! function with £(0) = z9. We first assume that £(t) is an arbitrary
C* function with £(0) = xg, but we will determine £(¢) below.



Assume that u(x,t) solves the Cauchy problem (1.10) and consider the function

which is the solution w along the line I';,. Then we obtain h(0) = f(zo) and

() = (ur + & (Hua)(§(2). 1) -
Therefore, h'(t) = 0 if
() = a(€(t),t), t>0. (1.12)

This motivates the following definition.

Definition 1.1 The parameterized line (1.11) is called a projected characteristic for the equa-
tion uy + a(x, t)uy = 0 if the function (t) satisfies (1.12).

Our considerations suggest to solve the problem (1.10) as follows: Let (x,t) be a given point.
Determine the real number xog = zo(z,t) so that the solution £(t) = £(t; zo) of the IVP

¢'(t) =a(§(t),t), £(0)=a0, (1.13)

satisfies
E(tyx) = .
Then set
u(z,t) = f(xo(x,t)) .

Example 1.3:

ut +zuy =0, u(z,0) = f(x) .
We consider the IVP

) =£(t), &(0)=uz0.
The solution is
£(t;2) = zoe’ .

Let (x,t) be a given point. We solve
zoe' =

for xy = xo(x,t). This yields
zo(z,t) = zet .

Then we obtain
’U,(:L',t) = f(xo(l',t)) = f(xe_t) .

Thus, our solution formula is

u(z,t) = fze™) .
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Figure 3: Characteristics £(t;z0) = efxg

5. Add a zero—order term plus forcing. Consider the Cauchy problem
up + a(x, t)u, = c(z, t)u + F(x,t), u(x,0)= f(z).

To solve the problem, first determine the projected characteristics of the problem u;+a(z, t)u, =
0, i.e., solve the IVPs (1.13). Denote the solution of (1.13) by £(t) = £(¢;20). Assuming that
u(x,t) solves the given problem, we set

h(t) = u(§(t; xo), t) -
Then h(t) sayisfies h(0) = f(zo) and
W(t) = e(§(t;20), )A(E) + F(E(t: o) 8) -

This allows us to compute h(t) = h(t;xg). If (z,t) is a given point, we determine xzy = xo(x,t)
with £(t;x0) = x. Then we obtain

u(z,t) = h(t;xo(x,t)) .

Though the given Cauchy problem is linear in u, there is no guarantee that it is solvable in
some time interval 0 < ¢ < T with 7" > 0. The reason is that the equation &'(t) = a((¢),t) for
&(t) (which determines the projected characteristics) maybe nonlinear nonlinear in &.

Example 1.4: In this example we let (z,t) € R?, i.e., we allow ¢ to be negative.
Consider the Cauchy problem

up + 2?uy =0,  u(x,0) = f(z), (1.14)
where f € C'. The projected characteristics

Loy = {(€lti00),0) © t€ Ly |

9
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Figure 4: Time interval I,, for positive (a) and negative (b) values of xg. Recall that £(¢; xo) =
zq
1—xot

are determined by
gl = 527 5(0) = 2o, (115)

thus
o

£(t;20) = 5 i

Here I, is the maximal interval of existence of the solution £(t) = £(¢; o) of the IVP (1.15).

Clearly, &(t;z9) becomes singular for t = 1/xg. Therefore, £(t; ) solves the initial value
problem (1.15) in the following time intervals:

If zg > 0 we require —oo<t<%; ifx0<Owerequire%<t<oo; if zg =0 then t € R is
not restricted, i.e., Iy = R.

The solution u(z,t) is determined in the region R of the (x,¢) plane which is covered by the
projected characteristics. This is the region consisting of all points

(f(t; 0), t) (1.16)

where z¢ € R, t € I, with

1
I,, = (—o00,—) for x>0
Zo
1
I, = (—,00) for zp<0
Z
I,, = R for 29=0

Exercise: Show that the region R covered by the projected characteristics equals the region
which lies strictly between the two branches of the hyperbola

10



Figure 5: Region of points (zo,t) with g € R and ¢ € I,

1
14+2t=0, ie, t=——.
x

Thus R is the shaded region in Figure 6.
To determine the solution u(x,t), fix any point (x,t) € R. Then determine z¢ € R with
T
=x
1 — xot

Obtain that
z

- 1+ xt

and note that 1+ at # 0 for (z,t) € R. This suggests that the solution of the Cauchy problem
(1.14) is

Zo

xT
14t

u(e,t) = f

Exercise: Show that the above function u(z,t) solves the Cauchy problem.

> for (z,t)eR.

One considers the function u(z,t) = f(x/(1 + «t)) as a solution of the initial value problem
(1.14) only in the region R covered by the projected characteristics (1.16), i.e., in the region
between the two branches of the hyperbola

1
l1+2t=0 or t=——.
T

In the region R™ above the left branch of the hyperbola and in the region R~ below the
right branch of the hyperbola, the formula u(z,t) = f(x/(1+ xt)) still defines a solution of the
PDE wu; + 2%u, = 0. However, one does not consider v in Rt or R~ as a solution of the initial
value problem (1.14) since the projected characteristics of the equation which start at points
(z0,0) do not enter the regions R, R~. Thus, in R and R™, any solution u(z,t) of the PDE
ug + 2%u, = 0 is completely unrelated to the initial condition u(x,0) = f(x).

11



&

Figure 6: Regions R™ and R~

1.2 Semi—Linear Problems
The process described in Section 1.1 can be generalized to solve semi-linear problems

u(z,0) = f(x) .

Ut + CL(.’B,t)’U/z = C(l‘,t,U),

The projected characteristics are the same as for u; + a(z,t)uy, = 0. The IVP for h(t) =

u(&(t; zp),t) becomes

K (t) = c(§(t; o), t, h(t)),  h(0) = f(zo) .
Example 1.5:
ug + auy = u?,  u(z,0) = f(x) =sinz .
We let
h(t) = u(xo + at,t)
and obtain
R (t) = h*(t), h(0) = f(zo) -
Using separation of variables one obtains
(o)
h(t) = ————— .
=1 f@o)t
Therefore,
(. t) = s1n('x — at) .
1 — tsin(x — at)

The solution is C'*° for 0 <t < 1, but blows up at certain z values when ¢t — 1.

12



1.3 Burgers’ Equation: A First Study of Shocks

The equation u; + uu, = 0, called the inviscid Burgers’ equation, is a simple model for shock
formation. Consider the Cauchy problem

u +uuy, =0, wu(z,0) =sinz .

Assume that u(x,t) is a solution. The projected characteristic I';, is determined by
() =u(é().t), &(0)=ua0,
and u carries the value sinxg along I';,,. Therefore,
&(t) =sinxg, £(0) =g .
One obtains that the projected characteristics I'y, are straight lines ({(),t) given by
&(t) = xo+tsinzg .

The slope of the line I';; depends on the initial value at zg.
Given a point (x,t) we must solve

xo+tsinzg =z (1.17)
for xg.

Lemma 1.1 If 0 < ¢t < 1 then for each x € R the equation (1.17) has a unique solution
xg = xo(x,t). The function xo(z,t) is C® forx e R,0 <t < 1.

Proof: Let H(y) = y + tsiny. Then H(y) - —oo as y — —oo and H(y) — 0o as y — 0.
Existence of a solution xg of (1.17) follows from the intermediate value theorem. Furthermore,
H'(y) > 1 —1t > 0. Therefore, the solution z( is unique. Smoothness of the function zo(z,t)
follows from the implicit function theorem. ¢

Let us determine the first derivatives zg, and xg; in terms of the function xy(x,t) through
implicit differentiation: Differentiating (1.17) w.r.t = we obtain

Zog + tcos(zg)xoy =1,

thus 1

Zox (7, 1) 1+ tcosxo(z,t) (1.18)
Similarly,

vou(a ) = ——SmT(TY) (1.19)

1+ tcosxo(w,t)

13



Our considerations suggest that the solution of Example 1.6 is
u(z,t) = sinxo(x,t) ,

where zo(z,t) is the solution of (1.17). We can check this: Clearly, x¢(z,0) = z for all z,
thus u(x,0) = sinzg(x,0) = sinz. Furthermore, u; = (cosxg)zo; and u, = (cosxg)ro, . The
formulas (1.18) and (1.19) then imply that u; + uug = 0.

Remarks on shock formation and weak solutions: Consider the Cauchy problem

ut +uugy =0, u(z,0) =sinz .

We have shown that the problem has a C*° solution u(x,t) defined for z € R,0 < ¢t < 1.
However, if ¢ > 1, then the projected characteristics

Iy = {(xo + tsinxg,t) @ t> 0}

intersect. For example, consider

Iy = {(W,t) : t20}

and

Irye = {(7r+6+tsin(7r+g),t) > 0}
for 0 < € << 1. By Taylor expansion,

3
sin(m+¢) = —+ % +0(°) .

The two projected characteristics I'; and [';4. intersect at time ¢t > 1 if

m=7m+e+tsin(r+e),
ie., if
€ - 1
. - 2 .
—sin(m+¢) 1-— 2O
We obtain that intersection occurs for times ¢t > 1, where ¢ is arbitrarily close to the time 1.
The constructed solution u(zx,t) carries the value u(m,t) = sinm = 0 along I'; and carries the
different value sin(m + ¢) along I'y4.. This shows that a smooth solution u(z,t) of the above
Cauchy problem does not exist in R x [0,T") if 7" > 1. A shock forms at ¢ = 1.

It is interesting, however, to broaden the solution concept and consider so—called weak
solutions. The idea is the following: Write Burgers’ equation as

1
ut 5 () =0

14



Let ¢ € C$°(R?) denote a test function. First assume that u(x,t) is a smooth solution of
Burgers’ equation with u(x,0) = f(x). Multiply Burgers’ equation by ¢(z,t) and integrate to

obtain
0= /OOO /_O; (utqﬁ + %(lﬂ)m) dzdt .

Now move the derivative operators from u to ¢ through integration by parts and obtain

/OOO /_Z <u¢t + %(UQ)@C) dxdt + /_Z f(@)(z,0)dz =0 . (1.20)

One calls u a weak solution of Burgers’ equation with initial condition u(x,0) = f(z) if the
above equality (1.20) holds for all test functions ¢ € C§°(R?). The integrals in (1.20) all make
sense if, for example, u € L>(R x [0, 00)). Thus, weak solutions do not necessarily have classical
derivatives.

Of special interest are piecewise smooth weak solutions. These satisfy the differential equa-
tion classically in regions where they are smooth and satisfy the so—called Rankine-Hugoniot
jump condition along shocks, which are lines of discontinuity.

Auxiliary Results: Green—Gauss Theorem

Let U denote a bounded open subset of R¥ with smooth boundary OU. Denote the unit
outword normal on OU by n(z) for x € OU. Let g : U — R denote a smooth function, which
can be smoothly extended to the boundary OU. We denote the extended function again by g.
Then the following formula holds:

8 .
/U&UjQ(w)dx:/aUg(:z:)nj(:c)dS(:c) for j7=1,...,k.

Here dS(x) denotes the surface measure on the boundary oU.
Let us specialize the result to a region U € R? and let us assume that the boundary curve
I" of U has the parametrization

(z1(s),22(s)), 0<s<L,

by arclength s. We assume that this parametrization is counterclockwise. Then the unit
outward normal is

We obtain the formulas

/U ailg(@dx _ /F g(@)m (z) dS(a)
/



= /g(a:l,wg)dxg
r

and

0
| sma@ar = [ @ ase)

If we use the notation

(xla :EZ) = (:C’t)

then the resulting formulas become

/gx(x,t) dedt = /g(:c,t) dt (1.21)

U r

/gt(:x,t) drdt = —/g(ac,t) dx (1.22)
U r

Derivation of the Rankine—Hugoniot Jump Condition
Let F': R — R denote a smooth function, a so—called flux function. In the case of Burgers’
equation, we have F'(u) = 3 u®. Let u(z,t) denote a weak solution of

ur + F(u)y =0, u(z,0)= f(z) .
This means that
/OO /Oo (ugbt n F(u)qu) dwdt + /OO F(@)é(z,t) dz = 0 (1.23)
0 —00 — 00
for all ¢ € C§°(R?).

Let U C R x (0, 00) denote an open bounded set and let I denote a curve crossing U, which
has a parametrization

(x(t),t), to <t<t.
Write

U=U,UU,
where U; lies to the left and U, lies to the right of T.
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Let ¢ € C§°(U). We have

0 = /U(uqbt + F(u)py) dxdt

_ /U+/

Assume that the weak solution u(z,t) is a smooth classical solution of

in U; and in U, which has a jump discontinuity along I". Using the Green—Gauss formulas (1.21)
and (1.22) we have

/ (F(u)d)a(a,t) dedt — / (F(w)d)(x, 1) dt
U, T

/ (F(u)d)o(a, ) dudt = — / (F(u) )z, 1) dx
U, T

Since u¢ + F(u)g = 0 in U; we obtain

/ (s + F(u)by)(x, t) dudt — / (F(w) dt — wy da) .
Ui

r
If we integrate over U, instead of U; we obtain in the same way:

/ (upt + F(u)pg)(z,t) dedt = — /(F(ur) dt — u, dx)o .

Uy r
The reason for the minus sign is that the direction of I' agrees with the orientation of 9U;, but
is opposite to the orientation OU,.
Adding the last two equations and recalling that « is a weak solution, we obtain that

/ (F(w) dt — uy dz)é / (F(u) dt — uy dz)d -
r r
Since ¢ is an arbitray function in C§°(U) the above equation implies that

F(w)dt —uydx = F(u,) dt — u, dz
along I'. Therefore,
(ur — ul)a = F(ur) — F(w)

along I'. This is the Ranking—Hugoniot jump condition. It couples the shock speed % to the
jump of u and the jump of F(u) along a shock curve T
We have shown:

17



Theorem 1.1 Let u denote a piecewise smooth weak solution of

ur+ F(u), =0
which has a jump discontinuity along a curve I' with parametrization
(z(t),t), to<t<ti.
Then we have

(e =~ u)@(0).) 0 = (B ()~ F))al0).0), 1o <t<h .

1.4 Quasi—Linear Problems

We now consider equations where the signal speed a also depends on u. The general form of
the equation is
ut + a(z, t,u)uy = c(z, t,u) . (1.24)

Example 1.7:
up + uuy = —u, u(x,0) =sinx .

Assume that u(x,t) is a solution. The projected characteristic I';, is determined by

¢'(t) =u(&(t),t), &(0) =0 .
Set
h(t) = u(&(t),1) .
Then we have h(0) = u(xp,0) = sinzy and
W(t) = w+E(t)us
= (ue +uug)(£(2), 1)
= —h(t).

Thus we must solve the system

with initial condition

£(0) =z, h(0)=sinzg .

Obtain
h(t; ) = e~ ' sinxg

and
E(t;w0) = o + (1 — e ) sinmg .

18



Given a point (z,t) we must solve
o+ (1 —e Y)sinzg =2 (1.25)
for xy. Denote the solution by xo(x,t). Then

u(z,t) = h(t;zg)

= e 'sinwg(x,t)

solves the problem.
Note: If H(y) =y + (1 — e ') siny then

H@y)>1-(1-eH=et>0

for all ¢ > 0. Therefore, (1.25) is uniquely solvable for xg for any given ¢ > 0 and all z € R.
The solution zg(z,t) is C* by the implicit function theorem, for all ¢ > 0. Therefore, u(z,t) is
C> for all t > 0.

Exercise: Use implicit differentiation to compute the derivatives xy; and xg; in terms of
xo(z,t). Then show that the function u(z,t) = e !sinzg(x,t) solves the problem.

In principle, the general equation (1.24) with initial condition u(x,0) = f(z) can be solved
in the same way: We consider the system of ODEs

¢'(t) =a(§(t),t,h(t),  H(t) = c(5(t),t,h(t)) (1.26)
with initial condition
£(0) = o, N(0) = f(xo) -
Denote the solution by
&(t;zo),  h(t;xo) .
Given a point (z,t) we solve
{(tzo) =2

for zg. Assume that there is a unique solution xzg whenever 0 < ¢ < T and x € R. Denote the
solution by
xo ([E, t) .

Then we expect that
u(z,t) = h(t; zo(z,1)) (1.27)

solves the problem.
We have £(0;z9) = zo for all xg. Therefore, if we solve

§(0;m0) = =
for xg, then the solution is £y = x. This ensures that

zo(x,0) =z
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for all z. Obtain

Il
>
—~

Thus the function (1.27) satisfies the initial condition.

We want to discuss now under what assumptions u(x,t) (given by (1.27)) satisfies the PDE
ut + a(x,t,u)u, = c(x,t,u). To this end, let us assume that the implicitly defined function

zo(w,t) is C'. We make the following formal computations:

thus

The function x( satisfies

thus

and

This yields

and

Since & = a it follows that

Uy = hxox()wa Ut = ht + hx()mOt )

Ut +auy = hy+ hgoxor + ahg,Tog
= ¢+ hyo(xor + azoz) -

§(t;x0(x,t)) =7,

gacoxO:c =1

&+ Exoor = 0.

1
Tox = ——
&xo

Top =
t= — .
Exo

ZTot + axor =0,

which implies u; + au, = ¢. These computations can be justified as long as

for 0<t<T,xyp € R.

5960 (t; 1'0) #0

Remark: Reconsider Example 1.4, u; + 2?u, = 0, where

Zo

£(t; o) =

1—370t
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and
1

(1 —xzot)?
Though the condition &, # 0 is always satisfied, there is no time interval of existence for u(z, t)
since there is no time interval 0 < ¢ < T,T > 0 , where £(t;z¢) is defined for all zp € R. The

trouble is due to the strong growth of the coefficient a = z2.

§$0 (t; .Z'()) =

1.5 Characteristics for General Quasilinear Equations

Consider the equation
a(x,t,u)ug + b(z, t,u)uy = c(z, t,u) (1.28)

where a,b,c € C1.
A parametrized C! curve (in R3)

(i(s),f(s),ﬂ(s)), a<s<b, (1.29)
is called a characteristic of equation (1.28) if
dz _
d%f = a(z,t,a) (1.30)
dt _
o = bEta (1.31)
du _
CTZ = o(z,1,7) (1.32)
The corresponding curve
(:E(s),f(s)), a<s<bh), (1.33)

in the (z,t)-plane is called a projected characteristic.
Characteristics are important because of the following result.

Theorem 1.2 Suppose that u(x,t) is a solution of (1.28) defined in a neighborhood of the
projected characteristic (1.33). Also, assume that

u(z(a), t(a)) = u(a) ,

i.e., the starting point of the characteristic (1.29) lies in the solution surface S C R?® determined
by u. Under these assumptions the whole characteristic (1.29) lies in S.

Proof: In the following the argument s of the functions Z etc. is often suppressed in the
notation.
Set

U(s) = u(s) — u(z(s),t(s)) .
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Figure 7: Theorem 1.1

By assumption, U(a) = 0. Also,

dU _
= = ' — ug(z, )T — uy(z, 0t
= c(z,t,u) — ux(z,t)a(z, t,0) — uy(Z,1)b(Z, t, )

= c(z,t,U +u(z,t) — ua(z,t)a(z,t,U + u(T, 1)) — uy(Z,0)b(z,t, U + u(z,t))

Given the solution u(z,t) and the curve (Z(s),%(s)), we may consider the above equation as an
ODE for the unknown function U = U(s). Note that U = 0 solves this ODE since u solves
(1.28). Since U(a) = 0, uniqueness of solutions of ordinary initial value problems implies that
U =0, thus u(Z(s),t(s)) = u(s).

The theorem says that all solution surfaces

S = {(w,t,u(x,t))}

of the PDE (1.28) are made up of characteristic curves. Therefore, the solutions of the PDE
(1.28) can be constructed by solving the ODE system (1.30) to (1.32).
Previously we have considered the special case b = 1. If b = 1, then equation (1.31) reads

dt

-~ -1

ds
and we can choose the variable t as parameter of any characteristic; we do not need the abstract
parameter s. With b =1 and ¢ = s the characteristic system (1.30) to (1.32) becomes

it di .
a—a(x,t,u), E—c(x,t,u).
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This is exactly the same system as

¢ =a(&th), B =c(&th)

in our previous notation; see (1.26).

1.6 General Nonlinear Scalar PDEs

Let F(x,y,u,p,q) be a smooth function of five variables. We denote the partial derivatives of
F by F, etc.
Consider the PDE
F(x,y,u,ug,uy) =0 . (1.34)

Suppose that u(z,y) is a solution and set
p($ay) :ux($ay)a q(l‘ay) :uy(may) .

For later reference we derive the equations (1.36) and (1.37) below.
If one differentiates the identity

F(l’ayau(l’ay)>P(fE,y),Q($,y)) =0 (135)

w.r.t. x, then one obtains
Fm+Fuugc+Fppm+Fqu =0,

thus
—poFp — @ Fy = Fy + pF,, . (1.36)

Similarly, by differentiating (1.35) w.r.t. y,
—Pylp — ayFy = Fy + qFy . (1.37)

We want to show that, in principle, the PDE (1.34) can again be solved by solving a system of
ODEs.
The characteristic system for (1.34) consists of the following five coupled ODEs:

dx

= = 5 (1.38)
dy

2 - F (1.39)
di o

== pE R, (1.40)
o

di; — _F,—jF, (1.41)
ol

CTZ — _F,—gF, (1.42)
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where

etc. An instructive example is given by the so—called Eikonal equation of geometrical optics:
Example 1.8:

ui =+ uz =1
Here .
F(p.q) =50 +4" 1),
thus

F,=F=F=0, F,=p F,=q.

The characteristic system becomes

di
ds_p
dy
ds_q
da__2_2
ds_p+q
dp
= o —
ds
dq
Bk )
ds

We discuss this system below.
Let us first continue the discussion of the general case. Suppose that

(#(5). 5(s). 0(s), 85, 4(s)), a<s<b, (1.43)

is a solution of the characteristic system (1.38) to (1.42). Such a solution is called a characteristic
for (1.34). Let u(z,y) be a solution of (1.34) and recall the settings p = uy, ¢ = u,. Suppose
that u(x,y) is defined in a neighborhood of the projected characteristic

<:E(s),§(s)), a<s<b.
Theorem 1.3 Under the above assumptions, suppose that
w(z(a),y(a)) = u(a)
p(z(a), y(a)) = pla)
q(z(a),y(a)) = 4q(a)

Then the whole characteristic (1.43) lies in the solution surface corresponding to w, and we
have for a < s < b,

u(z(s),y(s)) = u(s)

(s)

(s)

=
—~
Kl
—
w
SN—
<
—~
oy
SN—
S~—
|
Q3
w



Proof: The proof is similar to the proof of Theorem 1.2. Set

U(s) = uls) —u(z(s),5(s))
P(s) = p(s) = p(2(s),5(s))
Q(s) = a(s) —q(@(s),5(s))

By assumption,

We calculate (note that Py = Ugy = Uygy = qz)

U = @ —u,@ —uyyf
= pF,+qly —pF, —qFy
P = 7 —p. 7 —py

_Fx_ﬁFu_ppr_pqu
_Fz_ﬁFu_ppr_qg:Fq
Q = 7-¢7—q
= _Fy_un_QIFp_Qqu
= —Fy—qFy—pyFp —qykFy

Here all functions F), etc. are evaluated at

(#(s). 5s), (), 5l5), a(5)) -
Recall that, by (1.36) and (1.37),
—pzFp — . Fy = Fy +pF, and —p b, —q,by=F,+qF, .

The left-hand side —p,F, — ¢, F; appears on the right-hand side of the equation for P’ if one
ignores the difference between variables with and without bars. Similarly, —p, F}, — g, Fy appears
on the right-hand side for Q. If one could ignore the difference between variables with and
without bars, then the above equations would read

U=P=Q =0.

Using the same argument as in the proof of Theorem 1.2 (based on the unique solvability of
ordinary initial value problems), it follows that

U=P=Q=0.
o

Example 1.8 (continued)
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The characteristic equations are solved by

z(s) = z(0)+p(0)s

y(s) = (0)+q(0)s

u(s) = u(0)+ (p*(0) + ¢*(0))s
p(s) = p(0)

q(s) = q(0)

Suppose that
I': (f(o),9(0)), 0<o<L,

is a smooth curve in the (z,y) plane parametrized (for simplicity) by arclength o, thus

/ 2 / 2
(F@) +(d@) =1
We want to determine a solution u(x,y) of the eikonal equation satisfying u = 0 on T, i.e.,
u(f(o),g(0)) =0, 0<o<L. (1.44)

Suppose first that u(x,y) is a solution of the PDE u2 + uz = 1 satisfying the side condition
(1.44); set p = ug, ¢ = uy. Furthermore, set

Differentiating (1.44) w.r.t. o we obtain

f'(@)p(o) +g'(0)ib(o) =0 (1.45)

Also, the PDE w2 + “12/ = 1 requires

¢*(0) + (o) = 1. (1.46)

We consider ¢(o) and ¥ (o) as unknowns in (1.45), (1.46), and note that there are two solutions
of (1.45), (1.46), namely

(¢,9) = (=g, f)
and

(@.9)= (g, 1) -
For definiteness, let us assume that the solution u(x,y) under consideration corresponds to the
first solution,

¢(0) = —g'(0), (o) =f'(o).

The vector (¢(o), (o)) is a unit normal to the curve I' in the point
Py =(f(0),9(9)) -
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Fix the point P, on the curve I'.  We want to start a projected characteristic at this point
and want the whole characteristic to lie in the solution surface. Then the corresponding initial
condition for the characteristic system is

I
N N N TN N
\_/\_/8\_/\_/
Fol
o«
—
Q
N—

= (o)

(s) = flo)+¢(o)s
(s) = g(0)+¢(o)s
u(s) =
(s)
()

VA

=
2

= (o)
For the solution u(z,y) under consideration, this implies that
u(£(0)+6(0)s.9(0) + v(0)s) =5 (1.47)
This says that, along any straight line,
(£(0) + 6(0)s,9(0) +(0)s), s€R, (1.48)

the solution u equals s, as long as the solution u exists. The straight line (1.48) is a projected
characteristic. As in the quasilinear case, projected characteristics can intersect, which generally
leads to breakdown of the solution u(z,y). In regions where the projected characteristics do
not intersect, they can be used to determine a solution u(z,y).

If, in the above example, we fix s and vary o, we obtain the curve

Ty i (f(0) +6(0)s,9(0) + Y(o)s), 0<o<L, (1.49)

which is roughly parallel to the given curve I'. On 'y the solution u carries the value s, i.e., I';
is a level curve of u. If we think of s as time, then the mapping

I'—>Ty

describes a motion of the given initial curve I' in the (x,y)—plane.
A Particular Case: Let

I' : (f(6),9(0)) = (coso,sino), 0<o<2m,
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be the parametrized unit circle. Then I'; is the circle
(1 —s)(coso,sino), 0<o<2m,
of radius 1 — s. On this circle, u equals s. Setting r = /22 + y? and noting that 1 — s = r

implies s = 1 — r, one obtains
w(z,y) =1—+/22+y2.

If instead of (¢,9) = (—g, f) the solution wu(z,y) corresponds to (¢,v) = (g,—f), then one

obtains
w(z,y) =22 +y?—1.

This example shows that the solution of a nonlinear problem
F(z,y,u,ug,uy) =0

with a side condition
u(f(o),g9(0)) = h(o)

is generally not unique, not even locally near the curve I' : (f(0), g(0)).

1.7 The Eikonal Equation and the Wave Equation
1.7.1 Derivation of the Eikonal Equation

Consider the 2D wave equation

Vit = 02(1)m + vyy)

where ¢ = ¢(z,y). Let

v(z,y,t) = V(z,y)e ™",

i.e., we consider a solution of the wave equation which oscillates in time at the frequency w.
One obtains Helmholtz’ equation for the amplitude function V (z,y):

w2
Vaw +Vyy + 5V =0.

Let ¢y denote a constant reference value for the wave speed. For example, ¢y may be the speed
of light in vacuum and ¢(z,y) the speed of light in a material. The number

n(z,y) = @7

is called the index of refraction. We have

w o wn(z,y)

w
= kn(x, with k= —.
C(x7 y) €o ( y) €o
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Here k£ = gJ—O is a wave number. The equation for V' (z,y) becomes

View + Vg + k0% (2,9)V =0 . (1.50)

The following values are approximate values for visible light:

o = 3+108
sec
= 4%10 "m (wavelength)
w = %0 = 7.5%10"sec™!
1
Eo= 2= —25%105m !
Co A

Thus, if we choose 1m as the unit of length, then the wave number k is very large. We try to
find solutions of (1.50) of the form

V(z,y) = Az, y)eru@y)

where u(z, y) is the phase function and A(z,y) the amplitude. Setting E = ¢’**(*:%) we have

Ve, = A.E+ AFiku,
Vie = AuE +2A,FEiku, + AE(—k*)(uy)? + AFikug,

and similar equations hold for V,,, Vy,. After dividing by E equation (1.50) becomes

AA+ ik (2450, + 24y, + AA) = KA((w)? +uy)? = n*(z,y)) =0

If kK >> 1 it is reasonable to neglect the term AA and to solve the two equations

(uz)® + (uy)® = n*(z,y)
2Auy + 2Ayuy + AAu = 0

For the phase function u(z,y) we have obtained the eikonal equation. If u(x,y) is known, then
the second equation is a transport equation for A(z,y). If one does not neglect the term AA,
then one obtains a singular perturbation problem for A.

1.7.2 The Approximate Solution of the Wave Equation

For simplicity, let

C(:’Uay) =C =C¢C

be constant. The eikonal equation is
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(ua)? + (uy)* = 1.
Let u(z,y) denote a solution with w = 0 on I" where I' has the arclength parametrization

I (f(o),9(0), 0<o<L.

Let I'y denote the curve with parametrizaton

Ly : (f(0),9(0)) +s(=g'(0), f'(0)), 0<o<L.
We have obtained that (Case 1):

u(f(0),9(0)) +5(=g'(0), f'(0)) = 5
or (Case 2):

u(f(0),9(0)) +5(=g'(0), f'(0)) = —s .

For definiteness, assume Case 1. The corresponding approximated solution of the wave equation
is

U(:Ea Y, t) = A(x, y)eik(“(%y)—ct) .

Here A(x,y) does not depend on k and we may expect that A(x,y) varies slowly on the length
scale 1/k.
Consider the real part of the exponential,

a(x,y,t) = cos(ku(z,y) — ct)) .
Fix a straight line

(z(s),y(s)) = (£(0), 9(0)) + s(=g'(0), f'(0)),  —s0<s <50, (1.51)

where o is fixed. On this line we have

u(z(s),y(s)) = s ,

thus

(s, t) == a(x(s),y(s),t) = cos(k(s — ct)) .

Since k >> 1, the function ¢(s, t) is highly oscillator. It moves at speed ¢ in positive s—direction.
Therefore, the function a(z,y,t) moves at speed ¢ along the straight line (1.51). The lines (1.51)
are the light rays. The lines 'y are the wave fronts.
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1.7.3 Terminology for Waves

Plane Waves: Consider the wave equation

up = CAu

in n space dimensions. Let F': R — C denote a smooth function and fix

EeR" with |kl=1.
It is easy to check that the function

u(z,t)=F(k-z—ct), ze€R", teR, (1.52)
solves the wave equation.
We want to explain that the above function u(x,t) describes a plane wave which moves at
speed c in direction k. Let
Hy={(eR" : k-£=0}
denote the hyperplane through the origin orthogonal to k and for any real positive « let

Hy, = {zeR" : k-{=0a}
= {x=¢+ak : £€ Hy}

denote the hyperplane parallel to Hy with distance o from Hy. At time ¢ = 0 we have

u(z,0) = F(k-x) = F(a) for z€ H,

and at time ¢ > 0 we have

u(z,t)=F(k-x—ct)=F(f—ct) for ze€Hg.

If 8 = a+ ct then we have F( — ct) = F(«). We can interprete this as follows: At time ¢t =0
the function (1.52) has the value F'(«) on the plane H, and at time ¢ > 0 it has the same value
F(a) on the plane Hyq¢. The value F(a) has moved from H, to Hyyet, i.€., it has moved at
speed c¢ in direction k.

Since the function u(x,t) = F(k -z — ct) is constant on each plane H, (at fixed t), it is
called a plane wave.

Plane Waves With Periodic F': Consider the function

u(z,t) = cos(k(k - x — ct)) (1.53)

where, as above, k € R", |k| =1, and let k > 0.
Choose k = 5, for example. Then we have

31



u(z,0) = cos(ba) for =z € H, .

For 0 < a < 27 the function

cos(ba)
has 5 waves with wave length
27
A= —
5
In general, the number x in (1.53) is called the wave number. The wave length is
A=2T
K

We can also write the function (1.53) in the form

u(z,t) = cos(kk -z —wt)) with w= ke . (1.54)

Here w = kc is the circular frequency of the wave. The time period of the oscillation (1.54) is
The frequency is

and we can write
u(x,t) = cos(kk - x — 2w ft)) .

Data For Visible Light: The following approximate values hold for visible light in vacuum:

t
Speed: ¢=3%10% merer

sec

Frequency: f =6x10" —
sec

In fact, visible light has (approximately) frequencies in the rather narrow band

4*1014i§f§8*1014i.
sec sec

1
Time Period: T = - = 6 * 107 sec

| =
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2 1
Wave Number: k = Y- Lf = 47 % 10°
c c meter

The number of waves in meter length is 2 % 105.

2
Wave Length: \ = o 0.5 % 10~% meter = 500 nanometer
K

1.8 Generalizations

More than two independent variables. There are no difficulties to generalize the ap-
proach via characteristics to problems where the unknown function v depends on more than
two independent variables.
Example 1.9: Consider

wr + a(x,y, t)uy + bz, y,t)uy =0

with initial condition
u(z,y,0) = f(z,y) .

Projected characteristics are now parametrized lines of the form

(gl(t)7£2(t)7t)7 tZO ;
where
& =a(&,6.t), & =0, 6.1) .

Let u(z,y,t) solve the differential equation and consider u along a projected characteristic:

h(t) = U(fl(t)’§2(t)vt) :
Clearly,
B (t) = up + & (t)ug + E()uy, =0 .

Thus u carries the initial data along the projected characteristics. This can again be used
conversely to construct solutions.

Data not given at ¢t = 0. If the data are not given at ¢ = 0 it is often good (and sometimes
necessary) to parameterize the projected characteristics by some parameter s, not by ¢, even if
the PDE can be solved for u;.

Example 1.10: Consider

ut—l—ux:uQ

for u = u(z,t) with side condition
u(x,—z) =2 forall xzeR.
The projected characteristics are the straight lines

(xo+s,—zo+s), seR.

33



Assume that u is a solution and consider u along a projected characteristic,
h(s) =u(xo +s,—x0+ ) .

One finds that A’ = h? and
h(0) = u(wg, —w0) = x0 .

Therefore,
Zo

h(s) = .

If (x,t) is a given point we determine zy and s with

To+s=z, —xo9+s=1.
This yields
a:():%(ac—t), s:%(m—i-t),
and therefore 2z — 1)
u(zx,t) = e ———

Note that u blows up at all points of the hyperbola t? = 2% — 4.

1.9 Supplement: The Implicit Function Theorem
Let U C R™",V C R™ denote nonempty open sets and let
¢:UxV —R™
be a C? function, p > 1. For every fixed u € U the system
D(u,v) =0 (1.55)

consists of m equations for m variables, the m components of v. It is reasonable to expect that
— under certain assumptions — for any fixed u there is a unique solution v, and that v = v(u)
changes smoothly as a function of u. Then the equation (1.55) defines v implicitly as a function
of u. The implicit function theorem gives a condition ensuring this to be correct locally near a
solution (ug,vg) € U x V of the equation ®(u,v) = 0.

Theorem 1.4 (Implicit Function Theorem) Under the above assumptions, let (ug,vo) € U x V
and assume the following two conditions:

O (ug,vg) =0, det(Py(up,vp)) #0 . (1.56)
(Note that ®,(ug,vo) is an m X m matriz.) Then there are open sets Uy, Vi with
up €Up CU, voelVpCV

so that the following holds: For all w € Uy the equation (1.55) has a solution v € Vi, which is
unique in Vy. In addition, the function v — v, which assigns to each u € Uy the corresponding
solution v € Vg, is CP.
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Application: Consider the equation
To+tsinxg =

for z € R and [t| < 1. We have already shown that there is a unique solution xy = zo(z,1)
and want to argue that the assignment (x,t) — xo(x,t) is C°°. This follows from the implicit
function theorem with

U=Rx(-1,1), V=R,

and
O(x,t,x0) =20+ tsinzg — x .
Note that
¢, =14+tcoszg #0 .
1.10 Notes

The PDE F(x,u, Vu) where x € R™ is treated in Evans, Partial Differential Equations, section
3.2. A side condition v = h on I is assumed given. Here I' is a submanifold of R™ of dimensions
n — 1. Using a transformation, the side condition and PDE are transformed so that the new I'
becomes a subset of the hyperplane z,, = 0. Then, under the assumption that the new boundary
I" is noncharacteristic, a local solution is constructed via the implicit function theorem. For
details, see Evans.

A geometric interpretation of the PDE F(z,y,u,u,,u,) using Monge cones is in John,
Partial Differential Equations.
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2 Laplace’s Equation and Poisson’s Equation

2.1 Terminology
Let Dj = 0/0x;. Then

n

A= ZDJQ-
j=1

is the Laplace operator acting on functions u(z),z € Q C R™. Here, typically, £ is an open
subset of R™.

The equation
Au=0 in Q (2.1)

is called Laplace’s equation; its solutions are called harmonic functions in 2. The inhomoge-

neous equation
—Au=f(x) in Q (2.2)

is called Poisson’s equation. Typically, the equations (2.1) and (2.2) have to be solved together
with boundary conditions for u, or with decay conditions if §2 is unbounded. For example, the
problem

—Au=f(z) in Q, wu=g(zr) on 09, (2.3)

is called a Dirichlet problem for Poisson’s equation. Here 95 is the boundary of the set (2.

2.2 Volumes and Surface Areas of Balls in R"

The fundamental solution ®(x) for the Laplace operator A in R™ will be discussed below; ®(z)
depends on a constant w,, the surface area of the unit sphere in R™. In this section we compute
wy, and the volume of the unit ball in R™.

Notations: For x,y € R™ let the Euclidean inner product be denoted by

(wy)=z-y=> ;.
i

The Euclidean norm is

2 = (a-2)'/2.

Let
B, = B,(R") ={z e R" : [z| <1}

denote the open ball of radius r centered at 0. Its surface is
OB, = 0B, (R") ={z € R" : [z|=r}.

We will use Euler’s I'-function, which may be defined by

I'(s) = / t*"te7tdt, Res>0.
0
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(We will need the function only for real s > 0.) Let
wp, = area(0B1(R")) ,

i.e., wy is the surface area of the unit ball in R"™.

For example,
wo =21, wol(B1(R?)) =7 = wy/2

and

4
w3 = 4w, wol(Bi(R?)) = ?ﬂ =ws3/3 .

Theorem 2.1 The following formulas are valid:

27Tn/2
T D)
w
Bi(R") =
wl(BEY) = &
area(0B,(R")) = wyr™ !
w
B.(R") = “nyn
vol(Br(R")) l

Formula (2.6) says that the area of the (n — 1)-dimensional surface 9B, scales like r"~1. Sim-
ilarly, (2.7) says that the n-dimensional volume of B, scales like . These are results of

integration theory.

We will prove (2.4) and (2.5) below. First we evaluate an important integral and show some

simple properties of the I'-function.

Lemma 2.1

I ::/ e dy = VT

—00

I'(s+1) = sI'(s), Res>0

'm+1) = m!l, m=0,1,2,...
1
F(§) = V7

Proof: The proof of (2.8) uses a trick and polar coordinates:

2 = / e~V dzdy
]RQ

2T [e'e)
= / / refrzdrdd>
o Jo
o0 _ 2
= 7r/ 2re” " dr
0

o0
= 7r/ e Pdp
0

= T
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Note that we have used the result that the circumference of the unit circle is 27, which may be

taken as the definition of 7.

Equation (2.9), which is the fundamental functional equation of the I'-function, follows

through integrating by parts:

I'(s+1)

This proves (2.9). Also,

(1)

o
/ tse tdt
0

(0.)
t5(—e |50 + s/ t5 e tdt

sT'(s)

0

(o]
/ e tdt=1,
0

and then (2.10) follows from (2.9) by induction. Finally, (2.11) follows from (2.8) by substituting

t=x2, dt =2zdz ,

This completes the proof of Lemma 2.1.

/Oo 2t gy
0
% 1
2|
0

Zzedx
NZs

T

<

We now calculate w,, by considering the integral of e~ 12" over R™. By Fubini’s theorem and

(2.8) we know that the result is 7"/2:

7_‘_n/2

/ el gy

/ area(aBr)(f’"2 dr
0

o0 2
wn/ r" e dr
0

“n =2 9re=" drr
2 Jo

Wn n_1 —t

— t dt

2 J, ¢
SL0(n/2)
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This proves (2.4). Also,

1
vol(B1(R")) = /Oarea(ﬁBr)dr

1
= wn/ rLdr
0

= wy/n

Note that one can use the functional equation I'(s + 1) = sI'(s) and the two equations
I'(1/2) = /7, (1) = 1 to evaluate I'(n/2) for every integer n. For example,

i(3) = o(z+)
0

@) - 16
iy

etc.

2.3 Integration of |z|* Over Circular Regions in R"

For A\ < 0 the function |z|*,2 € R™ 2 # 0, has a singularity at 2 = 0. It is important to
understand when the singularity is locally integrable. It is also important to know when the
function |z|* decays fast enough as |z| — oo to make |z|* integrable over an outer region
|z| > a > 0.

Let 0 < a < b < oo and consider the n—dimensional integral

I(a,b,\,n) := / |z da
a<|z|<b

b
= wn/ rA=L gy
a

{wnb”’;:j*" if Atn#0

wnlogg if A+n=0
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Consider the limit a — 0 with b > 0 fixed. One obtains

b)\+n .
|| <b o0 if A < -n

For 0 > A > —n the singularity of the function |z|* at = = 0 is integrable; for A < —n the
singularity is so strong that |:E|>‘ is not integrable over By.
Now consider the limit of I(a,b, A\,n) as b — oo with a > 0 fixed. One obtains

a)\+n .
|z|>a 00 if A>-n

If A < —n, then, as |z| — oo, the function |z|* decays fast enough to be integrable over the
domain R™\ Bg; for A > —n the decay is too slow to make the function integrable over R™\ B,.

Note that there is no value of A for which the function |z|* is integrable over R™: Either
the singularity at x = 0 is too strong (for A < —n) or the decay as |x| — oo is too slow (for
A > —n). If A = —n then the singularity is too strong and the decay is too slow.

2.4 Rotational Invariance of A; Radial Harmonic Functions

A remarkable property of the Laplace operator A = Z?Zl DJZ is its invariance under an orthog-
onal change of coordinates. We make precise what this means and prove it. This invariance
motivates to look for radial solutions of Laplace’s equation, Au = 0. Here u(z) is called a
radial function, if there is a function v(r), depending only on a single variable 0 < r < oo, with
u(z) = v(|z|) for all z € R™, z # 0. The radial solutions of Laplace’s equation will lead to the
fundamental solution.

The Laplacian is invariant under orthogonal transformations of the coordinate system. A
precise statement is the following.

Theorem 2.2 Let u € C*(R") and let S denote an orthogonal n x n matriz, SST = 1. Let

v(y) =u(Sy), yeR",

i.e., v(y) is obtained from u(x) by changing from x coordinates to y coordinates. Then we have
(Av)(y) = (Au)(Sy) forall yeR"™.

The theorem says that the following two operations lead to the same result:
A: First change from z coordinates to y coordinates (where z = Sy, SST = I) and then
take the Laplacian;
B: First take the Laplacian and then change from x coordinates to y coordinates.
Proof: First note that
(Sy); = siw »
!
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thus
Dy (Sy)j = sjr  where Dy = 0/0yy

Since v(y) = u(Sy) we have by the chain rule:

Dyu(y) = Z(Dju)(Sy)Dk(Sy)j

= D (Dju)(5y)sje

J

Therefore,

D,%v(y) = g g (DiDju)(Sy)siksik -
i
Summation over k yields

Av(y) =3 > (DiDju)(Sy)siksjk -
k 7 )

Here
Z SikSjk = 0ij
k
and the claim follows. ¢

The Laplacian applied to radial functions. Let v(r),r > 0, be a C? function and let

u(z) =v(|z]), zeR".

Then 1
Au(z) =" (r) + 2=/ (r) with r = |z]
T
Proof: We have
Dju(z) = v'(r)=
.
x? 1 22
Diu(a) = v'(r)—3+/(r)(~ - %)

Summation over j from 1 to n yields the result. ¢

We can now determine all solutions of Au = 0 in R™ \ {0} which are radially symmetric.
We must solve

//+n_1 /

thus v/ = w + const where
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Separation of variables yields

d 1—
et
w r

mhw=Inr'""+¢,

thus

thus
w(r) = cr

Integration yields
ciInr + co, n=2

v(r) = { cr?™ " 4¢, n=1 or n>3 (2.12)

The 2D Laplacian in polar coordinates. Let u(z,y) be a C? function. Express this
function in polar coordinates,

U(r,¢) = u(rcos ¢, rsin¢) .
Then ) )
AU(ZL‘, y) = (Urr + - Ur + ﬁU¢¢)(r> ¢)
if
r=rcos¢, Yy=rsing.

Proof: Homework.

2.5 Physical Interpretation of Poisson’s Equation in R?

Let @ be a point charge at (the point with coordinates) y and let ¢ be a point charge at x. By
Coulomb’s law, the electro static force F' of @) on ¢ is

1 T—Yy

F=k .
QU R ey

Here k is a constant that depends on the units used for charge, force, and length.? Therefore,
the electric field generated by @ is

T —y
E(x) =kQ .
) [z =y’
The force field E(z) has the potential
kQ
u(z) = .
W=y

This means that
—gradu(x) = E(z), z#vy.

The following results about the function |z|~! are useful.

It is common to write k = ﬁ, where g9 = 8.859 - 107 12Coul®? - N~ - m~2. The formula for the force F
then holds in vacuum.
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Lemma 2.2 Let r = r(z) = |z| = (27 + 23 + 23)'/2. Then we have, for all x # 0,

S
>
[
|

5

i i B e B e B B B

~—
I

= o] (|2]* - 323)

= 3lz|Pwz; for i#j

N—— N N 0
I
|
=
w

0

It is easy to show that |z| may be replaced by |z — y| with y fixed. For example,

1 r—y
grady, =— 7
|z =yl [z =y

This yields —gradu(x) = E(z), as claimed above.

By the above lemma, the potential u(x) satisfies Laplace’s equation, Au(z) = 0, at every
point z # y. At x = y, the potential has a singularity, marking the point y where the charge
@, which generates the field, is located.

It is not difficult to generalize to N point charges: Assume that there are N point charges
Q1,...,Qn located at y, ... .y They generate an electric field with potential

R e

At each point 2 = y( the potential has a singularity, but in the set

RO\ g, g™}

the function u(x) satisfies Laplace’s equation.

It is plausible that Coulomb’s law can be extended from point charges to continuously
distributed charges. Suppose that V; denotes a small volume about the point ¥y and assume
the point charge @); is uniformly distributed over V;. Then the charge density in V; is Q;/vol(V}).
(We assume that the V; do not overlap.) The following function is the charge density in space:

_ [ Qi/vol(V3), yev
ly) = { 0, outside all V;

It is plausible that, for small V;, the charge density f generates approximately the same field
as the N point charges. Thus, if u(z) is the potential of the field generated by the charges with
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density f, we expect that

u(@) ~ ZQ’/M vol(V;)

|z — g

N f(y)
~ E/M—Mdy

We expect the approximation to become an equality if the V; become infinitesimal. Thus, if
f = f(y) denotes a charge density in space, we expect that the generated electric field has the
potential

gl (2.13)

(This cannot be deduced rigorously from Coulomb’s law for point charges, but may be consid-
ered as a reasonable extension of the law.) If u is defined by (2.13), we expect that Au = 0 in
regions where f = 0. We also expect a simple relation between Awu and f in regions where f is
not zero. We will show that, under suitable assumptions on the function f(y), we have

—Au:47rkf:€10f

if u is defined by (2.13). To summarize, an interpretation of Poisson’s equation

—Au=f
is the following: The function f is a charge distribution, generating an electric field, and (modulo
a constant factor 47k) the solution u is the potential of this field.

2.6 Poisson’s Equation in R?

In this section we consider Poisson’s equation in R3,
~Au= f(z), zcR?,

where f: R? — R is a given function. The fundamental solution

1

() = Tl

can be used to obtain the only decaying solution wu.

2.6.1 The Newtonian Potential
Let f € C.(R3). This means that f : R® — R is a continuous function and there exists R > 0

with f(z) =0if |z| > R.
Define

u(z) = /q)(y)f(x —y)dy, x€R3. (2.14)



Note: The function ®(y) is not integrable over R? since it decays too slowly. However, the
above integral is finite since f has compact support. All integrals in this section effectively
extend over a finite region only. We call this region U = Bjs; here M depends on =x.
The function u = @ * f is called the Newtonian potential (or Coulomb’s potential) of f.
We want to show:

Theorem 2.3 If f € C3(R3) then u = ® x f € C*(R?) and
—Au(z) = f(z) forall zecR3.
Auxiliary results:

Theorem 2.4 (Gauss—Green theorem) Let U C R? be a bounded open set with C' boundary
OU and unit outward normal

n = (ni,ng,n3), n;=n;(y), yeodU.
If ue CY(U) then
/ Djudx = / un; dS . (2.15)
U oU
Replacing v with uv one obtains:

Theorem 2.5 (integration by parts) If u,v € CY(U) then

/U(Dju)vdx: —/UuDjvda:—i—/ uon; dS . (2.16)

oUu

Proof of Theorem 2.3:

1. By Taylor,
f(z+hej) = f(2) + hD;f(2) + Rj(z, h)
with
|R;(2,h)| < Ch? .
Therefore,

u(x + hej) —u(zx) = h/@(y)Djf($ —y)dy + O(h?) .

Divide by h and let h — 0. Obtain that D;u(x) exists and

Dw@%i/ﬂwDﬁm—yMy-

To summarize, we have justified to differentiate equation (2.14) under the integral sign.
2. Let us write D, = 0/0y;. We have

Dju(w) =~ [ @)Dy, f(o— y)dy
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U; = B\\ B;

Figure 8: Region U, and outward normals

We want to integrate by parts and move D, to ®(y). However ®(y) is not smooth at y = 0.
Therefore, we first remove a small ball B, about the origin.
Let U = Byy where M is large, and let U, = By \ B.. We have

Dju(z) = - /B (y)Dy, f(z — y)dy

_ _/_/

As ¢ — 0, the first integral goes to zero. (Note that |®(y)| < C|y|~!. Therefore, the integral
over B, is < Ce?.) In the second integral we can integrate by parts. Note that the unit outward?
normal on 9B; is

n(y)=—-=, lyl=¢.
Obtain that

—/ D(y) Dy, f(x —y)dy =

€ UE

D;®(y) f(x —y) dy — / O(y) f(x —y)(~y;/e)dS(y) .

0B

As & — 0, the boundary term goes to zero since ®(y) = ;= for y € 9B and area(9B;) = 4ne?.
As ¢ — 0, we obtain

Dyu(w) = [ Did(w)f(a ~y)dy

3Here outward refers to the domain U..
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3. As above, we can differentiate again under the integral sign and put the derivative on f,
Do) = [ Diw)D;f - y)dy

= _/chb(y)Dyjf(a:—y)dy

_ _/_/

= —hej—Iac
We obtain that |I; . ;| <e. In the second integral, we integrate by parts,
~hej= | D3®(y) f(z —y)dy — |, Di2@)f (@ —y)(~/2)dS ()

Since A®(y) = 0 in U, the first terms sum to zero if we sum over j = 1,2,3. It remains to
discuss the boundary terms: We have

1 .
D;®(y) = i g—é for yedB; .

Therefore, the above boundary term is

1 vi

BT(&J'):—E n

(z —y)dS(y) .

Summation yields

3 ' 1
;BT(&J) = —W/aBgf(m—y)dS(y)
= _f(x_ys)

where
Ye € 0B: .

As £ — 0 we obtain that Au(x) = —f(x). ¢

2.6.2 Uniqueness of Decaying Solutions

There are many harmonic functions on R™. For example,
2 2 T
v(z1,22) = a+bxry + cxay, v(xy,me) =7 — 15, v(T1,T2) = €' Cos(z2)

are solutions of Av = 0. Therefore, the solution
u(w) = [ @)1 ) dy = [ - s dy (217)
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of the equation —Awu = f is not unique. We will show, however, that (2.17) is the only decaying
solution.
We first prove a decay estimate for the function u defined in (2.17).

Lemma 2.3 Let f € C. be supported in Br. Then, if |x| > 2R, u = ® * f satisfies the bound

27 |z
where

1l = / 1F()] dy

is the L' —norm of f.

Proof: If |z| > 2R and |y| < R, then
1
2 =yl 2 |z = [yl = 5 || -

Therefore,
o ) < 1 1
xr— —
Y=o ||

It follows that

u(z)] < / B Iy
y|<
1 1

2r [

Ifllpr for |z| >2R.

This proves the lemma. ¢
We next show an important property of harmonic functions, the mean—value property.

Theorem 2.6 Let Q2 C R" be an open set. Letu € C*(Q) and let Au =0 in Q. Let Bg(x) C Q.

Then we have )

= S (2.18)

Proof: We may assume x = 0. For 0 < r < R define the function

o(r) = — /BB u(y) dS(y)

wWprn—1

It is clear that lim,_,o ¢(r) = u(0) and ¢(R) is the right-hand side in (2.18). We now show that
¢'(r) =0 for 0 < r < R. This implies that ¢ is constant and shows (2.18).
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Changing variables, y = rz, in the right-hand side of (2.18), we have

6(r) = — /8 ur)ds(z)

Wn

Therefore,
1
gi)’r:/ Diu(rz)z; dS(z) .
(1= 5 Jyp, L1245

Stokes’ theorem yields
/ v(2)z;dS(z) = iv(z) dz .
0B By azj

Since

(fszju(rz) = r(Djz-u)(rz)

and Y_; D?u(rz) = 0, it follows that ¢/(r) = 0. o

We can now extend Theorem 2.3 by a uniqueness statement.

Theorem 2.7 Let f € C?(R3). Then the Newtonian potential of f, u = ®*f, satisfies —Au = f
and |u(z)| — 0 as |z| — co. Furthermore, if v € C? is any function with —Av = f and

v(x) =0 as |z|— o0, (2.19)
then v = u.

Proof: It remains to show the uniqueness statement, v = u. By definition, (2.19) means that
for any € > 0 there is R > 0 with |v(z)| < e if |[z] > R. Set w = v — u. Then Aw = 0 and
w(z) — 0 as |x| — oo. Suppose that there is z € R? with |w(x)| > 0. Choose 0 < ¢ < |w(z)].
By Theorem 2.6 (with n = 3) we know that

1
wy R? OBR(x)

w(y) dS(y) . (2.20)

w(z) =

However, if R is large enough, then |w(y)| < ¢ for y € 0Bgr(x). For such R the right—hand side
of (2.20) is < € in absolute value, a contradiction. ¢

2.6.3 Remarks on the Relation —A® = §,

We want to explain what it means that the function ®(z) = ﬁ |71‘, r € R3,x # 0, satisfies the

equation

CAD = 4,

in the sense of distributions. Here dg denotes Dirac’s d—distribution with unit mass at x = 0.
The distributional equation —A® = §y means that for every test function v € C2° we have

(=AD,v) = (do,v) , (2.21)
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and, by definition of the distributions —A® and Jp, this means that

—/@(y)(Av)(y) dy =v(0) forall veCZ. (2.22)

To show (2.22), let v € C2° and set f = —Awv. Then f € C2°; let u = ®* f, as above. We know
that —Awu = f, and v = u by Theorem 2.7. Therefore,

v(0) = u(0)
= /Q(O—y)f(y)dy

- / B(y) f(y) dy
- - / B (y)(A0)(y) dy

Thus we have proved (2.22), i.e., we have proved that —A® = §j in the sense of distributions.
If one has shown that

—A®(y) = do(y)

then one can give the following intuitive argument showing that the function

u(z) = / B — y)f(y) dy (2.23)

satisfies

—Aulz) = f(z) .
Apply the operator —A to (2.23) and assume that one can apply —A under the integral sign.
Obtain:

_Au(z) = / —AD(z — y)f(y) dy
_ / Soz — ) (y) dy
/()

2.6.4 Remarks on Coulomb’s Law for Point Charges

Let Q1, ..., Qy denote point charges at the points y), ..., y¥) € R3. They generate an electric
field E(x) which has the potential

R :
_ J
u(z) = o ]z; o
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In the sense of distributions, we have
1 1 -
VS N R
4 |z — yU)] ol@ =y
thus

N
—Au(x) = Z Cj; oz —y)) .

J=1

On the other hand, if p(y) is a smooth charge distribution, we have argued that it generates an

electric field with potential
1 p(y)
= d
(@) 4meq / |z — y| Y

which satisfies
—Au(x) = plz) :
€0

This suggests that we should assign to the point (); at the point yY) the charge distribution
function

Q; do(z —yW) .

2.7 The Fundamental Solution ®(z) for the Laplace Operator on R"

By Sect. 2.4 all radial functions which are harmonic in R™ \ {0} have the form

u(w) = aln|z+c, n=2
ClalePT e, n#2

Taking co = 0 and choosing ¢; properly, one obtains the fundamental solution ®(z) for —A in
R™,

O(x) =

{ —oL Infz|, n=2 (2.20)

m |$‘2—TL n Z 3
Then we have
—Ad =4
in the sense of distributions. It is not difficult to generalize Theorem 2.3 from n = 3 to general
n: If f € C?(R™) then the equation
—Au=f
is solved by u = ® * f.
Formally, the result also holds for n = 1,w; = 2. As solution of

~d"(a) = f(x), c€R,
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Figure 9: Set U and its outer normal

one obtains )

uw) =5 [ o= sliwdy

It is easy to check that u(z) solves the equation —u” = f if f € C..

Note that, for n = 1 and n = 2, the fundamental solution ®(x) does not decay to zero as
|| — oco. Therefore, the solution u = ® * f generally does not decay to zero as |x| — oo for
n=1orn=2.

2.8 The Dirichlet Problem for Poisson’s Equation in a Bounded Domain

Let U C R3 be a bounded open set with smooth boundary OU. Let f : U — R and g: 0U — R
be given smooth functions. We want to find a function v € C?*(U) N C(U) with

—Au=f in U wu=g on 9U. (2.25)

This is called Dirichlet’s problem for Poisson’s equation.

Let n = (n1,n2,n3),n; = nj(y),y € OU, denote the unit outward normal to the boundary
surface QU at the point y € OU.

One tries to construct a solution u of (2.25) in the form

uw) = [ Ganswy- [ P00 ) dst). (2.26)

Why this is a good form is not at all obvious.
In the formula (2.26) the function G(x,y) is the so—called Green’s function for the Laplace
operator, corresponding to Dirichlet boundary conditions and the domain U. The function
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G(z,y) does not depend on the right-hand sides f and g. Also,
aG (z y
an (y) Dy, G(x,y)

is the normal derivative of G(z,y) for y € 9U.

We will motivate the formula (2.26) below. All considerations generalize rather easily from
domains in R? to domains in R”.

For some special domains U the Green’s function G(z,y) can be computed explicitly. In
the next sections we discuss this for the half-space, U = Ri ={r € R® : 23 >0}, and the
open unit ball in R?, namely U = By = {z € R3 : |z| < 1}.

Next we list some general formulas, valid for smooth functions w,v on bounded domains
U with smooth boundaries OU. As usual, dy is the volume element and dS(y) is the surface
element. Also, D;j = 0/0y; and

3u ZnJDu—n Vu

denotes the directional derivative of w in direction of the unit outward normal.
The formulas have various names connected with Green, Gauss, and Stokes.

/UDjudy = /aUunde(y) (2.27)

/uDjvdy = —/(Dju)vdy—i—/ uvn; dS(y) (2.28)
U U oU
ou
Audy = dsS 2.29
[ avay = [ Stasw) (229)

/U(uAv—vAu) dy = / (ugz - gz> ds(y) (2.30)

First assume that u solves (2.25). Fix = € U; let € > 0 be so small that

B.(x) CU
and set
Us =U\ Be(x) .
Let
D(a) =
47|z

denote the fundamental solution for the Laplace operator on R?® and set

o(y) =@z -y), y#z.

We want to explore implications of the formula (2.30) when U is replaced by U, and € goes to
0.
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Lemma 2.4 Fiz x € U and set v(y) = ®(z —y) for y # x. If u solves the Dirichlet problem
(2.25), then we have

ov ou
= a- —Va- . 2.31
/Uv(y)f(y)dy u(w)+/@U(gan ”am) dS forall z€U (2.31)
Proof: Use (2.30) with U replaced by U, and note that Av =0, —Awu = f in U.. This yields
ov ou
= P 2.32
/Evfdy /BUs(uan van)ds (2.32)

As ¢ — 0, the left-hand side converges to

/vady.

The boundary 9U. consists of two parts, U and 0B:(x). Since u = g on OU, we have

/8U<U§Z —ng) dS:/8U<gg:; —v?Z) ds .

/GBE(:J:) (ugz — ng) as .

Since v = O(¢7!) on dB.(x) one obtains that

It remains to consider

/ v%d5—>0 as ¢ —0.
8B, (z)

n

Finally, for y € 0B:(x),

1 z;—y; T Y;
Dy,v(y) = E% and  n;(y) = = - ’
Therefore,
(911( )= 1
on y 4dme?

It follows that 9
/ u—vdS%u(x) as €—0.
()

This proves the lemma. ©

Recall that v(y) = ®(x — y) in (2.31), thus

B 0P (x — y) du(y)
ua) = [ o= [ (o G SV as) . 23

One now tries to subtract a correction term, H(z,y), from ®(x — y) so that for the corrected
function

— &z —vy)

the boundary term involving du/dn drops out. Thus, H(x,y) should satisfy the following
conditions:
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AyH(z,y) =0 forall z,yeU,;

H(z,y) =®(x—y) forall yedU, =xz€U.
3. The function H(x,vy) is not singular for z € U,y € U.
If H(z,y) satisfies these conditions, then

G(z,y) = ®(x —y) — H(z,y)

is the Green’s function for the Laplacian w.r.t Dirichlet boundary conditions, and the formula
(2.26) holds for every solution of the Dirichlet problem (2.25). To show this, repeat the proof
of Lemma 2.4 with v(y) = ®(z —y) — H(z,y).

Remark: Assume that H(z,y) satisfies the three conditions. Fix x € U and set h(y) =
H(z,y). Then obtain from Green’s formula (2.30) that

Oh ou
h dy = — —h—)d .
[ rwswdy= [ (o5 —n3) asw)
Subtracting this equation from (2.33) yields

o [ 2
ua) = [ @wntwan= [ o %5 as) (230

with
This is the formula (2.26).

So far, we have assumed that u solves the Dirichlet problem and have derived the repre-
sentation (2.26) for u(z). Conversely, one can prove that the formula (2.26) defines a solution
u € CEHU)NC(U) of (2.25) if f, g and U are sufficiently regular. It suffices that U is a bounded
open set, that the boundary oU is C*, that g € C(0U) and that f is Holder continuous in U.

Summary: Under suitable assumptions on U, U, f, and g the Dirichlet problem

—Au=f in U wu=g on 90U
can be solved as follows:
1) For every x € U solve the following Dirichlet problem for Laplace’s equation:
Ah=0 in U, h(y)=®(x—y) for yeIU.
Call the solution

H(z,y) = h(y) .
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2) Define the Green’s function

Ga,y) = (z —y) — H(z,y) .
Then the solution of the Dirichlet problem is given by (2.26).

2.9 The Green’s Function for a Half-Space

Let
U=R3 ={zcR’: 25 >0}

denote a half-space with boundary
OU = {x € R : 23 =0} .
We try to construct a solution of the Dirichlet problem
—Au=f in U, wu=g on 0U,

in the form

UW%jAG@wﬁ@My+LUK@wM@Mﬂw7

h
where G (z.)
K(z,y) = " on(y)
Note that n(y) = —es, thus
0G(x,
K(o.9) = =25 = D Goy)

To construct G(z,y) we follow the process of the previous section and write

G(z,y) = ®(x —y) — H(z,y) .

Here ®(z — y) = m and H(z,y) must satisfy
1.
AyH(z,y) =0 forall z,yeU;
2.

H(z,y) =®(x—y) forall yedU, zxzeU.

3. The function H(x,y) is not singular for z € U,y € U.
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r = (xly T, l’g)

T
T 2 Yy

b

Xz

T = (xla T2, —1'3)

Figure 10: Reflection point &

For z = (x1,x9,x3) € U denote the reflected point (w.r.t. the hyperplane OU) by
T = (.’L’l,xg, —(L‘3) .

We claim that B

satisfies the above conditions. (Note that H(x,%) does not become singular for z € U,y € U.)
The first condition, AyH (x,y) = 0, holds since A®(z) = 0 for z # 0. The second condition,
H(z,y) = ®(x — y) for y € U, holds since

lr —y|=|Z—y| for yedU.
For z € U,y € OU one obtains the following;:

K(z,y) = DyG(z,y)
_ 1<x3—y3 953—?/3)

Ar\|z —yP |z —yf?

Ly By = a3)
= S rE——— since — ry3 = I

2m |z — y[? T

The function K (x,y) is called the Poisson kernel for the half-space U = {z € R? : x3 > 0}.
If the functions f : U — R and g : OU — R are sufficiently regular, then one can prove that
the Dirichlet problem (2.35) is solved by (2.36).
The function u given by (2.36) consists of two parts, u = us + ugy, where

us() = /U G, 9) 1 (y) dy
ug(z) = K(z,y)g(y) dS(y)

oUu

We consider the function wuy first.
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Lemma 2.5 Let f € C?(U) and define

uw) = [ Glpf)dy, €U
U
Then uw(z) =0 for x € OU and —Au= f inU.

Proof: a) For x € OU we have x = &, thus G(x,y) = 0 for z € OU and y € U. This yields that
u(z) =0 for x € OU.
b) Extend f to be zero outside U. We have u(z) = uj(x) — ug(x) with

w(z) = /@m—yv@ww
up(z) = /¢@—yﬁ@ﬁw

uz(Z) = wi(x) .
We have shown earlier that —Awu;(z) = f(z) in R3. Also,

—Aug(x) = —Aui(z) = f(Z) =0

This yields that —Au(x) = f(z) for zx € U. ¢
In the next theorem, we consider only the part u, generated by the boundary data g.

Theorem 2.8 Recall that U = R3 = {z € R® : x3 > 0} denotes the upper half-space. Let
g : 0U — R be a bounded continuous function. Then the function

u(z) = - K(z,y)9(y)dS(y), zeU, (2.37)
satisfies:
a) ue C®U);
b) Au=0 in U;
c) if 20 € QU then
lim  u(z) = g(2°) . (2.38)
z—20,xeU

Note that the formula (2.37) does not make sense for x € QU since

1 xr3

K(%y):%m

is not defined for x € U, i.e., for x3 = 0. It is incorrect to put K(z,y) = 0 for x3 = 0 since
the function

y — y € oU ,

|z —y[3
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is not locally integrable if x5 = 0. Therefore, the statement
u=g on OU

is made precise as in (2.38). In other words: The formula (2.37) defines a function u(z) only for
z in the open region U. Then one has to prove that this function u(z),x € U, can be extended
continuously to dU. The extended function is still denoted by w and satisfies u = g on OU.

The difficulty that an integral representation of a solution is not valid on the boundary of
a domain is typical for many PDE formulas.

Proof of Theorem 2.8: The kernel K(z,y) does not have a singularity as x varies in U and
y varies on OU. Therefore, it is not difficult to prove a) and to show that

D%u(z) = - DIK(z,y)g(y)dS(y), z€U.
For x # y we have
1
e = 0
|z -y
0 1 T3 Y3
dys |z — y| |z —y]3
0 1
0 = ~—Ap—
dyz |z —y|
BN
“oys |z — vl
_ xr3 — Y3
o —yl?

Since 27K (x,y) = ﬁfﬁg for € U,y € OU, we obtain that A, K(z,y) =0 for z € U,y € 9U.
This yields b).

To prove c) we first show the following.

Lemma 2.6 For all x € U we have

K(z,y)dS(y)=1.
ou

Remark: The result of the Lemma is plausible for the following reason: The Dirichlet
problem
—Au=0 in U, u=1 on 90U
has the solution u = 1.
Proof of Lemma 2.6: We must prove that

—3/2
I 12/ ((x1 —1)? + (22 —y2)2+$§> dy
]R2

_ 2
T3 ’
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We have
I = /RQ(nyry%er%)‘?’/Qdy

o
= 277/ r(r? +22)732dr  (substitute r = z3p)
0

o
= 2} /0 p(@3p® +a3) " dp
2 [
= = | p(@*+1)dp
T3 0

Using the substitution

pPP+1=v, dv=2pdp,

we obtain

[ 1 00
/ p(pQ + 1)—3/2 dp — / U_S/Q dv
0 2/

o
_ v’l/Ql
1
=1
This proves the lemma. ©

We continue the proof of Theorem 2.8. Let 2 € U be fixed. Using the lemma, we have
forall z € U,

uw) =@ < [ Kl@alals) ~o(a")| () = Int
Let € > 0 be given. There exists § > 0 with
l9(y) —g(=”)| <& if |y—2°| <6, yedU.

In the following, let x € U and let |z — 2°| < §/2. (A further restriction, |z — 2°| < &1, will be
required below.)
We split the integration domain of Int into

Ms={ycdU:|y—a" <d}

and
OU\ My ={y € dU : |y — 2% > &} .

Denote

Int, = K(z,y)g(y) — 9(z°)| dS(y)
Ms

Inty — / K(z,9)lg(y) — 9(z°)| dS(y)
U\ M;
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oU \ M;

Figure 11: Region U from Theorem 2.8

For y € M; we have |g(y) — g(z°)| < &, which yields
Int1 <e.

To estimate Ints, we use the trivial bound |g(y) — g(z°)] < 2|g|s, but are more careful when
estimating the kernel K (z,y).
Recall that |z — 20| < %. For y € U \ Ms we have

ly — 2% + 2% — x|

ly—x| =

> Jy—a® — [2° - o
0

> |y—2% -2

2 ly—a’ -3

1 0
= §|y—$|
Therefore,
z3 1 T3 8
K(z,y)

Tomfr—ylP T 2w 20—y

It follows that .

Ints < 2|g|s 3.8 Ints
2m

It — dy1dys
o OU\M, 3/2
W (= y2)? + (2§ - 92)?)

. / dzleQ
|z|>8 |Z’3

o
= 27r/ r=2dr
)
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4]
This proves that
16
Inty < 2619l 7s
0
Together with the estimate for Int; we have shown that
16
Int < ey 1019l

J

for all z € U with |z — 20| < %. Here ¢ > 0 and § = () > 0 are fixed. There exists

0 = 51(5) > (0 with
16|g|00d
Sl _
Then, if z € U and
|z — 2% < min{y,0/2} ,

we have 0 < x3 < 41 and therefore
lu(z) — g(z°)] < Int < 2¢ .
This proves (2.38). ©

Decay of u(x) as |x| — oo. If g = 1, then the solution u(z) given by (2.37) is u = 1, a function
that does not decay as || — co. Now assume that g € C.(9U), i.e., there exists R > 0 with

g(y)=0 for [yl>R.
For |y| < R and |z| > 2R we have
1
o =yl 2 fal =yl = 5 laf ,

and therefore

r3 8 4 1
K 2 < -
(@,y) < 27 |z|? ~ 7 |x|?
This implies the decay estimate
4 /
u(zx)| < g(y)|dS(y) for |z|>2R.
u@l < o [ ow)IdS) for

Uniqueness of decaying solutions. The homogeneous Dirichlet problem
Aw=0 in U, w=0 on 09U, (2.39)
has many nontrivial solutions. For example,

w=z3(z3 —22) and w = x3e™ coszy
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are solutions. We claim, however, the following uniqueness result: If w € C?(U) N C(U) solves
(2.39) and
lw(z)] =0 as |z|] = o0,

then w = 0.
Proof: Suppose that w attains a positive maximum at the point z € U. (If w < 0 then consider
—w.) For 0 < R < z3 we have, by the mean—value theorem for harmonic functions,

1
W) = s /a ) dS)

Since w(y) < w(x) for all y, this implies that w(y) = w(z) for all y € OBr(x). As R — x3 we
obtain a contradiction to the boundary condition, w(y) = 0, for all y € OU. This contradiction
proves that w = 0.

It is now easy to show the following result:

Lemma 2.7 Recall that U = R‘}r denotes the upper half-space. Consider the Dirichlet problem
Au=0 in U, u=g on 0OU,

where g € C.(OU). The function

u(z) = | K(z,y)g9(y)dS(y), zeU,
oUu

solves this problem, and u(x) is the only solution of the problem with |u(x)| — 0 as |x| — oo.

2.10 The Green’s Function for the Unit Ball

Let U = B; = {z € R3 : || < 1} denote the open unit ball in R3. We try to find a Green’s
function for the Laplace operator in the form

G(z,y) = ®(r —y) — H(z,y)

where AyH (z,y) =0 for x,y € U and H(z,y) = ®(x —y) for x € U,y € OU.
For x € U,z # 0, define the reflected point

.z
T=.

|z [?

Note that |#| = & > 1. We claim that we can take

||
H(z,y) = ®(|z|(z ~y)), z€U, yeU.
Since A, ®(z) =0 for all z # 0, it is easy to see that Ay H(z,y) =0 for y # .
Next we show the second condition, H(z,y) = ®(x —y) for x € U and y € OU.
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Figure 12: Reflected point &

Lemma 2.8 If |z| <1 and |y| =1 then

z||z —y| = |z —yl, (2.40)
and therefore H(x,y) = ®(x —y) forx € U and y € OU.
Proof: We have

21z ol = o (JP - 22 y+1)
= 1-2z-y+|zf
= |z -y

This proves the lemma. ¢

Remark: For x = 0 the reflected point & = x/|z|? is not defined. Therefore, the function
H(z,y) = ®(|z|(z — y)) is not defined for x = 0. However, this singular behavior of the
expression ®(|z|(Z — y)) at x = 0 is harmless. For z # 0 and y # & we have

- 11 1
(el =) = T
By
1 1
A |~ laly]

As x — 0 this expression converges to ﬁ. We therefore define H(0,y) = ﬁ and note that the
conditions Ay H (0,y) = 0 and H(0,y) = ®(0 —y) for |y| = 1 are satisfied. In the following, the
harmless singular behavior in the expression H(x,y) = ®(|z|(Z —y)) at = 0 will be ignored.
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Computation of the Poisson kernel for U = B;. We have

0G (x,y)
K(z,y) = —————= for z€U and e oU
(z,y) an(y) y
and n(y) =y for |y| = 1. Since
1 1 1 1 1
Gr,y)=———— 7=

we obtain

1z —yj 1 75—y
Dy = (T L hy
wC@Y) = T G TP "Rl =P

For all y with |y| = 1 we obtain

0G(z,y)
W = y'vyG(xay)

1 (a:-y—l 1 x-y/\x|2—1>

dr Nz —yP o] |2 -yl
 lyzey—-1 zey—|zf?
N E<|J/‘*y|3 - |33|3|9?*y|3>
11 )
= Em(m-yflf:p-erh:])

In the last equation we have used (2.40).
From the above expression for 0G(z,y)/0n(y), we obtain the Poisson kernel,

1— |z

K(x,y)zm

for |z <1 and |y|=1.

Similarly as in the half-space case, one can prove the following result:

Theorem 2.9 Let g € C(0By). Then the function

u(r) = K(z,y)9(y)dS(y), =z € By,
0B1

satisfies:
1. ue C>®(By) ;
2. Au=0in By;
3. for all 2° € OBy we have
lim  u(z) = g(z°) .

r—x0,2€ B!
Furthermore, if a function v € C%(B1) N C(By) satisfies
Av=0 in By, v=g on 0Bi,

then v = u.
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2.11 Symmetry of the Green’s Function

We know from matrix theory that real symmetric matrices have many special properties. For
example, their eigenvalues are real and can be characterized by variational properties. Also, the
matrices can be diagonalized by an orthogonal transformation. Similar results hold for many
integral operators with symmetric kernels, i.e., for operators T of the form

(Tf)(x) = /U Glz.y)f(y)dy with G(z,y)=Gly,x) .

In the two examples that we have considered it is easy to check directly (i.e., by using the
expression derived) that the Green’s function G(z,y) is symmetric, i.e.,

G(z,y) =G(y,x) for z,yelU, z#y.

To check this, we only have to show that H(x,y) = H(y,x).
1) For U = R} we have

AnH (2, y) = |~1| = ((961 - yl)2 + (22 — yz)2 + (—x3 — y3)2)_1/2

and
1 -1/2

|9 — x|

ArH (y,x) = == ((y1 - $1)2 + (y2 — @)2 +(—y3 — $3)2>

We see that H(x,y) = H(y,x), and therefore G(z,y) = G(y, ).
2) For U = B; we have

1 1
4 H (z,y) 2 T= _.|
G
1
ol Ifﬂly’
_. L
|21
and, similarly,
1
47TH(ya .’E) -
| = lylal
_. L
|22

Here we have

al? = (g~ lely) - (7~ lelv)

= 1-2z-y+ =]}y
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This expression is symmetric in « and y. Therefore, |z1| = |22, which implies H(z,y) = H(y, z)
and G(z,y) = G(y, x).
Let us show that the symmetry of G(z,y) in theses examples is not accidental, but is implied
by the symmetry of the operator Lu = —Aw under homogeneous Dirichlet boundary conditions.
For functions f, h defined on a domain U one defines the L? inner product by

(f,h) = /f(ﬂ?)h(x) dx .

The integration domain is always U.
Then, if u, v are smooth functions on U with u = v = 0 on OU, we obtain through integration
by parts,

(“Auwv) = - / (Ao dz
-y / (D;u)(Dj) da

= —/uAvd:U

= (u,—Av)

The equality (—Au,v) = (u, —Awv) expresses the symmetry of the operator L = —A on the
space of functions satisfying homogeneous Dirichlet boundary conditions.

Let us show that this symmetry of —A implies symmetry of the Green’s function. To this
end, consider the two Dirichlet problems

—Au=f in U, u=0 on 0U,

and
—Av=h in U, v=0 on 9U,

where f and h are given functions. The solutions are

u(w) = [ Gla.w)f(0)dy

and
o) = [ Glay)hty)dy .
We have Lu = f, and therefore

u) = [ [ G @) dyds

Similarly, since Lv = h we obtain that

i) = [ [ G o) dyds
~ [ [cworr@ni dy
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The last equation follows by renaming of the variables x and y. Since (Lu,v) = (u, Lv) we have
shown that

//(G(gc’y) B G(y’x)>f($)h(y) dydz =0 .

Here f and h are arbitrary smooth functions on U. It follows that G(z,y) — G(y,x) = 0 at all
points (z,y) € U x U where G(z,y) is continuous. Therefore, G(x,y) = G(y,z) for x # y.
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3 The Heat Equation and Other Evolution Equations With
Constant Coefficients

3.1 The Cauchy Problem for the Heat Equation
3.1.1 Solution Using the Heat Kernel

In one space dimension, the Cauchy problem for the heat equation reads

U = Ugye for z€R, t>0, (3.1)
u(z,0) = f(x) for zeR. (3.2)

Here f € C(R) N L*®(R) is a given function. We claim that a solution can be written in the

form 4 ~
uet)= [ Bla-n0f)dy seR >0, (33
where 1
2
@x,tzie_x/“, reR, t>0, 3.4
@0 = (34)
is the so—called heat kernel. The function (3.3) is called the heat kernel solution of the problem
(3.1), (3.2).

Remark: It is easy to generalize to n space dimensions. Then the heat equation reads
u; = Au, and the heat kernel is

B(z,t) = (drt) M2 P e R £ 0. (3.5)
For simplicity, we assume n = 1.
Lemma 3.1 The heat kernel (3.4) has the following properties:
1. ® € C*°(R x (0,00));
2. &y =D, in R x (0,00);
8. [ ®(x,t)dx =1 for allt > 0.
4.

. ] oo for z=0
t£%1+@(x,t) N { 0 for  x#0

4The solution of the Cauchy problem is not unique unless one puts some growth restrictions on u(x,t) as
|z| = oco. We will only discuss the solution given in terms of the heat kernel.
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Proof: Properties 1 and 4 are obvious. Property 2 is easy to check: Set F = E(x,t) = e~ /4t
and set ¢(x,t) = t~Y/2E(x,t). Obtain that

_ Lspp et g
@ = 75 42
— t—1/2Ej
1 2t
1 3/ —1/2 x 2
= St 32E 4y /E<—>
Qzx 5 + o

The equation ¢; = ¢, follows. To check 3, substitute y = z//4t,

/ e~ 4y = \/47/ eV’ dy = V4nrt .

Theorem 3.1 Let f: R — R be a bounded continuous function, and let u(x,t) be defined by
(3.3). Then we have:

1. u € C®(Rx(0,00)), and all derivatives of u can be computed by differentiating the formula
(3.3) under the integral sign,

o
DiDju(e,t) = [ DIDib(a -~ y.0)f()dy. weR t>0.
—00

2. Ut = Ugy forx € R and t > 0;

3. for all z° € R,

li t) = f(z°) . 3.6
mﬁﬁmgm» f@) (3.6)

Proof: 1. Suppose we want to show that u,(x,t) exists and
wrlert) = [ Do - yt)f ) dy (37)
This is easy if f € C.(R): Just note that
Oz +h—y,t) = Bz —y,t) + hdy(x —y,t) + O(h?) .
If one only assumes that f € C(R) is bounded, then one must use decay of the derivatives of

®(x,t) as |x| — co. We carry this out below.
Once 1. is shown, the equation u; = u,, follows from &; = &,.,.
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Figure 13: For proof of Theorem 3.1

Proof of (3.6): Let e > 0 be given. There exists § > 0 with | f(y) — f(z%)| < € for |[y—2"| < 4.
In the following, let |z — 2°| < §/2. We have

fu(wt) — f@¥)] < / B(r—y.0)|f(y) — F(2)] dy

- ot /
/Iyx°|<5 ly—a0[>d

= L+

Here I1 < ¢, and it remains to estimate Is. We have
B<2fl [ @y t)dy = 2fld
ly—20|>8

Since |z — 2| < §/2 and |y — 2% > § we have

ly—z| > |y—2° —|z—2°
5
> 20— =
> |y -2 5
1
> Zly—2Y.
> Q\y x|

Therefore,
J o= (4mt) 12 / o~ (=v)?/it g
ly—20]>d
< (47rt)1/2/ e—(=a®)?/16t g,
ly—20|>d
= (47rt)1/22/ e 2/16t g, (substitute £ = z/4V/t)
5

= C / e de
§/4\/t

Note that [ e d¢ — 0 as r — co. It follows that, for |z — 20| < g,

lu(z,t) — f(z)] < Li+1
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IN

a+2|f|ooC/ e € de
5/4Vt
2e

IN

for 0 <t <d7. ¢

Supplement to the proof of Theorem 3.1. Suppose we only assumes f € C N L*, but do
not assume that f has compact support. To justify that one can differentiate the formula (3.3)
under the integral sign, one must use that the derivatives of the heat kernel decay as |z| — oco.
We carry out some details.

Lemma 3.2 Let G(y) = e v, Then, form =1,2,...

D"G(y) = pa(y)Cly)  with ng‘;

where p,(y) is a polynomial of degree n.
Proof: Induction in n.

Lemma 3.3 Let G(y) = eV and let ®(x,t) = (4mt)"/2G(x(4t)~1/2) denote the heat kernel.
Then, for allty >0 and all i =0,1,... and all j = 0,1,... there is a constant C(i, j, to) so that

|DiDId(x,t)| < C’(i,j,to)e_xQ/St for t>ty and zeR.
Proof: Since D;® = D2® we have
DiDI® = DIT%®
Let n = j + 2¢. Using the previous lemma, we can write
Drd(x,t) = (4mt) 2 (4t) " 2p,(y)Gly) with y = x(4t)" V2.

Since ) 2
Pn ()G ()| < Cu(l+|y|Me ¥ < Cle v /?

the claim follows. ¢

A generally useful mathematical tool is Taylor’s formula with remainder in integral form,
which can be obtain through integration by parts. We carry this out to lowest order only.

Lemma 3.4 For q € C?0,1] we have

1
a(1) = 4(0) +¢'(0) + / (1— )¢ (s)ds .
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Proof: We have
1
a(1) — q(0) = /0 ¢(s) ds
1
= dO6=1| - [ =i
1
- q(O)-i—/O (1 —3s)q"(s)ds

If ¢ € C?[0, h] and one sets q(s) = ¢(sh),0 < s < 1, then one obtains

1
6(h) = 6(0) + h? (0) + h? /0 (1 - 8)¢"(sh) ds

This is Taylor’s formula with remainder in integral form.
If we apply the formula to

¢(h) = ®(x+h—yt),

then we obtain

1
O(x+h—uy,t) :<I>(1:—y,t)—I—thq)(:U—y,t)—l—hQ/ (1 —s)D2®(z 4 sh —y,t)ds .
0

Therefore,
u(x + h? t) - u(:c, t) = h/ qu)(x - Y t)f(y) dy + h2R(£7 t, h)

with

00 1
R(z,t,h) = /_ /0 (1 — 8)D2® (2 + sh —y,t) dsf(y) dy

Using the bound for D2® of Lemma 3.3, we have

|R(x,t,h)]

IN

1 o)
‘f|oo// |D2®(x + sh — y,t)| dxds

|f|oo / / —(z+sh—y) /Btdxds .

IN

(3.8)

It is now clear that |R(z,t, h) remains bounded as h — 0. Therefore, if we divide formula (3.8)

by h and let h — 0, we obtain that D,yu(z,t) exists and is given by
[e.e]
wrlert) = [ Do - pt)f ) dy
—00
The higher derivatives of u(z,t) are treated in the same way.
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3.1.2 Decay of the Heat Kernel Solution as |z| — oo

Assume that f € C.(R), i.e., there exists R > 0 with f(y) =0 for |y| > R. Let |z| > 2R. Then
we have

1
2=yl 2 Je| - R2 5 el

and therefore,
e—(ac—y)2/4t < e—:vz/lﬁt ]

For |z| > 2R we obtain the solution estimate

1
4t

u(z, t)] < e8| f 1

ﬁ

Thus, the solution decays rapidly as |z| — oo.
In particular, one obtains the following:

Lemma 3.5 Let f: R — R denote a continuous function with compact support and let u(x,t)
denote the heat—kernel solution of the Cauchy problem

Ut = Ugy, U(ZE,O) = f(‘/E) .
Then, for every e > 0 and every T > 0 there exists R = R(e,T) > 0 with

lu(z,t)| <e for |z|>R and 0<t<T.

We claim that all derivatives of u(x,t) also decay rapidly as |z| — co. For example, we have

R
|%@JN<ZR@A%WU@N@>

where

For |x| > 2R we obtain, as above,

@ —x2/16t )

1
< — e
= Vart 4t

This proves that |u,(x,t)| tends to zero rapidly as |z| — oc.

|uz (2, )
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3.1.3 Uniqueness of Decaying Solutions Via Maximum Principle

We consider the Cauchy problem
Ut = Uy, for z€R, t>0; wu(x,0)=f(x) for zeR,

where f € C.(R). Let u(x,t) = [ ®(x — y,t)f(y) dy denote the heat kernel solution and let
v(z,t) denote any solution which satisfies the decay property formulated in Lemma 3.5. We
claim that v = .

To show this, set w = u — v. Clearly,

W = Weyy, w(z,0)=0,
and w has the decay property formulated in Lemma 3.5. Set
q(z,t) = e w(z,t) .
It is easy to show that

gt = Qza — 4

and ¢ has the decay property formulated in Lemma 3.5. Suppose that ¢ is not identically zero.
There exists 1 € R and T > 0 with g(x1,T) # 0. There exists R > 0 with

lg(x,t)| < |q(z1,T)] for |z|>R and 0<t¢t<T.

Therefore, in the region

R x [0, 7]

the function |g(x,t)| attains a maximum. Let the maximum be attained at (xg,tg) where
0 <ty < T and assume that

q(xo,t0) >0 .

(If g(x0,t0) < O then consider —q.)
We have ¢, (o, tp) < 0 and the equation

qt = qzx — (4
yields that

qt(.%'(),to) <0.

However, this implies that

q(zo,t —e) > q(xo,t9) for 0<e<<1.
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This contradiction proves that ¢ =0, i.e., v = u.

Remarks on Non—Uniqueness. Consider the Cauchy problems

Up = Ugg, u(x,0)=0.

If one does not imposes any growth restrictions on u as |z| — oo, then one cannot conclude
that u = 0. An example is given by Fritz John:
Let a > 1 and define the function

() = 0 for t<0
I = exp(—t~%) for t>0

One can show that g € C*°(R).
For (z,t) € R? set

B e g(j)(t) 2
u(z,t) = jzz:o @)l J

_ 1 / 2 1 " 4 1
= g(t)+§9(t)x a9 (t)x tad

()2 + ...

One can show that u € C°°(R?) and all derivatives can be applied term by term.
One obtains that

ug = g'(t)+
Uge = 0+4(t)+
It follows that u; = uz, and u(x,t) = 0 for t < 0. Clearly, u(0,t) = g(t) > 0 for t > 0.

3.1.4 Derivation of the Heat Kernel Using Fourier Transformation

Let & denote the Schwartz space, i.e., S consists of all functions f : R — C which are in C*°

and which satisfy 4
2|¥|D? f(2)] < On,y, z€R,

forall N =1,2,...and all j =0, 1,.... The functions f € § are smooth and all their derivatives
are rapidly decaying.
For f € S the Fourier transform is

f(k) :c/e_ikxf(:v)dx, keR,

where



9 ay

. . 2
Figure 14: Gaussian e~ for 0 < as < aq

In this section, the constant ¢ always equals ¢ = 1/+/27.
One can prove that f € § and

f(z) = c/eik‘”f(k:) dk, zeR.

The formula (3.9) is called the Fourier representation of f.
The next lemma says that the Fourier transform of a Gaussian is again a Gaussian.

Lemma 3.6 Let f(z) = e with o > 0. Then we have

f(k) _ C\/Ze—k2/4a ]

In particular, the Fourier transform of e~ /2 jg ekK*/2

Proof: Let
k) = f() = c [ e et s,
thus
g (k) = —ic/e"/I”“Y/ceo‘:’“"2 dx .
Note that

f(@) = ~20af(z), wfla) =5 f'(x).
This yields

(3.9)



Also,

g9(0) =c¢ o

Applying the ODE method of separation of variables to the differential equation ¢'(k)

—% g(k), we obtain that

og(28) = - g1y,

_ T —k2/4a
g(k) = c\/;e .

Lemma 3.7 Let f(k) = e %"t where t > 0. Then we have

thus

1 1 2
—— —x? /4t )
fla) =~ e

Proof: Consider

By the previous lemma,

We choose « and (3 so that

T
T_q, —=—¢
pe o T 4o
This yields
1 3 1 1
o= —, = — )
4t c \Art

Consider the initial value problem

Ut = Ugq, U(ZL‘,O) = f(l‘) :

We Fourier transform in the z—variable and obtain

A~

s (k,t) = —k*a(k,t), a(k,0) = f(k) .

Thus, we have obtained a simple ODE initial value problem for each wave number k. Clearly,

ak,t) =e 1 f(k), keR.
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Using the definition of the Fourier transform, and its inverse, we have
u(z,t) = c/eikx_k%f(k‘) dk
_ 62//eikx—k2t—ikyf(y> dydk
— 2 /eik(m—y)—th dk f(y) dy
~ [e@-y0swdy
where

D(z,t) = CQ/eikZe_thdk

= (e

1 6—22 /4t
Vdmt

eikzefk2t dk)

—

In the last equation we have used the previous lemma. We have computed the heat kernel via
Fourier transformation.

3.2 Evolution Equations with Constant Coefficients: Well-Posed and Ill-
Posed Problems

We consider general constant coefficient evolution equations w; = Pu with initial condition
u(z,0) = f(x). We will define when the problem is well-posed and when it is ill-posed. For
simplicity, we will assume that f(z) is a 2r—periodic trigonometric polynomial. Then one can
always solve the problem u; = Pu,u(x,0) = f(z), even if it is ill-posed.

The crucial question is if the solution operator Sy(t) is bounded for ¢ > 0 or not. In the
bounded case, the problem is well-posed, in the unbounded case it is ill-posed.

3.2.1 Solution via Fourier Expansion

Consider an evolution equation
uy = Pu

where u = u(x,t) is an unknown function and P is a spatial differential operator of the general
form
m
Pu= ZajD]u, D =0/0x .
j=0

Here the a; are constant numbers, which are real or complex.
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Examples:
ut = Ugyg, P:D27
U = —Upy, P=-D%,
W = iUy + Uppe, P =1iD+ D?.

We consider the equation u; = Pu together with an initial condition

u(,0) = f(z) .
Let us first assume that ‘
f(x) = e = cos(kz) + isin(kz)
where k is an integer, the wave number of the function f(x).
We try to obtain a solution in the form

u(z,t) = a(t)e™™

where a(t) is an amplitude that needs to be determined. Note that
Deik:p — ikeikx D2eikz — (ik)Qeikx

etc. This yields A ‘

Pet = P(ik)e™

where
m

P(ik) = a;(ik)’
j=0
is the so—called symbol of the differential operator P. The symbol P(zk‘) is obtained from P by
formally replacing D with ik. Note that the function k& — P(ik) is a polynomial of degree m.
The function u(z,t) = a(t)e™*® solves the equation u; = Pu if and only if
' (t) = P(ik)a(t) .

Also, the initial condition u(z,0) = e**

a(t) — ef:’(ik)t7 u(a;,t) — ep(ik)t eikx )

¥ requires a(0) = 1. One obtains that

If f(z) is a trigonometric polynomial,

M
fl@)y=>_ bpet, (3.10)
k=—M
then the solution of
Ut:Pu, U(I’,O):f(x),

is obtained by superposition,

M
u(zx,t) = Z bpel Rt gtk (3.11)
k=—M
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3.2.2 The Operator Norm of the Solution Operator

To measure the solution at any fixed time ¢, we introduce the L? inner product and norm of
2m—periodic functions by

2
(u,v):/o a(@)o(@) dz,  |ull = (w02, wv e L2(0,27)

The sequence of functions

forms an orthonormal system in L?(0, 27).

Let T denote the space of all 2r—perioic trigonometric polynomials, i.e., 7 consists of all
functions f(z) that have the form (3.10) for some finite M.

If f € T then we can write

M
fl@)= > flk)pu(x) (3.12)
k=—M

where

A

f(k) = (o, f), kel,

are the Fourier coefficients of f. It is easy to show that Parseval’s relation holds,
AP =D 1F k)P
k
The solution formula (3.11) takes the form

u(,t) = Yk, t)ox(x) (3.13)

k

= 3P f (k) () (3.14)
k

For every fixed real ¢ (positive, negative, or zero) define the solution operator Sy(t) : T — T by

Thus, So(f) maps the initial function f to the solution at time ¢. Since
oL (k) (s+t) — P(ik)s PRt o o) s,teR ,

it is easy to see that
1. Sp(0) = id;

2. So(s+t) = So(s)So(t) for all real s,¢.
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Definition 3.1 Let (X, ||-||) be a normed space. A linear operator L : X — X is called bounded
if there is a constant C' > 0 with

| Lu|| < C|lu|| for all we X . (3.15)

If L is bounded then the smallest constant C with (3.15) is called the operator norm of L, denote
by ||L||. If L is unbounded we will write ||L|| = oco.

We will apply the concept to the operators So(t) : 7 — 7T, where the norm on 7 is the L?
norm and where ¢ is fixed.

Lemma 3.8 We have o
|So(Oll = sup ‘ep(”“)t‘ - (3.16)
€

In particular, the operator Sy(t) is bounded if and only if the supremum on the right side of
(3.16) is finite.

Proof:
a) Let @ denote the supremum. Let f € 7 be given as in (3.12). Then we have

ISo(®) 17 = D la(k, )|
k
_ Z‘ep(ik)t]@(l{;)
k

Q*lIfI”

Thus, if @) < oo then the operator Sy(t) is bounded and ||So(¢)|| < Q.
b) Assume that @ < oo and let £ > 0 be arbitrary. There is a wave number k with

:

IN

ep(ik)t‘ >Q—¢.

Choosing f = ¢(z) we obtain ||So(t)f]] > (Q — ¢)||f||. Therefore, ||Sp(t)|| > @ — . Since
e > 0 was arbitrary, we obtain that |So(¢)|| > Q. Together with a), the equality ||So(t)|| = @
is shown.

¢) Assume that ) = co. Given any positive integer n there is a wave number k with

‘eP(ik)t‘ >

As in b) obtain that ||So(¢) f|| > n||f]| for f = ¢x. Since n is arbitray, we obtain that ||So(t)|| =
00. ©

Examples:
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1. Consider the heat equation, u; = u,,. Here

P=D? P(ik) = -k, [P0 = P71

thus
|1So(t)||=1 forall ¢>0.
2. Consider the backward heat equation, u; = —u4,. Here
P=—D% P(ik) =k, [P0 =t
thus

|So(t)|| =00 forall ¢>0.
3. Consider the first order equation u; = iu,. Here
P=iD, P(ik)=—k, [P0t =t

thus
|So(t)|| =00 forall ¢>0-.

4. Consider the Schrodinger equation u; = tu,,. Here
P=iD?% P(ik) = —ik? | =1

thus
|So(t)|| =1 forall teR.

5. Consider the heat equation with a lower order term, u; = u,, + 10u. Here

P=D?+10, P(ik)=—k>+10, [P0 = (A+10)¢
thus
1So(2)]| = €' forall t>0.
3.3 Well-Posed and Ill-Posed Initial Value Problems for Constant Coeffi-
cient Operators
Definition 3.2 The initial value problem
ug = Pu, u(z,0) = f(x),

with 2w —periodic initial data f(z) is called well-posed if there is a time to > 0 and a constant
C > 1 with

1So®)|| < C for 0<t<t. (3.17)

If such an estimate does not hold, then the initial value problem is called ill-posed.
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Examples: We obtain form the previous computations of || Sy(t)|| that the 2r—periodic initial
value problem is well pased for the equations

Up = Ugy, Ut = Ugy, U = Uge + 10w,

and ill-posed for the equations
Ut = —Ugg, Ut =1Ug .

If the problem is well-posed, then the norm of ||Sy(¢)|| cannot grow faster than exponential
for increasing t. We will show this next.

Lemma 3.9 Assume that the 2m—periodic initial value problem for uy = Pu is well-posed.
Then there are constants a > 0 and C > 1 with

1So(t)]| < Ce™, t>0.
Proof: Let C' > 1 and ty > 0 be determined as in (3.17). Given ¢t > 0 we write
t=mnty+ 71,

where n =0,1,... and 0 < 7 < ty3. Obtain that

1o ()]l 150 (o) I 150 ()
ey

<
< C
Here n < t/tg, thus
c" = enlogC < eat
with
log C
to

Assume that the 2m—periodic initial value problem for u; = Pu is well-posed. If f €
L?(0,27) then define the finite Fourier sums

k=—n

One can show that
lf = fall =0 as n—oco.

Therefore, for ¢ > 0,

150(8) fm — So () full < [1So()H].fm — fall -
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Since L?(0,27) is a complete space w.r.t. the L?>-norm, the sequence Sy(t)f, converges. One
calls

u(+t) = lim So(t)fn =: S(t)f

n—oo
the generalized solution of
ut = Pu, wu(z,0) = f(x) .

Thus, if the problem is well-posed, one obtains a generalized solution for initial data f €
L?(0,27). If the problem is ill-posed, then the sequence Sy(t)f, will generally not converge as
n — oo.

3.4 First—Order Hyperbolic Systems in One Space Dimension

Let u = u(x,t) denote a function depending on the space variable € R and the time variable
t. We assume that u takes values in CV. If A € CNV*V is a given matrix, then

up + Auy =0

is a first—order system for u. Such a system is called strongly hyperbolic if all eigenvalues \; of
A are real and there is a non-singular matrix S € CN* which diagonalizes A,

STYAS = A = diag()\;) .

If u; + Au, = 0 is a strongly hyperbolic system and if S~'AS = A is real and diagonal, then

define new variables v(x,t) by
u(z,t) = Sv(x,t) .

The system u; + Au, = 0 transforms to vy + Av, = 0, thus one obtains N decoupled scalar
equations,
th—l—)\jngc:(), j=1,...,N.

An initial condition

u(z,0) = f(x)
transforms to

vj(@,0) = g;(x)
where

f(@) = Sg(a) = 3 S05(a)

Here the S; are the columns of S, which are the eigenvectors of A.
One obtains that

u(z,t) = Sv(z,t)

= ZSjUj(ZL‘,t)
= ZSjgj(xf)\jt)
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if
u(z,0) = Zsjgj(ﬂf) :

Thus the eigenvalues of A are the propagation speeds for a strongly hyperbolic system u; +Au, =
0.

3.5 The 1D Wave Equation Written as a Symmetric Hyperbolic System

A first order system u; + Au, = 0 is called symmetric hyperbolic if A = A*. Clearly, such a
system is strongly hyperbolic. We will show here that one can write the 1D wave equation as
a symmetric hyperbolic system. Then we apply the solution process of the previous section.
Consider the 1D wace equation
Wt — CQUJI:C .

Assume that w(x,t) is a smooth solution and set
Uy = W, U = CWy .

Then we have
2
Ut = Wit = C Wyg = CU2

and
U2t — CWyt — CWtgy — CUyg -

We can write the two equations for uq, us in systems form,

()= (2 a) (),

Thus the system has the form u; = Au, where the matrix A equals

A:<28>.

Thus A is real and symmetric with eigenvalues +¢c. We have
(1 1 41 /1 01
S‘<1—1>’S _2<1—1>

S™1AS = diag(c, —c) .

and
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3.5.1 Derivation of d’Alembert’s Formula

We want to solve
Wit = Wiy, w(z,0) = a(z), wi(x,0)=/[(x).

Introducing uq = wy, us = cw,, as above, we obtain the symmetric hyperbolic system u; = Au,
and the initial condition

u(z,0) = f(z) with fi(z) = 5(z), falz) = co(x) .

Then, following the general process of diagonalizing the hyperbolic system etc., we obtain

we) =5 (1) perarty (L) - e

To obtain the solution of the wave equation, consider the second component, us = cw,. We
have

cwy(z,t) = wug(x,t)
= SRRt S (- R )
1 c 1 c
= 55(33+C75)+§Oz(1’+ct)—§B(x—ct)+§a(x—ct)

Therefore,

wy(z,t) = % (a'(x + ct) + o/ (z — ct)> + % (,6’(95 +ct) — B(x — ct))

Integration yields

wie,t) = 3 (ale +a) +a@ —a) + 5 ( /0 " By - /0 " Bty)y) + o0t

By requiring the initial conditions,
w(z,0) = a(z), w(z,0) = p(x)

it follows that ¢(0) = ¢’(0) = 0. Also, the wave equation wy = c*w,, requires that ¢”(t) = 0.
It follows that ¢ = 0. We have derived d’Alembert’s solution formula,

we.t) = 3 (atere)+ate—e) + o ([ - [ )

— % (a(x +ct) + alz — ct)) + 1 /:er B(y)dy -

2c —ct

Remark: There is a faster but less systematic way to derive the formula: One can write
the wave equation as
(Dt + ¢Dy)(Dy — ¢Dg)w =0 .
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This implies that any smooth function of the form
w(z,t) = a(x + ct) + b(z — ct)
satisfies the wave equation. Requiring the initial conditions

alz) = w(z,0) =a(z)+ b(x)
B(x) = wz,0)=cd (x) —cb(x)

one obtains
a(z) +b(x) = a(z)
a(x) —b(z) = % /0 B(y)dy + const

Solving this linear system for a(z) and b(z) leads to d’Alembert’s formula.

3.6 The Euler Equations for 1D Compressible Flow

We use the 1D Euler equations as an example to illustrate the important process of linearization.
It is not difficult to generalize to 2D and 3D.

Let u(z,t), p(z,t), p(z,t) denote velocity, density, and pressure of a gas, respectively. Here
we assume, for simplicity, that u, p, and p depend on only one space variable, x € R. The
scalar u(z,t) represents the velocity in z—direction. The 1D Euler equations consist of the
momentum equation, the continuity equation, and an equation of state. In their simplest form,
the equations read

(pu)e + (putt)z + pa
pt+ (P“)x =

P\
b = Po(*)
o

Here pg and pg are reference values for p and p. The exponent -y is the ratio of specific heats at
constant temperature and constant volume. For air one has v = 1.4.

Subtracting u times the continuity equation from the momentum equation, one obtains the
equivalent system

0
0

plug +uug) +p, = 0 (3.18)

pr+(pu)z = 0 (3.19)
P\

p = p()(%) (3.20)

Note that any constant vector function
(u7 p7p) = (U, pOaPO)
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solves the system.
We want to derive the small disturbance equations. To this end, substitute

u(z,t) = U +eu(x,t)
p(x,t) = po+ep(z,t)
p(l‘,t) = Do +€ﬁ(‘r7t)

into the system (3.18) to (3.20). If one divides the resulting equations by € and then neglects
terms of order €, one obtains the following linear system for u, p, and p,

po(ﬁt—FUﬂ@)-‘rﬁm = 0 (3.21)
P+ polie +Upe = 0 (3.22)
= 2 (3.23)

Po

We can use the last equation to eliminate p from the first equation. If we then drop the tilde
notation, we obtain the equations

ut—i-Uuz—i—%pz = 0

0
pt+pouz +Upy = 0

<Z>t+A(Z)I:0 (3.24)

A:< U ’Yp0,00_2> .
Po U

Ao=Uz, /20
Po

Since the eigenvalues of A are real and distince, the system (3.24) is strongly hyperbolic. The
eigenvalues A2 are the propagation speeds of small disturbances in the Euler equations. The
speed

In systems form, we have

with

The eigenvalues of A are

_ [7Po
a = -
Po
is the sound speed corresponding to the state (po, po).
The values
po = 101kilopascals = 1.01  10° Newton meter 2
po = 1.293%1073g em™3

v = 14



correspond to air at standard conditions. One obtains that

1.4%1.01 cm?
2 8 3 -2

= —— x10°%10° % 10"~ —

“ 1.293 ¥ * * sec?

1.4%1.01%10 _ , m?

*
1.293 sec?
which yields

a = 330.7 %

sec
for the speed of sound.

3.7 General Constant Coefficient Systems, First Order in Time

In this section we let x € R™ and consider a system

uy=Pu, xeR" teR, (3.25)
where
P= > A,D*.
loo|<m
Here
a=(ag,...,ap)

is a multi-index of order
o] = oy
J

and

0

The matrices A, € CN*N are constant. We first consider the system u; = Pu with an initial
condition
u(z,0) = e*%aqy, x€R", (3.26)

where k € R™ is a fixed wave vector and ag € C¥ is a fixed vector of amplitudes.
To solve (3.25), (3.26), we make the ansatz

u(z,t) = e*a(t) .
We obtain that the function u satisfies the system u; = Pu iff
d'(t) = P(ik)a(t)
where

P(ik) = (ik)*Aq
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is the so—called symbol of P and
(tk)* = (k1) - - - (ikp)™™ .
Thus, (3.25), (3.26) is solved by
u(z,t) = eikmeﬁ’(ik)tao .

Let 7 = T(R",C") denote the space of all trigonometric polynomials in n variables,
x1,...,Tn, taking values in CV. Thus, every f € T has the form

J(@) = @m) 23 e (k) (3.27)
k

where f (k) € CN and where the sum is taken over finitely many wave vectors k € Z". The
factor (27)~"/? is introduced here in order to avoid a scaling factor (different from one) in
Parseval’s relation; see formula (3.28) below.

The system u; = Pu with the initial condition u(z,0) = f(x) is solved by

u(w’ t) _ (27T)—n/2 Z eik-zeﬁ(ik)tf(k) )
k

For every t € R we have obtained the solution operator Sy(t) : 7 — T which maps f € T to
the solution u(-,t).

In order to define well-posedness of the 27r—periodic initial value problem, we introduce a
norm on the space 7T

For f € T let

12 = /Q (@) da |

Here | - | denotes the Euclidean norm in CV and
Qn = [07 27T]n :

If k,1 € ZL™ are wave vectors with integer components, then
(eik-x eilm) — / ei(l—k).x dr =0

for k # l. Using this, it is not difficult to show Parseval’s relation:

IAZ =D 1f )P, fFeT. (3.28)
k

Using this relation, the proof of the following result is easy.
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Lemma 3.10 If So(t) : T — T denotes the solution operator defined above, then we have
So(t)]l = sup |7
keZ™

In particular, the operator Sy(t) is bounded if and only if the supremunm is finite.

Proof: Let f € T be arbitray and let u(-,t) = So(t)f. We have
lu( 1)[* = §jwﬂ*%ﬂm2

< Z P2 | f

< (sup B )

V)

= (sup |ePC

(k)I”

Hfll2

Taking square roots, this estimate proves that

1So(@)] < Sup. PR

To prove that equality holds, let € > 0 be arbitray. There exists ky € Z™ with

|615(ik0)t| > sup ’6 zk)t| €.
keZ™
Furthermore, there exists a nonzero vector a € CV with
jePliko)tq| = | PRt g
If one chooses
flw) = ota
then one obtains that
I10()71 > ( sup 16" —<) 1]

This completes the proof of the lemma. ©
Definition 3.3 The 2w —periodic initial value problem for the equation uy = Pu is called well-
posed, if there exist constants tg > 0 and C > 1 with

1So(t)]| <C for 0<t<tg.
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Using the previous lemma, we can express the operator norm ||Sy(¢)|| by the matrix norms
of R
PR
One obtains the following result.

Theorem 3.2 The 2w —periodic initial value problem for the equation uy = Pu is well-posed if
and only if there exist constants ty > 0 and C' > 1 with

PR < O forall keZ" and 0<t<tp.
3.8 Symmetric Hyperbolic Systems: Maxwell’s Equations as an Example
Definition 3.4 A first order system
u =A1Diu+ -+ A, Dyu
is called symmetric hyperbolic if Aj = A% for j=1,...,n.

An important example is given by the (scaled) Maxwell system in vacuum. If F = E(x,t)
and H = H(x,t) denote the electric and magnetic fields, then Maxwell’s equations read

1
Ei——VxH = 0,
Ho

1
H+—VxE = 0.
€0

Introduce the scaled variables

E=\mE, H=,7H.

In these variables, the system becomes

Et_ ng = O,

VA=)

VxE = 0.

H, +
" /ogo

The quantity
1

v/ HOE0

turns out to be the speed of propagation for the system, which is the speed of light.
Dropping the tilde notation, we obtain the system

CcC =

E—cVxH = 0, (3.29)
Hi+cVXxE = 0. (3.30)
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If V: R? — R3 is any smooth vector function, then we have

3
VxV =Y B;D;V (3.31)
j=1

where the matrices B; € R3*3 are skew symmetric,
B =-B;, j=123.

For example, since

DoV — D3Vy 00 O
VxV=| DsVi—DiVz3 | =0 0 -1 | DiV+--.
D1Vo — Do Vy 01 0
one obtains that
0 0 O
Bi=1 0 0 -1
01 0

With the notation (3.31), the (scaled) Maxwell system (3.29), (3.30) reads

(§)t+zj:cAij(g)—o

where A; is a 6 x 6 matrix that has the block form

(0 =B
A]_<Bj 0 )

Since BJ-T = —B; it follows that AJ-T = A;. In other words, the (scaled) Maxwell system (3.29),
(3.30) is symmetric hyperbolic.

Theorem 3.3 The 27 periodic initial value problem for a symmetric hyperbolic system

u; = Pu = ZAiju, A; =A;,
J

is well-posed. The operator norm of the solution operator Sy(t) satisfies
|So(®)|l =1 forall t.
Proof: We have A
J

and note that U* = —U, i.e., U is skew Hermitian. Therefore, the theorem follows from the
following lemma.
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Lemma 3.11 If U € CV*N satisfies U* = —U, then we have
eV =1 forall t.
Proof: Let a(t) denote the solution of the ODE system

d(t)="Ua(t), a(0)=ap .

We have
d
% ’a|2 = (a,a'> + <(I/,(I>
(a,Ua) + (Ua, a)
= 0.

Therefore, |a(t)| = |ag| for all t. Since a(t) = eV’ag we obtain that |Vt =1. o

3.9 An IlI-Posed Problem

In the next example we will consider an ill-posed problem. Example: Consider the system
11 0 0
ut—<01>ux+<10>u.
A ik ik
P(ik) = ( 1 ik > .

1 .
)\172:7;/{:|:\/ZT\/E where \[Z:E‘l—\%

For k > 0 the matrix P(ik) has an eigenvalue with real part

1
Rexlzﬁ\/ﬁ

In this case,

The eigenvalues of P(ik) are

It follows that, for ¢ > 0,
leﬁ(ik)t‘ > V2t

For ¢t > 0, the right—hand side tends to infinity as k — oo. Therefore,
sup \eﬁ(ik)t| =00 .
k

This implies that the solution operator Sy(t) is unbounded for ¢ > 0. Thus, the 27 periodic
initial value for the system is ill-posed.
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3.10 Strongly Parabolic Systems in 1D
Definition 3.5 A 2nd order system

up = Augy + Bug + Cu (3.32)
is called strongly parabolic if A+ A* is positive definite.

Theorem 3.4 The 2w periodic initial value problem for a strongly parabolic system (3.32) is
well-posed.

Proof: We have R
P(ik) = —k*A +ikB + C' .
Let a(t) satisfy A
d'(t) = P(ik)a(t), a(0)=ap .

Then we have, for ¢t > 0 and some positive constants ¢; and 4§,

d 9
£]a|

(a,d’) + (d', a)

= (a,(~k*A+ikB + C)a) + ((—k*A + ikB + C)A, a)
—k*(a, (A + A%)a) + c1 (1 + [k])|af?

(—K*6 + c1 (1 + [K])) |af?

VARVAN

Here the constant § > 0 can be chosen as the smallest eigenvalue of A + A*; one then has the
estimate

(a, (A + A%)a) > §|a|?

for all a € CV. The above estimate for (d/dt)|a|? implies that there exists a constant o > 0,
independent of k£ and ag, so that

d
7 la]? < 2alal? .

It then follows that
la(t)] < e*agl ,

and therefore, A
PR < ot forall t>0.

96



4 The Wave Equation and First Order Hyperbolic Systems

4.1 The Wave Equation in 1D: d’Alembert’s Formula

Consider the Cauchy problem

U = gy, ¢>0, (4.1)
with initial condition
u=g, w=h at t=0. (4.2)
The solution is
1 1 x+ct
u(z,t) = = (g(a: +ct) + g(x — ct)) + — / h(y)dy . (4.3)
2 2¢ x—ct

4.2 An Initial-Boundary—Value Problem for the 1D Wave Equation

The formula (4.5) given below will be used later for the 3D wave equation.
Consider
utt:62u$$7 33207 tZO )

with initial condition
u=g¢qg, w=h at t=0, x>0,

and boundary condition
u=0 at =0, t>0.

Assume the compatibility condition
9(0) = h(0) =0 .
Extend g and h to x < 0 as odd functions; thus define
g(—x) = —g(x), h(—zx)=—h(z), =>0.

Then solve the Cauchy problem. Note that the solution satisfies the boundary condition
u =0 at z = 0. Obtain the following solution of the IBV problem:

1 r+ct

u(z,t) = f(g(ac +ct) + g(x — ct)) + / hy)dy, 0<ct<z, (4.4)
2 2c r—ct
1 T+ct

u(z,t) = f(g(x +ct) —g(—x+ ct)> + / h(y)dy, 0<z<ct. (4.5)
2 2¢ —x+ct

Formula (4.4) is just d’Alembert’s formula. To obtain (4.5) note that

glx —ct) = —g(—x + ct)

—x+ct
/ h(y)dy =0 .

—ct

and
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Figure 15: Extention of g(z) and g(x)

4.3 The Wave Equation in 3D: Kirchhoff’s Formula

Consider the Cauchy problem for the 3D wave equation,
uy = cAu, zeR3 t>0,

u=g, uw=h at t=0.

First assume that u(x,t) solves the problem. For fixed x define the spherical means (for r > 0):

1
Ut = [ udsw)
1
= — u(x 4+ rz,t)dS(z) ,
47T 8B,
1
G = g | 9)aS0).
1
H = .
M) = 7 /8 O

These means also depend on the fixed point x, but this is suppressed in our notation.
We will show below how to compute the function U(r,t) by solving a 1D initial-boundary

value problem. Then, since
liné U(r,t) = u(x,t) (4.6)
T

by the mean—value theorem, we can compute u(z,t) from U (r,t).
To compute U(r,t), first note that

U(r,0) =G(r), U(r,0)=H(r), r>0,

since u = g and uy = h at t = 0.
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In the next lemma we show that U(r,t) satisfies a PDE, the so—called Euler—Poisson—
Darboux equation.

Lemma 4.1 The function U(r,t) satisfies the Euler—Poisson—Darboux equation,
2 2
Uy =c (UM + ; Ur) . (47)

Proof: We have, using the relation y = = + rz for y € 9B, (z) and z € 0B,

U(r,t) = % - u(z +rz,t) dS(z)
1

Un(rt) — i )3 /a (D)o =, 1)2 dS ()

1 , Yi —Zj
~ Y [, o, Pintn.) B ds)

where

Therefore, by Green’s theorem,

1
Up(r,t) = WZ/B()D?U(Z/J)C@
J i

1
- t)d
Amr2c? /Br(m) ey 2)

Obtain that

1
2
U, (r,t) = — ,t)d
UG = [t
1 /T
= — uy(y,t) dS(y) dp .
anc? Jo JoB, () (y:1) dS(y)
Differentiation in r yields
1
2
T 7t r = T 5 7t d
(r<Uy(r,t)) Tnc? /aBr(x) ui(y,t) dS(y)

2
r
= g Utt(’r, t)

Thus we have shown that U(r,t) satisfies the equation,

2
r
7"2U7«r,~ + 2?”U7« = 07 Utt .
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Multiplication by ¢?/r? proves the lemma. o

Remark: If one generalizes from R? to R” and defines the spherical means by

1
Ulr ) = ——— /a o M 0dSw).

wprtL

then one obtains the equation

n—1

Uy = CZ(U’I‘T + Ur) .

,
Consider again the 3D case where the function U(r,t) satisfies (4.7) and set
U(r, t) =rU(rt), éf(r) =rG(r), H(r)=rH(r).
The function U (r,t) satisfies the differential equation

[tht = CQUTT s (48)

the initial condition

U=G, U;=H at t=0,

and the boundary condition 3
U=0 at r=0, t>0.

Proof of (4.8): We have

U = (rU),=U+rU,
U = 20U, +1Upy
~tt = rUy
= TCZ(UM+%UT)
= AU,

Our aim is to compute u(z,t) as the limit, as r — 0, of U(r, ?); see (4.6). Therefore, we have
to compute U(r,t) = L U(r,t) for small r > 0. Using (4.5) we have, for t >0 and 0 < r < ct,

U(r,t) = 2% (@(ct + 1) — G(ct — 'r)) + — /CHT H(y)dy .

2er ct—r

Taking the limit as » — 0 one obtains,

u(z,t) = G'(ct)+ %ﬁ(ct) (4.9)
- 47;%2/% ( )(g(y) +(y —z) - Vg(y) —|—th(y)) ds(y) . (4.10)
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The first formula follows from the mean value theorem. To derive the formula (4.10), note the
following:

Gy = GO
G'(r) = G(r)+rG(r)
G = o | ewdsw
1
= I aBlg(:c+rz)dS(z)
G = ﬁ [ 2 (Va)(e+r2)dS(:)

472 r

1 —x
= / Y -Vg(y) dS(y)
OBr(x)

) = /8 AR

H(r) = rH(r)

1
= — h(y) dS(y
sy, MESW)

The formula (4.10) follows by adding the expressions for G(r),rG’(r), and %f[ (r), evaluated at
r = ct.

To summarize, we have shown the following solution formula for the Cauchy problem of the
3D wave equation,

- 1 -
u(z,t) = G'(r) + EH(T) with r=ct, (4.11)
or, more explicitly,
1
_ — 7). ith =ct. 4.12
W)= g [ (000 (- 0)- Volo) + b)) dSG) with r=cr (112

These formulas are called Kirchhoff’s formulas for the 3D wave equation.

Discussion: In the following, we assume t > 0. Note that r = ct is the distance traveled
by a signal in time ¢ if the propagation speed is ¢. The formula (4.12) shows that the value
u(x,t) depends on g, Vg, and h on the surface of the ball B,.(x) only. In other words, the initial
data g, Vg, h at some point 2©) influence the solution precisely at the surface of the so—called
forward light cone of z(©), which consists of all world points (z,t) € R* with

lz—2O)=ct, zeR3 t>0. (4.13)
(The points (z,t) with |z — (9| < ¢t lie strictly inside the light cone (4.13); the points (z,t)

with |z — 29| > ¢t lie strictly outside the light cone (4.13).) In particular, the data g, Vg,h
at 2(°) do not influence the solution u(z,t) at points (z,t) that lie strictly inside the light cone
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(4.13). Therefore, one says that for the 3D wave equation, u; = c>Au, one has a sharp speed
of propagation of signals. This speed is the coefficient c¢. If, for some other problem, the data
at £(9) do not influence the solution outside the light cone, but do influence the solution inside
the light cone, then c is called the maximal speed of propagation, but not the sharp speed of
propagation. In the next section we discuss the 2D wave equation and will see that c is the
maximal, but not the sharp speed of propagation.

Focussing of Singularities: Let ¢ : [0,00) — R denote a smooth function and consider
the 3D wave equation with initial condition

u(z,0) = ¢(|z]), w(x,0)=0 for ze€R>.

Let us consider u(0,t), i.e., we let x = 0 in Kirchhoff’s formula.
We have g(x) = ¢(|z|) and

Also,

The formula

u(0,t) = G'(r) with r=ct
yields that

u(0,t) = ¢(r) + r¢'(r) with r=ct.

Consider the continuous function

and its derivative

&(r) = —%\/fj for 0<r<1
0 for r>1

For 0 < ¢t < 1 the solution u(0, t) only depends on the initial data in the open ball B;(0) where
the initial data are smooth. One obtains that

for 0<ect<1.

1 ct
0,t) =vV1—ct— =
w(0,1) ¢ 21 —ct

Therefore,
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1
u(0,t) > —c0 as t— — .
c

Here the initial data are continuous, but not differentiable. The singular behavior of the deriva-
tive of the function ¢(r) at r = 1 gets focussed at x = 0 and leads to a blow—up of u(0,t).

4.4 The Wave Equation in 2D: The Method of Descent

A solution u of the 2D wave equation also solves the 3D wave equation if one assumes that u
is independent of the third space dimension. We use the 3D formula (4.11) and then descent

to 2D.
Let
r = (r1,22), T=(x1,22,23) .

Assume that u(z,t) solves the Cauchy problem for the 2D wave equation,

uy = Au, zeR? t>0,

u(z,0) = g(x), ug(z,0) = h(z), zcR*.

Set
u(x1, o, w3,t) = u(xy,x2,t)
g(x1, 20, 23,t) = g(x1,22,1)
h(z1,x2,23,t) = h(x1,22,1)

Clearly, 4(Z,t) solves the 3D wave equation with Cauchy data @ = g,u; = h at t = 0. From

(4.11) obtain that
a(z,t) = G'(r) + EI:I(r) with r=ct
where .
-1 [ g@dsm) .
(r) = o) 9(y) dS(y)

and H(r) is defined similarly. The integral in the formula for G is

Int = / 9(y1,y2) dS(9)
OB, (z)

r

= 2/ 91, 2 dy
o " R
Explanation 1: Let p = |z — y| and f(p) = (r> — p?)'/2, thus

fl(p) = —p(r* — p*) 12
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One can parameterize the upper and lower half-spheres of dB,.(Z)(C R?) by the solid circle
B, (z)(C R?) in an obvious way: For example, the upper half-sphere is parametrized by

R(y1,y2) = <y17y2,9€3 + /2 — (21— 1) — (22 — 3/2)2>, y = (y1,92) € Br(x) .

Then, at distance p from the center of the circle B, (x), the (local) surface area of the sphere
0B, () is larger than the corresponding (local) area of the circle B, (x) by a factor dl where

(@) = (dp)*+(df)*
= (@ (1+ (df/dp)?)
= (dp)*r?/(r* = p?) ,

thus
r

A

This leads to the factor r/(r? — |z — y|?)'/? in the above integral (4.16). The factor 2 appears
in (4.16) since the sphere 0B, (Z) consists of two half-spheres.

Explanation2: Let

R(y1,2) = <y1,y2,$3 + /12— (z1 — 1) — (22 — y2)2), y = (y1,92) € By(x)

denote the parametrization of the upper half-sphere of 9B, (z)(C R?), as above.
We have

DiR(y1,y2) = (1’0’:61/,_%7%1)
DyR(y1,y2) = <0’1’$i},3{2>

with

Vo=V —lr—yl?.
It is elementary to compute the length of the cross product and obtain

r

|D1R(y) x DaR(y)| =

The formulas (4.14) and (4.16) yield that

~ 1 9(y)
Gy = & dy | 4.17
)= 2 Sy TP =z — g2 Y (4.17)
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and similarly

- 1 h(y)
H = —
") = 3 o =l = g P12

dy .

It remains to compute G’(r). To this end, we first transform the integral in (4.17) to the fixed
domain B; using the substitution

y=x+rz, z€Bi, dy=ridz.

One obtains that
~ r g(x +rz)

G(r) = — d
") =5 o G2
thus
Gry=2L [ gatrd g 1 [ 2 NVgldrz)
“an Ly =22 P 2 T

We transform back to the integration domain B, (z) using the substitution

y—x
, .

t4+rz=y, dz=r2dy, z=

Therefore,
~ 1 9(y) r / 2 V()
G, = - d r d
) = 5y T BB 58 ) Tl

r 1 9(y) + (y —x) - Vg(y)
- /, @ Py

2 T2

Adding the corresponding contribution from %f] (r), one obtains the following Kirchhoff formula
for the solution of the 2D wave equation,

_r 1 9(y) + (y — =) - Vg(y) + th(y)
u(z,t) = 2 2 /Br(z) (12 — |z — y2)1/2

dy with r=ct.

The formula shows that signals can propagate at most at speed ¢. To compute u(z,t), one needs
the initial data in the whole circle By (x), not just on the boundary of the circle. Conversely,
let 2(©) be some fixed point in R? and consider the light cone emanating from 20 i.e., consider
all world points (x,t) with

lz—2O|=ct, zeR? t>0.

The initial data at z(%) influence the solution u(x,t) at all points (z,t) inside and on the light
cone, i.e., at all points (z,t) with

lz -2 <ct, zeR? t>0.

Thus, for the 2D wave equation uy = c2Au the speed c is the maximal speed of propagation
and there is no sharp speed of propagation.
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Figure 16: Cone |z — x(0)| <ct, z € R?

4.5 The Inhomogeneous Wave Equation: Duhamel’s Principle

As a motivation, first consider an ODE system
u'(t) = Au(t) + F(t), u(0)=a, (4.18)

where A € R™ " is a constant matrix, a € R" is an initial value, and F(¢) is a continuous
inhomogeneous term. If F' = 0 then the solution is

u(t) = eta .

If the inhomogeneous term F'(t) is present in (4.18), then the solution is
t
u(t) = eta +/ A= (s)ds .
0

Thus, the solution operator Sy(t) = et of the homogeneous equation v/ = Au can be used
to solve the inhomogeneous equation. This idea works in great generality. Though the wave
equation is of second order in time, we have to modify the idea only slightly.

Consider the inhomogeneous wave equation,

uy = Au+ F(z,t), zeR3 t>0,

with homogeneous initial data
U= U = O at t= O .

For 0 < s <t let v(x,t;s) denote the solution of the Cauchy problem

v = AAv for t>s

v(z,t) =0, wv(z,t) = F(z,t) at t=s.
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Lemma 4.2 If v(x,t;s) is defined as above, then the function

u(z, t) = /Otv(x,t;s) ds

solves the inhomogeneous wave equation, uy = ¢2Au + F, with initial condition u = u; = 0 at
t=0.

Proof: It is clear that © = 0 at t = 0. Also,

t
ut(x,t) = wv(z, t;t)+ [ vz, t;s)ds
0

t
= /vt(x,t;s)ds,
0

thus u; = 0 at t = 0. Differentiating again in ¢ we obtain that
t
up(z,t) = vz, t;t) +/ vy (x, t; 8) ds
0

t
= F(x,t)+ 02/ Av(z,t;s)ds
0
= F(x,t) + AAu(z,t) .
This proves the lemma. ¢

Remark: The above arguments were only formal; we did not check that we actually obtain
a smooth function u(z,t) and are allowed to differentiate under the integral sign etc. All this
can be justified if F'(z,t) is sufficiently smooth.

Using Kirchhoff’s formula (4.12) (with ¢ = 0 and h(y) = F(y, s)) we have for 0 < s < t,

),
v(x,t;8) = ————— F(y,s)dS(y) ,
( ) 47T02(t - 8) OB(z,c(t—s)) (y ) (y)
. u(z,t) = 1/t/ Fly,s) dS(y)ds
’ dre Jo JoB(a,e(—s)) ¢t —s) '
Substitute

d
c(t—s)=r, dS:—l’ s—t_ "
c c

1 ct F(Z/v t— %)

This is an integral over the solid 3D ball B(z, ct):

F t— |z—y|
w(z t) = — /B( . Fot= o) g, (4.19)

to obtain that

T e |z — y|
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Note that
|z -y
T = —-——
c

is the time for a signal to travel from y to = at speed c. If we want to compute u(x,t) we must
integrate over B(z,ct) and, for every y € B(x,ct), we must evaluate F(y,-) at the retarded

time t — 7. The integrand in the above formula (4.19) is called a retarded potential.

4.6 Energy Conservation for Symmetric Hyperbolic Systems and for the

Wave Equation

Consider a symmetric hyperbolic system
n
Ut = ZAiju, Aj = A;(
j=1

where u(z,t) € CV, 2 € R™. The energy at time ¢ is
Et) = |lu( )|
= /\u(x,t)|2 dx
If |u(x,t)| — O sufficiently fast as |z| — oo then one obtains through integration by parts,

%E(t) = /(ut,u>+<u,ut>d:c

= Z/(Aiju7u> + (u, A; Dju) d
J
= 0

Thus the energy is conserved during the evolution.
As an example, consider the 2D wave equation,

Wyt = Cz(wm + wyy) -

If one sets
uy = Wt
Uy = CWg
Uz = Cwy

then one obtains a symmetric hyperbolic system for u(x,y,t). In this case the conserved energy

1S

E(t) = / (w0)? + A (wy)? + A(w,)? dady .
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u(z,t) u(z,t)

0 1 z 0 1 T
(a) (b)

Figure 17: IBVP u; + au, =0 for (a) a < 0, (b) a >0

4.7 Initial-Boundary Value Problems for Strongly Hyperbolic Systems in
1D

First consider the scalar equation

in the strip
0<z<1, t>0. (4.20)

At t = 0 we give an initial condition

u(x,0) = f(z) .

To determine a solution in the whole strip (4.20) one needs boundary conditions. The sign of
the characteristic speed a is important.
Case 1: a > 0. Since u travels to the right, we give a boundary condition at the left
boundary z = 0,
w(0,t) = ho(t), t>0.

Case 2: a < 0. Since u travels to the left, we give a boundary condition at the right
boundary z =1,
u(1,t) = hi(t), t>0.

Case 3: a = 0. In this case the solution is u(x,t) = f(z), i.e., the solution is determined by
the initial data. We do not need any boundary condition and are also not allowed to prescribe
an boundary condition.

If the initial data f(x) and the boundary data ho(t) or hi(t) are compatible, then the above
problem has a unique solution.
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u(z,t)

Figure 18: IBVP u; + au, =0 for a =0

Remark: Let a > 0, say. One can also determine a unique solution by prescribing u(1,t) =
hi(t) for ¢ > 1/a. However, in this case one needs future data, for ¢ > t;, to determine the
solution at the time ¢;. This is often unreasonable, and we will ignore such possibilities to
determine a solution.

Second, consider a strongly hyperbolic system

up + Auy =0

in the strip (4.20) with initial condition u(z,0) = f(x). By assumption, there is a transformation
S with
STYAS = A = diag(\1, ..., M), N ER.

Introduce a new unknown function v(x,t) by
u=Sv

and obtain
v+ Avy, =0, v(x,0) = g(x)
with f(z) = Sg(x). The variables v;(z,t) are called characteristic variables. The system for v
decouples into n independent scalar equations,
Vit + )\jvjx =0, Uj(l', 0) = gj(a/:) .
The solution is
vj(2,t) = gj(x = Ajt)

but we need boundary conditions to determine the solutions v; in the whole strip. The guiding
principle is the following: At each boundary, the boundary conditions must determine the
ingoing characteristic variables in terms of the other characteristic variables.
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As an example, take a case where n = 2 and
AL>0> A

Then, at z = 0 the variable v; is ingoing and vs is outgoing. Conversely, at = 1 the variable v
is ingoing and v; is outgoing. Therefore, one can use the following kind of boundary conditions
to determine a unique solution in the strip:

v1(0,8) = avs(0,t) + ho(t) (4.21)
va(1,t) = Bui(1,t) + hy(t) (4.22)

As before, a smooth solution will exist if compatibility conditions are satisfied between initial
and boundary data. If the boundary conditions are formulated directly in terms of the (physical)
u variables, instead of the characteristic v variables, then one needs one boundary condition at
xz = 0 and one boundary condition at x = 1. In addition, in principle it must be possible to
rewrite the conditions in the form (4.21), (4.22). If this can be done or not depends, in general,
on the transformation u = Sv between the variables.

Now assume that we have n = 2 and

/\1>0, Ao >0 .

In this case both variables v; and vo are ingoing at x = 0 and outgoing at x = 1. We need to
prescribe both variables at x = 0,

v1(0,8) = hor(t),  v2(0,t) = hoa(t) .

Equivalently, we can prescribe the vector u(0,t) at the boundary z = 0.
In general, let

Aj >0 for j=1,...,1,
Aj <0 for j=l+1,...;0+r,
Aj=0 for j=l+r+1,....n.

We partition the vector v correspondingly,

of
o1
s
In terms of the chracteristic variables the boundary conditions can take the following form:

At 2z =0:
UI(O,t) = Ry < :III(O,t)) > + ho(t) . (4.23)

At x = 1:



Here the matrix Ry is I x (n —1) and Ry is r X (n —r)
In terms of physical variables, the boundary condition at £ = 0 can take the form

Qou(0,t) = qo(t) (4.24)

where Qg is [ x n. If one is careful one should check that the condition (4.24) can be rewritten
in the form (4.23). To this end, note that u = Sv; therefore, (4.24) reads

QQSU(O,t) = qo(t) .
The matrix Q.S has the block form

QoS = (QoS’, QoS , Qus™")

where S’ contains the first [ columns of S, etc. If

det(QoS") # 0

then the condition (4.24) can be written in the form (4.23) and therefore the condition (4.24)
is an admissible boundary condition at = = 0.

Similar considerations apply to the boundary condition at x = 1: It can have the form
Q1u(1,t) = q1(t) where Q1 is r x n, and one should check that det(Q1S'') # 0.

As an example, we consider the linearized Euler equations. We recall that they have the

form
(1) 4(3).
p t P x

A:( U 7100,002> ‘
Po U

Here U is the speed of the underlying base flow and pg and py are the pressure and the density
of the underlying flow. The number + is the ratio of specific heats. (For air, v = 1.4.) The
sound speed corresponding to the underlying base flow is

_ /[P0
a = —_— .
£0

It is easy to check that the matrix A has the eigenvalues

with

Mp2=U=a.
Let us check how many boundary conditions are needed in different cases.

1. |U] < a; the base flow is subsonic. We have A; > 0 > A3 and need one boundary condition
at x = 0 and one boundary condition at z = 1.
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2. |U| > a; the base flow is supersonic.

a) If U > a > 0 then we have supersonic inflow at = 0 and need two boundary conditions
at x = 0. In this case A\ 2 > 0.

b) If U < —a < 0 then we have supersonic inflow at x = 1 and need two boundary
conditions at x = 1. In this case A1 2 < 0.

3. |U| = a; the base flow is sonic.

a) If U = a > 0 then we have sonic inflow at z = 0 and need one boundary conditions at
2 = 0, no boundary condition at x = 1. In this case Ay > 0 = Ao.

b) If U = —a < 0 then we have sonic inflow at = 1 and need one boundary conditions
at x = 1, no boundary condition at x = 0. In this case \; = 0 > Ao.

Another simple example is given by the wave equation,
_ 2
Wy = C Wz, €>0),
written as a first order system. If
Uy = W, U2 = CWy

then one obtains

up + Auy =0
with
0 1
A——c(1 0). (4.25)
The eigenvalues of A are
A2 = Fc.

Thus one needs one boundary condition at x = 0 and one boundary condition at z = 1. A
possibility is to require
up =0 at =0 and z=1.

(1)

STLAS = diag(—c,c) .

If

then

The transformation v = Sv reads

uy = v+

Uz = V1 — V2
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Thus, in terms of characteristic variables, the boundary condition u; = 0 is
vp=—v; at =0,

vy=-vy at z=1.

Here we see that at each boundary the ingoing characteristic variable is determined in terms
of the outgoing one. (At x = 0, the variable vy corresponding to A2 = ¢ > 0 is ingoing, for
example.)

Consider again the above system u; + Au, = 0 where A is given by (4.25) with ¢ > 0.
Consider the boundary conditions

up+upg =0 at z=0, w3 =0 at x=1.

Thus we have changed the boundary condition at z = 0. In terms of characteristic variables,
the boundary condition u; + us = 0 at x = 0 reads

v=0 at =0

since

1 1 1
_ a1 -1_ 1+
v=58"u, S —2<1 _1>.

Thus, the boundary condition prescribes the outgoing characteristic variable vy at = 0. (The
variable vy is outgoing since it corresponds to the eigenvalue Ay = —¢ < 0 of A.) In general,
the resulting initial-boundary value problem will not have a solution since, at least for some
time, the values of v; at x = 0 are determined by the initial data, and the boundary condition
v1 = 0 will typically contradict these values.
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5 Parabolic Systems with Variable Coefficients: Solution by
Iteration

Consider the initial value problem,
U = Augy + B(z,t)uy + C(z, t)u+ F(x,t), u(z,0)= f(x) (5.1)
for x € R,0 <t <T. We make the following assumptions:
1. A, B(z,t),C(z,t) € RVN F(x,t), f(x) e RN forall z € R,0 <t < T.

2. A is constant and
A=AT>6I, 6>0.

3. The functions B, C, F, f are C'"*° and are 2r—periodic in x for each time ¢t with 0 <t <T.
For example,
F(z+2m,t) = F(x,t) .

Because of the assumption A = AT > 0, one calls the system symmetric parabolic.

We want to prove that the initial value problem (5.1) has a unique solution u(z,t) which is
C* and 27—periodic in . The main difficulty is to prove the existence of the solution.

To this end, consider the sequence of functions u"(z,t),n = 0,1, ... defined by the iteration

uptt = Aul + Bz, tl + Oz, t)u" + Fx,t), o™ (2,0) = f(2) , (5.2)
starting with u%(z,t) = f(x). Each function v = u"*! solves a problem
v = Avgy + G(z,t), v(z,0) = f(x), (5.3)

where G € C* is 2r—periodic in . Using Fourier expansion, we will construct a solution v(z,t)
of (5.3).
First proceeding formally, we write

v(w,t) = Y ¢u(@)i(k,t) (5.4)

k=—00

where
1

= eikr )

For each wave number k € 7Z, one obtains an ODE initial value problem for the function o(k, t),

A~

oy (k,t) = —k2Ad(k,t) + G(k,t), 0(k,0) = f(k) . (5.5)
We know that this IVP has the unique solution
t
ol 1) = e=FHA (k) + / e R =94 Gk 8 ds . (5.6)
0

One can prove the following: If ©(k,t) is defined by (5.6), then the series (5.4) defines a C'*
solution of (5.3). We will prove this in Section 5.4. To summarize:
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Theorem 5.1 Let G(xz,t) and f(x) be C™ functions that are 2m—periodic in x. Then the
problem (5.3) has a unique classical solution v(x,t) that is 2m—periodic in x. This solution v is
C smooth and is given by (5.4) with v(k,t) given by (5.5).

Using this theorem, it is clear that the sequence u"(z,t),n = 0,1,... is well-defined, and
each function u"(x,t) is C*° and is 2r—periodic in z. Our aim is to prove that the sequence
u™(x,t) converges to a C*° function u(x,t), which then is the unique solution of (5.1).

This is done in several steps. In a first step, we show that the functions u"(x, t) are uniformly
smooth. This means that all derivative satisfy bounds with constants independent of n.

5.1 Uniform Smoothness of the Functions u"(z,1)

We begin with the basic energy estimate. For any matrix or vector function M (z,t), which is
assumed to be smooth and 27—periodic in z, we use the notation

M| :max{\M(x,m 0<z<2m0<t gT} .

Also, the L?-inner product of vector functions u(z),v(x) taking values in R is

27
(u,0) = /0 (ule), () de

and ||u| = (u,u)'/? is the corresponding norm. If u = u(z,t) is a function of (x,t) we often
write for brevity,

[[u Ol = -

Lemma 5.1 There is a constant c; > 0, depending only on 6, |B|so, |Cloo, | BL e, with

d

7 [ < el P+ eaut| + [[FI? 0<t<T. (5.7)
Proof: We have
1d
- ||un+1H2 — (un-i—l’uzwrl)

2dt
(™ A + (@ Bu) 4+ (@, Cut) + (L F)
=Sl — (BT ) — (Bul ) + (un, Cut) + (L F)

=8l + <\B§|oo + ICloo) ™ [+ 1B ool [l HE+ a1

IN

IA

Using the inequality
b= (ea)ih) < Sa?y L
ab = (ea)(~ —a —
e T 2 2e2
to estimate the term

|Bloollu"[lu ™I
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the claim follows. ¢

Next we prove a simple result about a differential inequality. We will then apply the result
to (5.7).

Lemma 5.2 Let ¢ € C1[0,T],g € C[0,T] and assume that
¢(t) <chp(t) +9(t), 0<t<T,
where ¢ > 0. Then ¢(t) satisfies the bound

t
o(t) < e“¢(0) +/ eU=9g(s)ds, 0<t<T .
0

Proof: Set r(t) = e “¢(t). It is easy to show that
r'(t) < e g(t)
and therefore .
r(t) < r(0) +/0 e “g(s)ds .
Since ¢(t) = er(t) the claim follows. o

Using the previous two lemmas, it follows that there exist positive constants a and b, inde-
pendent of n, with

t
[ O Sty [ uns)Pds, 0<e<T,
0

for n = 0,1,.... This says that we can recursively estimate u"*! in terms of u".
In the next lemma, called Picard’s lemma, we show how such recursive estimates can be
used to obtain absolute bounds for u”, which are independent of n.

Lemma 5.3 Forn =0,1,... let ¢, € C[0,T] denote a nonnegative function. Let a,b denote
two nonnegative real numbers. Assume the recursive estimate,

t
¢n+1<t>3a+b/ bu(s)ds, 0<t<T |
0

forn=0,1,.... Then we have

n—1

o) <aS 22 LTy o<isT, (5.8)
= 7! n!
with
My = max ¢o(s)
Consequently,
on(t) < (a+|goloc)e™, 0<t<T. (5.9)



Proof: The bound (5.8) follows by induction in n. Then (5.9) follows since e” = bjj—fj o

Using the previous three lemmas, one obtains the following basic estimate for the sequence
of functions u"(z,t):
Lemma 5.4 There is a constant Ko > 0, independent of n, so that

[u" ()| < Ko, 0<t<T. (5.10)

We now show that we can also bound all derivatives of ¥™ in a similar way. The basic reason
is that the derivatives of u” satisfy equations that are quite similar to those satisfied by u™.
If we differentiate the equation (5.2) in x, we obtain

u = Ault 4+ Bu, 4 (B, + C)u" + G"

x TTrxr
with
G"=F,+Cyu™.

Thus, for the sequence u} one obtains a similar iteration as for . One should note that
|G™(-,t)|| is already estimated if one uses the previous lemma. In this way one obtains a bound

Juz( )l < Ky, 0<t<T.

The process can be repeated and one obtains bounds for u},. etc. Then time derivatives can be
expressed by space derivatives. One obtains the following result:

Theorem 5.2 For everyi = 0,1,... and every j = 0,1,... there is a constant K;j, independent
of n, with o
|DiDlu™(-,t)|| < Kij, 0<t<T. (5.11)

We want to show that we can bound DiDiu” also in maximum norm. To this end, we use
the following simple example of a Sobolev inequality.

Theorem 5.3 Let u € C'[a,b],u : [a,b] — R. Then the following estimate holds:
1
w2, < (14— )l + 1Dul®®,  Du(a) = o/(x) . (5.12)

Proof: Let

M? = maxu®(z) = u*(x)
x

and

m? = minu?(z) = u?(zo) .
x
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Suppose that xg < x1, for definiteness. We have

xr1

M? —m? = / (u?) (z) dz

0

~ 9 / " @) (2) da

0

Therefore,
M2 < m? + 2[ul| Dul
Since )
/ u?(z) dz > (b — a)m?
a
we have

M? <

o lull* + 2l Dl ,

and the claim follows. ¢

It is easy to generalize the Sobolev inequality to vector valued functions, u : [a,b] — RN by
applying the previous lemma to every component of u. Therefore, a simple implication of the
previous two theorems is the following. The result says that the sequence of functions u"(z,t)
is uniformly smooth.

Theorem 5.4 For everyi = 0,1,... and every j = 0,1,... there is a constant K;j, independent
of n, with o
|DiDJu"™(x,t)| < K5, z€R, 0<t<T. (5.13)

We cite a theorem of analysis, the Arzela—Ascoli theorem. The theorem will be applied
with
Q=10,27] x [0,T] .

Theorem 5.5 Let Q C R® be a closed and bounded set. For everyn =0,1,... letu™: Q — RN
be a continuous function.

Assume:

1) For all € > 0 there exists 6 > 0, independent of n, so that

[u"(y) —u"(2)| <e dif |ly—z <4

(One says that the sequence u™ is uniformly equicontinuous.)
2) There is a constant K, independent of n, so that

[uW"(Y)| < K forall yeQ and n=0,1,...

(One says that the sequence u™ is uniformly bounded.)
Under these assumptions there exists u € C(Q,RN) and a subsequence u™t with

[u™ — uloe =0 as mnp — 00 .
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We can apply Theorem 5.5 to every derivative, D%D%u". However, since the indices n and
n + 1 appear in the iteration (5.2), this does not suffice to obtain a solution u of the given
equation (5.1) in the limit as n — oco. One has to ensure convergence of the whole sequence
DiD%u” as n — 0o, not just of a subsequence. A key result, proved next, says that the whole
sequence u'* converges in some weak norm. This will then imply uniqueness of all possible limits
of subsequences of u™, and will in fact imply convergence as n — oo of u”. The details of the
arguments are given below.

5.2 Convergence of u” in the L,—Norm

We will show that u"(-,t) converges w.r.t. the Lo—norm for 0 < ¢ < ¢ty where ¢y > 0 is sufficiently
small.
Set
v =1 —u’, n=0,1,...

Define
0" o = s o, 1)]

Lemma 5.5 Ifty > 0 is small enough, then
n+1 1 n
[0y < 5 1" igr =0, (5.14)

Proof: We have
optt = A 4 Bol + Co", " (2,0) =0 .

Proceeding as in the energy estimate, we have:

d
202 < e (o2 + 0" 2)

where ¢; > 0 depends only on
d, |Bgloos |Bloos [Cloo -

Therefore,

t
o™t (8)]12 < 61/ eC1(t=s) [v"(s)||?ds, 0<t<T.
0

For 0 <t <tp:
t
an-‘rl(t)HQ < ”vnH?O Cl/ eCl(t—S) ds .
0

Evaluating the integral, we obtain

" @7 < "7 (e — 1) for 0<t<to.
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If we choose tg > 0 so small that
eftto 1

IN
ol

then the bound (5.14) holds. ©

A consequence of the previous lemma is the following: If 0 < ¢ < #¢, then
u" (-, t)
is a Cauchy sequence in Ly(0,27). Thus, there is a function U(-,t) € L2(0,27) with
lu"(-,t) —U(,t)|| =0 as n— o0 (5.15)

for 0 <t <ty.

5.3 Existence of a Solution of (5.1)

We begin with a simple convergence criterion of analysis.

Theorem 5.6 Let b, € R denote a sequence of real numbers. Assume:

1) Every subsequence of by, has a convergent subsequence;

2) All convergent subsequences of by, converge to the same limit, called b.
Then, b, — b.

Proof: If b, does not converge to b, then there exists an € > 0 and a subsequence b,, with
|bp, — b >¢ forall ny . (5.16)

By assumption, the subsequence b, has a convergent subsequence with limit b, which contra-
dicts (5.16). ©

It is clear that the result and its proof generalize to sequences in normed spaces:

Theorem 5.7 Let b, € X denote a sequence in a normed space X. Assume:
1) Every subsequence of by, has a convergent subsequence;
2) All convergent subsequences of by, converge to the same limit, called b.
Then, b, — b.

Let
Q =10,27] x [0, to]

and let X denote the space of all continuous functions
v:Q—RY
with norm

V| = max |v(z,t)] .

(z,t)eQ
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We regard u"(z,t) as a sequence in X. First, by the Arzela—Ascoli theorem, every subsequence
of u™ has a convergent subsequence with limit in X. Second, let u € X and assume

|u™ —ulog >0 as np — 00 .

This implies that

for 0 < ¢ < T. Therefore, u = U, where U is the limit constructed in (5.15). This shows that
U € X and that all convergent subsequences of u" (with limits and convergence in X') converge
to the same limit, namely U. By Theorem 5.7 we have

|u" —Uloc -0 as n —oo.

We now want to prove that U € C'° and that all derivatives of u" converge to the corre-
sponding derivatives of U w.r.t. |- |-
Set
v=uy e X .

By the Arzela—Ascoli theorem, every subsequence of v™ has a convergent subsequence. Suppose
that V € X and that
[0V — V]| =0 as np — 00.

We have, for any fixed ¢t with 0 <t < tg,

u (x,t) —u"*(0,t) = /OZ v (€, 1) dE .

In the limit as n; — oo,
x
Ula.t) - U0, = [ Vit
0
This proves that U can be differentiated w.r.t. z and that

U, =V .

n

In particular, every limit V € X (w.r.t. |- o) of any convergent subsequence of v = u} is

unique, because it equals V = U,. By Theorem 5.7 we obtain that

|uly = Ugloc -0 as n —oo.

n

This argument can be repeated for u},,

uy etc. One obtains:

Theorem 5.8 Let U = U(x,t) denote the limit of the sequence u™(x,t) constructed in (5.15).
Then U € C* is 2m—periodic in x and

|DiDiu™ — DiDIU|s — 0 as n— oo .
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Figure 19: Restart process

It is now clear from (5.2) that the limit function U (z,t) solves (5.1) for 0 < t < tg. At t =t
we can restart the argument and obtain a solution in ¢ty < t < 2¢3. The interval length, the
number tp, is the same as before since t only depends on 6, |B|., |Blso, |Cleo. After finitely
many steps we obtain a solution in the whole time interval, 0 < ¢ < T. It is easy to see that
the solution is unique: If there are two solutions, u; and wug, subtract them and make an energy
estimate for v = u; — us.

We summarize the result:

Theorem 5.9 Under the assumptions listed above, the initial value problem (5.1) has a unique
classical solution that is 2w —periodic in x. This solution is C'°° smooth.

5.4 Results on Fourier Expansion

The smoothness of a 2r—periodic function, u(z), can be characterized by the decay rate of its
Fourier coefficients, 4(k), as |k| — oco. The following result says, basically, that © € C*° if and
only if |a(k)| decays faster than any power, |k|™™, as |k| — oo.

Lemma 5.6 a) Let u: R — C denote a C*> function with u(z + 27) = u(x). Let
N 1 T ik
u(k):(qﬁk,u):m/o e ""u(r)de, kel,
denote the Fourier coefficients of w. Then, for every m=1,2,...
2
lu(k)| < C/o | D" u(x)|dx |k|”™, k#0.

Here c = 1//2.
b) Let o, € C,k € Z, denote a sequence of numbers. Assume that for every m = 1,2, ...
there is a constant Cy, with
jon] < Con [R]™™, K #0.
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Then the formula

u(z) =) ardi(x)
k

defines a 2w —periodic C> function and u(k) = .

Proof:
a) Through integration by parts,
c 2 )
u(k) = — e % Du(x) dx
Zk; 0
c 2 " )
_ —1RX
= /0 e " D*u(x) dx
etc. This proves the decay of the Fourier coefficients.

b) Set

For n > 5 we have

[Sn = Sjloe < Z ||

J<|k|<n
1
< 20, Z =
J<|k|<n

Since the series Y o, k™2 converges, it follows that the sequence of functions Sy, (z) converges
in maximum norm. The limit is a continuous, 2r—periodic function that we call u(z). Thus,
u € Cper.
Fix any derivative order, m. We have
n
D" Sp(x) = Y ap(ik)" () .

k=—n

Using the same argument as above, we find that the sequence of functions D™S,,(z) converges
in maximum norm to a continuous, 27—periodic function that we call U™,
Take m = 1, for example. We have

Su() = 5.(0) = [ DSutw)dy.
In the limit as n — oo we obtain that

u(e) —u(0) = [ UV @)y

0

This proves that v € C* and Du = UM, In the same way, UV € C* and DUM) = U, Thus,
u € C? and D?u = U@, Clearly, this process can be continued. One obtains that u € C®. o
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5.4.1 Application to the System (5.3)

First proceeding formally, one obtains from (5.3) the ODE initial value problems

by (k,t) = —k2Ad(k,t) + G(k,t), 0(k,0) = f(k),

(5.17)

for k € Z. Applying Lemma 5.6 a) we obtain that for every m = 1,2,... there is a constant

C,, with

|Gk, )| + | f (k)] < Con)k|™™ for 0<t<T and k#0.

For the solution 0(k,t) of (5.17) we have

d . 2
()

<{)7 ’[)t> + <@t7 @>
< —20k%02 4 2/0]|G|
< o +|GP

Thus, for 0 < ¢ < T, we obtain the (crude) estimate

t
wwszeWMW+/&*@ww%s
0

IN

k(50 + [ 1600 )

(5.18)

with K = e”. Using the bounds (5.18) it follows that for every m = 1,2, ... there is a constant

C/ with

[0(k,t)] < Cr lk|™™ for 0<t<T and k#O0.

Consider the sequence of partial sums of the Fourier series (5.4),

1 - tkx o
Sp(x,t) = T > €Tk, t)
k=—n

(5.19)

It is clear that S, € C*° and that S, is 2r—periodic in = for each fixed n. Using the bounds
(5.19) it is not difficult to show that the functions S, (z,t) are uniformly smooth, i.e., for all

t=0,1,...and all j =0,1,... there is a constant Kj;, independent of n, with

|DiDiS,(z,t)| < K;j for z€R and 0<t<T.

(To see this, first bound all derivatives of S, in the Ly—norm, using (5.19) and Parseval’s
relation; time derivatives can be expressed using the differential equation (5.17). Then use

Sobolev’s inequality to bound the maximum norm of all derivatives.)
Also, for ny > no we have

1Sn, () = S (L OIP < D0 [olk, 1)

no<|k|<ng

< Y KT

na<|k|<ni
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if we use the bound (5.19) with m = 1. This implies that S,(-,¢) is a Cauchy sequence in Lo.
The same arguments as in Section 5.3 can be used to prove that the sequence Sy, (z,t), along
with all derivatives, converges in maximum norm to a C*° function v(x,t),

m%x|D§D%(Sn(x,t) —v(z,t))| -0 as n—o0.
€T,

The limit function v(z,t) then solves (5.3).
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6 Exact Boundary Conditions and Their Approximations

In many physical problems one introduces artificial boundaries for computational purposes and
then has to formulate boundary conditions at these boundaries. A typical process to arrive at
boundary conditions involves the following steps:

1. Linearize the equations about a current approximation;

2. Freeze coefficients in a variable coefficient problem:;

3. Choose boundary conditions based on the analysis of the resulting constant coefficient
problems.

To illustrate the last step, we consider a model problem.

6.1 A Model Problem: Derivation of Exact Boundary Conditions

Consider the model problem
Up + Uy = Vg, u(x,0)= f(z), (6.1)

where f is a smooth function supported in —L < x < L.

Assume v > 0. Let u = ucp(z,t) denote the solution of the Cauchy problem. We first
try to find boundary conditions, imposed at * = +L, such that the corresponding IBVP is
well-posed and its solution, u;gy p, agrees with the solution ucp of the Cauchy problem for
|z| < L. Such boundary conditions are called exact, because they reproduce the solution of the
Cauchy problem exactly. It turns out that exact boundary conditions are not local in time.
Therefore, one cannot easily implement them in a numerical process. A second aim, then, is to
find approximations to the exact boundary conditions so that (1) the resulting IBVP is well-
posed; (2) the boundary conditions are easy to implement; (3) the error between the solution
of the IBVP and the desired solution of the Cauchy problem is small.

Let u(x,t) denote the solution of the Cauchy problem (6.1). Use Laplace transformation in
t. With

(o)
u(x,s) = / u(z,t)e 5 dt
0
we denote the Laplace transform of u(x,t) in time. Since u(z,t) is bounded, its Laplace trans-
form is defined for all s with Res > 0.

Recall a general rule of Laplace transformation: If v(t) has the Laplace transform £(v(t))(s),
then we have, for Re s sufficiently large,

L(v(t))(s) = /()oov(t)eStdt

= / v(t)e s dt
0

o9 1 oo
+ = / o' (t)e " dt
0

1
= v(t)—e o T3
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Figure 20: Domain for an initial-boundary value poblem

—L L T

Figure 21: Function with compact support

Thus,
L(v'(t))(s) = sL(v(t))(s) — v(0) .
We apply this rule to a(x, s), for each fixed z, and obtain the following family of ODEs:

su(x,s) — f(z) + tz(x, s) = Vigz(x,s), xz€R. (6.2)

Here s is a complex parameter, Re s > 0. For each fixed s, the general solution of (6.2) contains
two free constants. These are determined by the behavior of u(z, s) for |z| — oo.
It is not difficult to prove that u(z,t) — 0 as |z|] — oo, for each fixed t. This makes it
plausible that
|u(z,s)] -0 as |zr|—00, Res>0. (6.3)

We now solve the ODE (6.2) with the boundary conditions (6.3).
Write the equation for @ as a 1st order system,

Uy =M(s)U+ F(z), z€R,

U:<5> FZ(—f((;)/u>’ M(S):(sgv 1}>

The eigenvalues A\ 2 = A1 2(s) of M (s) satisfy the characteristic equation

with

1
LS S (6.4)

v 14
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The eigenvalues of M(s) are (for Res > 0),

1
A = 2—(1—\/1+4ys>, Re) <0,
1%
1
Ay = 2—1/(1—&—\/1—1—41/5), Reds >0 .

The signs of Re \; are very important. In the above case one can discuss these signs directly
by studying the root. Sometimes it is easier to use the following simple lemma.

Lemma 6.1 Let A1 2 denote the solutions of a quadratic equation
M +al+b=0

where

Reb < 0.

Then one can order A1 and Ay so that
ReAd1 <0< ReXs .
Proof: This follows directly from Ao = b and Reb < 0. ©

One can transform M(s) to diagonal form,

S™H(s)M(s5)S(s) = diag(A1, A2) = A

-t (4 ) e (1)

Define the variables V' = S~'U and obtain the diagonal system

with

Ve =AV +G(z), G(z)=S"'F(z).
Here G(z) is supported in —L < x < L. This system consists of two scalar equations:
ij:)\jvj—l-gj(l’), 71=12.

Since
ReA1 <0 < Re)y

the solution V' = (v, v2) corresponding to ucp satisfies the following boundary conditions:

vi(z,s) = 0 at z=-L,
va(z,s) = 0 at z=1L.
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Since V = S~U these conditions read

Mt—1U, = 0 at x=-L,

Mu—u; = 0 at xz=01L.

These are the exact boundary conditions, formulated in terms of the Laplace transform a(z, s)
of the solution of the Cauchy problem.

In principle, by taking the inverse Laplace transform, one can write these conditions as
boundary conditions for wu(z,t). The resulting conditions are not local in ¢, however. For
computations, this is very inconvenient.

6.2 Approximation of the Exact Boundary Conditions

The idea is to approximate the functions A;(s) by rational functions of s. Suppose, for example,
that

)\1 (8) =~ ZLS)

q(s)

with polynomials p(s) and ¢(s). This suggests to replace the exact outflow condition
MU—1U, =0 at =1L
by
p(s)i —q(s)uy =0 at x=1L.

Taking the inverse Laplace transform, one must replace s with 9/0t. (Note that u = 0 at
t =0,z = L. Also, u; = 0 at t = 0,2 = L by the differential equation, etc.) In this way one
obtains conditions formulated directly in terms of the physical variable u(x,t).
A possibility is to approximate Ai(s) accurately near s = 0. (Note that small s correspond
to large t; good approximation near s = 0 correspond to good approximation near steady state.)
Using Taylor expansion about vs = 0, we obtain

M = —s+vs® +0@?s?) .

Using the approximation

%

—S

A1

one obtains the boundary condition
us+u, =0 at x=1L,

which is reasonable since it corresponds to neglecting the term vu,, at the boundary. The
error which the exact solution produces in the boundary condition u; + u, = 0 is of order v.
This might be satisfactory if v is very small. However, one might try to obtain more accurate
boundary conditions. For example, one can try to obtain boundary conditions that are satisfied

by the exact solution up to order 12, say.
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If one uses the approximation

M~ —5+ vs?

one obtains the boundary condition
U — Vg +uy, =0 at x=1L.

We will show in the next section that the resulting / BV P is badly unstable, however. (Basically
this can be understood as follows. Write the boundary condition in Laplace space,

(—s+vsi—i, =0 at z=1.

The real part of the coefficient —s 4 vs? has the wrong sign for large s.)
One can use instead a rational approximation of Ai(s),

—S

AR —s(l—wvs)~ T vs

which results in the boundary condition
U+ Uy +VUy =0 at x=1.

One can show that the resulting IBVP is well-posed and stable.
The approximation of the exact boundary condition at inflow is easier. The exact condition
is

(1+V1+4+4vs)a —2viu, =0 at z=-L.

A reasonable approximation for 0 < v << 1, which is valid uniformly for Res > 0, is 4 = 0 at
x = —L. This results in the inflow condition

u=0 at x=-L.

6.3 Introduction to Normal Mode Analysis
Consider the differential equation (where v > 0)
Up+ Uy = VUye, —L<x<L, t>0,

with the initial condition
u(z,0) = f(z), —L<z<L

and inflow boundary condition
u(—L,t) =0, t>0.
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We consider the following three outflow boundary conditions at x = L:

ut+u, = 0 (6.5)
Ut — VU + Uy = 0 (6.6)
Ut + Vgt +uy = 0 (6.7)

We try to understand why the boundary condition (6.6) leads to bad instability whereas the
other two conditions do not.

First ignore boundary and initial conditions and try to determine solutions of the differential
equation of the form

U= est+nx

where s and k are complex parameters. These are so—called normal modes. Such a normal
mode satisfies the differential equation if and only if

s+ K = vk . (6.8)

Equation (6.8) is called the dispersion relation of the differential equation since it relates a
spatial wave number, x, and a temporal frequency, s. One should note, however, that s and &
may both be complex.

Remark: The dispersion relation (6.8) and the characteristic equation (6.4) are the same
equations if one identifies A and k. This is not accidental. When one solves the characteristic
equation for \, one determines spatial modes of the form e** for the homogeneous equation
(6.2).

Modes u =€ with Re s > 0 are growing in ¢ and therefore describe unstable behavior.
These modes are not allowed in the solution if one wants to have a stable IBVP.

If Res > 0 then the dispersion relation (6.8) has two solutions, x1 2, where

st+krx

Reki1 <0< Reks, kj=~r;(s).
Consider an unstable mode of the form
u=eT"%  Repy > 0. (6.9)

Such a mode grows in space as x increases. It should be eliminated by the boundary condition
at x = L.

Remark: If one considers the Cauchy problem, then modes e***"% with Rex # 0 are not
present in the solution since one assumes the solution to be bounded as |r| — oco. If one
considers a problem on a finite interval, —L < x < L, then such modes are potentially present,
however, and may lead to instabilities or even ill-posedness of the IBVP.

We now consider the boundary conditions (6.5) to (6.7) separately. For the mode (6.9) the
boundary condition (6.5) requires

s+kry=0.

However, since Re s > 0 and Re ko > 0, this equation has no solution and we conclude that
(6.5) does not allow an unstable mode of the form (6.9).
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Similarly, the boundary condition (6.7) requires
S+ vKkos+ ko =0.

Since Re s > 0 and Re kg > 0, this equation has no solution and we conclude that (6.7) does
not allow an unstable mode of the form (6.9).
The boundary condition (6.6) requires

3—1/32—1—@:0.

Together with the dispersion relation one obtains the equations

s—l-/igzusQ:ung.

It is easy to see that these equations are solved by

S =Ko = — .
1%

For small v one obtains the badly unstable normal mode
u=-exp(2(t+z)/v) .
Typically, it will be present if one uses the boundary condition (6.6) and will lead to a useless
approximation of the solution of the Cauchy problem.
6.4 Exact Solution of the Model Problem

For v = 0 the exact solution is
u(z,t) = f(x —t) .

In this case

u(£+t7t):f(€)v §eER.

Therefore, even if v > 0, one may expect that the following transformation simplifies the
equation: Set

v(&,t) == u(€+t,t) .

(One can say that we have changed to a moving coordinate system.) We have

Ut(£7 t) = (ut + Ux)(f +1, t)
U§£(§7 t) = UII(§ +1, t)

Thus, for v(&,t) we obtain the heat equation,

Ut(§7t) = vag(f, t)? ’U(f,O) = f(g) :
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To transform the coeflicient v to one, we rescale time. Set

w(&, 1) =v(&7/V) .

Obtain:

wile,r) = S ulET/v)

wgg(f, T) = Uff@? T/v)

The equation for w is

wr =wge, w(,0)= f(§).

Therefore,
—(¢6—y)? /4T
W) = = T fy)dy
Since v(&,t) = w(&, vt) we have
v(€,1) E f(y) dy

\/ dmvt

Since u(x,t) = v(z — t,t) we have

(.Z't xty/4utf()

VAamrvt

Thus we have obtained an explicit solution of the Cauchy problem (6.1). It is not easy, however,
to discuss the solution formula. For example, try to show that one obtains u(x,t) = f(x —t)
in the limit as v — 0.

7 Strongly Hyperbolic Systems in 1D: The Cauchy problem
and IBVPs

Consider
u + Auy =0, u(z,0)= f(x), z€R, t>0.

We assume that the Cauchy problem is well-posed, i.e., all eigenvalues of A are real and A can
be diagonalized. Let
STLAS = A = diag( M1, ..., \) .

Define new variables v(x,t), so—called characteristic variables, by
u(z,t) = Sv(x,t) = Zvj(az,t)Sj .
J
Here S; is the j—th column of S. Define transformed initial data g(z) by f(z) = Sg(z) and

obtain
Vit + )\jvjx =0, vj(a:, 0) = gj(x) .
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Thus,
vj(z,t) = gj(x — \jt) .

The solution u(x,t) of the Cauchy problem is
u(z,t) = Zgj(x —\it)S; .
J

The formula shows that the eigenvalues \; of A are the propagation speeds.
Now consider the problem in a strip,

u + Auy =0, u(z,0)=f(z), 0<z<1, t>0.

We must add boundary conditions. Since we can transform to characteristic variables, we first
consider the scalar problem

’Ut+)‘v:ﬂ:O7 ’U(.’L’,O) :g(x) 3

in the strip
0<z<1, t>0.

A boundary condition must provide the solution at inflow. For A > 0 inflow occurs at z = 0,
and we can use
U(Ovt):g()(t)a A>0.

For A < 0 inflow occurs at = 1, and we can use
o(L,t) = gi(t), A<0.

For A = 0 a boundary condition is neither required nor allowed.
Now consider a strongly hyperbolic system u; + Au,, = 0. For simplicity, assume that zero
is not an eigenvalue of A. Let

STIAS = diag(AT,ATT), AT <0< AT,

and partition v accordingly. A well-posed IBVP is obtained if at each boundary the ingoing
characteristic variables are determined in terms of given data and the outgoing characteristic
variables.

As an example, consider the linearized Euler equations

(3),2(5),
A:<on Czéf)O) .
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Figure 22: Hyperbolic systems in 1D
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Figure 23: Base flow: (a) subsonic, (b) supersonic in positive x—direction, (c) supersonic in
negative x—direction

Here ¢ > 0 is the speed of sound, U is the velocity in x direction of the underlying flow, and
po > 0 is the density of the underlying flow. The eigenvalues of A are

M=U-—-¢ M=U-+c.

Since ¢ > 0 the eigenvalues are real and distinct, i.e., the given system is strictly hyperbolic.
The correct number of boundary conditions is determined by the signs of the eigenvalues ;.

In the subsonic case, |U| < ¢, we have Ay < 0 < A2 and need one boundary condition at
x = 0 and one boundary condition at x = 1. If U > ¢ the underlying flow is supersonic in
positive z—direction. We have 0 < A; < Ay and need two boundary conditions at = 0. If
U < —c the flow is supersonic in negative x—direction. We have A1 < Ay < 0 and need two
boundary conditions at x = 1.
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8 Extensions

8.1 Weak Solutions of Burgers’ Equation

Consider Burgers’ equation

1
w5 () =0, u(z,0) = f(x)
and first assume that u(x,t) is a classical solution. Let
6 :R* >R
denote a test function, i.e., ¢ € C§°(R?). Multiply the differential equation by ¢(z,t) and
integrate by parts to obtain
o0 oo 1 o0
/ / (up + 3 u?dy)(x,t) dadt + / f(z)p(x,0)dr =0 . (8.1)
0 —00 —00

Assume now that f € L'(R). If u € L} (R x [0,00) then the above integral is well defined
and we can make the following definition:

Definition: A function u € L? (R x [0, 00) is called a weak solution of Burgers’ equation

with initial data f(z) if (8.1) holds for all ¢ € C°(R?).

8.2 Piecewise Smooth Weak Solutions of Burgers’ Equation

We want to understand weak solutions wu(z,t) which are piecewise smooth and may have jump
discontinuities.
a) Let u(x,t) denote a weak solution which is smooth in an open set

QCRx(0,00) .

If ¢ is a test function with support in €2 then

1

0 = / (upy + =u’¢y) dadt
Q 2
1

= —/(ut—i- ~(u?),) b dxdt
Q 2
Since ¢ is an arbitray test function with support in 2, it follows that the differential equation
L o
ug(x,t) + §(u )z(z,t) =0

holds classically in €.
b) We now want to understand a weak solution u(x,t) which is smooth to the left and to
the right of a curve
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o &i),t), a<t<b,

and which has a jump discontinuity across I'.
For later reference we note that the vector

(€'(1),1)
is tangent to I' at the point
P=(&(t),1)
and the vector
1
P)= ——(1,-¢(¢
n(P) = s (1 €/0)

is the unit normal to I' at P pointing to the right. Clearly,

na(P) = =& (thna(P) for P = ({(t),1)
Let

QCRx(0,00)

denote an open bounded set and let

Q = {(z,t) € : x<&(t)}
Q= {(z,t) €Q : xz>£(t)}

We assume that u(x,t) is a weak solution which is smooth in ; and €, and has a jump

discontinuity across I' N €.
For P = (£(t),t) e I'NQ let

u(P) = x_l)igr(rg)_ u(x,t)
u(P) = lim wu(x,t)
x—E(t)+

Let ¢ denote a test function with support in 2. We then have

O:/Q(ugbt+;uqux)dxdt:/gl...jt/r... .

Here
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/ Wl ppdrdt = — / (u?)ppdadt + / ulény dP
Q 97 r

and

/ u¢idxdt = —/ utgbdxdt—i—/uldmg dP
Q Q T

If we now use that u is a classical solution in €; and use (8.2), then we obtain

/Ql(uqf)t + %uwx)dl‘dt = /1“ <%“l2 _ Uzﬁ’(t))nlqde .

Similarly,

/ (ugpy + %u%x) dwdt = —/F (%uQ - urfl(t))nlgde .

r

Therefore,

/F (%u% - ulfl(t))mqde = /F (%u% — Urfl(t)>n1¢>dP _
It follows that

1, 1

[ (5t - 50 = (= w)¢' @) moap —o.

Since ¢ is an arbitray test function with support in © and since n;(P) # 0 one obtains that

%(Uz2 —up)(€(t), 1) = €' (1) (w — uy)(§(),) forall (£(2),) eTNA.

We have proved the Rankine-Hugoniot jump condition:
, 1
€(0) = 5+ u)(E0). 1)

The condition relates the shock speed &'(t) to the average between wu; and u, at the point
(), 2).

One can prove that a piecewise smooth function u(z,t), which has only jump discontinuities,
is a weak solution of Burgers’ equation if and only if the function solves Burgers’ equation
classically in the regions where it is smooth and satisfies the Rankine-Hugoniot condition along
jump discontinuities.

Remark: If one generalizes Burgers’ equation to

g + (F(1))g = 0

then the Rankine-Hugoniot condition becomes
(1) (w — ur)(€(t), 1) = F(w(§(t),1)) — Fur(§(t),1)) -
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Burgers equation is the special case where the flux function is

1
F(u) = §u2 :
8.3 Examples
We consider Burgers’ equation
Loy
ug + §(u )e =0, u(z,0)= f(x),

with different initial functions.
Example 1:

) = 1 for <0

10 for >0

The shock at x = 0 propages with speed % The shock line is
A weak solution is

1 for z <
u(z,t) = { 0 for = >

DO| 0|

Example 2:

for <0

0
f(x):{l for z>1

The function

0 for z<
u(:v,t)—{ 1 for = >

is a weak solution, but it is physically unreasonable since characteristics leave the shock.
Instead, a physically reasonable weak solution is the rarefaction wave

D[N | o+

0 for <0
u(z, t) =< z/t for 0<z<t
1 for >t

Remark: It is easy to check that the function u(x,t) = x/t is a classical solution of Burgers’
equation.

Example 3:
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Here a shock forms at £ = 1 and a rarefaction wave forms at £ = 0. The shock line is

1

)= {

for

0<z<l

0 otherwise

and the rarefaction wave z/t is valid for 0 < 2 < ¢t. The equation

holds for t = 2. At time ¢t = 2 the rarefaction wave catches up with the shock wave.

happens at

t

14 —-,¢
(1+ 2.1
t
t=1+=
+2

(x,t) =(2,2) .

After time ¢ = 2 the shock line

is determined by the conditions

One obtains that

The solution u(x,t) is

for0<t<2:

for t > 2:

Et)y=v2t for t>2.

x/t

S =

for
for
for
for

for
for
for
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9 Existence of Nonlinear PDEs via Iteration

9.1 Setup
Let

f:Rx[0,T] xR* - R

denote a C'°°—function and let ug : R — R be C*°.
We consider the initial value problem

Ut = u:tx+f($at7uaum)a xGR, t207
u(z,0) = wuo(x), zekR.

We assume that ug(z) and f(x,t, u,u,) are 1-periodic in z and we want to determine a solution
u(z,t) which is also 1-peripdic in z for each 0 < ¢ < T

We will assume that f and all its derivatives are bounded.

We try to obtain a solution u(z,t) as the limit of a sequence of functions u"™(z,t), which is
determined by the iteration (for n =0,1,...):

u?“ = " flxt,uu?), TER, t>0,
u"(2,0) = wp(z), zER,

starting with

ud(z,t) = up(x) .

We must first address the solution of linear problems:

U = Uge +G(x,t), xR, 0<t<T,
u(z,0) = wup(r), r€R,

were G(x,t) is a C* function which is 1-periodic in x for each 0 <¢ < T.
The linear problem can be solved by Fourier expansion in x and Duhamel’s principle.
One obtains that the sequence of functions

u"(x,t), n=01,...

exists for x € R,0 <t < T, and each function u"(z,t) has period 1 in x for each t.

Our aim is to show that the functions u"(z,t) converge with all their derivatives to a limit
u(x,t), which is the unique solution of the nonlinear problem.

For simplicity of presentation, we will assume that the nonlinear function f depends on u,
only, i.e., the PDE reads
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The existence of a C*° solution u(x,t) will be proved in four steps:

1. We will prove a priori estimates for u(x,t) and its derivatives in any finite time interval
0<t<T.

2. In a similar way, we will show that the functions u"(x,t) are uniformly smooth in any
finite time interval 0 < ¢ < T. Precisely: For j = 0,1,... and £ =0,1,... and for any T" > 0
there exists a constant C' = C(j, k,T) independent of n so that

ON\i/OoNk ' .
max{‘(a—x> (&> u (x,t)‘ L zERO0<t< T} <CU,k,T .

3. Using the Arzela—Ascoli Theorem, we will show that there exists a function u € C*°(R x
[0,7]) and a subsequence of the sequence u"(x,t) which, along with all derivatives, converges
to u(z,t) in maximum norm.

4. We then use a contraction argument in a small time interval 0 < t < ¢y to show that
the whole sequence u"(x,t) (not just a subsequence) converges (with its derivatives) to u(z,t)
in 0 <t < tg. This implies that u(x,t) solves the PDE in 0 < t < t5. One can restart the
argument at t = to and, in finitely many steps obtain a solution in 0 < ¢ < T. Since T > 0 is
arbitrary, the argument proves existence of a solution for all ¢ > 0.

9.2 Solution of Linear Problems via Fourier Expansion
9.3 Auxiliary Results
9.3.1 A Sobolev Inequality

Let u : [a,b] — R,u € C*. Define the norms

ulse = max fux)

and

il = [ (W@ + W) do

a

Theorem 9.1 There exists a constant C > 0, depending on b— a but independent of u, so that
u|oo < Cllullgr for all u e C'a,b] .

Proof: Let

= min|u(z)| = |u(zo)|

<3
[

max [u(x)] = |u(z1)] = |u|o
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We may assume that a < xg < 21 < b. Then we have

z1

() = u(eo) + [ /(@) do

zo

thus
b
M < m+/ [u/(z)] dov
< m+vVb—ald|
Also,
b
|ul* > [ m?dx=m%(b—a),
thus
[l
T WVb—a
Set C' = max(vb — a, \/blfia) and obtain:
[[ull /
Uloo < + Vb — allu
e < =+ VB al]
< C(llull + [l
< V2C|ulm

9.3.2 Picard’s Lemma
(from recursive estimates to an absolute estimate)
Lemma 9.1 Let ¢,, € C[0,T] denote a sequence of nonnegative functions satisfying the recur-
sive estimates
t
On+1(t) §a—|—b/ ¢n(s)ds for 0<t<T and n=0,1,...
0

where a > 0 and b > 0. Then we have

ntn

b
Dn(t) < ae® + |poloe for 0<t<T and n=0,1,... (9.1)

n!
In particular,

<Z>n(t)§ebT(a+|¢o]OO) for 0<t<T and n=0,1,...

144



Proof: The estimate holds for n = 0. Assuming that it holds for ¢, (¢) we have

t
bnir(t) < atb /0 on(s) ds
t

b tbnsn
< a+b/ aesds+b]<b0|oo/ ' ds
0 0 mn.

bn+ 1 tn+ 1

1
— b* bt_l .

bn+ 1 tn+ 1

_ bt
= act Ty 9ol

This proves the lemma. ©
We next prove two simple results about sequences in a normed space. These results will be
used together with the Arzela—Ascoli Theorem.

Theorem 9.2 Let (U, | -||) denote a normed space and let b, denote a sequence in U with the
following properties:

1) Every subsequence of b, has a convergent subsequence.

2) All convergent subsequences of by, converge to the same limit b.

Under these assumption we have by, — b.

Proof: Suppose that b, does not converge to b. Then there exists ¢ > 0 with

16— bn;ll > €

for a subsequence by,,. However, this subsequence does not have a subsequence converging to
b, which contradicts the assumptions. ¢

Theorem 9.3 Let (U, || -||) denote a normed space and let b, denote a Cauchy sequence in U.
Assume that by, has a subsequence converging to b € U.
Under these assumption we have by, — b.

Proof: Given ¢ > 0 there exists N(g) with

”bn_bm” < for n,mzN(E) :

N ™

Also, there exists an index n; > N(¢) with

16— bn, || <

IR

It follows that

|br, = b]| <e for mn>N(e).
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Theorem 9.4 (Mean Value Theorem in Integral Form) Let f : R — R denote a C'—function
and let p,q € R. Then we have

fla) = flp) = </01 f/(p+t(q—p))dt> (g—p) -

Proof: Set
a(t) = p+tlg—p)
gt) = fla(?))
We have
flg) = fp) = fla(l)) - f(a(0))
= g(1) —9(0)
1
0
_ / £ dt
= ( fp+tq p))dt>(q—p)
o

The mean value theorem is often stated as

flq) = f(p) = f'(§)(q —p)

for some & between p and q.
An advantage of the formula in Theorem 9.4 is that the term

1
/0 f'(p+tlqg—p))dt

depends smoothly and p and ¢ if f’ is smooth. Also, it is easy to generalize Theorem 9.4 to
C!'-functions f : R" — R™,

9.4 A Priori Estimates
Consider the PDE

U = Ugy + f(ug) for zeR, t>0

with initial condition
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u(z,0) = up(z) for zeR.
Assume that

ug € C°, wup(x+1) =up(z)

and assume that u(z,t) is a C*° solution with

u(x 4+ 1,t) = u(z,t) for 0<t<T.
Assume that f € C°° and that f and all its derivatives are bounded:

|f(j)(v)]§Mj forall veR and j=0,1,...

For simplicity, we assume that all functions are real valued.
We want to derive bounds for v and all its derivatives for 0 < ¢ < T.
We first estimate all space derivatives of .
We have

(DI = (u,w)

= ~ual® + (u, f(us))

N | —
SN

1
< /yu(x,mModx
0
< lullMo
1 1
< L+ iu

Thus we obtain a bound of the form

. < C(T, M .
Oréltas}%HU( )| < C(T, Mo, ||luol|)

Let D = 0/0x. We have

Therefore,

luz( O = (ua, uar)

_Huzﬂzuz - (u:ﬂma f(um))

_”uwa2 + || uzz || Mo

1
—M?
9 0

N =
SR

IA

IA
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Thus we obtain a bound of the form

Oréltas)%ﬂuz(-,tﬂ < C(T, Mo, [|uoz|l) -

We have

Uggt = Uggar T sz(ux) .

Therefore,

| =

”uﬁ?w('at)HQ (uxwyux:pt)

_HurrxHZ — (Uzga, D f(uz))

_||uzx:rH2 - (Umma f,(u:r)uxx)

| =
QU

t

IN

IN

1
We obtain a bound of the form

max ||ug (-, t)| < C(T, My, ||uozz|) -

0<t<T
We have
D3u; = D°u+ D3 f(uy) .
Therefore,
1d
5 S IDMC DI = (DPu, D)
= —[ID"|? = (D*u, D*f(us))
< —[ID%? + | D ull[| D* f (us) |
1
< SID* )P
Here

D2f(ux) = f"(ug) DugDuy + f’(ux)D2ux .
It follows that

ID? f (uz)|| < C(|D?ulos|| D?ul| + [ DPul]) -
Using Sobolev’s inequality and the bound for max; | D?u(-,t)|, we obtain that
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. < 3) .
org%XT [ uzaz (-, t)| < C(T, My, My, Ma, ||uo|| )

We now make an induction argument. Let j > 3 and assume that we have shown bounds
Dhu(-, )] < C(I,T) for 0<1<j
goax [[Du(, 1)l < C(LT) for 0<1<

where the constant C'(I,T') may also depend on the constants Mo, ..., M; and ||ug|| ;1. We want
to bound

Dj+1 . .
[nax | u(-,t)]

We have

DIy = DIy + DI f(uy)
and obtain that

ID7* (-, 1) (D7, DI ay)

—ID72u? — (D72, DI f ()
D72l 4 | D2 | D7 f ()|
1 .

1D ()

N |
SRS

IA

IN

We have

Df(uz) = f'(uz)Duy,
D? f(uy) f"(ug)DugDug + f'(ug)D?uy
D3f(ux) = f"(ugy)DuyDuyDuy + 3f"(ux)DuxD2ux + f’(ux)Dgux

Using induction we obtain that

DY f(uy) = Z (@) fU) (u,) DMy . .. D,

[0}

where the sum extends over all multi—indices a with

a1 >...2a>1 and a1+...+ar=17.

Also,
1<l(a)<j.
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Consider a term

I o (0%
P, =D%uy ... D%u, .

If
a1 = ]
then
1Pl = |17 | -
If
a1 = j —1
then as = 1. The product P, is
P, = DuD*u

with

1Pall < D7 ull|D*ulos < ClID ul[lullgs -

The right-hand side is already estimated.
If a; < j — 2 then all terms in the product

_ po ag
P, =D%u, ... D%y,

are already estimated in maximum norm. One obtains that

1d

> q |1 D7 (-, t) ||

IN

1 .
1D ()
Ci + Col| DI hu(, )]

IN

This completes the induction in j.
Using Sobolev’s inequality, we have shown bounds

Jy. < C(,T) .
gax [Du(-t)leo < O, T)

We can now use the differential equation

Ut = Ugy + f(ux)

and
Diug = DI 2y + DY f(uy,)
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to obtain bounds

e <C(,T) .
Oréltag)'(T’D ut(+t)|oo < C(4,T)

Then differentiate the differential equation in ¢ to obtain

Ut = Utge + f/(ux)utm

etc.
To summarize, we have shown:

Theorem 9.5 Let u(x,t) denote a C*°—solution of
Ut = Ugg + f(u$)7 ’U,(J}, O) - UO(J")
for

(z,t) € R x [0,T]

which is 1-periodic in x for every 0 <t <T. Assume that f : R — R is a C* function with

fO@) <M for vER and j=0.1,...

Then there are constants C'(k,l), depending only on

T and Mo, My,... and |Dug| for j=0,1,...
with
okl
max{’mu(x,t) :xER,OStST}SC(kJ,l).

This holds for all k =0,1,... and all 1 =0,1,...

9.5 Uniform Smoothness of the Iterates

We make the same assumptions on f and ug as above and consider the sequence of functions

u" € C(R x [0, 7))

defined in Section 9.2. Our aim is to prove that estimates as in the previous theorem hold for
the sequence u™ with constants C'(k,!) independent of n. ILe.,

okl
max{‘mu”(az,t} :xER,OStST}SC(k,l) for n=0,1...
x

forall k=0,1,...and all { =0,1,...
It is easy to estimate
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maxc [0/ ()

for j=0and j = 1.
Consider the case j = 2. We have

ID?um ) = D% P — (D%, D (uf)

1D f(w)]?
M| D*a"|?

4
dt

N |

IN A

Integration in ¢ yields the estimate

t
ID?um (1)1 < 1 DPuol|* + C/ D" (-, )| ds -
0
Applying Picard’s Lemma, we obtain the bound

max ||D*u"(-,t)|| < Cy for n=0,1,...
0<t<T

with (5 independent of n. Proceeding as for the a priori estimates and applying Picard’s
Lemma, one obtains bounds

max [|[D/u"(-,t)| <C; for n=0,1,... and j=0,1,...
0<t<T

with constants C; independent of n. These bounds imply bounds for all space derivatives of the
u"(z,t) in maximum norm, with constants independent of n. Then the differential equations
imply bounds for time derivatives etc.

9.6 Application of Arzela—Ascoli
The following theorem will be applied to the sequence u™(x,t) for (z,t) in the compact set
Q=10,1] x [0,T]

and to the derivatives of u™.

Theorem 9.6 (Arzela—Ascoli) Let Q denote a compact subset of R® and let u,, € C(Q) denote
a sequence of functions with the following two properties:
1) For every € > 0 there is § > 0, independent of n, so that

|un(z) —un(y)| <e forall z,yeQ with |z—y| <6.

2) There is a constant K, independent of n, so that
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<K.
max |un ()| <

Then there exists u € C(Q) and a subsequence uy; with
U — Un;looc =0 as mnj —oo.

In the following, let Q = [0, 1] x [0, T]. Clearly, the Theorem of Arzela—Ascoli applies to u™
and to every derivative of u™. Thus, there exists u € C'(2) and a subsequence

n

u’, neN;
with
lu—u"|eo =0, neN;.

Now apply the Theorem of Arzela—Ascoli to the sequence

ul n € Ny

i3

and obtain: There exists v € C(€2) and a subsequence Ny C Ny so that

v —ulloo = 0, m€Ny.

In the identity

u(x,t) —u"(0,t) = /Oz ur(&,t) d§

we let n — 0o, n € Ny, and obtain that

(i, £) — u(0, 1) = /xv(ﬁ,t) .

0
This yields existence of u, and
V=g .

We now apply Theorem 9.2 to the sequence

by =uy € C(Q), neN;p,

where we use the maximum norm on C(€2. We obtain that

|uy —ul]oo =0, neNp.

This argument can be repeated for all derivatives. We have proved that u € C*°(Q2), and every
derivative of 4™ converges to the corresponding derivative of u in maximum norm over 2. Here
we let n — oo and n € Nj.
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9.7 Convergence of the Whole Sequence

We will show that there is an interval 0 < ¢t < ¢y with tg > 0 so that the whole sequence u"
(not just a subsequence) converges to u in maximum norm on

[O, 1] X [O,to] .

The arguments given above then show that every derivative of u™ also converges to the corre-
sponding derivative of u as n — oo. This will allow us to let n — oo in the equation

up =l f(ul)

to obtain that

Up = Ugy + fug) for 0<t<ty.

Consider two consecutive iterates

up =+ flup™h)
up ™t =gt 4 f(ul)
Set
U:un—i-l_un, w:un_un—l

and obtain that

Vt = Vgg + f(ug) - f(ug_l) :

By the Mean Value Theorem we can write

Flug(@, ) = flug™ (@, 1) = alz,t,n)wy(z,1)
where a(z,t,n) and all derivatives of these functions are bounded independently of n. The
equation
Vt = Ugg + QW
yields that

1d 2 9
5 5 12 = [l + (v, awy)

Here

(v, 0w,) = (avwy) = (—awg, w) — (g, v,w) ,

and, therefore,
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(v, awg) < Cr(||v]] + [lva|)[[wl] -
One obtains that there is a constant K, independent of n, with

d
7 (Bl < K(lfol® + [lw]*) for 0<t<T.

Since v(z,0) = 0 obtain that
t
o < K [ KOl ) ds
0

Therefore, if ty > is sufficiently small:

1
. < = .
Jnax Jo(-, b)) < 5 (max |w(-, ) ,

where ty depends only on K. We have shown that

1
n+1/, .. < = n. _ =1/
Ogggollu (1) —u" ()| < 5 Oglta;gol\u (1) —u" (0

and, therefore,

n+1 n —-n
m 1) — L) <27*C .
max [u (-, 8) = ()] <

Clearly, this implies that the sequence of functions

u"(-,t) € C[0,1]

is a Cauchy sequence w.r.t. || - | for every fixed 0 < ¢ < ¢y. Since u™i(-,t) is a convergent
subsequnce (converging to u(-,t)) it follows from Theorem 9.3 that

lu(,t) —u"(,t)|| =0 as n— oo .

We can now apply Theorem 9.2 to the sequence

u"(,t) € C[0, 1]

w.r.t. |- |0 and obtain that

lu(-,t) —u"(-,t)|o = 0 as n—oo.

155



10 Appendix 1: Fourier Expansion

Fourier Expansion of 2r—peridoic functions. For f,g € Lo(—m, ) introduce the inner-
product and norm by

™

(f.9)= [ Ffl@)glz)dz, |fI*=(ff).

—Tr

The sequence of functions

op(z) = 2m)" 2k ke .
is orthonormal in this space,
L (™ ite—i)e
(05, Px) = o e dr = b .

Let f € Ly(—m, ) and assume, tentatively, that we can write f as a series,

o0

k=—00

If we take the innerproduct with ¢; and use the orthonormality of the ¢;, we obtain that
(¢5,f) =aj .
One defines the sequence of Fourier coefficients of f by

fo) = 0. 1) = 22 " () du

—T

and calls

S F(k)én(x)

k

the Fourier series of f. One can prove that the series converges to f in the mean.
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11 Appendix 2: Fourier Transformation

11.1 Fourier Transform on the Schwartz Space
The Schwartz Space S: The Schwartz space S = S(R”) consists of all functions f : RY — C
where f € C*° and

sup |z}’ |D* f ()] =: p(j, a, f) < 00

for all 7 = 0,1,... and all multi-indices . One says that f and all its derivatives are rapidly
decaying.
Each function f — p(j, a, f) is a seminorm on S. Convergence in § is defined as follows: If
fn, f € S then
fn—f in S

means that for all 7 =0,1,... and all multi-indices « it holds that

p(J,a, fn—f)—0 as n—oo.

The Fourier Transform and Its Inverse on S: For f € S the Fourier transform is
defined by

1

fk) = ) / e”FT f(x)de for keRVN.

Here, and below, the integral extends over RY and

N
k-xz= ij.%’j
7j=1

denotes the usual scalar product in RY.
We also use the notation

f(k) = (F)(k)

and call F the Fourier transform operator on S.
One can prove that f € S and the following Fourier representation holds for all f € S:

1

f(z) = BN /ei’” f(k)ydk for zeRN.

This implies that the operator

F:8§—=S

is a bijection and its inverse is given by
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1 ik-x N

Complex Conjugates: Let B : S — S denote the operator given by Bf = f where f(x)
denotes the complex conjugate of f(z). We have

(Fg)(x) =

Bf(k) = (%r;]\[/z/eik'xBf(x)dx

= (F'Bf)(k)
This says that

BF=F'B. (11.1)

Fourier Transform and the Lo—Inner Product: Let u,v € §. We have

/(fu)(x)v(x)dx _ %;N // =2 4 () dy o(x) da

_ (QF;N / () / e~ Vy(z) dady
= [ uy)(F

This shows the important simple rule:

/(fu)v dw = /u(]:v) da (11.2)

i.e., in the above integrals we may move the operator F from one factor to the other.
The Ly-inner product on Ly(RY) is defined by

(u,v) = (u,v)r, = /u(m)v(m) dz

and

denotes the Lo—norm.
For u,v € § we have

(Fu, Fv) = /(B]-"u)(]—"v)dx

= /(J’-’B]-'u)v dx

158



By (11.1) we have

FBF =B
and obtain that

(Fu, Fv) = (u,v) .

We have proved Parseval’s relation:

Lemma 11.1 For all u,v € S we have

(Fu, Fv) = (u,v)

and

[ Ful = flul -
Convolution: For u,v € S(RV) define the convolution by

(ux*v)(x) = /u(a: —yo(y)dy, zeRY.

One can show that v *v € §S. We have

(Fluxv))(k) =

(275]\[ e (u s v)(z) da
1
)

SN2 // —tk @YY (1 — y)o(y) dyde

. / (s [ ute = vy dz) ety dy

= a(k‘)/e—ik'yv(y) dy
= @02 a(k)o(k)

2w

This proves:
Lemma 11.2 Ifu,v € S(RY) then

(Fuxv))(k) = 2m)V? (Fu)(k)(Fo)(k), keRY,

or

(u*v) (k) = 20N ak)o(k), keRN .
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11.2 Tempered Distributions
Definition: A linear functional

g:SRN) = C
is called continuous if

fao—f in S implies ¢(fn) = g(f) in C.

A continuous linear functional g : S(RVY) — C is called a tempered distribution on RY. By
definition, the space

S =S'RY)

consists of all continuous linear functionals g : S(RY) — C. We use the notation

(9,f)=g(f) for g8, fesS.

Clearly, S’ is a linear vector space over C, called the dual of the Schwartz space S. One uses
the following convergence concept in S’: If g,,, g € S’ then

gn— g in 8" meansthat (g,,f) — (g,f) forall feS.
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12 Appendix 3: Fundamental Solution of Poisson’s Equation
via Fourier Transform

We have shown that the equation

—AdD =4y

has the solution (for n > 3):
Cn
b(x) —

(:U) |x|n72

with
1 22
T = 2w, T T(n/2)

thus

2 X(0/2)
2(n —2)
1

= —gpnept
i F(2 1)

Cp =

In this Appendix we want to derive the formula for ®(z) via Fourier transformation.
The Fourier transform of the equation

—A® = ¢y
reads
(k2 = (2m)~/2,
thus
B(k) = (2m) "2 k|2 .

We have to compute the inverse Fourier transform of the locally integrable function |k|~2.
Recall:

2

Fle ) (k) = (20) Y2 ¥/%  (in 1D)
Fle ) (k) = (2a) /2 /% (in nD)
FHe W @) = (20)2e " (in nD)

Setting
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1
5= 1 20 = (2s5)7!

the last formula reads

F e F) (2) = (25) /2 1#*/4s  (in nD) .

k|2 —/ ek gs
0

We now assume that we may apply 7! under the integral sign and obtain that

We now write

FHE) @) = [ o) e ds

In the integral we substitute
2 _

=q s:@q_l ds:—@

—2
dq .
1s D A g 1%

This yields that

2 —n/2 2 oo

Int = 2‘”/2<|x4’> ‘Z’/ g2 2e 9dq
0

1

1 _n
_ 2
= 2?7 itG o

and

®(x) = (2m) "PF (K7 ()
1

n

1
— 2 —n/2 2n/2 T -1
- - 21
17 TG Ve

This confirms our previous result for the fundamental solution ®(x) of Poisson’s equation.
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13 Appendix 4: The Ray Equation

13.1 Derivation

Let 9 (x,y) denote a solution of the eikonal equation,

(¥2)? + (y)* = n*(z,y) .
If the amplitude A(z,y) solves

24,0, +2Ay0y + AAY =0
then

vz, y,t) = A(x’y)ei(kw(r,y)—wt)
approximately solves the wave equation,
Uit = C2($7y)AU, C(.I‘,y) =
Therefore, the (z,y)—curves

Y(z,y) = const

are called wave fronts and the parametrized lines

R(s) = (z(s),y(5)) ,

(13.1)

(13.2)

(13.3)

(13.4)

(13.5)

which are orthogonal to the wave fronts, are called rays. Intuitively, the wave (13.2) propagates

along the rays. We want to determine an ODE system for the rays R(s).

Recall the characteristic system for the eikonal equation,

% = 2¢y(z,y)
% = 2¢y(z,y)
% = 2n%(z,y)
d;i”” = 2ng(z,y)
% = 2ny(z,y)

Using the notation (13.5) we obtain that
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d

£R(s) = 2Vy(R(s)) (13.6)
ivw(s) = 2Vn(R(s)) (13.7)

Here 9(s) and ¥(R(s)) are identical.

Equation (13.6) implies that any characteristic curve (13.5) is in fact orthogonal to any
wave front (13.4), i.e., any characteristic curve is a ray.

From (13.6) and (13.7) one obtains that

d2
@R(s) =4Vn(R(s)) .

These second order equations for R(s), which can also be written as

R”(s) = 2Vn%(R(s)) , (13.8)

are called the ray equations.

If the index of refraction n(z,y) is a known function of the spatial variable (x,y) then
the equations (13.8) determine the rays R(s) of wave propagation. Recall, however, that the
function (13.2) only approximately solves the wave equation (13.3). The ray equations yield
the geometrical optics approximation for wave propagation.

13.2 Snell’s Law

Assume that the index of refraction n(z,y) has a jump discontinuity at = = 0, but is constant
for x < 0 and x > O:

B nleft =n for =« <0
n(x,y) = { Nright = Ty for >0

The eikonal equation for the phase function ¢ (z,y) becomes

(1) + (d)ly)g = nIQ for <0
(ZZ)TSE)2 + (wry)Q = TLE for >0

and at x = 0 we impose the continuity condition

D(0,y) =¢-(0,y) for yeR. (13.9)

Since the rays are straight lines in the regions x < 0 and x > 0 and since the wave fronts
described by v (z,y) = const are orthogonal to the rays, the functions ¢;(x,y) (for x < 0) and
Yr(z,y) (for & > 0) are linear functions of (x,y). Then, solving the eikonal equation, we may
assume that
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Yi(x,y) = my(zcosa+ysina) for <0
Yr(z,y) = np(zcosf+ysinfB) for z>0

The continuity requirement (13.9) yields that

nysina = n,sinf . (13.10)

The angles o and 8 are the angles between that ray directions and the normal to the surface
x = 0. Equation (13.10) is called Snell’s law.

13.3 Electromagnetic Waves in the Atmosphere
The index of refraction for electromagnetic waves in the atmosphere is approximately given by
the formula
n*(z,y) = ng(1 + ay)
where

0.039

1.00025 < ng <1.0004 and a=-— .
meter

Here y > 0 is the height above sea level. The ray equations become

2'(s) = 0
v'(s) = —-

For a ray R(s) = (z(s),y(s)) passing through the origin one obtains that

x(s) = scosa
2

y(s) = ssima—i—%s2

where « is the angle between the ray and the horizontal line y = 0. If one eliminates the
parameter s and expresses y as a function of z, one obtains the parabola

n%a 2

=xta
y(z) ==z na+4coszax
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14 Appendix 5: The Wave Equation via Fourier Transform

14.1 General Remarks on the Cauchy Problem
Consider the Cauchy problem

uy = AAu,  u(z,0) =0, w(z,0)=nh(z).

If u(z,t) denotes its solution and we set

v(z,t) = u(w,t)

then the function v(x,t) satisfies

v = AAv,  v(z,0) = h(z), wv(z,0)=0.

Therefore, it suffices to solve the wave equation with initial data of the form

u(z,0) =0, wu(z,0) = h(zx) .
The 1D Case: The problem

Ut = gy, u(xz,0) =0, u(z,0) = h(x)

has the solution

and
1
u(x,t) = 3 z+c T —c .
( t) h( + t) + h( t)
This yields that the solution of
Uty = C2u$$’ u(a:,()) = g(l’), ut(x70) = h(l’)
is
1 x+ct
u(z,t) = 5 (g(:c +ct) + g(x — ct)) + QC/I h(y) dy .

which is d’Alembert’s formula.

The 3D Case: The problem

Ut = CQAU; U(IL’,O) = 07 ut($7 0) = h(.’L’)

has the solution
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t
u(z,t) = 47702752/8361,@) h(y) dS(y)
t
= h(x +ctz)dS(z
i | v azase
One obtains that
1
wlz,t) = — (h(x+ctz)—|—ctz-(Vh)(m+ctz)) dS(z)
47T 0B,
— o [ () + - Vhw) dsw)
 A4wc? 9B (z) Y v Y Y

One obtains Kirchhoff’s formula for the solution of

g = A, u(x,0) =g(z), u(z,0)=h(x).
The solution is

1

u(z, t) = Amc2t?

/ﬁ (g@)+(y—aﬂ-Vg@)+¢h@0)d5@)'
OBt ()

14.2 The 1D Case via Fourier Transform

Consider the equation

Uy = gy, w(x,0)=0, wuz,0)=h(x) (14.3)

with solution

x+ct
uwt) =5 [ hwdy

—ct

To solve the problem via Fourier transform, we first consider

h(z) = etk

and determine a solution of the form

One obtains the amplitude equation

d’(t) + *k%a(t) = 0

and the initial conditions
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yield
sin(ckt)
1) =
a(t) s
Therefore,
sin(ckt) p.
)= ——
ulr,r) = T

Next let h € S. Then h(z) has the Fourier representation

h(z) = )etk dk .

1 oo
— h(k
vV 27 /oo (
For the solution of (14.3) one obtains that
SlIl (ckt)

= L0

From this formula it is not obvious that there is a finite speed ¢ of propagation.
First derivation of d’Alembert’s formula: We have

ek dk .

H~

u(x,t)

1 1 [*. 1 . . .
) = it hik)— tket _  —ikct\ jikx dk
o) = =g [ RO = e
1 1 [~ 1 . 4
- hk)— ik(z+ct) _ ik(z—ct) dk
o 20/00 (k) 7% e € )
1

1 oo rtct
= e / h(k) / ey dy dk
T —00 x—ct
1 x+ct 1 oo )
= / — h(k)e™ dk dy

2C —ct 27‘(‘
1 T+ct

= o h(y) dy
2¢ r—ct

This derivation was tricky and did not follow the usual path of solution by Fourier transforma-
tion.

We now follow the standard path where one expresses h(k) via h(y).

We have:

w(z,t) = / sinle ) ke

_ / / s1n Ck’t) zk:(xfy) Cly dk
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o 1 o0 o0 Sin(Cl{Zt) ik(:r:fy)
_ %/m/oo e dkh(y) dy

We have proceeded formally by exchanging the orders of integration. However, the function

sin(ckt) ik
ck

decays too slowly and is not in L;. We ignore will ignore this.
To arrive at d’Alembert’s formula, we must show that

k— z=y)

2c
0 for y & [rv—ct,x + ct]

1 [ sin(ckt) Gik(a—y) _ L for z—ct<y<z+tct
2 J_ ¢k N

Equivalently, we must show that

1/00 sin ckt k€ gl — { (1) for ¢ <ct

T o k for £ > ct
Set
dk
tk‘ = = — —_ =
¢ g PRI
We must show that
1 [°° si .
/ SIK ing g _ 1 for lg| <1 (14.4)
T ) K 0 for lg| > 1

Define the function

[ 1 for lq <1
H(a) = { 0 for ¢/ >1

Its Fourier transform is

The Fourier inversion formula yields that
1 \/5 / * sink
H(q) = —\\/— —e"dEk .
(9) A A
This agrees with formula (14.4).
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14.3 The 3D Case via Fourier Transform
By Kirchhoff’s formula the solution of

uy = AAu,  u(z,0) =0, wux,0)=h(z)
is
u(zx,t) = t/ h(z + ctz) dS(z)
’ 47T 8B; '

For x = 0 and ¢ =t = 1 one obtains that

w0.) =1 [ h)asi)

We want to derive this formula via Fourier transformation.
We first solve the Cauchy problem with

h(z) = e*e
If u(x,t) = a(t)e’*® then one obtains that

d"(t) + Ak|?a(t) =0, a(0)=0, d(0)=1.

Therefore,
_ sin(c|klt)
0=
and
_ sin(clklt) .

u(x,t) = k]

If h € S then
h(z) = (2m) 3/ / h(k)e™ dk
R3

and

) = (om) 2 [y TR e g
R3 c|k|

For x = 0 and ¢ =t = 1 one obtains that

u(0,1) = (2@3/2/ A Rl
R3 ||

Here
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h(k) = (27)3/2 /R (e dy

This yields, formally,

T
u(0,1) = (27)3 / / SR by g1 ) dy
g3 Jrs K|
We set
Gly) = (2r)73 / SR ity g,
rs K|
and obtain that

u(0,1) = - G(y)h(y) dy .

This is the formal result via Fourier transformation.
By Kirchhoft:

™

u(0,1) = - /8 b dsty)

To prove that the two formulas agree we must show that

G(y)dy = % dS(y) (14.5)

where dS(y)/4m is scaled surface measure on the unit sphere 0Bj.

Summary: Let u(x,t) denote the solution of (14.1) where h € S and ¢ = 1. Then
Kirchhoft’s formula yields

1

w0 =4 [ h)as)

and solution by Fourier transformation yields formally

u(0,1) = - G(y)h(y) dy

with

Gly) = (2m)~° / S ik gy,
re |K|

We will prove that

1

Gly)dy = - dS(y)
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by showing that both sides of the above equation have the same Fourier transform. Note that

-
Gly) = (22 [ omy 2 b gy
- |
which yields that
G(k) = <27r>-3/25h|‘k'|’“’ |

To compute the Fourier transform of the scaled surface measure, we will approximate the
measure by an ordinary function below.

We first show the following auxiliary result:
Theorem 14.1 The Fourier transform of a radial function is radial.

Proof: Let f: R® — C be a radial function, i.e.,

f(Rz) = f(z) forall zeR" if ReR™"™ and RTR=1T.

If R is an orthogonal matrix, then R” is also orthogonal, Therefore,

f(Rk) = c/f(a;)ei(Rk’:’:> dx
= c/f(w)e_i<k’RT$> dx

= c/f(.F%Tsc)e_i%’RTm> dx

= [ st ay
f(k)

For ¢ > 0 set
Vi={zecR®: 1<2z<1+¢}
and define the function

[ 1/vol(V) for xel;
He(z) = { 0 for x¢ V.

For all h € S we have

1
. H.(y)h(y) dy — yo /331 h(y)dS(y) as e—0.
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Formally,

1
H.(y)dy — EdS(y) as €—0.

On the Fourier side:

'} — 1 —ik-x
H_(k) = (2m) 3/2vol(V) /V e~ R dy
€ €

As ¢ — 0 one obtains that

H.(k) — (2m)73/2 L / e kT 48 (x) =: Hy(k) .
0B,

Since H.(z) is a radial function, we may assume that

k=1(0,0,k3), ks=|k|.

Using spherical coordinates, we have

x3 = cosf, dA =sinfdpdo
and obtain that (with —cosf = ¢, dq = sin 6d#):

. 1
Ho(k) = (2m)32— / / e~ k39039 gin O dpdo
1
= (2%)_3/2/ e~ 3cos¥ gin g dp
2 Jo

I
= (271)3/22/ elksqdq
-1

L1 —i
= (@m) g e
k
_ 2 _3/251n 3
(2m) P2

sin |k|
= (2n)32 "2
||

Since
H.(y) dy — — dS(y)
el\y)ay - Yy

and since

LK) = Folk) = (2m) 927

173



we obtain that

1 _ —3/28I0 ||
F( - asw) = (2m) &
We have already shown that
Gk = (2m-o/2 2
||

and conclude that
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