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1 Gaussian Elimination and LU—-Factorization

Consider a linear system of equations Ax = b where A € C™*" is a square
matrix, b € C" is a given vector, and x € C” is unknown. Gaussian elimination
remains one of the most basic and important algorithms to compute the solution
x. If the algorithm does not break down and one ignores round—off errors, then
the solution x is computed in O(n?) arithmetic operations.

For simplicity, we describe Gaussian elimination first without pivoting, i.e.,
without exchanges of rows and columns. We will explain that the elimination
process (if it does not break down) leads to a matrix factorization, A = LU,
the so—called LU—-factorization of A. Here L is unit-lower triangular and U is
upper triangular.

The triangular matrices L and U with A = LU are computed in O(n?)
steps. Once the factorization A = LU is known, the solution of the system

Az =LUx =10

can be computed in O(n?) steps. This observation is important if one wants to
solve linear systems Ax = b with the same matrix A, but different right—hand
sides b. For example, if one wants to solve a nonlinear system Ax = b+ eF(z)
by an iterative process

A$(]+l):b+6F(fB(]))7 j:071727"'

then the LU-factorization of A is very useful.
Gaussian elimination without pivoting may break down for very simple
invertible systems. An example is

(F)(5)=(2)

.’Elzﬂjgzl.

with unique solution

We will introduce permutations and permutation matrices and then describe
Gaussian elimination with row exchanges, i.e., with partial pivoting. It corre-
sponds to a matrix factorization PA = LU where P is a permutation matrix, L
is unit lower triangular and U is upper triangular. The algorithm is practically
and theoretically important. On the theoretical side, it leads to Fredholm’s
alternative for any system Ax = b where A is a square matrix.

On the practical side, partial pivoting is recommended even if the algorithm
without pivoting does not break down. Partial pivoting typically leads to better
numerical stability.

1.1 Gaussian Elimination Without Pivoting

Example 1.1 Consider the system



2 11 B 1
6 2 1 z | =] -1 (1.1)
-2 21 3 7

which we abbreviate as Az = b. The usual elimination process leads to the
equivalent systems

2 1 1 T 1
0 -1 -2 T = —4 (1.2)
0 3 2 T3 8

and
2 1 1 1 1
0 -1 -2 T9 = —4 (1.3)
0 0 —4 T3 —4

The transition from (1.1) to (1.2) can be described as follows: Equation 1 mul-
tiplied by —3 is added to equation 2 and equation 1 multiplied by 1 is added to
equation 3. These two steps eliminate z; from the second and third equation.
Similarly, the transition from (1.2) to (1.3) can be described as follows: Equa-
tion 2 multiplied by 3 is added to equation 3. This step eliminates xo from the
third equation.

The diagonal elements 2 in (1.1) and —1 in (1.2) are called the pivots of the
elimination process.

In matrix form, the two steps of the elimination process can be written as

EgElA(L‘ = E2E1b

with
1 00
Fi = -3 1 0
1 01
and
1 00
Es=101 0
0 3 1

Here the elimination matrices E; are unit-lower triangular and, below the
diagonal in column j, the matrix E; contains the multipliers of the elimination
process. The multipliers in the first step are —3 and 1. The multiplier in
the second step is 3. The last system, Uz = 5, can be solved by backward
substitution:

1‘3:1, 1‘2:2, 331:*1.

We note that the elimination process leads to the factorization



BB A=U ,

which we also can write as

A=FE'E;'U=LU

with
1 0 0 2 1 1
L= 3 1 0 and U = 0o -1 -2
-1 -3 1 0 0 —4

Note that L is unit lower triangular and contains the negatives of the multipliers
below the diagonal. The first two diagonal entries of U are the pivots of the
elimination process.

It is not difficult to generalize the example. Gaussian elimination consists
of two processes, an elimination process and a back-substitution process. (In
the elimination process, some variables are successively eliminated from some
equations. )

Lemma 1.1 a) Let Ej denote an elimination matriz, containing multipliers
m; for k+1 < j < n in its k-th column below the diagonal. Then E,C_1 18
obtained from Ej, by changing the signs of the multipliers, i.e., by replacing m;
with —m;.

b) If Ex, and E; are elimination matrices and k <1, then

—1 -1
Q=E " E

is obtained from Ek_1 and Ez_l in a very simple way: Q is unit—lower triangular
and contains the entries of E,;l in its k—th column, the entries of Efl m its
l—th column.

Proof: a) Let

mg41

my, 1

and let I} denote the corresponding matrix where each m; is replaced by —m;.
Application of E}, to a vector x € C" yields



z1 z1

E T T

k pu—
Tr41 Tpi1l + Me 1%k
Tn Ty + My Tk

It then follows that

FLEyrx=x forall ze€C".

This implies that FpE, =1, i.e., Fi = E,;l.
b) Let k < [ and consider the matrices F}, and F;. We write these as

1 1
1 1
Fk = . ) ﬂ =
Brr Q41
Bn 1 Oy, 1

Applying Fj F; to any vector x € C” yields

x1 x1
T Tk
Tht1 Tht1 + Bry1Tk
FyFix = Fg | =|:
T x + By
Ti41 + 412y Ti41 + 17 + BTk
Ty + apxg T + apxy + ank:

If we now denote by () the matrix which contains the 3; in its k-th column and
the o in its [~th column, then we obtain that

FLFir=Qx forall zeC".
This implies that FpF; = Q. ¢

2nd Proof of a) (more formal) We have

n
Ey,=1+ Z mjejekT:I—FS
j=k+1



and set

n
Fp,=1-— Z mjejekT:I—S.
j=k+1

We now multiply:

FLEy=(I—-8)(I+S)=1-5>

with
n n
S? = ( E mjejekT)( Z mlelekT> .
Here
elefTeletT = 0
since

eTel =0 for 1#k.

2nd Proof of b) (more formal) Let 1 < k <1 <n and let

n
Fe = I+ ) piefe” =1+ M,
j=k+1

n
Fp o= I+ )) aiee” =I1+M,
i=l+1

Then we have

FyFy = (I 4+ Mg)(I + M) =1+ My, + M+ MM, .

Here

n n
MM, = E E aiﬂjejekTeielT.

j=k+1i=l+1

Since i > [ + 1 > k we have

thus M M; = 0 and

FpFp =1+ M+ M; .
This completes the 2nd proof of the lemma. ©

The process of elimination described above applied to a system

10



can be written in the form

En,1 ElA{L‘ = En,1 . Elb .

Here

En—l ElA =U

is upper triangular. One obtains that

L:=FE'. .. E

is unit lower triangular. Thus one has the factorization

A=LU.

The matrix L contains the multipliers of the elimination process multiplied by
—1.

The system Az = b can be written as LUx = b. This system can be solved
by solving first Ly = b (forward substitution) and then Ux = y (backward
substitution).

Summary: Assume that the Gaussian elimination process can be applied
to the system Ax = b without occurances of a zero pivot. Then one obtains a
factorization A = LU where L is unit—lower triangular and U is upper triangu-
lar. The diagonal elements

ULly ey Un—1n—1

are the pivots of the elimination process, which are different from zero by
assumption. (Otherwise the process breaks down.) If also up, # 0 then the
system Ax = b has a unique solution z. The solution can be obtained from
LUx = b by forward and backward substitution: First solve the system Ly = b
for y by forward substitution, then solve Uz = y for by backward substitution.

1.2 Application to Az =b+ cF(x)

We explain here why it is interesting that Gaussian elimination corresponds to
the matrix factorization A = LU.

Operation Count: Suppose we have computed the factors L and U of
the factorization A = LU. Then the system Az = b can be written as LUx =
b and we can solve Ly = b for y and then Ux = y for « by forward and
backward substitution, respectively. This costs O(n?) operations. To compute
the factorization A = LU costs O(n?) operations. Thus, if n is large, the
numerical work for solving LUz = b is negligible compared with the work for
computing the factorization.

11



Application: In the following application one has to solve many linear
systems Az = b\ with the same matrix A, but with many different right—hand
sides b9). The right-hand sides are not all known in advance.

Let F': R® — R" denote a smooth nonlinear map. The system

Ax =b+eF(x)
can be treated by the fixed point iteration

A7t = b4 eF(2?), j=0,1,... (1.5)

where Az? = b. In each step one has to solve a linear system with the same
matrix A. One computes the (expensive) LU-factorization of A only once, of
course.
Remark on convergence: Let || - || denote a vector norm on R"™ and
assume that F': R — R" is Lipschitz bounded with Lipschitz constant L:
|F(z) = F(y)|| < Ll|lz —y| forall =z,yecR".

Define
d(z)=Ab+eA ' F(x), ze€R".
The iteration (1.5) is equivalent to the fixed point iteration

2T = o)
but note that, in practice, we do not compute A~! because that would be too
expensive in terms of effort. Instead, we solve the systems occurring in (1.5).
If ||[A~Y| denotes the corresponding matrix norm (see Chapter 2) then
~1
1®(2) = 2(y)ll < lel[ AT L]z =yl -
Therefore, if

ellA™IL <1,

then, by the contraction mapping theorem, the iteration sequence z7 defined by
(1.5) converges to the unique solution * of the nonlinear system Az = b+cF'(z).

Remarks on Newton’s Iteration: It is interesting to compare the above
fixed point iteration with Newton’s iteration. We must solve

Q(z)=Azx —eF(x) —b=0.

Denote the unknown solution by z* and let 2° be a starting vector. Let z* =
20 + h where h € R™ is assumed to be a vector with a small norm. We have

0=Q(z") = Q"+ h) = Q(z°) + Q'(2”)h + O(||1||*) .
Neglecting the O(]|h]|?) term one obtains the linear system

12



Q'(z")h = —Q(a")

for h. The vector ' = 2° 4+ h is the next iterate. Then, solving

Q'(z")h = —Q(z")

for h and setting 22 = x' 4+ h one obtains z2.

In general, solve the linear system

Q'(z7)h = —Q(a”)
for h and the set

P =24 h for j=1,2,...
Note that
Q'(27) = A—cF'(a7) .
Typically, Newton’s method converges faster than the fixed point iteration
AzdT = b4 eF(2)

but the matrix Q’(27) in the system Q'(27/)h = —Q(27) changes in each iteration
step.
Note that the system @Q'(27)h = —Q(27) reads

(A - z-:F’(acj)>h — ¥ with ¥ =b— Aad +cF(a7) .
Equivalently, the system to be solved for h is

Ah =V +eF'(2))h .

This suggests that one may try the iteration

AR =/, AR =¥ 4 eF'(2))h! for 1=0,1,...

to obtain a vector h! which may be a good approximation of the solution h of
the linear system

<A—5F’(xj))h: V.

In this way one can take advantage of the LU—factorization of A.

13



1.3 Initial Boundary Value Problems

There are other situations where many systems Az = b’ with the same matrix
A have to be solved. As an example, consider the heat equation. Let  C
R? denote a bounded domain with boundary 0€2. We want to determine the
solution u(x,t) of the initial-boundary value problem

u(z,t) = Au(z,t) for z€Q, t>0,

u(z,t) = 0 for z€0Q, t>0,

u(z,0) = f(x) for €.
Let At > 0 denote a time step and let € denote a spatial grid in . Let
up (-, jAt) denote the grid function, which we want to compute and which

will approximate u(-,jAt). For simplicity, we write u/ for the grid function
up (-, JAL). If Qp, has n grid—points then

w = up(-,jAL) € R™ .
A discrete version of the above IBV problem is

é( j+1_uj):Ah<%(uj+uj+l)) for j=0,1,...

with u = f,. Here Ay, is a discrete version of the Laplacian A.
One obtains the following system for the grid function u/*1:

<I — %Ah)ujﬂ = (I—i— %Ah)uj for j=0,1,...

If one wants to compute the solution for 1,000 time steps, say, one has to solve
1,000 linear systems Au/*! = b7 with the same matrix A. The LUfactorization
of A is very useful.

Remarks: It is typically not a good idea to use the explicit—in—time dis-
cretization

1. 4 .
E(ujﬂ—uj) =Ap!, j=0,1,...

because it requires a very small time—step At to avoid instabilities. Note that

Wt = (I + AtA)u!

and assume that —\ < 0 is an eigenvalue of Aj. The matrix I + AtAj has the
eigenvalue 1 — AAt. Instabilities occur if Ay has an eigenvalue —\ < 0 with

1-XMAt< 1.
Thus, stability requires that the time step At > 0 is so small that

AAL <2

14



for all eigenvalues A of Ay,. If, for example, A}, has the eigenvalue —\ = —10'9
then the time step At > 0 must satisfy

At <2%10710

to avoid instabilities of the explicit—in—time discretization.

1.4 Partial Pivoting and the Effect of Rounding

Consider the following system Az = b:

(Vi) (5)=(a)

It is clear that the algorithm that we have described above breaks down since
a11 = 0. However, if we exchange the two rows of the above system we obtain

() ()
(2)-(1)

What happens if a11 is not zero, but very small in absolute value? Consider

the system
e 1 T o 1
<1 1)(@)-(2) where 0 < |e| << 1. (1.6)

We first compute the exact solution. After exchanging rows we obtain

1 1 1\ _ [ 2
e 1 ) o 1
and elimination leads to
1 1 T
0 1—¢ To

The exact solution is

with solution

Il
N
—_
I o
Do
[O)
~_
—
—
3
S~—

thus

(2)-() ()= (1) 00

Note that the e-perturbation term in the matrix A leads to an O(g) perturba-
tion of the exact solution, which is reasonable.

15



We now want to discuss the effect of rounding when the system (1.6) is
solved numerically. In practice, computations are done most often in floating
point arithmetic. For example, in MATLAB machine epsilon is!

eny~2x10716

Here 1+ &7 > 1 but, after rounding, 1 +e =g 1 if |e] < exy.
In the given system (1.6) assume that ¢ = 10~!7, for example, and e, =
2% 10716, After rounding, the system (1.7) becomes

(D)-()
().

which is precisely the solution of the given system if we set € = 0. Thus, if we
first pivot and then eliminate with rounding, we obtain a reasonable result.

Now assume again that e = 1077, but we do not pivot. In exact arithmetic,
the eliminations process starting with (1.6) yields

(3 ) (2) = ()

Assuming that e = 1077 this system becomes after rounding

10-7 1 1\ 1
0 —10%7 xe )\ =107 ) -

The numerical solution which one obtains is

(%)= (1)

This numerical solution differs from the correct solution by O(1).
The example shows that it may not be a good idea to work with a pivot
which is very small in absolute value.

The solution is

1.5 First Remarks an Permutations and Permutation Matrices

A permutation of n elements is a one-to—one map of the set {1,2,...,n} onto
itself. Any such permutation can be described by a matrix

(o o ) 19

!Typing eps into MATLAB yields ans = 2.22 * 107® for machine epsilon, exs. Here, by
definition, e,/ is the smallest positive number that, when added to 1, creates a number greater
than 1 on the computer.

which encodes the map

16



o:{1,2,....,n} - {1,2,...,n}

where j — o; for 1 < j < n. One often identifies this map o with the matrix
(1.8).

The simplest permutations are the identity, id, and transpositions. Any
transposition exchanges exactly two elements of the set {1,2,...,n} and leaves
all other elements of the set fixed.

Here
(1 2 ... n
Zd_(l 2 ... n>

and an example of a transposition is

~(1 2 3 ... n
T12_<2 13 ... n) '
The transposition 112 maps 1 to 2, maps 2 to 1, and leaves all other elements
of the set {1,2,...,n} fixed.
With S, one denotes the group of all permutations of n elements. It is easy

to show that S,, has n! elements. If o and 7 are elements of S,, then their
product o7 = o o 7 is defined by

(07)(4) = (g om)(j) =0o(7(j)), 1<j<mn.

Definition: An n x n matrix P is called a permutation matrix if every row
and every column of P contains exactly one entry equal to one and all other
entries of P are zero.

Relation between permutations and permutation matrices. Let ¢
denote the standard j—th basis vector of R™. For example,

1 0
0 1

el = 0 , e? = 0 ete.
0 0

If 0 € S, then let

Py= (7. ..,

denote the associated permutation matrix, i.e., the k—th column of P, is the
vector e’*. Clearly,

Pyel = ek .

Therefore,
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PP = Pe™®)
_ ok

_ loen)
= Pa‘rek

which implies that
P,P. =P, . (1.9)
Every permutation matrix P € R™*" has the form

P=P, = (6‘71,...,60”>

for some o € S,,. Since P, is orthogonal we have

P'p =1

g

and
P, =(P,)t=PT.

Row and column exchanges: Let A € C"*", thus

n n

A= DY e
=1 k=1
n

_ Zel(éalke'ﬁ)

=1

Here the term in brackets is row; of A. We have

P,A= 2”: e’ ( i alkekT) .
=1 k=1

Thus, if A is multiplied by P, , then row; of A becomes row,; of the product
P, A.
Columns: Consider AP,. We have

(AP,)T = PTAT = p AT |
thus
T
AP, = (PUAAT) .

If AT is multiplied by P,-1 from the left then row; of AT becomes rowg_y(p) of
P__1 AT, In other words, if A is multiplied by P, from the right, then column;
of A becomes columng-1(;y of AP,.

18



Transpositions. Let 1 < i < j < n. The permutation which exchanges ¢
and j and leaves all other elements of the set {1,2,...,n} fixed, is a transposi-
tion, which we denote by T;;. It is then clear that

1T = id .
If P is the permutation matrix corresponding to Tj; then the rule (1.9) implies
that
PP=1.

Thus, if P corresponds to a transposition, then

pl=p.

It is not difficult to show that for any permutation matrix P we have

PT'p=1o,

i.e., the relation P = P~ holds for every permutation matrix. For a transpo-
sition, the corresponding permutation matrix P is symmetric, PT = P.

Elimination Matrices and Transpositions. Let Ej; denote an elimina-
tion matrix as defined in (1.4) and let
1<k<i<ji<n.

Denote by P the permutation matrix corresponding to the transposition Tj;.
We want to understand the matrix PEP. Taking an arbitrary © € C™ we have

x1 x1 x1
Tk Tk Tk
Th+1 Th+1 Th+1 + ME41Tk
PE,Px = PE,P ’ = PE} ’ =P ' =
x; Zj Tj + mixg
Z; xT; x; + m;Ty
Tn Tn Ty + MpTg

It is not difficult to show that the last vector agrees with Ej where the matrix
E}, is obtained from Ej, by exchanging the multipliers m; and m;, and leaving
all other matrix elements unchanged. This yields that PE,Px = Ejx for all
x € C" and, therefore,

PE.P = E}, .

19
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Another Proof of the Formula PE,P = Ek: let 1 <k<i<j<n
and let o € 5, denote the transpositon exchanging ¢ and j, thus

o(i)=j4, o(G)=14, ol)y=1 if l#i and [#].

Let P = Tj; denote the corresponding permutation matrix. Let

n
E, = I+ 2 myele®” = I + M,
I=k+1

Ey = I+ Z me”VefT = I + My,

We will to show that

For all z € C™ we have

n
Tiijx = Tl]( Z ml€l$k>

I=k+1
n
l
= X Z myT;je
I=k+1
n
= a3 Z mle”(l)
I=k+1
Also, since 1 < k < i < j <n we have
(Tijx)k = xp -

Therefore,

n
TijMyTijx = x Z mye”®
I=k+1
The right—hand side agrees with

My ,

and one obtains that

Tz'ijTijiL' = Mkilf
for all x € C™. This proves that

TijEk:Esz‘j for 1§k<i<j§n.
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1.6 Formal Description of Gaussian Elimination with Partial
Pivoting

Gaussian elimination with partial pivoting can be written as

Enflpnfl e E1P1A.CL‘ = Enflpnfl e E1P1b .

Here the P; are permutation matrices corresponding to transpositions and the
E; are elimination matrices, as above. Essentially, the P; almost commute with
the E;; one only has to permute the multipliers.

As an example, consider

1 00 1 00
Ei= a1 0|, P=|001
6 0 1 010
We have
P,E, = (PE\P,)Ps
and
1 0 0 .
P2E1P2: ,3 1 0 = El
a 0 1
Thus,
P,E, = E\P, .

In other words, moving the multiplier P, from the left side of E7 to the right
side results in permuting the multipliers.
This generalizes. One obtains

PA=LU

where L is unit lower triangular. The permutations have been applied to the
multipliers (multiplied by —1) that are collected in the matrix L.

1.7 Fredholm’s Alternative for Linear Systems Az = b

One can use the factorization process leading to PA = LU to prove the following
important result.

Theorem 1.1 Consider an n x n matric A (over any field F). FEither the
system

Ax =b

has a unique solution x € F" for every b € F™; or the homogeneous equation
Ax =0 has a nontrivial solution x € F",x # 0.
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Proof: There are two cases:
Case 1: Gaussian elimination with partial pivoting can be carried out and
leads to a factorization

PA=LU

where P is a permutation matrix, L is unit lower triangular, and U is upper
triangular with

uj; #0 for j=1,2,...n.

In this case, the system Az = b is equivalent to

LUx = Pb .

This system is uniquely solvable. In fact, one can construct the unique solution
by first solving

Ly = Pb
for y € F™ (forward substitution) and then solving
Ur=y

for x € F™ (backward substitution).

Case 2: Gaussian elimination breaks down or leads to a factorization PA =
LU with u,,; = 0. In both cases one obtains an invertible matrix

H=E.P,---F1P

so that
uyl k * % *
* %
o 0 Ukl * .
HA = 0 0 0 =« =U
0 0 0 =x =%
with

ur #0,...,upr #0 where k<n.

One then can construct a non—zero vector
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1

Tk

0
with Uz = 0. The numbers xg, ..., 1 are obtained by back substitution. Since
HA = U and since H is invertible, one obtains that Ax = 0. ¢

Fredholm’s alternative is an important result for linear systems

Ax =b

where A € F™*™ is a square matrix. Denote by

N(A)={x € F" : Az =0}

the nullspace of A. We can formulate Fredholm’s alternative as follows:
There are precisely two cases:

Case 1: N(A) = {0}. In this case, for every b € F™ the system Az = b is
uniquely solvable.

Case 2: N(A) # {0}. Then, if b € F" is a given right-hand side, we have
either

Case 2a: The system Az = b is not solvable;

or

Case 2b: The solution of the system Ax = b is not unique.

Gaussian elimination with partial pivoting gives a constructive proof of Fred-
holm’s alternative.

Remarks: Fredholm’s Alternative is named after the Swedish mathemati-
cian Erik Ivar Fredholm (1866-1927), a professor at Stockholm University. He
also worked as an actuary at an insurance company, which used his Fredholm
equations to calculate buy—back prices for policies. Fredholm established the
alternative for certain integral equations. In functional analysis, one proves the
following result: If U is a Banach space and K : U — U is a compact operator,
then Fredholm’s alternative holds for the equation

(M —K)u=b (1.10)

if A is any non—zero scalar. Thus, if A # 0 is not an eigenvalue of K, then the
above equation has a unique solution u € U for any right—hand side b € U. If
A # 0 is an eigenvalue of K then either (1.10) has no solution (Case 2a) or the
solution is not unique (Case 2b).
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1.8 Application to Strictly Diagonally Dominant Matrices
A matrix A € C"*" is called strictly diagonally dominant if
lajj| > Z|ajk| for j=1,...,n.
k#j

Lemma 1.2 If A € C™*" js strictly diagonally dominant, then the homoge-
neous system Ax = 0 has only the trivial solution, x = 0. Therefore, for any
b e C", the system Ax = b is uniquely solvable.

Proof: Let Ax = 0 and assume that

‘l’j‘ = mgx[:rk] >0.

We have

0 = (Az);

= ajj:rj—i-g AT
ki

thus

ajjacj = — E ajk:):k .
k]

Taking absolute values one finds that

lajilles] < lagelll
k#j

< ) lagellay|
Py

If one divides by |z;| one obtains that

lajil < lajl

k#j

which contradicts the assumption that A is strictly diagonally dominant. <

1.9 Application of MATLAB

The command

[L,U, P] = lu(A)

returns a unit lower triangular matrix L, an upper triangular matrix U, and a
permutation matrix P so that
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PA=LU.

Example: For

12
A:(3 4

the factorization PA = LU becomes

(201
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2 Conditioning of Linear Systems

We consider linear systems Ax = b where A € C"*" and b € C" are given.
The unknown exact solution x € C" is assumed to be unique. If one applies
a numerical algorithm to solve the system, one typically obtains an inexact
solution x + #, which solves a perturbed system

A+ A)(z+3)=b+D.

We consider the pair (A, b) as the given exact data and the pair (121, B) as pertur-
bations of the exact data and ask the following question: If the perturbations
(121, 5) are small, will the perturbation Z of the exact solution x also be small?

Roughly speaking, one calls the given system Az = b well-conditioned if
small perturbations (A,b) of the data (A,b) lead to small perturbations & of
the solution x. On the other hand, if small perturbations of (A,b) may lead
to large perturbations of the solution, then the system Ax = b is called ill-
conditioned.

To make the question of conditioning precise, we must measure the sizes of
vectors and matrices by vector norms and matrix norms. We will then prove
that the condition number of the matrix A, i.e., the number

k= [l ANIATH

describes how the relative solution error

11zl
Ea
is related to the relative data error
1Al ol
Al [l

2.1 Vector Norms and Induced Matrix Norms
As before, C™ denotes the vector space of all column vectors

T

x = : with z; € C.

L,

A function
-1l ;{ C* — [0,00)
z = |

is called a vector norm on C" if the following conditions hold:

1.
|z]| =0 ifand only if = =0;
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|laz|| = |af||z|| forall «€C and forall z e C";

[ +yll < llzfl +llyll for all z,yeC".

Examples of Vector Norms: The most common norms on C" are the
following:

|T|oo = max; |z the maximum norm
zlr = X5 [l the one—norm
lz| = (X |2;]2) /2 the Euclidean norm

Here the Euclidean vector norm |z| is associated to the Euclidean inner
product defined by

(w,y) = Ty =a"y .
The relation is simple:
2| = (@, 2)'/? .

We also note the Cauchy—Schwarz inequality:

Lemma 2.1
[z, )| < |=|ly]  for all z,y € C".

Proof: We may assume that y # 0. For all A € C we have:

0 < |z+M\y?
= (z+ Ay, + \y)
= |z> + Xy, ) + Mz, y) + [N|y|?

Set

(y, )
|y|?

A= —
and obtain that

[y, ) Nz, | [{y,2)

0 S |':C|2 - )
ly|? ly|? y|?
thus
0< ’x‘2 _ |<:c,y>|2
B ly|?

The Cauchy—Schwarz inequality follows. ©
For any real p with 1 < p < oo the vector p—norm is given by
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|z|p = (i |$j|p>1/p for zeC".
j=1

Homework: Prove that |z|, — || as p — oco.

Induced Matrix Norms: Given any vector norm || - || on C" and given
any matrix A € C™*™ one defines the induced matrix norm by

|All := max{||Az|| : € C", ||z| <1}.

The following lemma gives a useful characterization of the number ||A]|.
Lemma 2.2 ) For all x € C™ the estimate

[Az|| < [[Allll]|
holds.
b) If C >0 is a constant and if
|Az|| < C||z|| for all ze€C" (2.2)
then C' > ||A]|.

A simple consequence of the lemma is the formula

|All = min{C >0 : (2.2) holds} .

In other words, the number ||A|| is the smallest constant C' for which the esti-
mate (2.2) holds.

It is a good exercise to compute the matrix norms corresponding to the
most common vector norms.

Lemma 2.3 We have

Al = max2|ajk| (mazximal row sum)
T
Al = mkaXZ|ajk| (mazximal column sum)
j
Al = o
AR = p(A*A)

where o1 is the largest singular value of A and where p(A*A) is the spectral
radius of the Hermitian matrix A*A.

Proof: The proofs of the formulas for |A|« and |A|; are elementary. The
formulas for | A| use mathematical tools that we will learn later.
1. Proof of the formula for |A|s: Set
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Ci=max > laje| = |an| .
T K

Here 1 <1 < n denotes an index for which the equation holds.
a) For every x € C" we have the following estimates:

[Az]oe = max|(Az);]
J

max »  |ajk||z]
T

max Y [aj| [#]o
7%

= (Ol7|eo

IN

IN

This proves that |A|. < C.
b) We now prove that the estimate cannot be improved if required for all
x. Choose x € C" so that |rg| =1 and

ATk = |alk| :

(If ay, = re'™ then let x), = e 7))
Then we have

[Azfeo = [(Az)i]

= > awaxl
k

= 2l
k

C
= 7|

This shows that

|Aloo > C .
2. Proof of the formula |A| = o;: Let

A=UXV"

denote a singular value decomposition of A, i.e., U and V are unitary matrices
and X is a diagonal matrix with diagonal entries o; where

01> ...20,>0.

The numbers o; are unique. They are the singular values of A. In the following,
it is important to note that
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Wyl = |yl

for any unitary matrix W € C"*" and any y € C".
a) For every x € C™ we have the following:

|[Az| = |[UXV*z|
= |V |
< oq|Vix|
= oilz|
This proves that
’A| S o1 .

b) To show that the estimate cannot be improved, choose

x=Ve'.

Note that |x| = 1. We have

Arx = UXV*Ve!
UXe!

= aerl

Here Ue! is the first column of the unitary matrix U, thus |Ue!| = 1. Therefore,

Alle] > |4z = 01 = o]a]

This shows that

’A‘ 20'1 .

3. Proof of the formula |A|> = p(A*A):
If A=UXV* then

A*A = VXU ULV* = VX2V* .

This shows that the matrix A*A has the eigenvalues 0]2. In particular,

p(A*A) = 0% = [A .

Homework: Prove the formula of Lemma 2.3 for |Al;.
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2.2 The Condition Number
Let A € C™*™ be nonsingular and let || - || denote a vector norm on C". The
induced matrix norm is also denoted by || - ||. The number
k= (A [) = 1A
is called the condition number of A with respect to || - ||.

Remark: The condition number of a nonsingular matrix A with respect to
the Euclidean norm is

pa = w(A,| ) = 2

On
where

01> ...>0,>0

are the singular values of A. The number k9 is computed by MATLAB,
ko = cond(A) .

It turns out (but this is not easy to make precise) that the condition number
describes the sensitivity of the solution x of the system Ax = b with respect to
small changes of the data, (A,b). Here one must consider relative data errors,
as given by

1AL, [l

1AL el

and relative solution errors,

il
]

Example 2.1: (a well-conditioned system) Let
[ —e 1 41 -1 1
A_<1 1>’ A _1+5<1 5>
and consider the system
— 1 Il _ 1
1 1 xo )\ 2
with 0 < ¢ << 1. In this case

Aloe =2, Ao =2/(1+¢) .
It follows that




The system is well-conditioned. (Recall that Gaussian elimination with par-
tial pivoting had no difficulty with the system, whereas the algorithm without
pivoting leads to a wrong solution if 0 < |e| < Sear.)

Example 2.2: (an ill-conditioned system) Consider the system

() (2)=(2)

with 0 < € << 1. The exact solution is

In this case

|Aloo =2+¢
and
1 1 -1
71 -
A —€ < —1—¢ 1 >
Therefore,
_ 2+¢
AN = 225
The condition number is
o e’ 4
N € e’

In this case, if we perturb the right—hand side

(0

to

then the solution is perturbed by
0 0 -1
~ 71 _ 2
o ( 0 ) 5 ( 1+¢ ) .

e=10"% and 6§=10"10,

For example, if

then §/c = 10'%. A perturbation of the right-hand side of the system of size
§ = 10719 leads to a rather large change of the solution: The size of the change
is approximately 10'°. The system is ill-conditioned.
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2.3 The Perturbed System A(zx + %) =b+b

In this section, we only perturb the right—hand side of the system Ax = b, but
leave the matrix A unperturbed.

Let || - || be any fixed norm on C™ and let A € C™*™ be nonsingular. Let
k = ||A71|||A|| denote the condition number of A.

We consider the unperturbed system Az = b with solution z = A~!b and
the perturbed system

Alz+%)=b+1D

with solution x + . Thus, T = A~1p is the solution error.
We try to find a bound of the form

I ol

=l = ol
where C'is realistic. In other words, the bound (2.3) should hold, but it should
not be much too pessimistic.

We first show that the bound (2.3) holds with C' = k, the condition number.
Note that (2.3) is equivalent to

(2.3)

el 12l (2.4)
]l |l
or
A A1
l4a] A8 _ (25)
[ ]
Here,
JAall < JAl] (2.)
A=) < AT (2.7)
Therefore,
[Az| ||A~"D| -
AL < aa = (2.8)
[4 ]

Lemma 2.4 Let A € C™" be nonsingular. If Az = b and A(x + i) =b+b
then the bound

]l Io]
—r < Cm—r (2.9)
]l 161l
holds with C' = k. Furthermore, if we require the bound (2.9) with a constant
C which depends only on A, but neither on x nor b, then the choice C = k is

best possible.
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Proof: We have shown that (2.9) holds with C' = k. We have only made the
estimates (2.6) and (2.7). These estimates cannot be improved if required for
all z and all b. ¢

Remark: In many applications, in particular to discretizations of differen-
tial equations, the estimate
[Az| < [|Afll=|l

is too pessimistic (see Section 2.4.). One might therefore believe that the con-
dition number k is not a realistic measure for the sensitivity of the system
Az = b. However, when analyzing computations in floating point arithmetic, it
turns out that one also must analyze perturbations of A. We will show that if
perturbations of A occur, the condition number £ is a realistic measure of the
sensitivity of the system Ax = b. As preparation, we will discuss the Neumann
series in Section 2.5.

2.4 Example: A Discretized 4-th Order Boundary—Value prob-
lem

We give an example of a system Az = b where the estimate ||Az| < ||Al|||z] is
too pessimistic.
Consider the ODE

with boundary conditions

w(0) =" (0) =u(1) =4"(1)=0.

Here f(t),0 <t <1, denotes a given smooth function.
Let h =1/(n+ 1) denote a grid size and let

tj=jh, j=-10,....n+2,

denote grid points. The discretized boundary conditions are

Uy =Upg41 = 0
U_1 —2ug+u, =

Up — 2Upy1 + Upp2 =

and the discretized ODE is

h~* <Uj_2 —4duj_1 + 6uj —4ujq + Uj+2> = f(tj), i=12...,n.
Using the discretized boundary conditions, one can eliminate the unknowns

U—1,UQ, Un+1y Un+2
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and obtain a system
Apun = fn
with

Ap €RY up, fr e R™.

Note: The conditions ug = 0 and u—_; — 2ug + u; = 0 yield that u_; = —u;.
Therefore, the difference equation

h? <U—1 — 4ug + 6u; — dug + U3) = f(t1)

becomes

B4 <5u1 — dug + u3> = f(t1) .

One obtains:

5 —4 1 0 uy f(h)
—4 6 —4 1 :
1 —4 6 —4 1
Ah—m 0 - o, w= y =
1 —4 6 —4 1
1 —4 6 —4
0 1 —4 5 tin F(L—h)
We have
|Ap|oo = 16A71 .

If h = 0.01, for example, then

|Aploo = 1.6 % 10° .

This is a rather large number. However, if f(¢) is a smooth function with
maximum norm of order one, then the exact solution u(t) of the BVP will also
be a smooth function with maximum norm of order one, and we can expect
that

|uh‘oo = 0(1)’ |fh‘oo = 0(1) :

This holds since the error u — uy, is of order O(h?) in maximum norm.
Therefore, the estimate

| fhloo = |AnUnloo < |Ahloo [th]oo

is too pessimistic. This may suggest that the condition number of the system
Apup, = [
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is not a good tool for analyzing the effect of perturbations. The condition
number of a matrix A turns out to be the correct tool, however, if one not only
considers perturbations of the right—hand side of the system Ax = b, but also
considers perturbations of A.

Summary: Consider a system

Ax =b

and assume that ||z|| ~ ||b|| for the solution we are interested in. (Such systems
often occur as discretizations of BVPs.) Now perturb the right—hand side. The
perturbed system is

Alx+2)=b+b.

Clearly,
A =b
We obtain
Jal At
[zl k4]
A
o]l
Ly 1Bl
< AT T
1l

Thus, if we have ||z| ~ ||b]|, then the size of || Al does not matter when we
estimate the relative error of the solution by the relative error of the data.

2.5 The Neumann Series

Let @ € C™*™ and let || - || be a vector norm on C". As before, ||Q|| denotes the
associate matrix norm.
We recall from analysis the geometric series for complex numbers ¢:

quzi for |gq| <1.
, 1—gq
J=0

It is interesting that one can generalize the result to matrices.

Theorem 2.1 Assume that ||Q| < 1. Then I —Q is an invertible matriz and

YR =(1-Q7".
j=0
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Proof: Let

k
Sp=>) @
=0

denote the k—th partial sum of the series Zj’;o Q. We have

ST=Q) =T +Q+..+QNI-Q) =1-Q"
Here Q! — 0 as k — oo since ||QF|| < [|Q||*! and ||Q| < 1. Also,

l
1S;=Sell < > QI <e for I>k>N(e).
Jj=k+1

This implies that the sequence Sy converges,

Sk%S:in,

=0
and (2.10) yields that

SI-Q)=1.

This proves the theorem. ©

(2.10)

Remark: The series expression Z;’;O Q7 for (I —Q)~!, called a Neumann
series, generalizes to bounded linear operators @) : U — U, where U is a Banach

space if ||Q| < 1.

Neumann series and Neumann boundary conditions are named after Carl
Neumann (1832-1925). Carl Neumann studied physics with his father and
spent most of his career studying mathematical problems arising from physics.
He taught at multiple universities and in 1868 was a founder of the journal

Mathematische Annalen.

A simple application of the Neumann series is the following: Let P € C™*™

denote a matrix and let € € C with

el Pl <1

Then the matrix I 4+ P is nonsingular and

(I+eP) ' =T—-cP+0(?) .

Here O(g?) stands for a matrix term obeying an estimate

lO@E?)]| < Cle* for e <1

with a constant C' independent of €.
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2.6 Data Error and Solution Error

Let Az = b be a given linear system. We assume that A € C"*" is nonsingular
and denote the solution of the system by @ = A~'b. If we apply an algorithm
such as Gaussian elimination with partial pivoting and use floating point arith-
metic, then we obtain a numerical solution x,,,,, which solves a nearby system

(A+ A)Zpum =b+b .

(Estimates for A and E) can be demonstrated using backward error analysis.)
For simplicity, let b = 0. Consider a system

(A+A)(z+2)=b

and assume that the perturbation term A is so small that

AT Al << 1.
We set

Q=-A"4

and rewrite the system

as follows:

AT+ AT A)(z+%) = b
AT -Q)(x+E) = b
I-Q)z+z2) = x
r—Qr+(I-Q) = =z
I-Q)z = Qz

One obtains:

This yields the estimate

oo
I < Y IQIFH [l
j=0
QI

o 17l

L—ll

Since
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QI < AT IIIAl

one obtains that

T
I3l o ey
el < T=qgn 14 1Al

thus

Izl _ AT IAL JLAY
el = 1=l Al
If ||Q|| << 1 this yields, essentially,

Iz I4l
=] = 1A
where « is the condition number,
r=[lATH 1Al -

This analysis shows the significance of the condition number x for the anal-
ysis of the perturbed system

(A+A)(z+7)=b.
Summary and Rule of Thumb: Consider a linear system

Ax =b

where A € C™*" is nonsingular and where b € C™ is given. We denote the exact
solution by

r=A"1b.

A numerically computed solution ., satisfies a perturbed system

(A+ A)pum =b+b .

If one uses a good algorithm, then one can use backward error analysis to obtain
bounds for A and b, but this is nontrivial.
Write

Tpum =T+ T, Q= —A'A

and obtain

AT - Q)(xz+ &) =b+b.

We assume

QI << 1, Bl << [1Bll -
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Therefore,

I-Q7 ' ~I+Q.
Obtain
Al -Q)(x+i) = b+b
I-Q)z+z) = z+A'
T+% ~ z+Qr+ A
i~ Qu+A"'b
Therefore,

2] ~ (| A" Al| + A7 -

The relative error has two terms,

[ 2 1 I

] ] ]

Here the matrix A is unstructured and one expects

. o i
nA%MwwmlwAmwzmwﬁmm

where we used the condition number

k= [lATHIAL -
This yields

|A~" Az I14]]
~ K

[z 1Al
Also, Ax = b implies
1ol < 1A[l[|=]
thus
1|4
= = llofl
thus
ISP
& I
One obtains
1z IAL 1]
e~ (e T )
| <IIAII IIbH>
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A reasonable (somewhat optimistic) estimate is

[ETITR
Al (ol

where €,,4¢c, 18 machine epsilon, and it is assumed that a good algorithm is used
to compute Z,um,-
One obtains the rule of thumb

]
T . 2.11
[ >4y

The relative error is about the condition number times machine epsilon.
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3 Examples of Linear Systems: Discretization Error
and Conditioning

ODEs and PDEs often cannot be solved analytically. Using a discretization

process (for example, finite differences or finite elements) one replaces the dif-

ferential equation (plus boundary conditions) by a finite dimensional system.
If the differential problem is linear, one typically arrives at a matrix system

Ahuh = by,
where the index h indicates dependency on a step size h. If u is the solution of
the differential problem, then the error
U — Up,

(in some norm or on some grid) is the discretization error. This error occurs
because the ODE or PDE is replaced by a discrete system. As discussed in
the previous chapter, another error occurs since in floating point arithmetic the
solution up cannot be computed exactly.

Ideally, one can estimate the condition number of A; and one can also
estimate the discretization error. If this is the case, then one can choose a
step—size h for which both errors are of the same order of magnitude. In the
next section, we discuss two simple examples.

We will also discuss the Hilbert matrix, an example of an ill-conditioned
matrix.

3.1 Difference Approximations of Boundary Value Problems
Difference Operators: Let h > 0 denote a step size and let

Gnp={sj=jh : jeZ}
denote the corresponding one—dimensional grid. A function u : G, — R is
called a grid function. One often writes
u(sj) =u(jh) =uj, jEZ.
Define the shift operator E, acting on grid functions, by

(Bu)j =ujp1, jEZ.

The powers E¥ of E are

(EVU)J = Ujtv, j €Z ’

for v € Z. We write I = E° for the identity.
Then the forward divided difference operator Dy, is defined by

1 1

(Dh’U«)j = E<uj+1 - uj) h(E — I)uj, JEZ,
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thus

Dy=—(E—-1)
We have
Di = nE-I)7
= W 3E*-2FE+1)
D} = h3(E3-3E?+3E-1)
D} = hYE'—4E3 +6E* —4F +1)

etc. Centered divided difference operators are

D}E™t =
DiE™2 =

2(E-2I+E7Y

h~
h™*(E? —4FE + 61 —4E~' + E7%)

For example,

(D,%Eil)uj = hiQ(uj_H — 2u; + Uj_l) .

One can use Taylor’s formula to derive the order of approximation of differ-
ence operators. For example, let u € C*[—1,1]. We have, for small h > 0:

h? h ht
u(h) = wu(0)+ hDu(0) + ?DQu(O) + —D3u(0) + —D4u(§1)
h? 3 Wty
u(—=h) = u(0) —hDu(0)+ ?D u(0) — —D°u(0) + D u(&2)
Adding these equations yields

u(h) +u(—h) = 2u(0) + h*D?u(0) + R(h)
with

4
| D% o

h
R(h)| < 2

Therefore,

D?u(0) = h™2(u(h) — 2u(0) + u(—h)) + O(h?) .
Here the error term is bounded by }1‘—;|D4uloo.

A Second—Order BVP: Let p, f € C[0,1] be given functions and let
@, 8 € R be given numbers. We want to find a function u € C2[0, 1] with

—u"(s) + p(s)u(s) = f(s) for 0<s<1, u(0)=ca, u(l)=4.
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One can give conditions on p and f which guarantee that the BVP has a unique
solution.? We denote it by upp(s).

Let n € N and let h = 1/(n+ 1) denote a step size. For example, if n = 99
then h = 0.01. Let s; = jh,j = 0,1,...,n+ 1 denote the grid with step size h
in [0,1]:

So=0<s1<s59< ... <Spp1=1.

For j = 1,...,n we replace the derivative operator —u"(s;) by the second-order
divided difference

W2 (—ujo1 + 2u +ujn) -
Let p; = p(s;), fj = f(sj). If up = (ug,uy,...,unt1)? then one obtains a a
matrix system
Apuy, = by,

with

bh = ( fi, - [, B)T .

Under reasonable assumptions, the system Apup = by, has a unique solution uyp
and

[Ubvp — Un|oo = MaAX  |Upyp(S;) — uj| < Ch?
7=0,...,n+1

where C'is a constant independent of the step size h. (Such results are shown in
a numerical analysis course.) The error |up,, — un|oo is called the discretization
error. This error is due to replacing the BVP by a discrete problem.
We have
|Ap]oo ~ 4h~2

and, under suitable conditions,

1A oo ~ 1.
This implies that the conditions number is £ ~ h=2. Our rule of thumb (2.11)
yields
|uh - unum|oo ~ 5Mh_2 .

The error |up — Unum|oo is due to solving the system Apup, = by, inexactly, using
floating point arithmetic instead of exact arithmetic.
For example, if A = 1072 then the discretization error is

[Ubpp — Uh oo ~ Ch? ~107%.

*For example, if p, f € C[0,1] and p(s) > 0 for 0 < s < 1, then the BVP has a unique
solution in C?[0, 1].
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The error due to round—off is

[up, — Unum|oo ~ epyh™2~10716.10 = 10712 .

We obtain that the discretization error dominates the error due to round—off if
we choose the rather large step—size h = 0.01.

Suppose we want to reduce the discretization error and work with a much
smaller step size, h = 1076, Now the discretization error becomes

|ubvp — Up|oo ~ Ch? ~ 10712 .

The error due to round—off becomes

[up, — Unum|oo ~ epyh™2~10716.1012 = 1074 .

We obtain that the error due to round—off becomes dominant.
Which step size h is optimal, i.e., leads to the smallest total error? Let us
assume that the discretization error is

2
Ndiscrete = Ch

and that the error due to floating point arithmetic is

2
Narith = EmMh™ " .

Then the total error becomes

Tltotal = Ch2 + <°:Mh_2 .

The two error terms are equal if

Ch? =epyh™2,
ie.,
. (57M)1/4
c .

For C =1 and €3 = 1076 one obtains
h=10"%" notar ~107° .
A Fourth—Order BVP: Let p, f € C]0,1] be given functions. Consider
the BVP
ulV(s) +p(s)u(s) = f(s) for 0<s<1, u(0)=u"(0)=u(l)=u"(1)=0.
One can give conditions on p and f which guarantee that the BVP has a unique

solution in C*[0,1]. We then denote it by up,(s). As above, let h =1/(n + 1)
denote a step size and let s; = jh,j = —1,0,...,n + 2. We replace uIV(sj) by
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h74(uj_2 — 4u]~_1 + 6Uj - 4u]'+1 + Uj+2) .
This is used for j = 1,...,n. Using the discretized boundary conditions

up =0, u_1—2upg+u; =0

we eliminate u_; and ug from the system. Similarly, we eliminate u,+; and
Up42. One then obtains a matrix equation

Apup, = by, for up = (ug,...,un)t .
Here
|Ap|oo ~ 16A71 .

Under suitable assumptions,

|A; oo ~ 1.
The condition number is

ko~ 1671
For the discretization error one obtains as above,

\ubvp — uh\oo ~ Ch2 .
For the error due to round—off,
U — Unum oo ~ Enr -k ~ 1071616 4

The total error becomes

Neotal ~ Ch? +16 % 1071674

Assuming that C' = 1 the two error terms become equal if

h® =16%1071°, h =0.0034 .

The total error becomes

Titotal ™~ 1075 .

Comment: Given an analytic problem Au = b, one often uses a discretiza-
tion technique to replace it by a matrix problem Ajuy, = by, with step size h > 0.
The discretization error can be made arbitrarily small by sending the step size
h to zero. However, if h is very small, then the error due to solving the system
Apu, = by, in floating point arithmetic cannot be neglected. To estimate this
error, the condition number of Ay is important.
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3.2 An Approximation Problem and the Hilbert Matrix
The n x n Hilbert matrix H™ is

H® = (hij)ogijen—1  with hi; =

For example,

HG —

SV NI
s [ =00 =0 =
[SUEENTEIU

The Hilbert matrix H™ is notoriously ill-conditioned unless n is quite
small. For example, for n = 10 MATLAB gives?

cond(hilb(10)) ~ 1.6 - 10'3 .

(This is the condition number with respect to the Euclidean norm, computed
via SVD.)

An Approximation Problem. We want to show how the Hilbert matrix
comes up if one wants to solve a polynomial approximation problem. On the
space U = C[0,1] of continuous real-valued functions define the Lo—inner—
product by

1
(u,v) :/0 u(s)v(s)ds .
Then

Jull = V/(u,u), wel,

denotes the corresponding Lo—norm.
Let

Py = span{l,s,s*,s°} C U

denote the subspace of all polynomial of degree < 3. Let f € U be a given
function. We want to determine a polynomial

3
p(s) = Zajsj €ePs
=0
so that the error

If =l

becomes minimal, i.e., we want to determine p € P3 so that

If =pl <|f—qll forall geprs, q#p. (3.1)

3In Wikipedia it is claimed that the condition number of H™ grows like
(9((1 + \/5)4”/\/5) as n — oo . For example, for n = 10 one has (1 +v/2)*"/\/n ~ 6 * 10**.
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Lemma 3.1 The polynomial p € P5 is the best least squares approrimation to
f € C[0,1] if and only if

(s', f—=p)=0, i=0,1,2,3.

Le., p € P3 is the best approzimation to f with respect to the Lo—norm if and
only if the error f — p is orthogonal to the space Ps.

Proof: Assume first that p € Ps satisfies (3.1). Let ¢ € P53 be arbitrary and
consider

1
n(€)=\f—(p+8q)!!2:/0 (f —p—cq)ds.
One obtains that

0=17'(0)=—-2(¢,f —p) ,

This shows that the error f — p is orthogonal to Ps.
Second, assume that f — p is orthogonal to P3. Then, for all 6 € P53, # 0:

If=p—=0|* = (f-p—06,f—p—0)
If —plI* + [|6]?
If —p|?

V

which proves (3.1). ¢
The polynomial

p(s) =g+ a1s + a8 + ass’ € Py

is the best approximation to f if and only if

(s f—p) =0, i=0,1,2,3.

This requires

a;(s,s) = (s, f), i=0,1,2,3.

.
o

Here

1

1
i gl — i+ Jg — — B .
(s',s7) /05 s irirl ij

One obtains the system

HWa =b with b =(s"f), i=0,1,2,3
for the coefficient vector « of the optimal polynomial p € Ps.

The Hilbert matrix H @+t ¢ R(+Dx(n+1) g the matrix with elements
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o 1
hii = (s 6)) = —— for 0<ij<mn.
ij = (s",s7) T or <i,j<n

We claim that H"+1) is nonsingular: Let H™"tDa = 0. Set

n
p(s) = Zajsj eEPR,.
=0

For 0 < i <n we have

n
0 = Zhijaj
7=0
n

= Z(Siv Sj)aj

j=0

= (s, Z ozjsj
3=0
= (s',p(s))

Therefore,

1
0= () = [ ()R ds.
and p = 0 follows.
Theorem 3.1 Let f € C[0,1]. There exists a unique p € P, with

\f=»ll <|f—qll foral qeP, q#p.

Proof: Let ¢ € R™"! denote the vector with entries

¢j=(s',f) for j=0,1,...,n

and let
H(n-i—l)a — ¢ )
Set
n .
p(s) = ajs
§=0
Then we have for i =0,1,...,n:
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(Sivf_p) = (Sihf) - (8i7p)
= ¢i— > hyoy
§=0
=0
This proves that f — p is orthogonal to P,,, and the claim follows. ¢
Remarks: In MATLAB the n—th Hilbert matrix can be obtained by

A = hilb(n) .

The condition number k of A (with respect to the matrix norm corresponding
to the Euclidean vector norm) can be obtained by

k = cond(A) .

For n = 10 MATLAB gives the condition number kg = 1.6 * 10'3. For n = 20
MATLAB gives the condition number kgy = 1.8 % 102°.
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4 Rectangular Systems: The Four Fundamental Sub-
spaces of a Matrix

If W is a vector space and U and V' are subspaces of W, then the set

U+V={u+v : uelUwveV}

is again a subspace of W, the (algebraic) sum of U and V. If the subspaces U
and V intersect only trivially, i.e., U NV = {0}, then every w € U + V has a
unique representation of the form

w=u-+v with vweU and veV.

In this case, one writes

U+Vv=UaqV,

and calls the sum U @& V the direct sum of U and V.

In this chapter, F' denotes an arbitrary field and A € F"*" denotes a matrix
with transpose AT € F™*™_ As usual, the matrices A and AT determine linear
maps, again denoted by A and A7,

A:F" > F™, AT F™ 5 T

The nullspace of A,
N(A)={x € F" : Az =0}
and the range of A7,
R(AT) = {x € F™ : there exists y € F™ with z = ATy}

are subspaces of F". Similarly, the nullspace of AT,

NAD) ={ye F™ . ATy =0}
and the range of A,

R(A) ={y € F™ : there exists x € F" with y = Az}

are subspaces of F'™. The basic subject of this chapter is to study how the four
fundamental subspaces of A,

N(4), R(4), N(AT), R(A")

are related to each other.
An important result will be the direct sum decompositions

NATY e R(A) =R™, N(A)® R(AT)=R"
if F' is the field of real numbers.
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4.1 Dimensions of Ranges and Rank

Let F denote an arbitrary field and let A € F™ ", The matrices A and AT
determine linear maps, which we again denote by A and A7,

A:F*—F™m, AT . ™ 5
The subspace

NA)={zxeF" : Ax=0} C F"
is called the nullspace or the kernel of A. The subspace

R(A) ={y € F'™ : there exists x € F" with y = Az} C F™

is called the range of A. The four fundamental subspaces of A are

N(4), R(A), N(AT), R(A"),

where

N(A)+ R(ATY c F" and N(AT)4+ R(A)C F™.

Conservation of dimension, proved in Section 4.2, yields that

dim N(A) + dim R(A) =n and dim N(A") +dim R(AT) =m . (4.1)
Another remarkable result is that
dim R(A) = dim R(AT) | (4.2)

which we prove in Section 4.5 using the row echelon form of A.

Definition: The number defined by (4.2) is called the rank of the matrix

A,
dim R(A) = dim R(AT) =: rank(A) . (4.3)
From (4.1) and (4.2) it follows that
dim N(A) 4+ dim R(AT) =n and dim N(AT) + dim R(A) = m (4.4)
where

N(A)+ R(ATY c F* and N(AT)4+ R(A) Cc F™. (4.5)
If F' is any of the fields Q or R then one can show, in addition, that

N(A)NR(AT) ={0} and N(AT)NR(A) = {0} .

Together with (4.5) one then obtains the important direct sum decompositions
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NA) & RAT)=F" and NAT)® R(A)=F™. (4.6)
If F'is Q or R then these are orthogonal direct sums, i.e.,
N(A) L R(AT) and N(AT) L R(A).
If F = C and one replaces AT by A* = AT then one also obtains that
N(A)® R(A*)=C" and N(A") @ R(A)=C™. (4.7)

The decompositions are again orthogonal.
An important implication of the orthogonal decomposition

N(A*) ® R(A) =C™ where N(A") L R(A)
(for F = C) is the following:

Theorem 4.1 Let A € C™*" denote a complex matriz and let b € C™ denote
a given vector. The linear system

Ax =b

has a solution x € C™ if and only if the right-hand side b is orthogonal to every
vector £ € C™ with A*¢ = 0.

For a general field F' the equations in (4.6) do not always hold. For example,
if F =Ky =1{0,1} and

then

N(A):R(AT):{<8>,<1>}.

4.2 Conservation of Dimension

Let U and V denote vector spaces over the field F' and let A : U — V denote
a linear map.
By definition, the nullspace of A is

NA)={uelU : Au=0}
and the range of A is

R(A) ={v €V : there exists w € U with Aw = v} .

It is easy to see that N(A) is a subspace of U and R(A) is a subspace of V.
The following theorem is called conservation of dimension.
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Theorem 4.2 (conservation of dimension) Let U and V' denote vector spaces
and let A: U — V denote a linear operator. If dimU < oo then

dim N(A) +dim R(A) = dim U .

Proof: We first assume that R(A) has finite dimension. Let uy, ..., u; denote a
basis of N(A) and let vy, ..., v, denote a basis of R(A). There exist wy,...,w; €
U with Aw; = v;. We claim that the [ + k vectors

Uy ey UL, WLy ..., W

form a basis of U.
a) (linear independence) Assume that

arul + ...+ oqup 4+ frwy + ...+ Brwg =0 .
Applying A we find that

B+ ...+ Brvp =0 .

This implies that 8; = 0 for all j, and then a; = 0 follows.
b) (the span is U) Let u € U be arbitrary. Then Au € R(A), thus there
exist scalars B1,..., [ € F with

Au = fror + ...+ By = PrAwy + ... + BrAwy .
Set

w= frwi + ...+ Brwy .

The above equation implies that

Alu—w) =0,
thus v —w € N(A), thus

U—W=0o1u +...+ou .

We have shown that

u=oiu1 + ... +oqu + Brwy + ... + Brwg .

The two arguments given above prove the formula dim N(A) 4+ dim R(A) =
dim U under the assumption that R(A) has finite dimension. If dim R(A) = oo
then choose k so large that

l+k>dmU

where | = dim N(A). If vy,..., vy are linear independent vectors in R(A) and
Awj = vj, then the above argument shows that the [ 4 k vectors

ULy oo U, WLy ooy WE

are linearly independent, a contradiction to [ + &k > dimU. ¢
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4.3 On the Transpose AT

In this section, F' denotes an arbitrary field and we use the notation
n
(Z,y)n = ijyj for z,ye F".
j=1

Lemma 4.1 Let x € F™ and assume that

(x,y)n =0 forall yeF".
Then x = 0.

Proof: Taking y = (1,0,...,0)” one obtains that z; = 0, etc. ©
Lemma 4.2 For all A€ F™*" x € F™,y € F" the formula

<337 Ay>m = <AT337 y)n
holds.

Proof: We have

(@, AY)m = Y wi(Ay)i
=1
= D w ) ay;
=1 =1
= > (Xami)y
1 =1

j:
n

= > (ATz);y,

j=1
= (ATz,y),

o

Lemma 4.3 Let A € F™*" B e F™*™_ [f the equation

<xaAy>m = <Bx7y>n
holds for all x € F™ and all y € F™, then B = AT .

Proof: By the previous lemma we have

(AT, 9 = (Bx,y), forall zeF™yecF".

Therefore, by Lemma 4.1, A2 = Bz for all z € F™. This implies that B = AT
o
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Lemma 4.4 Let A € F™" B e F"*!. Then

(AB)T = BT AT .
Proof: We have
(r,ABy) = (A"z, By)
(BT ATz, y)
and
(z,ABy) = ((AB)"z,y) ,
thus

(B ATx,y) = (AB)"x,y) .
The equation BT AT = (AB)T follows. o

We know that a square matrix A € F™*™ is invertible if and only if Ax =0
implies x = 0.

Lemma 4.5 A matriz A € F™ " is invertible if and only if AT is invertible.

Proof: Assume that A is invertible and let ATy = 0 for some y € F™. Given
any b € F™ there exists a unique x € F™ with Ax = b. This yields

(by) = (Ax,y)
(z, ATy)
= 0

It follows that y = 0, thus A” is invertible. Conversely, if one assumes that AT
is invertible, then (AT)” = A is invertible. o

4.4 Reduction to Row Echelon Form: An Example
Let

€ml €m2 ... Emn

denote a matrix in F™*™. We denotes its rows by

E; = (ei1,...,6i) for i=1,...,m.

We give a general definition, which may be difficult to comprehend.
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Definition: The matrix £ € F™*™ has row—echelon form if the following two
conditions hold:

1) If E; =0 and ¢ < m then F;1; = 0.

2) If E; # 0 then let d; denote the smallest index j with e;; # 0. If E has k
non-zero rows, then

di <dg <...<dp .

The indices dy,ds, ..., d; are called the pivot indices of the matrix FE.

Example of a Matrix that has Row Echelon Form: The matrix

0 1 *x % =x
| 00 0 1 « Ax5
E=100001]|K
00000
has row echelon form. Here * stands for an arbitrary scalar. The pivot indices
are
2,4,5.

By a process somewhat similar to Gaussian elimination and LU—-factorization,
one can transform any matrix A € F™*" to row echelon form. We first give an
example.

Example of Reduction to Row Echelon Form: Let

1213 3

[ 2 40 4 4 s

A= 1 23 5 5 e R* . (4.8)
24047

We can construct 4 x 4 elimination matrices F1, Fo and a 4 x 4 permutation
matrix P so that

12 1 3 3
00 -2 -2 —2
PEREIA=E=| o o o o 3 (4.9)
00 0O 0 O
has row echelon form. In fact,
1000 12 1 3 3
2100 00 -2 —2 —2
Ex=1 1010 2PA=[0 0 2 2 2|
2.0 0 1 00 -2 -2 1
1 000 12 1 3 3
0 100 00 -2 —2 —2
Be=1ly 110 2BA=100 o 0o o]
0 -1 0 1 00 0 0 3
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and

10 00
0100
P= 0 0 01
0010
The product
H .= PE2E1

is nonsingular. The matrix E has row—echelon form. The number of non—zero
rows of E equals 3, which is the rank of A. The pivots of E are in columns

di=1, dp=3, d3=5.

Construction of Bases for the Example: Consider the matrix A given
in (4.8). We have constructed an invertible matrix H € R*** so that

HA=F

has row echelon form. See (4.9). We now show how one can construct bases for
the four fundamental subspaces

N(A), R(A), R(AT), NAD).

Basis of N(A): The system

Ax =0
is equivalent to
Exr=0
Therefore,
N(A)=N(E) .

We can rewrite the system Exz =0 as

1 1 3 1 2 3
0 -2 =2 T3 = —X2 0 — X4 —2
o o0 3 x5 0 0

The variables x1, x3, x5 are called the basic variables. The variables xo and
x4 are called the free variables. If one gives any values to the free variables, xo
and x4, then one can solve uniquely for the basic variables. In this way one can
obtain a basis of N(A). In the example, we have

dimN(A)=2=5-3, 3=rank(A).

One can choose
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zo=1, x4=0

to obtain the basis vector (1) of N(A) and

Tro = 0, T4 = 1
to obtain the basis vector () of N(A).

Basis of R(A): Let a(M,...,a® denote the column vectors of A and let
e ..., e® denote the column vectors of E. Recall that the pivot indices are

di=1 dy=3, d3=5.

We claim that the corresponding columns

of A form a basis of R(A).
a) Linear independence: It is clear that the corresponding columuns of E,

FORRCING)

Y ) )

are linearly independent. Since HA = E we have

Ha9) = ¢ for all 7.
If

oqa(l) + aga(3) + a5a(5) =0
then we apply H and obtain that
are +aze® +aze® =0
Therefore,
ai=az3=a5=0.
b) The span: Any vector b € R(A) has the form

5
b=Aa = Zozja(j) .

j=1
Note that

6(2),6(4) € spcm(e(l),e(?’), 6(5)) .

We have, for suitable scalars v;,
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Hb = HA«
= Fa

5 .
= Y ayet)
j=1

= yieW 43 4 q5e®
= yHaW +~3Ha® + y5Ha®)

This implies that
Basis of R(AT): The equation

HA=F
implies that
ET =ATH" .
Since HT is nonsingular, one obtains that
R(AT) = R(ET) .

It is then clear that the first three columns of E7 form a basis of R(AT).
In particular, one obtains that

dim R(AT) = dim R(A) = 3 .

Basis of N(AT): The equation

HA=F

implies that

ET = ATHT .
If we denote the i—th row of H by

BT

then H” has the columns

A 1)
Since

ATRG)
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is the j—th column of E7 and the last column of E7 is 0, we obtain that

) e N(AT) .

We also know from the conservation of dimension that

dim N(AT) + dim R(AT) = 4 .

Since

dim R(AT) =3
it follows that the vector h(*) forms a basis for N(AT).

4.5 The Row Echelon Form and Bases of the Four Fundamental
Subspaces

Let A € F™*™. It is not difficult to generalize the above example and to
show the following: There exist permutation matrices Py, ..., P, € F™*™ and
elimination matrices E1, ..., E, € F™*™ g0 that

EkPk “. E1P1A = F
has row echelon form. Here 0 < k < min{m,n} and F has k non-zero rows
with pivots in columns

di <...<dp .

Set

H=FE,P,... 1P .
Then H and HT are invertible matrices.

1. A Basis of N(A): We have N(A) = N(E). In the system

Ex=0
the variables x4, , ..., x4, are the basic variables whereas the other n—k variables
x; are the free variables. We collect these in
e prk

We the choose

' =(1,0,...,0)7
etc. and solve for the basic variables to obtain a solution of Fx = 0. In this

way we obtain n — k vectors forming a basis of N(A).

2. A Basis of R(A):
Denote the columns of A by a™), ..., a(™ and the columns of E by e, ... (™).
We have HA = E, thus Hal?) = e\ for j = 1,...,n. The vectors
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eld) . eldn)

are linearly independent and their span is R(E).
Since Ha?) = e\ the vectors

a(dl)7 .. ,a(dk)

are linearly independent.

Let b € R(A) be arbitrary, thus Hb € R(E). We have

k k
Hb = Z%e(dz) — Z’YlHa(dl)
1=1 1=1

and

k
b= Z’yla(dl) .
=1

It follows that the vectors

dy)

al ,...,a(d’“)

form a basis of R(A).
3. A Basis of R(AT): Since ATHT = ET we have

R(AT) = R(ET) .

The k non-zero columns of E7 form a basis of R(AT). In particular, we note
that

dim R(A) = dim R(AT) .

4. A Basis of N(AT): Since ET = AT HT and since the last m —k columns
of ET are zero, the last m — k columns of H” form a basis of N(AT).
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5 Direct Sums and Projectors

5.1 Complementary Subspaces and Projectors

Direct Sum Decomposition: Let W denote a vector space and let U and V'

denote subspaces of W. One says that W is the direct sum of U and V', written
W=UesV,

if for every w € W there are unique vectors v € U and v € V with

wW=Uu+7.
If W =U @&V one says that U and V are complementary subspaces of W.
Motivation: One reason to write a vector space W as a direct sum, W =
U @V, is the following: Let A: W — W denote a linear operator and suppose
we can find two subspaces U and V of W which are invariant under A, i.e.,
AU)cU and AV)CV.

If, in addition, W = U @ V then the operator A is completely determined by
the two restrictions,

Ay :U—=U and AV:V V.

To study the operator A : W — W it then suffices to study the two restrictions
Aly and A|y separately, which may be easier. (Divide and conquer.)

Projectors and Direct Sums: A map P: W — W is called a projector
if P is linear and P? = P.
If W =U @V then the assignment

where w=u+4+v with veUwveV

P:{W - W
w —  u

defines a linear map P : W — W with P2 = P. One calls P the projector onto
U along V. It is not difficult to show that Q = I — P is the projector onto V'
along U. Thus, any decomposition W = U & V determines two projectors, P
and Q=1—-P.

Conversely, one can start with a projector P : W — W. If one then sets

U=R(P), V=N(P)
then

W=UaV,
and P is the projector onto U along V.
Proof: a) (Existence of the decomposition of w) Let w € W. Set

u=Pw, v=w-Pw.
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Then w =u+ v and u € R(P),v € N(P). This shows that W =U + V.
b) (Uniqueness of the decomposition of w) Let w € W and assume that

w=u+v, u€R(P), ve&N(P).
Since @ € R(P) there exists x € W with @ = Px. We then have (since P? = 0)
u=Pw=Pa+7?)=Pi=Pur=Pr=14.
The equation © = v follows since w = u +v = 4 + 0.
Let us summarize: Every decomposition of a vector space W,

W=UaV,

determines a project P onto U along V and a projector Q = I — P onto V'
along U. Conversely, every projector P determines the decomposition

W = R(P) ® N(P) .

So far, there were no restrictions on the dimension of the space W. In the
following, we assume that W has the finite dimension n.

Lemma 5.1 Let dimW = n < oo and let U and V denote subspaces of W.
We then have

W=UesV
if and only if
a) UNV ={0}
and

b) dimU + dimV = dim W .

Proof: 1) First assume that W = U @& V. We will prove that a) and b) hold.
a) If weUNV and w # 0 then
w=w+0=0+w

would give two different decompositions, a contradiction.
b) Let uq,...,u; be a basis of U and let vy, ...,v; be abasisof V. If w € W
is given then there are unique «; and §; with

w:ZOéjUj-FZ,BjUj .

This shows that

Ulyeo s UL, V...,V

is a basis of W. Therefore, [ + k = n.
2) Second, assume that a) and b) hold for two subspaces U and V' of W.
We will prove that W =U @ V.
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Let uy,...,u; denote a basis of U and let vy, ..., v denote a basis of V. By
assumption, I + k =n =dimW.
Suppose that

Zajuj+Zijj:0,

thus

> ajuj ==Y B eUNV ={0}.

It follows that

Q5 = Bj =0.
Therefore, the vectors

Ulyewny UL, Vly ...,y Uk

are linearly independent and, since [ + k = n, the above vectors form a basis of
Ww.

It follows that any w € W can be written in the form

w = ZO&jUj + Zﬁjvj

where the coefficients o; and §; are uniquely determined. This proves the
existence and uniqueness of the decomposition

w=u+v with vweU and veV.

5.2 The Matrix Representation of a Projector

In this section let W = C™ and let

Ct=UsV,

i.e., C™ is the direct sum of the subspaces U and V. We will derive a matrix
representation of the projector P € C"*" onto U along V. Let u1, ..., ux denote
a basis of U and let vy, ..., v; denote a basis of V. By the previous lemma we
have k41 =n and

Ulye ooy UkyV1y.. ., U]

is a basis of C™. We place these vectors as column vectors in the matrix 7',

T= (ul...ukvl...vl) e Ccmm . (5.1)

For any given w € C" there exists a unique a € C* and a unique 8 € C! with
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We have Pw = Z?Zl ajuj and

One obtains that

o) (%)
)71

This shows that the projector P onto U along V has the matrix form

P:T(Iéc 8>T—1. (5.2)

If P € C**™ is any projector and we set U = R(P),V = N(P) then

Ct=UeaV.

The argument given above shows that P has the form (5.2) where k = dimR(P).
Conversely, is is clear that the matrix P defined by (5.2) always is a projector.
If T has the form (5.1) then P is the projector onto

U = span{uy,...,ug}

along
V = spanf{uvy,..., v} .

5.3 Orthogonal Complements in C"

For a subspace U C C", denote its orthogonal complement by
Ut={veC” : (u,v) =0 forall ueU}.
Lemma 5.2 If U C C" is a subspace, then

dimU + dimU+ =n .
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Proof: Let uy,...,u; denote a basis of U and define the matrix A with columns
Uj:

A:(ul...ul)E(CnXl .

A vector v € C" lies in U™ if and only if

wjv=0 for j=1,...,1.

Therefore, v € U+ if and only if A*v = 0. Therefore,
Ut =N(4Y) .
Since A* : C" — C! and since
dimR(A*) =1,
it follows from Theorem 4.2 (conservation of dimension) that

dimN(A*)=n—-1.

o

Lemma 5.3 Let U C C" denote a subspace. Then we have
C"=U@U* (orthogonally) .

Proof: It is clear that

Unut = {0} .

By the previous lemma we have

dimU +dimU+ =n

and the claim follows from Lemma 5.1. ©
Lemma 5.4 For any subspace U C C" we have
uhHt=u.

5.4 The Four Fundamental Subspaces of A € C"*"
Let A € C™*™ have rank A = k. We have

dimR(A) = dimR(A") =k
dimN(A) = n—k
dimN(A*) = m—k

Two subspaces U,V of C" are called orthogonal if
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(u,v) =0 forall welUweV.

One then writes

ULv
and calls U and V' orthogonal subspaces. If ULV then U NV = {0}.

Lemma 5.5 The subspaces R(A) and N(A*) are orthogonal subspaces of C™,

R(A)LN(AY) .
Proof: Let b= Ax € R(A) and let ¢ € N(A*). Then we have

(b,¢) = (Az,¢)
= <$7 A*(l))
=0

Let A € C™*™ and consider the subspace

U=R(A) cC™.
If rank A = k then

dimU =k .

By Lemma 5.2 we have

dimU*r=m—Fk .

We also know from Lemma 5.5 that

N(A*) c ULt = R(A)* .

Since dim R(A*) = k Theorem 4.2 (conservation of dimension) implies that

dimN(A*)=m—k .

From

N(A*) c U+

and

dim N(A*) =m —k =dimU~*

we conclude that

N(A*) =U+ = R(A)?* .
We have proved the following result:
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Theorem 5.1 Let A € C™*™. Then the two subspaces

R(A) and N(AY)

are orthogonal complementary subspaces of C™:

C™ = R(A)® N(A*) (orthogonally) .

Therefore, the system Ax = b is solvable if and only if (b, ) =0 for all p € C™
with A*¢ = 0.

Summary: Let A € C"™*". Then A defines a mapping from C" to C™ and
A* defines a mapping from C™ to C". The four fundamental subspaces of A
are

N(A), R(A), N(A"), R(AY).

These lead to the following decompositions:

R(A*) @ N(A) = C" = C™ = R(A) ® N(A*)

Both sums,

R(A*)® N(A) =C" and C™ = R(A)® N(A*),

are direct and orthogonal.

5.5 Orthogonal Projectors

A matrix A € R™*" is called orthogonal if ATA = I. If P € R™*" is a projector
satisfying PTP = I then R(P) = R", thus P = I, a trivial projector. Thus,
the only matrix A € R™*" which is orthogonal and which is a projector is the
identity, A = I. For this reason, it is not a good idea to call a projector P
orthogonal if P is an orthogonal matrix.

An orthogonal projector is defined as follows:

Definition: A projector P € C™*" is called an orthogonal projector if
R(P)LN(P).

The following theorem characterizes those projectors P which are orthogo-
nal.

Theorem 5.2 Let P € C™*™ denote a projector. The following two conditions
are equivalent:

a) P*=P;

b) R(P)LN(P).

Thus, a projector P € C" ™ is an orthogonal projector if and only if the
matrix P is Hermitian.
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Proof: a) implies b): If P* = P then, trivially, N(P*) = N(P). Since
R(P)LN(P*) the condition b) follows.

b) implies a): Set U = R(P),V = N(P). Assumption b) yields that C" =
U @ V. For arbitrary vectors w,w € C" let

with
u,u €U, v,0€V
We have
(W, Pw) = (a+70,u)
= <ﬁ>u>
(Pw,w) = (G,u+wv)
= <ﬂvu>
Thus,

(0, Pw) = (Pw,w)
for all w,w € C™. This implies that P = P*.
Example of an orthogonal projector: Let u € C", |u| = 1. Then
P =uu*

is an orthogonal projector. It is clear that

R(P) = span{u}
N(P) = hyperplanelu

Thus, P is the projector onto span {u} along the hyperplane orthogonal to w.
For later reference, we note the following:

Lemma 5.6 Let A € C™" be a normal matriz, i.e., AA* = A*A. Then
N(A) = N(A").

Proof: If Az = 0 then

thus A*z =0. ¢



6 Variational Problems with Equality Constraints

If F: R*” — R is a smooth function and 2z € R” is a local maximum or
minimum of F', then

VF(@)=0.
Here

VF(z) = (gi(:c), o gi(x))

denotes the gradient of F' at x.

One says that the equation VF(2) = 0 is a necessary first order condition
for a local extremum of F'.

In this chapter we want to maximize or minimize F' locally, but also require
that the solution z° € R™ satisfies m equality constraints,

ci(z®) =0 for i=1,2,...,m.
Here ¢ : R® — R™ is a given smooth function and m < n. If 20 € R" is a
solution of this variational problem and if the Jacobian
A= (2Y) e R™*"

has full rank, then the direct sum decomposition

N(A) @ R(AT) =R"
will be important to understand the Lagrange function and Lagrange multipliers
of the variational problem.
6.1 First Order Conditions
Let

F:R" R and c¢:R*"—=R™ with m<n

denote smooth functions.
We want to maximize (or minimize) the function F'(z) subject to the con-
straint ¢(z) = 0. Denote the constraint manifold by
M={zeR" : ¢(z)=0}.

For £ > 0 and 20 € R™ let

B.(2°)={z eR" : |z —2° <&}

denote the open ball of radius ¢ centered at z°.
A precise formulation of the variational problem with constraints is
the following: Find
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2% € R" with ¢(2°) =0 so that, for some ¢ > 0, (6.1)
F(z%) > F(z) forall ze€ B.(z")NM. (6.2)

One defines the Lagrange function

L(z,pu) = F(x) — Zuici(:v) for (z,p) € R" xR™ .
=1

The parameters p; in the above formula are called Lagrange multipliers.
The gradient of L(x,u) with respect to z is

V.L(z,u) = VF(x) — Z,uchi(x) .
i=1

Here, by convention, the gradients are row vectors. We introduce the Jacobian
of the constraint function c¢(z):

Vei(z)
d(z) = : e R™™ .
Vem(x)

In column form, the vector (V,L(z,1))” can be rewritten as
(VoL(z, )" = (VF())" = (¢(2) .
If we do not have any constraints and ¥ is a local maximum of F(x), then

VF(E%) =0.

These are n scalar equations for the n components m?,j = 1,...,n, of the

unknown vector z°.

For the case with constraints, the following holds:

Theorem 6.1 Assume that 2° € R™ solves the variational problem (6.1), (6.2)
and assume that the Jacobian

d(z%) =: A e R™"

has full rank, i.e., rank A = m. Then there exists a unique vector

I
W=\ : | eRr”
11y,
so that
VaL(z%, 1% =0. (6.3)
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Remarks: Theorem 6.1 says that a solution #° € R™ of the variational

problem (6.1), (6.2) and the corresponding vector u® € R™ of Lagrange multi-
pliers solve the following system of equations:

(VF(2))" = (d(2)'n = 0 (6.4)
clx) = 0 (6.5)

This is a system of n + m equations for the unknown vector

(x>e]R”+m.
I

Variants of Newton’s method can be applied to solve this system numerically.
This is an important subject of numerical optimization.

Before proving Theorem 6.1 we consider a simple example. We write (x,y)
instead of (z1,x2).
Example: Find the extrema of F(z,y) = 3x + y on the unit circle,
2+ y2 =1.

The constraint function is

c(z,y) =a* +y* — 1

and the Lagrangian is

L(z,y,p) =3z +y—pa® +y* —1) .
The Lagrange equations (6.3) become

Ly(z,y,p) =3 —2ux =
Ly(z,y,p) =1-2py =

One obtains that

3 1
33—2M, y_2u

and the constraint 22 + y? = 1 yields that

9 n I
Ap? " 4p?
One obtains the two solutions
H1,2 = + 10/4 .

The extrema of I on the unit circle are attained at
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and at

Q_<23m’21m)__ (3,1) .

It is easy to check that

o

F(P)=+10, F(Q)=—-V10.

Thus, the maximum of F' on the unit circle is attained at P and the minimum
at Q.

Of course, this simple problem can also be solved without the Lagrangian
approach: The unit circle has the parameterization

(x(t),y(t)) = (cost,sint), 0<t<2m,

which leads us to consider the function

o(t) = F(z(t),y(t)) = 3cost +sint, 0<t<2r.

Extrema can only occur at t—values with

0=¢'(t) = —3sint + cost .
This leads to the t—values with

tant = — ,

i.e.,
t12 = arctan(1/3) .
Since

cost; =3/vV10 and sint; = 1/v10

one obtains the same points P and @ as in the Lagrangian approach.
In general, the advantage of the Lagrangian approach is that it does not
require a parameterization of the constraint manifold.

Proof of Theorem 6.1: Roughly, the proof proceeds as follows: If T0
denotes the tangent space to the constraint manifold M at z° then VF(z°) is
orthogonal to T,. We have

Tpo = N(A) ,

and the orthogonality relation

(VF(2%))T LN (A)
implies that

(VF(z°)T € R(AT) .
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Therefore, there exists u° € R™ with

(VE ()T = A7)0 . (6.6)

By assumption, the columns of AT are linearly independent, and therefore the
vector ¥ is unique. The above equation (6.6) is equivalent to (6.3).

Details: By definition, the tangent space T,o to the constraint manifold
M at the point z° € M consists of all vectors p € R™ for which there exists a
parameterized curve
v:[—e,e] = M (for some e > 0)

with v(0) = 2% and v/(0) = p. From ¢;(v(t)) = 0 we obtain that

Vei(v(t)-v'(t) =0 for |t <e,
thus (at t = 0):

Vei(z°) -p=0.
Since this holds for ¢ = 1, ..., m we obtain that
Ap=0.

So far, the arguments show that

Ty, C N(A) .

Conversely, if p € N(A) is arbitrary, then there exists a curve v(t) as above.
This can be shown rigorously using the implicit function theorem (see below.)
One then obtains that T,, = N(A).

Since the function ¢ — F'(v(t)) has a local maximum at ¢ = 0 we have

0=VF(v(0) -2 (0) = VF(z° p.
We thus have shown that for all p € T,0 the orthogonality relation
(VE(")"Lp
holds. Since
T, =N(A)
it follows that
(VF(z")T € R(AT) .
The theorem is proved. ¢

To be rigorous, we have to show the following:
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Theorem 6.2 Let ¢ : R — R™ denote a C?—function and let m < n. Let
20 € R™ and assume that

C(JZ‘O) = 0, A= C/(CL’O) S Rmxn7 rank A =m .

If p € N(A) is given then, for some ¢ > 0, there evists a C'—function v :
[—e,¢] = R™ with

w(0) =2%, W(0)=p, c(u(t) =0
Proof: We use the following ansatz for v(¢):
o(t) =2 +tp+tATB(t), B(t) eR™,

with

B(0)=0.

The equation

c(z® +tp+tATB(t) =0

consists of m equations for m variables j;(t).
Let us write
c(x® +h) = Ah+ R(h) where |R(h)] < C|h|* for |h|<1.
The above equation becomes
0 = c(o(t))

tAp +tAATB(t) + R(tp + tAT B(1))
= tAATB(t) + R(tp +tATB(t))

If t # 0 we divide by t and obtain the equation

1
0=AATB(t) + - R(tp+ tATB(t)) for B(t) e R™ .
To apply the implicit function theorem, we define ® : R™ x [—1,1] — R™ by

B AAT B, t=20
®(8,t) —{ AATE + L R(tp + tATB), t+#0

We have

®(0,0) =0, ®5(0,0) = AAT |

where AAT is nonsingular. Since R(h) < C|h|? it follows that ®(3,t) is C. By
the implicit function theorem, there exist € > 0 and J > 0 so that the equation
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o(B8,t) =0

has a unique solution 3(t) € Bs(0) for |[t| < . The function t — [(t) satisfies
B(0) =0 and is C*. ©

6.2 An Application of Lagrange Multipliers to a Quadratic Form

Let Q € R™™*™ be symmetric and consider the quadratic form

F(z)=2TQz, zcR".
We want to maximize F'(z) over the unit sphere

{r eR" : || =1}.

Set

clz)=|z|* -1, zeR".
We have?

VF(z) =2(Qx)T, Ve(z) =227 .

We want to apply Theorem 6.1 with m = 1. We have for every x € R" with
c(z) =0:

d(x) =22 #£0,

thus ¢/(z) has full rank (equal to one). If 2° solves the variational problem,
then by Theorem 6.1 there exists g € R with

2(Qz")T — 292" =0 .

Thus,

Qz° = poa® .
In other words, the maximum of F(z) is attained at an eigenvector z° of the
matrix (). Since
F(2°%) = 2" Qa" = po

we also obtain that the maximal value of F'(z) on the unit sphere is an eigenvalue

of Q.
In this example, the system (6.4), (6.5) becomes

Qr—pr=0, |z*-1=0.

4See Lemma 6.1 below.
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The bad news is that every scaled eigenvector 2" with corresponding eigenvalue
1o solves this system,
Qa° = pa®, 2% =1.

In other words, the first order conditions (6.4), (6.5) are necessary, but not
sufficient for a local extremum. In the next section, we will discuss second
order conditions.

6.3 Second Order Conditions for a Local Minimum

Recall from calculus:

Theorem 6.3 Let f: R — R denote a C?—function.
a) If 2 € R is a local minimum of f then
'@ =0 and f'=%)>0. (6.7)
b) If 2° € R satisfies

f'(@®) =0 and f"'(2°) >0 (6.8)

0

then v is a local minimum of f.

Thus, the conditions (6.7) are necessary and the conditions (6.8) are suffi-
cient for a local minimum.
The following is a generalization where x varies in R™. We denote with

F'(z) = (DiDjF(:U)>

1<i,j<n

the Hessian of F.

Theorem 6.4 Let F : R" — R denote a C?—function.
a) If x° € R™ is a local minimum of F then

VF(®) =0 and p'F'(a2®)p>0 foral peR™. (6.9)
b) If 2° € R™ satisfies

VF@%) =0 and p'F"(2%)p >0 forall peR™\{0} (6.10)

0

then x° is a local minimum of F'.

Proof: a) The function f(t) = F(2° + tp) has a local minimum at ¢ = 0 and
we have

ft) = VF@+tpp
') = p'F'(a° +tp)p
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thus
f1(0) = VF@E%)p
f”(t) _ pTF”(xO)p

Here p € R" is arbitrary. The conditions (6.9) follow.
b) Assume that (6.10) holds. Since VF(2°) = 0 we have by Taylor expansion

1
5 2 P Op + O pl?)

1
F(a) + 5 ac?lpf + O()pl?)

Fa®+ep) = F(a¥)+

where o > 0 is the smallest eigenvalue of the Hessian F”(2”). This implies that
2% is a local minimum of F. o
Remark: In the above proof the error term O(g3|p|?) is correct if F € C3,

If F € C? only, then the error term should be replaced by o(g2[p|?).

We now derive second order conditions for a variational problem with equal-
ity constraints.

Variational Problem VP, ,;n: Let F: R®™ — R and ¢ : R™ — R™ denote
C?—functions where m < n. Find 2° € R which minimizes F' (locally) subject
to the constraint ¢(z) = 0.

Let

M={zxeR" : ¢(x) =0}

denote the manifold of all x satisfying the constraint. Let us first assume that
20 is a solution of V P,,;, and that the matrix A = ¢/(2°) has rank m. As we
have shown above, the tangent space T,0 of M at z¥ is

T,o=N(A) .
We set

g=(VF@"))".

As we have shown above, there is a unique vector pu® € R™ of Lagrange multi-
pliers with

g=A"".

We can also write this as

m
VF(?) = g7 = pufTA = ZM?VQ(;UO) . (6.11)
i=1
In other words, VF () is a linear combination of the gradients of the constraint
functions ¢;(x) at x = 2°.
Let p € To = N(A) be arbitrary and consider a function v(¢) defined for

—e <t < e with
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v(0) =2 V(0)=p, c(t)=0 for —e<t<e.

(The existence of v(t) has been proved above using the implicit function theo-
rem.) Set

f@t) = F(u(t)) .

Since 2 solves V Ppip, the function f(t) has a local minimum at ¢ = 0. There-
fore,

f(0)=0 and f"(0)>0.

We have
fit) = Fl))n' )
1) = W) F (w(t)' () + F'(v(t)o" (t)
F1(0) = F'@®)'(0)=g"p=0
f”(O) — pTF”(SUO)p—i-gTU”(O)
Therefore,
0 < £7(0) = pT F"(«%)p + g74"(0) . (6.12)

We also have

~
~—
I

This yields
Vei(2o)v"(0) = —p” (c] (wo))p - (6.13)

Substituting the expression from (6.11) for g7 into (6.12) gives us

0< f"(0) = p" F"(a%)p + Y u)Vei(a®)0"(0) - (6.14)
=1

If we now use (6.13) we obtain that

m
0< 1"(0) =" (F/'(a%) = > e a") ) (6.15)
i=1
To summarize, we have shown that
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0<p (F" ZMO 7 ( )p forall pe N(A)
if 20 solves V Ppin. Let p, ..., p(»=™) denote a basis of N(A) and set
7= (o0, pm) e el
Thus, the columns of Z form a basis of N(A). Then

p=Za, a€cR"™,
is the general element of N(A). One obtains from (6.15):

0<alz? (F” Z WOe( )Za for all a € R™™ . (6.16)

Definition: Let H € R*¥** HT = H. The matrix H is called positive
semidefinite if

aTHaZO for all « € RF .

The matrix H is called positive definite if
ofHa >0 forall oeRF\{0}.

The above considerations lead to the following result about local minima
under equality constraints.

Theorem 6.5 Let [ : R® — R and ¢ : R® — R™ denote C?—functions where
m < n. Let 2° € R™ and assume that the Jacobian A = ¢ (2°) has rank m.
Further, assume that the columns of the matriz Z € R™ (=) form a basis of

N(A).

a) If 2° is a solution of V P then there exists a unique u° € R™ with

m
= @Vei(a®) . (6.17)
i=1
Furthermore, the matriz

H= ZT<F” ZMO " ) (6.18)

s positive semidefinite.
b) If there exists a vector u° € R™ with (6.17) and if the matriz H given in
(6.18) is positive definite, then 2° is a solution of V Py
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Remark: Note that the matrix

m
F”(CEO) _ Zu?c;/(x(]) e RXn
i=1
is the Hessian in o of the Lagrange function L(z, 1) evaluated at (2, u°).

6.4 Supplement

Lemma 6.1 Let Q € R™" denote a symmetric matriz, Q7 = Q. The scalar
function F(z) = 27 Qx defined for x € R™ has the gradient

VF(z) = (DlF(:c), . ,DnF(:c)) —2:7Q .

First Proof: We have

Fz) = > wi(Qu)
_ in(z%%)

i

Therefore, for 1 < k < n,

DpF(x) = > 6(Qu)i+ Y < > qz‘j5jk>
i i J
= (Qu), + Z Tidik
= (Q) + Z Qi Ti
— Q)
Written as a column vector,

(VF(z)) =2Qx .
Written as a row vector,
VF(z)=22TQ .

Second Proof: For any x,£ € R™ and real € # 0 we have

Fx+¢ef) = (x+¢e&Q(x+ef))
(z,Qu) + 2¢(Qx, &) + O(c)
= F(z)+2:6(Qx, &) + O(e?)

thus
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;F(Heg)—m)) = 2(Qu,) + O(e)
= 2) (Q);& + O(e)
J

Therefore,
DkF(a;):2(Qa:)k, k:zl,...,n.

6.5 The Implicit Function Theorem

Let R™ denote the state space and let R" denote the parameter space. Let
®:R"xR™ - R"
denote a C'-function. Assume that zg € R and \g € R™ satisfy

‘I)(ib'o, )\0) =0

and assume that the matrix

A= (I)w(l‘(), /\0) e R™"
is nonsingular. Then there exist £; > 0 and €2 > 0 so that for all A € B.,(\o)
there exists a unique x = z(\) € B, (zo) with
O(x(N),\) =0 for Xe€ B (\) .

The function x()) is C on Be,()\) and x()\g) = zo.
The fucntion x(A) is implicitly defined by the equation ®(x(\), A).
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7 Least Squares; Gram—Schmidt and () R—Factorization;
Householder Reduction

7.1 Example of Data Fitting

Assume we are given m pairs of real numbers

(ti, i) €eR?, i=1,2,...,m,
and want to find a function f(¢) of the form

f(t) =x1 + xot + xgsint (7.1)

which matches the data. The function f(¢) depends linearly on three parame-
ters, x1,x9,x3 and let us assume m > 3. How shall we choose the parameters
T1,T9, T3 to obtain the best fit

fit)~fi for i=1,2,....m?7
This is made precise in the following.
Let

1 tl sin tl f1

A= 0 0 e=]

1 t, sint, fm
The requirement for the parameter vector
1

r = T2
z3

is
Ax ~ b .

In general, if m > 3, we do not expect that the system

Ax =b

is solvable, i.e., we do not expect to find a function f(t) of the form (7.1) with

ft)y=1fi for i=1,2,...,m.

Therefore, instead of trying to solve the system Axz = b, which probably has no
solution, we will try to find a vector € R? which minimizes the error

| Az — b]* = Z((ASC —b);)? = Z(f(ti) — fi)? .

The error consists of a sum of squares. Therefore, a vector 20 € R3 which
minimizes the above expression, is called a least—squares solution of the system
Ax =b.
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Remarks: Why least squares? Good explanations, based on statistical
concepts, are given by Meyer, pp. 446-448.

On Jan. 1, 1801, Giuseppe Piazzi observed Ceres, the largest dwarf planet
between Mars and Jupiter. Ceres then came too close to the sun and first could
not be rediscovered. Using the observed data, Carl Friedrich Gauss (1777—
1855), calculated Ceres’s orbit. Based on his computations, Ceres could then
be found again. In his computations, Gauss invented and used the ideas of
least squares. Gauss contributed to so many fields of mathematics, both pure
and applied, that he is sometimes called ”the Prince of Mathematics.” He did
extensive research on the Earth’s magnetic field and in a system known as the
Gaussian unit system, the unit of magnetic flux density is known as the gauss.

7.2 Least Squares Problems and the Normal Equations

Let A € R™*™ p € R™. In applications to least squares problems, one will
typically have m > n, but it is not yet necessary to assume this.
We will say that a vector z° € R™ is a least squares solution of the system

Ax =1
if
|Az® —b| < |Az —b| forall zeR". (7.2)
The next lemma characterizes least squares solutions.

Lemma 7.1 The vector z° € R™ is a least squares solution of the system Az =
b if and only if

(A2 — b, Ay) =0 for all yeR™.
Proof: Let x,y € R" and € € R be arbitrary. Then we have
|A(x +ey) —b]> = (Az+cAy—b, Az + Ay —b)
= |Az —b)? + 2| Ay|? + 2¢(Ax — b, Ay)
From this we read off the following: If

(Ax —b,Ay) =0 forall yeR"

then z is a least squares solution.
Conversely, assume that x is a least squares solution and consider the func-
tion

f(e) = |Ax — bJ* + 2| Ay|? + 2e(Az — b, Ay)
with

f(0) =2(Az — b, Ay) .
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By assumption, z is a least squares solution, and we obtain that f’(0) = 0. ¢

The lemma says that ¥ is a least squares solution of the system Az = b if
and only if the error

Az® —b
is orthogonal to R(A). Since

R(A)t = N(AT)

we obtain that 2" is a least squares solution of the system Az = b if and only
if Az9 — b lies in the nullspace of AT i.e.,

AT(Az® —b)=0.
We have proved the following result:
Theorem 7.1 The vector 2° € R™ is a least squares solution of the system

Ax =b

if and only if 2V solves the so—called normal equations

AT Ax = AT .

Warning: The matrix AT A is often ill-conditioned.

Lemma 7.2 The normal equations are always solvable. The solution of the
normal equations is unique if and only if the n columns of A are linearly inde-
pendent.

Proof: a) We first prove that

N(A) = N(ATA) . (7.3)

To show this, first note that Az = 0 trivially implies A” Az = 0. Conversely,
assume that A” Az = 0. Then we have

0= (z, AT Az) = (Az, Az) = |Az|? |

thus Az = 0. Therefore, Az = 0 is equivalent to AT Az = 0, which yields (7.3).
We now use (7.3) to show that

R(ATA) = R(AT) .
Recall that A € R™ ™. If rank A = k then, using that N(A) = N(AT A):

dim N(A) =n —k=dim N(ATA) .

Therefore,
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dim R(ATA) = k = dim R(AT) .
Since the inclusion R(ATA) ¢ R(AT) is trivial, one obtains that

R(ATA) = R(AT) .
Since ATb € R(AT) = R(AT A) the system

AT Az = AT
is always solvable.
b) The solution of the normal equations is unique if and only if
{0} = N(ATA) = N(A) .
The nullspace of A is trivial if and only if Ax = 0 implies = 0. This implication
holds if and only if the columns of A are linearly independent. ¢
Summary: Let A € R™*" b € R™ and assume that m > n. The system of
equations Ax = b has m equations for n unknowns z1,...,x,. Typically, the
system is not solvable if n < m. In the normal equations
AT Az = AT

the matrix AT A is n x n and is typically nonsingular. However, AT A may be
ill-conditioned, and if it is then one does not want to use Gaussian elimination
to solve for «.

The @ R—factorization of A and the Householder reduction give alternative
methods to solve the normal equations.

7.3 The Gram—Schmidt Process and () R—Factorization

Let A € C™*"™ have n linearly independent columns
at,...,aveC™.
We want to find orthonormal vectors

..., "eCm

so that

span{ql,...,qk} = span{al,...,ak} for k=1,....n.
The following process, called classical Gram—Schmidt process, constructs the
vectors ¢!, ... ,q"i
a) Set ¢! = ‘Z—l‘
b) We wish to construct ¢? so that ¢!, ¢? are orthonormal and
a® = aq' + B¢

for some scalars «, 3. Suppose this holds. Then
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and S # 0. It follows that

Conversely, if we set

v =a®—(¢',a%)q'
and
2o
V2|

then ¢', g% are orthonormal and span {¢',¢*} = span {a', a?}.

c) Assume that ¢',...,¢" ! have been constructed. Proceeding as above,
we find that ¢* can be obtained as follows:
Set
k—1
o =a" =) (¢, d)g
j=1
and
P vt
T

We give a pseudo code for the classical Gram—Schmidt process:

Classical Gram—Schmidt: The linearly independent vectors a', ..., a" € C™
are given. The orthonormal vectors ¢!,...,¢" € C™ and numbers rix for 1 <
7 < k < n are computed.

1) i =la'l; ¢" =a'/rn
2) for k=2,...,n:

forj=1,....,k—1
rik = (¢, ak)
end j
k—1 ;
b =ak — 2 j=1 ke’
Tkk = |ka
qk = Uk/Tkk
end k

The classical Gram—Schmidt process applied to linearly independent input
vectors al,...,a" € C™ computes orthonormal vectors ¢',...,¢" and numbers

rik=(¢,a") for 1<j<k<n
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and positive numbers

ree = [0F] for k=1,...,n
so that
k—1
a* = ZT’jkqj +reng”
j=1
We set
A=(at,...,a") e C""
and
11 Tin
Q:(ql, 7qn)ECan and R= 0 .
0 0 7

Then we have
A=QR and Q*'Q=1, .
The factorization A = QR is called () R—factorization of A.

Theorem 7.2 Let A € C"™*" have n linearly independent columns. There are
unique matrices

QeC™™ and ReC™"
with the following properties:

A=QR,

the columns of Q are orthonormal, the matriz R is upper triangular, and
ree >0 for k=1,...,n.

Proof: The classical Gram—Schmidt process produces the columns of @) and
the matrix R. It remains to show uniqueness. To this end, assume that

A=QR=QR

are two factorizations with the above properties. We then have

1 1 S~
a =rngqg =ruq ,

which yields that

~ 1_ ~1
rip =711 and ¢ =¢q .

Next, we have
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2 1 2~ 1, ~ 3
a” =Tr12q° +1r22q” =T124° + 7229 .

Here

ete. ©

In the classical Gram—Schmidt process the matrix R is constructed column—
wise. It turns out to be numerically better to construct R row—wise to reduce
round—off errors. The resulting process is called Modified Gram—Schmidst.

In the following, we assume n = 3, for simplicity. We give pseudo codes for
Classical GS and Modified GS:

Classical GS

Column 1 of R and q'!
11 = |a]

q' = a1/7“11

Column 2 of R and g2
r2 = (¢',a%)

02 =a? — riaq!
T99 = |’U2|
q* = v?/ra

Column 3 of R and g3
13 = <C]17 a3>
T23 = <q27 a'3>

v} =a® - T13q1 - 7"23q2

733 = [v?]

¢ =v*/rs3
Modified GS

Row 1 of R and q'; updates of a2, a3
_ |1

ri=|a’

ql = a1/7“11

r12 = (ql, a2)

13 = <q17 (13>
@* = a® = riaq!

@ = a® —rizq"

Row 2 of R and q?; update of a3

v? = a2

T992 — |’L)2|

¢ = U2/7’22
23 = <q27 &3>

@ = —ryq”

Row 3 of R and 3
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3

v ="

r33 = |v3|
¢* = v%/r33

Difference between Classical and Modified GS: In Classical GS one
computes

23 = <q2a a3> .

In Modified GS one computes

3

ro3 = (¢%,a%) where @ =a®—ry3q .

The two computed values for rog agree, of course, in exact arithmetic since
{(¢®,q") = 0. Note that
ris = <q15 CL3> )
thus
a® + (¢',a®)q' = a® . (7.4)
It follows that
{¢',a°) =0.

Therefore, in equation (7.4) we have an orthogonal decomposition of a3 and
obtain that

a®* = [@°)* + rs)”
thus
a°| < |a®| .

In general, the reduction process in Modified GS reduces the Fuclidean norm
of the vectors, which are used to computed inner products. This reduces the
round—off errors.

7.4 Solution of the Normal Equations Using the QR—Factorization

Let A € C™*"™ have n linearly independent columns and let b € C™. The
normal equations corresponding to the system

Az =b where z€C"

read

A*Ax = A% .
Here A*A € C™*™ is nonsingular. If A = QR is the QR factorization of A, then

A*A=R'R since Q*Q =1, .
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The normal equations R* Rx = R*Q*b become

Rz = Q% ,

where R is upper—triangular.

When one compares the direct solution of the normal equations A* Az = A*b
with the approach to use the ) R—factorization, it is important to note that the
factor R* cancels in the equation R*Rx = R*Q*b. This reduces the condition
number of A*A = R*R to the condition number of R when one solves the system
Rz = Q*b instead of the normal equations. Roughly, one can expect that the
condition number of R is about the square root of the condition number of A*A.

7.5 Householder Reflectors

Another method to solve the normal equations A*Ax = A*b is called House-
holder reduction. See the next section. In this section we introduce Householder
reflectors.

We will use the following result about the eigenvalues of Hermitian and
unitary matrices.

Lemma 7.3 Let H € C™*™,
a) If H* = H then all eigenvalues of H are real.
b) If H*H = I the all eigenvalues of H have the absolute value 1.

Proof: a) Let Hx = ax,z # 0. We have

alzl* = (az, z)
Hzx, z)
x, Hz)

x, o)

o~~~ ——

= ofaf’

It follows that a = «, thus « is real.
b) Let Hx = ax,z # 0. We have

ja]? =

If follows that |a| = 1. ©
Let u € C™, |u| = 1. The matrix

H=1—-2uu* ¢ C"™*™

is called a Householder reflector. The mapping
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x— Hr =z —2(u,x)u

(from C™ onto C™) describes the reflection with respect to the hyperplane
orthogonal to u. We have

H? = T
H* = H
H*H = 1T

Thus, H is unitary and Hermitian. Therefore, H has only the eigenvalues +1. It
is clear that the hyperplane orthogonal to u is the eigenspace to the eigenvalue
1. Also, span {u} is the eigenspace to the eigenvalue —1.

Lemma 7.4 Let a,b € C™ denote given vectors with

la|=1b| >0, a#b.

Set
H=1—-2uu" where u:ai_b )
la — b
Then we have
Ha=1b

if and only if (a,b) is real.
Proof: We have

H (a—b) with 2 la—b,a)

= —_ —_ 1 = —_—— —_ .
a=a—"(a w o \a—b|2a ,a

Therefore,

Ha=(1-7v)a+v=b0+(1—-~v)(a—0b),
and Ha = b holds if and only if v = 1. The condition v = 1 is equivalent to
2(a —b,a) = {a—b,a—b),
ie.,
(a—b,a+b)=0,
ie.,
’CL|2 - |b|2 + <CL, b> - <b7 CL> =0.
This holds if and only if (a,b) is real. ©

Let a € C™ be a given vector, a # 0. We want to find a vector
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0
b=ae; = .
0
and a Householder reflector
H=1-2uu*
with Ha = b. Since Ha = b implies
la| = [b] = |a]
we set
o = |a|e™

where w € R has to be determined. Write the first component of the vector a
in the form
a; = |a1|e”® with ¢ eR .

With these notations we have

(a,b) = ailale™
= laile™" |ale™

= |ai][ale’“?)

It is clear that (a,b) is real if we choose

w=¢ or w=¢—+7.
The choice

w=¢+m

is better since possible cancellation errors are avoided when a — b is formed.
With w = ¢ + 7 we have

(a—b)y1 = a1 —«
= |ai]e” —|ale™
= (la1| +al)e
The choice w = ¢ would lead to
(a—b)1 = a1 —«

lag|e’® — |ale™
= (1]~ la])e”
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If |a1| ~ |a| then the choice w = ¢ leads to b ~ a and cancellation errors occur
when a — b is formed.

We summarize the result in the following lemma, which will be used repeat-
edly in the Householder reduction process.

Lemma 7.5 Let a € C™ a # 0,a1 = |ai|e’®. Set

Q
0
b=ae = .
0
where
o= —|ale’ .
Set
)
H=1—2uu* where u—=— .
la — bl
Then we have
Ha=b=we; .
7.6 Householder Reduction
Let A € C™" have n linearly independent columns a',...,a"” € C™. We
determine a number o = a7 € C with |a1| = |a!| and a Householder reflector

Hi =1 —2uu* € C™*™ 35 in Lemma 7.5 and obtain

aq
0
Hlal = . eC™
0
Define the matrix A, by
Q1 k... 0k
0
HiA=| . with Ay € Clm—bx(r=1)
. A2
0

We now apply the same process to Ay and construct a Householder reflector
Hy € Clm=Dx(m=1) with

HyAy = | with Az € Cm=2)x(n=2)
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Note that Ho has dimensions (m — 1) x (m — 1). To obtain an m x m matrix
we supplement Hy by a trivial border and set

1 0.. 0
Hy =1 . -
. H2
0
This yields

o1 * % *

0 ag *
HyHiA=| 0 0

D A

0 0

The process can be continued. After n steps we have

H, - HyHy A = < ng > e cmxn (7.5)
where
Q1 x ok *
0 ay =« *
R= ' x % e Ccnxn
L x
0 0 ap

Application to the Solution of the Normal Equations: Let A € C™*™
have n linearly independent columns and consider the normal equations

A*Ax = A" for xe€C".
Here b € C™ is a given vector and m > n. Most often, one has m > n.

Let Hy, Ho, ..., H, € C™*"™ be constructed as above, thus

H, ---HoH{A= < R > e cmxn (76)

0

where R € C™*" is upper triangular.
Recall that H JQ = I and H; = H;. Therefore, (7.6) yields that

A = Hl...Hn<R>

A* = (R*0)H,-- H,
AA = (R*O)(?)zR*R



The normal equations A*Ax = A*b become

R*Rz = R*(Hb)! with H=H,---H

where the vector (Hb)! contains the first n components of the vector Hb € C™.
It is interesting that the factor R* cancels and one obtains the system

Rz = (Hb)!

for the solution x of the normal equations A*Ax = A*b. Since R is upper
triangular, the above system is easy to solve and the cancellation of R* reduces
the condition number.
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8 The Singular Value Decomposition

8.1 Theoretical Construction of an SVD
Let A € C™*™ have rank A = r. Let

p =min{m,n} .

We will show that one can factorize A in the form

A=USV* (8.1)

where U € C™*"™ is unitary, V € C™"*" is unitary and % € R™*" is ”almost”
diagonal. With a suitable p x p diagonal matrix

D:diag(dl,az,...,U,«,O,...,O)

the matrix ¥ is ¥ = D if m = n, the matrix ¥ has the form

if m > n and the form

S=(D 0)

if m < n. The values o can be ordered as

o1>09>...>20.>0.

Any factorization A = UXV™* of A where the matrices U, V, ¥ have the proper-
ties described above is called a singular value decomposition of A.

Theorem 8.1 a) Any matriz A € C"™*" has an SVD.

b) The values o; are unique. These numbers are called the (non-zero) sin-
gular values of A.

c) If A is real, then the matrices U and V' can be chosen real as well.

Proof: The main difficulty of the proof is to show existence of an SVD. We
first make a pretransformation from the equation (8.1) to the equation (8.2)
below where B is a nonsingular square matrix of size r x r. Recall that r denotes
the rank of A. We will then prove existence of an SVD of B. Combined with
the pretransformation, one obtains an SVD of A.

a) Pretransformation: Let r = rank A. Let u',... 4" denote an ONB
of R(A) and let v" 1, ... u™ denote an ONB of N(A*). Then u!,...u™ is an
ONB of C™. Let Uy € C™ ™ denote the matrix with columns u/.

Let v!,...,v" denote an ONB of R(A*) and let v"*1,... v"™ denote an ONB
of N(A). Then v!,... v" is an ONB of C". Let Vj € C"*" denote the matrix
with columns v7.

First consider Av* for 1 < k < r. We can write
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T
AvF = ijkuj .
=1

For r +1 < k < n we have AvF = 0. If B € C"™*" denotes the matrix with
entries bj; then one obtains that

A%:U()(lg 8) (8.2)

Since, by assumption, the matrix A has rank r, the matrix B € C"™*" is nonsin-
gular.
b) Existence of an SVD of B: Consider the quadratic form

F()=¢B"BE, £eC,

and maximize F'(§) over the sphere || = 1. Assume that the maximum of
F(§) is attained at £ = =, where x € C",|z| = 1. We then know that z is an
eigenvector of B*B,

B*Bx =Mz, 0<\ =07 with o, >0.

(See Section 6.2. The matrix B*B is positive definite Hermitian and the result
of Section 6.2 generalizes to the complex case.)

Here
0? =\ =2*B*Bx = |Bz|?,
thus
o1 =|B|.

Set

1

y=— Bz .
01

Choose matrices X,Y € C"*("=1 o that the r x r matrices

Ry = (2|X), Ry=(ylY)eC™
are unitary. Note that

XX =0 and y'Y =0.

We will try to understand the structure of the r x r block matrix

« (Y ( ) [ y*Bx y*BX
Bty BR: = ( y* )B X)) = ( Y*Bz Y*BX
Note that y* Bz is a scalar and Y*BX has dimension (r — 1) x (r — 1). Also,

y*BX is a row vector with » — 1 components and Y* Bz is a column vector with
r — 1 components.
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Since y* = o% x*B* we have

1
y*Bx = —2*B*Bx =01 .

01
Also,
B*Bx = \iz
thus
2*B*B = \iz* .
Therefore,
1 A
y*BX = —2*B*BX = 22 2*X = 0.
o1 o1
Furthermore,

Y*Br=01Yy=0.
We obtain that

R:BR,

y*

< J. )B(wX)
y*Bx y*BX
Y*Bx Y*BX

. 01 0
N 0 By '

By = Y*BX ¢ ClUr—x(r—1)

with

In the equation
R BR, = < 0 B, )
the matrices R, and R, are unitary and oy = |B|. It follows that

o9 — |B2’ S |B| =01 .

Since B is non-singular, the matrix Bs is also non-singular; thus oo > 0.
Applying the same process which we have applied to the r X r matrix B to the
(r—1) x (r — 1) matrix By we obtain

* _ 0-2 O
Ry(2)BQRI(2) _< 0 Bs > :

We continue the process and obtain unitary matrices P,Q € C"*" so that
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P*BQ = diag (01,...,04) =: D .
This yields that
B = PDQ*
is an SVD of B.
c) Application to A: Using equation (8.2) and B = PDQ* we obtain

PDQ* 0\ .., P 0 D 0 Q* 0 .
AZUO( 0 0)V0:U0<0 Imr><0 0)<0 IM)VO‘

One obtains the singular value decomposition of A:

A=UXV*

where

B P 0 (D 0 . [ Q 0 .
v=u( g, ) 2= (0 0) = ()

Uniqueness of the Singular Values: Assume that

A=UXV*
is an SVD of A. Then we have

A*A = Vdiag(o?,...,02,0,...,0)V* .

sy Ypy

This shows that the numbers

are the non—zero eigenvalues of A* A. We will prove in the next chapter on deter-
minants that the eigenvalues of any square matrix M are uniquely determined
as the zeros of the characteristic polynomial det (M — zI). This completes the
proof of Theorem 8.1. ¢

8.2 The SVD and the Four Fundamental Subspaces
Let A € C™*™ have rank A = r and let A = UXV™ denote an SVD of A with

U=(ul,...,u™), V= ...

We will show that the columns of the matrices U and V give us bases of the
four fundamental subspaces of A.
1) If € C™ then
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T
Az = Zaj(vj*:n)uj .
j=1
This shows that

R(A) C span{u',... u"} .
Since R(A) has dimension r, equality holds. Thus, the r vectors

form an ONB of R(A).
2) Recall that N(A*) is the orthogonal complement of R(A). Therefore,

u Tt um

is a basis of N(A*).
3) Note that

A =vyTy~

is an SVD of A*. Therefore,
R

is an ONB of R(A*) and

o

is an ONB of N(A).
In this way, the columns of the matrix U provide bases for R(A) and N(A*).
The columns of the matrix V' provide bases for R(A*) and N(A).

8.3 SVD and Least Squares

Consider the linear system

Ax =b.

As above, we assume that A € C"™*" and b € C™ are given and that A = UXV™*
is an SVD of A.

The full rank case. First consider the case where rank A = n < m. In
this case, there is a unique least squares solution, x;;. The least squares solution
is the unique solution of the normal equations

A*Ax = A*D .
We have
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A*A =VD?*V* where 2:<D>, D=

and

A =VSTU*p .
Set

c! : I II
U'b=c= o with ¢ eC", ¢'eC™ ™.

Then the normal equations become

VD*V*z =V Dc!
or

DV*z =cl .

One obtains the least squares solution:

Ty = VD !

This formula for the least squares x;s shows the following: Unless the right—
hand side b of the system Ax = b is special, the smallest singular values o; lead
to the largest contribution in ;5. This may be dangerous since the smallest o
may be contaminated by data errors.

It may be more reasonable to replace any small o; by zero and ignore the
term

u*b

vl if oj < tol
0j

in the solution z;5. The choice of tol depends on the application. If

o > tol > g4

one may want to replace ;s by
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(k) 1
x;, :(Zajvu )b

j=1
The case of arbitrary rank. Let A € C"™*" have rank A = r. For a
given b € C™ the normal equations are
A*Ax = A*, zeC".

Let us determine all solutions = of the normal equations.

We have

A =vyTy*

and

A = VvETU*b
= V( lo) 8 )U*b
= i@(uj,b)l;j .
j=1
If x € C" is arbitrary, then we can write

z=Vy where y=V*zeC".

Then we have

A*Ax = VXISV
= vxTyy

T
— g2
= E Yjo5v
J=1

Comparing this expression with the expression for A*b we can establish that
x = Vy solves the normal equations if and only if

1 .
yj = —(,b) for j=1,...,r.
0j
This result tells us that x € C” solves the normal equations if and only if

r

1 . 4 n .

— a9 B APV ]

x g Jj(u ,byv? + | E Yjv
7j=1 j=r+1

where

ijC
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is arbitrary for r + 1 < j < n. Clearly, the sum

n .
> !
Jj=r+1
is an arbitrary element of N(A) = N(A*A). The vector
" 1 . 4
Thest = Z 7( J7b>vj
=17

is the solution of the normal equations with the smallest Euclidean norm. The
formula for xp.s can also be written as

r
|

Tvest = (Z ;vjuj*)b .
J

j=1
This motivates to define the n x m matrix

T

1 . .
AT = Z ;jvjuj*

j=1

which is called the Moore—Penrose generalized inverse of A. (The symbol
1 is called the dagger sign.)
If

A=UXV*, Ez(lo) 8), D = diag (o1,...,0,) ,

then

D1 o
‘i‘_‘r U—*
4 ( 0 0) '

Discussion of the Moore—Penrose Generalized Inverse:

Good properties: Every matrix A € C™*" has a unique® Moore-Penrose
generalized inverse AT, If A is a nonsingular square matrix, then AT = A~1,

A bad property: A does not depend continuously on A. For example, let

10
(1)

1
Al:(o

>The uniqueness of A’ follows from the fact that for each b € C" the vector zpesr = ATb is
the unique solution of A*Ax = A*b which has the smallest Euclidean norm.

If £ # 0 then

o= O
~

However, the matrix
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10
=0 0)
P (10
A0_<0 0).

|Ac — Ag] =0 as e—0,

has the generalized inverse

Thus,

but
’AI—AI]‘%OO as £—0.

8.4 SVD and Rank

The rank of a matrix A € C™*™ does not depend continuously on A. The
following is easy to show:

Lemma 8.1 Let A € C™*™ be rank deficient, i.e., the rank of A is r where
r < min{m,n}. If € > 0 is arbitrary, then there exists S € C™*" with |S;| = ¢
so that the perturbed matriz A+ S has full rank, i.e.,

rank (A+ S) = min{m,n} .
Proof: Let A = UXV™* denote an SVD of A, where

X=D or 2_<€> oo ¥=(D 0) (8.3)

with
D = diag(o1,...,04,0,...,0) .
Replace D by
D. = diag(0,...,0,¢,...,¢)
in formula (8.3) for ¥. Denote the result by X.:

Y. =D, or E€:<%> or Y.=(D. 0)

and set

S.=UX.V*.

Then we have |S¢| = ¢ and
A+ S.=U(D + D)V*
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has full rank for € > 0. ©

Thus, through arbitrarily small perturbations, the rank can increase. How-
ever, as we will show, the rank cannot decrease through arbitrarily small pertur-
bations. The singular values of A give the precise information formulated in the
next theorem. Recall that |S| denotes the matrix norm of a matrix S € C™*"
corresponding the Euclidean vector norms in C" and C™.

Theorem 8.2 Let A € C™*"™ have rank A =1r > 1 and let

o1>...>20,>0

denote the nonzero singular values of A. Let 0 <1 < r.
a) If S € C™*™ satisfies |S| < 041 then

rank (A+S8) > 1.
b) There exists S € C™" with |S| = 0141 so that
rank (A+S)=1.

The proof of this result will be given below.
The result of the above theorem can also be formulated using the distance
of A from the set of matrices of rank [,

Ry ={BeC™" : rankB =1} .
We define

dist(A,Ry) =inf{|A—B| : BER;}.
Theorem 8.3 Let A € C™*™ have rankA=1r>1 and let 0 <l <r. Then

dist(A, 'R,l) = 0O|+1

and there exists a matriz B € R; with
|A = Bl =041 .
We will need the following simple result for the rank of a matrix product.
Lemma 8.2 Let A € C™*" B € C"*k, thus AB € C"™**. We have
rank (AB) < rank B .

Proof: Let rank (B) = r and let v',...,v" denote a basis of R(B). If z €
R(AB) is arbitrary, then there exists ¢ € C¥ with

x = ABc .
We then have Bc € R(B) and can write
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,
Be = E a;v’ .
=1

Therefore,

z = ABc = ZajAvj .

=1

This shows that the r vectors Av!, ..., Av" span R(AB). The estimate follows.
o
By considering

(AB)* = B*A*

we also have

rank (AB) < rank A .

For any finite matrix product:

rank(A; ... A;) < minrankA; .
J

The proof of Theorem 8.3 has two parts.
Part 1: We show that there exists a matrix B € R; with |[A — B| = o741.
Let

01 0
A=U v*
Oy
0 0
and set
o1 0
B=U o 7
0
0 0

Clearly, the matrix B has rank [. Since the application of U and of V* does
not change the length of any vector, it follows that

|A — B| =041 -
Part 2: Let B € R; be arbitrary. We will show that

|A—B| ZU[+1 .
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We will construct a vector z € C" with |z| = 1 and |(4A — B)z| > o141.
We start with a simple observation: Let a € C™ and set y = Ua. We have
lyl = lal, ie.,

m m
ly> = Z loj|? for y= Zajuj : (8.4)
J=1 7=1
Next, set
Uy = (ul,...,ul*t) e 0Dy = (o}, ol Yy e XD

The matrix

UikB‘/l c (c(l+1)><(l+1)

is singular since B has rank [. There exists ¢ € C!*! with |c| = 1 and

UiBVic=0.
Set x = Vic € C™ and note that x| = 1. We have

Az = UXV*'Vic
= UXV*@!,... e

_ I
= UE( 0 >c

I+1

= Yoo
= O'JC]’LL
j=1

We write Bx € C™ as Bx = U with 8 = U* Bx and obtain

B = U'Bzx
Uy
2 (H2)*
= . BVic

me*

0
Bit2

Brm
The last equation holds since

UfBVic=0eCHL.
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It follows that

m
Bx = Z ﬁjuj .
=142
We obtain that
+1 ‘ m ‘
Az — Bz = Zajcjuj — Z Biju? .
j=1 j=l+2
Using (8.4) we obtain that
+1 m
(A=B)zl> = > oflel>+ Y 18
j=1 j=l+2
+1
21 .12
=]
j=1
+1
> Ul2+1 Z |Cj|2
j=1
2
= O

This proves Theorem 8.3. ¢

8.5 SVD and Filtering of Noisy Data

Let A € R™ " denote a matrix whose n? entries a;; are affected by noise.
Assume that n is large (for example, n = 103), and we want to transmit A.
Suppose we have

n
A=UsVT =3 oulo’T .
j=1
Let tol > 0 denote a tolerance and assume that

o12>...2042>tol >04412>...2 0.

If tol is a measure for the noise level, we may approximate A by

q

_ A

Aq—E ojulvl .
=1

For example, if n = 103, but ¢ = 10 then the transmission of A, can be
accomplished by transmitting the 20 vectors

Lo a0l 10 ¢ R1000

and the ten numbers
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01> ...> 019 > tol .

These are

20 % 10% + 10

numbers. In contrast, the transmission of all entries of A would require to
transmit 10% numbers. The cost of transmitting A, is about 2% of the cost of
transmitting A.
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9 Determinants

We begin with an important geometric property of the determinant of a real
n X n matrix A.

Let A € R™" denote a real n x n matrix with column vectors a
R"™. The column vectors span the parallelepiped

L. a"e

n
Pa',...,a")={z e R" : x:Zajaj, 0<a;<1forj=1,...,n}.
j=1
The determinant of A is the signed volume of this parallelepiped,

det(A) = vol(P(a',...,a") or det(A) = —vol(P(a,...,a") .

Note that P(a!,...,a") is the image under A of the unit cube in R™. For
n = 2 the unit cube is the unit square with corners

(o) o) (7))

If two columns of the matrix A € R™*" get exchanged, then the volume of
the parallelepiped remains unchanged, but the determinant of the matrix gets
multiplied by —1.

To study such sign—changes, we treat permutations and their signs in the
next section.

9.1 Permutations and Their Signs

9.1.1 The Group S,

Let n denote a positive integer. A bijective map o from the set

{1,2,...,n}

onto itself is called a permutation of n elements. We represent a permutation
o of n elements by a (2,n) matrix:

<1 2 ... n>
g~
o1 02 ... Op

where 0; = o(j) for j =1,2,...,n. Let S, denote the set of all permutations
of n elements. For o, 7 € S,, one defines the product o7 = o o7 by

(o7)(j) = o(1(j)) for j=1,2,....,n.

Then S, becomes the permutation group of n elements. Using induction, it is
easy to show that the group S, has n! elements. For n > 3 the group S, is
non—commutative.

For example, if
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then

(c7)(1) =2 and (70)(1)=3.

The unit element of S,, is

) 1
zd_(l

9.1.2 The Sign of a Permutation

[CIE
S 3
——

For o € S,, let N = N(o) denote the number of all pairs of integers (i, j) with

1<i<j<n and o;>o0j.

If we represent a permutation as

< 1 2 ... n>
o~
o1 02 ... Op

then N is the number of all pairs (0, 0;) in the second row which are in wrong
order, i.e., 1 < j but o; > 0. For example, if

(1 2 3 4
7=\ 34 21
then N = 5 since precisely the five pairs

(3,2), (3,1), (4,2), (41), (2,1)

are in wrong order.

If o = id is the identity, then N (o) = N(id) = 0.

Definition: Let o € §,, denote a permutation of n elements an let N =
N(o) denote the number of all pairs (7, ) with

1<i<j<n but o, > 0j .

Then the sign of ¢ is defined as
sgn(o) = (—1)N@)
We will prove:

Theorem 9.1 For o,7 € Sy:

sgn(ot) = sgn(o) sgn(t) .
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Let us illustrate the sign of ¢ by a simple application. We will also use this

application to prove the theorem.

Consider the polynomial p(z) in n real variables defined by

p(l’) = p(SU]_,CCQ,...,LE‘n)
= I @i
1<i<j<n

= (xl — xg)(l'l — 1'3) PN ($1 - .Tn)

(wg —x3) ... (2 — )

: (xn—l - xn)

Then we have, with N = N(0):

P(Toyye oy Toy) = H(mal — ;)
1<J
= (DN []@i - =)
1<J
= sgn(o)p(z1,...,Ty)

The reason is simple: If the polynomial p(z,,,...,%s,) has a factor z,

with

1<j but o;>o0;

— xO'j

then a sign change must be applied to the factor z,, — x,; to obtain the corre-

sponding factor in p(z1,...,Zy,).
Let us state the result:

Lemma 9.1 Consider the polynomial
p(ml,xg,...,xn) = H (xi—:rj)

and let o € S,,. Then we have

P(Toys Togs -+ s Tay) = Sgn(o) p(x1, T2, ..., Tp) .

We now prove Theorem 9.1. Let 0,7 € S, and let

x = (x1,T2,...,2Tp)

denote an argument of the polynomial p(x). Set

Yi = o, J=12...,n,

thus
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Yy = (yl»yQ’”'?yn)

= (ZToyyTogy -y To,)

To prove the theorem, we compute

p(yﬁaym s Yr)

in two different ways. First, since y; = z,, we have

(yﬁ:y’rgv B yTn) = (m(ar)lax(cﬂ')zv s 737(07)”)

and the previous Lemma yields that

P(Toys Togy ooy Te,) = Sgn(o)p(xi,za,...,Tn)
PWri s Yras -3 Yrn) = Sg(T)D(Y1,Y2,- -, Yn)
= sgn(7) p(Toys Togs - -y To,,)
= sgn(7) sgn(o) p(x1, T2, ..., Tn)
Second,
p(y7'17y7'2”"’y7'n) = p(l‘((f”l’)17x((f’7‘)27"‘7‘,1:(0"7')71)
= sgn(oT)p(x1,22,...,2Tp)

This shows that

sgn(1) sgn(o) = sgn(oT) .

Theorem 9.1 is proved. ©

9.1.3 Transpositions

A transposition is a permutation that exchanges precisely two elements of
{1,2,...,n} and leaves all other elements fixed. If i and j are two different
elements in {1,2,...,n} we write Tj; for the transposition that exchanges i and
j. It is easy to see that every transposition has the sign —1:

sgn(Tij) = —1. (9.2)

To see this assume that ¢ < j. Then

()

where . .. stands for numbers 1 < k < n which remain fixed. The pairs in wrong
order in the second row are:

(j,k) for k=i+1,...,5—1 and k=1
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and
(k,i) for k=i+1,...,5—1.

It follows that the number of pairs in wrong order is odd and (9.2) follows.
The next lemma will be shown by induction in n.

Lemma 9.2 Let n > 2. Every o € S, can be written as a product of transpo-
sitions.

Proof: For n = 2 the claim is clear. Let n > 3 and assume the claim holds for
n—1. Let o € S5,. We may assume that o, = k # n since otherwise we can
consider ¢ as an element of S,,_1. Define

T="Tgn0 .

We then have

T(n) = Tip(o(n)) = Tin(k) =n .

Thus, we can consider 7 as an element of S,,_1 and write 7 as a product of
transpositions. Then

oc=Tp, T

is also a product of transpositions. ¢
Theorem 9.1 and the previous lemma have the following implication:

Lemma 9.3 Let 0 € S, be any permutation. We have sgn(c) =1 if and only
if one can write o as an even number of transpositions. We have sgn(o) = —1
if and only if one can write o as an odd number of transpositions.

Definition: The permutation o is called even if sgn(c) = 1. It is called
odd if sgn(o) = —1.

9.2 Volumes and Orientation: Intuitive Meaning of the Deter-
minant

Let

A=(at,....,a"), o eR",

denote a real n x n matrix. The n columns a’ of A span the parallelepiped

n
P(a',...,a") = {z € R" : :L‘:Zajaj, 0<a;<1lforj=1,...,n}.
j=1

Geometrically, the determinant of A is the signed volume of the parallelepiped
P(a',...,a"):
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det(A) = vol(P(a',...,a™) or det(A) = —vol(P(a,...,a")) .

Here the sign depends on the orientation of the n—tuple (a',...,a"), which
we discuss next.

Remarks on substitution in integrals: The fact that the determinant
of a real matrix is related to volume is important for many results of analysis.
For example, let 1 and 29 denote two open subsets of R™ and let ¢ : 27 — €
denote a C''function which is 1 — 1 and onto. Let f : Q5 — R be integrable.
Then the following substitution rule holds:

fydy= | f(é(x))ldet¢'(z)|dw .
Qo (o5

To obtain this rule, it is important to related the determinant of the Jacobian
¢'(z) to volume.

9.2.1 Orientation

Let e',..., e" denote the standard basis of R"® and let al,...,a™ € R" be
arbitrary.

If the vectors a',...,a"™ are linearly dependent, then the parallelepiped
P(a',...,a") lies in a hyperplane of R® and P(a!,...,a") is called degener-
ate. Otherwise, if a',...,a" are linearly independent, then P(al,...,a") is
called non—degenerate. A non—degenerate parallelepiped does not fit into any
hyperplane in R"”.

Let P(a',...,a") be non-degenerate. If one can deform P(a',..., a"™) con-
tinuously into P(el,...,e") without passing through a degenerate state, then
one says that the ordered n—tuple (a',...,a") is positively oriented. Otherwise,
the n—tuple is called negatively oriented. We now express this more formally.

1

Definition: Let (a!,...,a") denote an ordered n-tuple of linearly indepen-

dent vectors a',...,a™ € R". If there exist continuous functions

a; 1 [0,1] - R" for j=1,...,n
with
a;(0)=d and o;(1)=¢ for j=1,...,n
so that the n vectors

a1(s),...,anp(s) € R"

are linearly independent for all 0 < s < 1, then (a',...,a") is called positively
oriented and we set
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If such functions «;(s) do not exist (but al,...,a™ are linearly independent),
then the n—tuple (a',...,a") is called negatively oriented and we set
O(al,...,a") = —1.

If a',...,a" are linearly dependent then we set

An intuitive meaning of the determinant of a matrix

A=(a',... a") € R™"

det(A) = O(a',...,a")vol(P(a',... a")) .

9.2.2 The Case n =2

Consider the case n = 2. Parallelepipeds are parallelograms and vol (P(a', a?))
is the area of the parallelogram spanned by a! and a?.
For a > 0 one obtains that

vol (P(aal,a?)) = avol (P(at,d?)) .

For o < 0,

vol (P(aat,a®) = |a|vol (P(a!,a?)) .
If & < 0 then multiplication of a® by « changes the orientation and one obtains
that
det(aa', a®) = adet(a',a?) .

The rule

det(a' + aa?, a?) = det(a', a?)

is also geometrically plausible if we interpret det(a,b) as the signed area of the
parallelogram spanned by a,b € R2.

Now consider the two parallelepipeds spanned by a',a? and b',a?. We
assume that a? # 0.

Let us first assume that the second component of a? is different from zero.
Then there are scalars «, 3, ¢1, co with

al + aa® = cle1

and
b' + Ba® = cael .

We then obtain
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det(a',a®) + det(b',a?) = det(a' + aa? a?) + det(b' + Ba?, a?)

et(cret,a?) + det(coe’, a?)

et((c1 + ca)et, a?)
(
(

=

=9

= det(a' +b' + (o + B)a?, a?)
= det(a' + b, a?)

Now consider the exceptional case where the second component of a? is zero.
Then the first component of a2 is different from zero and we have for suitable
constant «, 3, c1, co:

al + aa® = 6162

and
bt + ﬁaQ = 0262 .

The equation

det(at, a®) + det(b', a*) = det(a' + b',a?)
follows as above.
The rules
det(aal, a?) = adet(al, a?)

and
det(a',a?) + det(b', a®) = det(a' + b', a?)

say that the mapping
R — R
r — det(x,a?)

is linear. Similarly,  — det(a', ) is linear. So far, we have assumed that

det(a,b)

is the signed area of the parallelogram spanned by a,b € R? and have used our
intuition for area to derive these rules.

Generalizing from n = 2 to general n, it is plausible that the determinant
function

det(A) = O(a,...,a")vol(P(a',...,a")) for AcR™"

has the three properties that we introduce in the first theorem of the next
section.
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9.3 The Determinant as a Multilinear Function

In the following, let F' denote a field. We will use the next theorem to define
the determinant of a matrix A € F"™*"™.

Theorem 9.2 There exists a unique function
d:F"xF"x ... x F'=(F")" - F
that has the following three properties:

P1) For any fized j € {1,2,....n} and any fived vectorsa*, ... a1 o/t ... a" €
( y j ) 9 M y M ) ) ) )
F™ the map

b—d(d',...,d 1 b,a" .. a")
from F™ to F is linear.

(P2) If ' = o’ for some i # j then

Lemma 9.4 If the map d has the properties (P1) and (P2) then d is alternating
in the sense that the exchange of any two entries changes the sign:

Proof: This follows from

d(a,b) = d(a+b,b)

d(a+b,b— (a+b))
(
(

= d(a+b,—a)
— d(b,—a)
= —d(b,a)
o
Once we have proved the theorem, we define
det(A) = d(a',...,a")
where A = (a',...,a™). We will also prove the formula

det(A) = Z sgn (0)ag1-..a0,n -

geSy,
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Proof of Theorem 9.2: First assume that d is a function satisfying
(P1) and (P2). We write the vectors a/ € F™ in terms of the vectors e! =
(1,0,...,0)T etc. We have

n n
al = E ai, 1€’ a2:§ a;,2e?,  etc.

i1=1 i9=1

This yields

Using (P2) it follows that d(e™,...,e') = 0 if two of the indices i1, ...,4, are
equal to each other. Therefore, in the above expression for d(al,...,a") we
have to sum only over all permutations o € S,, and obtain

d(a', a® Z Aoyl .- Qo A€, . .. €7m) .
oESH

Using Lemma 9.4 one obtains:

d(er, ..., e7") = sgn(o)d(e, ... e") .

Therefore,

d(a*,d?,...,a") = Z sgn(0) ag,1 - - ag,nd(et, ... e") . (9.3)
0ESK

In particular, we have shown uniqueness of any mapping d with properties
(P1), (P2), (P3).
If one defines

d(a',a?, ... a") = Z sgn(o) agy1 - - Aopn (9.4)
O'ESW,

then the properties (P1), (P2), (P3) are not difficult to prove.
Details:

(P1) Each term

5110652 - - - Ao,

depends linearly on each entry a,,;. Therefore, (P1) holds.

(P2) Let a! = a?, for example. Therefore,

Aoyl = Qg2 and Ayl = gy - (9.5)
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Consider the two terms

T1 = Q511005200553 - - - Qopn

To = gy100,20053 - - - Aopyn

We have T1 = T3 because of (9.5). If

T =T15,6,0

then sgn7 = —sgn o and

Ty = Ar1A7520733 - - - Arpny -

In the sum

d(at,a?,...,a") = Z sgn(o) agy1 - - - Aopn
oESy

the two terms 717 and —T% cancel each other.

(P3) If @/ = €’ for 1 < j < n then the only non—zero term in the sum (9.4)
occurs for o = id.

For later reference, we note the next result, which follows from formula
(9.3).

Lemma 9.5 Letd: F" x ... X F'™" — F be a mapping that has the properties
(P1) and (P2). Then we have

d(bt, ..., b") =det(b',...,b")d(e!, ... e") . (9.6)

9.4 Rules for Determinants
9.4.1 Product Formula

An important property of the determinant is the product formula.
Theorem 9.3 For any A, B € F™*™ we have
det(AB) = det(A) det(B) .
Proof: Note that
AB = (Ab', ... Ab") .

Define d: F" x ... x F™ — F by
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d(bt,...,b") = det(AB) = det(Ab',. .., Ab") .

It is easy to see that this function d has the properties (P1) and (P2). Therefore,
using (9.6):

d(bt,...,b") =det(b*,...,b") d(e, ..., e") .

Since
Ael = a’
we have

dlel,... e") =det(Ae', ... Ae") = det(a, ..., a") = det(A) .

This proves the theorem. ©

9.4.2 The Cases n=1,2,3
Recall the definition

det(A) = Z sgn(o) gy1 - - - Qoo -
gESy

For n = 1 this becomes

det(ar) = a1 -

For n = 2:

det(A) = ai11a22 — a120a921 .

For n = 3:

det(A) = 011022033 — (11023032 — 412021633 + 012023031 + 013021032 — 413022031 -

9.4.3 Triangular Matrices

If A is lower triangular or upper triangular, then det(A) is the product of the
diagonal elements. In this case, the permutation ¢ = id is the only permutation
which can lead to a non—zero product

Aoyl - Oopm - (9.7)

The reason is simple: If o # id, then there exist ¢ and j with

o;<i and o;>7.

If A is upper triangular, for example, then
aa'j i = 0
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and the product (9.7) equals zero. For o = id the product (9.7) equals a11ass . .

One obtains:
ailr a2 ... Qin
ag2

det ’ = a11a22 ...0ann -

0 Gnn

9.4.4 Existence of A~}

Let A € F™ ™ have an inverse, A~'. From

AA L =T

we obtain that

det(A)det(A™Y) = det(I) =1 .

In particular, we have shown that det(A) # 0 if A has an inverse.
If A has no inverse, then there is a vector x € F™ with

Ar=0 and z#0.

For simplicity of notation, let 1 # 0. From

ziat + z0a® + ...+ zpa” =0

we obtain

n

1 .

a = E yjaj, yj:—xj/xl .
j=2

We then have

n
det(a',a?, ... a") = det(Zyjaj, aZ, ... a")
=2

n

= Zyjdet<aj,a2,...a”)
j=2

=0

We have shown:

s

Theorem 9.4 A matriz A € F™*" has an inverse A~! if and only if det(A) #

0. If A has an inverse, then

1
det(A)

det(A™1) =
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9.4.5 Transpose

Theorem 9.5 For any A € F™*" we have

det(A) = det(AT) .
Proof: Set B = AT, thus bij = aj;. Abbreviate

n
Do = H Qo jj
Jj=1

and

n
(:IT = H b’T‘kk .
k=1

We then have, by the definition of the determinant,

det(A) = Z sgn(o) py

and

det(B) = Z sgn(T) qr .

Let 7 = 0~1. We then have 7(c;) = j, thus

b
q
I
—
Q
Q
.

RN
Il
—

I

—
S

3

2

3
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Il
—

I
—=
S
ol
2
=

b
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—

I
—
S
3
ol

>
I
—

Using Lemma 9.3, it is clear that sgn(c~!) = sgn(o). Therefore,

det(A) = ngn(a)po



We have also used that, if o runs through all permutations in S, then so does

o1l o

9.4.6 Block Matrices
Theorem 9.6 Let A c FF*k B e FI*XI X € FF¥l and let

_ A X nxn o
C—(OB>€F , n=k+1.

Then we have
det(C) = det(A) det(B) .

Proof: We have

det(A) = Z sgn(o) ag,1 - . - oy
ocESk

det(B) = Z sgn(T) b1 ... br g
TES]

Now fix any o € S; and 7 € S; and define ¢ € S, (with n =k +1) by

1 ...k k+1 ... k+1
¢—<0_1 .. O k—f-Tl k—l-Tl) ’ (98)
We have
sgn(o)sgn(t) = sgn(¢)
and

sgn(o) o1 - - - gy e SGN(T) b1 .. bk = SgN(P)Cp1 - - - Conn -

Therefore,
det(A)det(B) = Z sgn(@) cei1 - - - Con (9.9)
o

where the sum is taken over all permutations ¢ € S, which have the form (9.8)
for some o € S, 7 € 5.
However, if ¢ € S,, does not have the form (9.8), then there exists an index
1 <j <k with ¢; > k, thus
C¢j i = 0.
It follows that the sum in (9.9) equals

Z sgn(P) cgi1 - - - cpon = det(C) .
PESH
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9.4.7 Cramer’s Rule

Theorem 9.7 Let A= (a',...,a") € F™*" be nonsingular. The solution x of
the system Ax = b is given by

- det(Al)
 det(A)

where the matriz A; € F™*" is obtained from A by replacing the i—th column
a’ of A by the right-hand side b of the system Az =b.

T; for i=1,....n

Proof: We have

A = A+ (b—d)eT
A(I + A7Y(b — aV)eT)
A(I 4 (x — e)e'T)

= AB
where
o Ii—l * 0
B=1TI+(z—¢)el = 0 = 0
0 * In—i

(Note that the entries I;; = 1 and (e‘e’); = 1 cancel each other.) It follows
that

det(A;) = det(A) det(B) = det(A)x; .

o

9.4.8 Determinant Formula for A~

A= a)

is nonsingular, then its inverse is

1 d —b
ATl = .
detA < —Cc a >

The following theorem generalizes this formula to n x n matrices.

If the 2 x 2 matrix

Theorem 9.8 Let A € F™*" be nonsingular and letn > 1. Let Aj; € Fn=1)x(n-1)

be obtained from A by deleting row j and column i. Then the following formula
holds for the elements of A=1:

—1)i+j det(AjZ-)

1y
A0 = Gy
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Proof: Let x denote the first column of A~!, thus Az = e!. By Cramer’s rule
we have

o det(AZ)
 det(A)

Xq
where

A; = (a'.. a7 elad™ L a™) .

It follows that

det(A;) = (1) Vdet(eral ... a"1a"™ . a") = (—1)"det(Ay;)
and

(—1)”1det(A1i)
det(A)

The proof for the entries in the j—th column of A~! is similar. o

(A Ny = =

9.4.9 Column Expansion and Row Expansion

Theorem 9.9 (Ezpansion with respect to column j) Let A € F™™ n > 1, and
let Aj; € FO=D)x(n=1) pe obtained from A by deleting row i and column j. Then
we have for each fixed j:

n

det(A) = (1) a;; det(Ajj) .

=1

Proof: Let j = 1 for simplicity of notation. Write the first column of A as

We have

det(A) = det(Za“ei,aQ...a”>

(e'a®...a") =

S O = O O
IS}
[N
IS}
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and, therefore,

0 = *
0 =x *
det(ela®...a") =det | 1 0 0
0 =* *
0 = *

where x stands for the matrix entries a,g. Exchanging two rows ¢ — 1 times one
obtains that

det(e'a®...a")

I
|
[
~—
.
+
—
U
)
~
—~
|
—_
N
<.
+
—
U
)
~
—~
N
~
—
~—

This proves the formula. ¢
Using that det(A) = det(A”) one can turn the column expansion formula

into row expansion.

Theorem 9.10 (Ezpansion with respect to row i) Let A € F™™ n > 1, and
let Aj; € FO=D)x(n=1) pe obtained from A by deleting row i and column j. Then
we have for each fixed i:

n

det(A) =) (—1)"a;; det(Ayy) .
j=1
9.5 Remarks on Computing Determinants
If n is large, the formula

det(A) = Z sgn(o) agy1 - - - Aopn
ocESK

is not useful for evaluating det(A). For example, let n = 100. To compute any
product in the sum takes 100 operations. The sum has

N = 100! ~ 9.33 % 1057

terms. Thus one needs about

QA ~ 10160
operations. A teraflop machine performs 102 operations per second. The age
of the universe is, very roughly,
T ~ 2% 10 years ~ 2% 101 %3 %107 sec .

(The number of seconds in a year is 365 x 86,400 ~ 3 x 10% * 10°.) Thus, a
teraflop machine starting at the time of the big bang, has performed about

129



Qp ~ 6% 10%

operations. Thus, the number Qg is off from Q4 by a factor ~ 1030,

However, we can perform the LU—factorization (with partial pivoting) of A
in ~ 10 operations. (Here we assume that we can carry out exact arithmetic
in the field F.) If the factorization breaks down, then det(A) = 0. If it does not
break down, it yields the determinant in ~ 10° operations, which takes about
10 %sec on a teraflop machine.

9.6 The Permanent of a Matrix

The permanent of A € F™*" is defined as

per(A) = Z Agy1 - Aopm -

oESH

The definition agrees with that of det(A), except that the factors sgn(o) mul-
tiplying ags,1 - . . Gg,n are missing in the definition of per(A).

Can you obtain an algorithm which computes per(A) in a number of op-
erations Q(n) with polynomial bound in n? Thus, one would like to have an
algorithm with

Q(n) < Cq"

for all large n, where C' and ¢ do not depend on n.

For the computation of det(A) the algorithm based on LU-factorization
yields Qget(n) < Cn3.

For the computation of per(A) no algorithm with polynomial bound is
known. In fact, if such an algorithm can be shown to exist, then P = NP.
(The computation of per(A) is an N P—complete problem.) The question if
P = NP or P # NP is the most important open problem of theoretical com-
puter science.

The computation of per(A) comes up in the so-called marriage problem.
Given a set of n women, Wy,...,W,, and a set of n men, My,..., M,. For
1 <4,7 <n define

a;; =1 if W; can marry M,

and

a;; =0 if W; cannot marry M; .
Clearly, this leads to an n x n matrix A = (a;;) with entries a;; equal zero or
one. If 0 € S, and
Qg1 .- Qgom =1

then woman W, can marry man M; for every 1 < j < n. Such a permutation
is called a solution of the marriage problem encoded in A. Then
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per(A)

is the number of solutions of the marriage problem encoded in A.

9.7 The Characteristic Polynomial
Let A € C™*™ and let z € C. Define the characteristic polynomial of A by

pa(z) = det(A—zI)
= Z sgn(o) (agy1 — 05412) -+ - (G — Og,m7)

gESy

It is clear that p4(z) is a polynomial in z of degree n.
In fact, if 0 = id then

(a0'11 - 60’112) s (aUnn - 5071”2) = (all o Z) e (ann N Z)
= ()" + (=1)" Maw + ..+ ann)2" +q(2)

where

0q(z) <n-—2.

If o # id then there are at least two indices j with

oj #j, thus d5,;=0.
This yields that the degree of

(G511 — 00412) -« - (Qopn — Op,n2)

is < n—2. It follows that the characteristic polynomial p4(z) has degree n and
has the form

pa(z) = (=1)"2" + (=) Tr(A) 2"+ ap02" 4.+ a2z + ag

with

tr(A) = an+...+am
det(A) = pa(0) =ap
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9.8 Vandermond Determinants

A square matrix of the form

An(@r,aa,an) = | ¢ 1 : (9.10)

is called a Vandermond matrix.
For example,

1 o 1 o «
AZ(O‘)B) = < 1 ﬁ >> A3(a7577) = 1 B /82
1y o
Let
Vo(z1, 29, ... xn) = det Ap(z1, 22, ..., Tp)

denote the determinant of the Vandermond matrix (9.10). We claim that the
following product formula holds:

Vn(IL‘l, Ty v ,l’n) = H1§i<j§n($j - l’l) .

The formula holds for n = 2:

det<1 xl)zxg—xl.
1 xT9

We prove the general formula by induction in n. The formula clearly holds if
we have z; = x; for some j # 7. Therefore, we may assume that the numbers
ri,x2,...,T, are all distinct.

We fix z1,...,2,—1 and consider the polynomial
1 = x? Ty !
p(x) = Vo (z1,22,...,2p_1,x) = det : Y n:_l (9.11)
Tp—1 Tp_q1 -+ Tp_q
1 T x? "1
It is clear that p(z) is a polynomial of degree < n—1 with zeros at 1, z2, ..., Tp_1.
Therefore,
p(z) =alr —z1)(r —22)... (¢ —xp_1) (9.12)
where « is independent of x, but depends on x1,x2,...,xy_1. The polynomial

p(z) has the form

p(z) = az™ ' +q(x) where 9q(z) <n—2.

Expand the determinant in (9.11) with respect to the last row to obtain
that the coefficient a of "1 equals

132



a=Vo1(z1,...,xn-1) .

By the induction hypothesis,

a=Vo1(x1,...,0n1) = icicj<n—1(xj — 4)

and (9.12) yields that

Vn(ZEl,:UQ, ey n—1, :L‘n) =

This completes the induction. ¢

p(l‘n)
alli<i<n—1(zn — )
Va—1(@, ..., 2n—1) hi<icn—1(xp

Mi<icj<n(zj — 21) -
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10 Eigenvalues, Eigenvectors, and Transformation to
Block—Diagonal Form

Eigenvalues and eigenvectors of matrices play a fundamental role in many ap-
plications. For example, properties of solutions of linear systems of ODEs
2'(t) = Az(t) and Mu"(t) + Ku(t) =0

depend on eigenvalues and eigenvectors.
Consider a first order ODE system z’ = Ax, for example, where

AeC”™ and z=2z(t)eC".

Let T € C™"*™ denote a non-singular matrix and introduce new variables y =
y(t) € C" by the transformation

w(t) = Ty(t) .

The system 2’ = Ax transforms to

Yy =By where B=T AT .

A transformation from A to T~'AT is called a similarity transformation. If the
transformed matrix B = T~ AT is simple, in some sense, then it may be easy to
analyze the system y’ = By and use the transformation x = Ty to understand
the original system 2’ = Axz. In the simplest case, the matrix B = T~ 1AT is
diagonal, but this diagonal form cannot always be achieved.

In this chapter we will discuss how a matrix A € C"*™ can be transformed
to block—diagonal form,

M; 0 0
T YAT = 0 M
: .0
0 ... 0 M,

The columns of the transformation matrix 7" will be eigenvectors and general-
ized eigenvectors of A. Each block matrix M; € C™*™i has only one eigenvalue
Aj, and A1, Ao, ..., Ay are the distinct eigenvalues of A. The above transforma-
tion of A to block—diagonal form will be established in two steps: By Schur’s
transformation to upper triangular form and by decoupling transformations.

In Chapter 11 we will show how to further transform the blocks M; to
Jordan canonical form.

10.1 Eigenvalues Are Zeros of the Characteristic Polynomial

Definition: Let A € C"*"™. A number A € C is called an eigenvalue of A if
there exists a vector x € C", x # 0, with Ax = Ax. If \ is an eigenvalue of A,
then
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Ey={zeC" : Az =Xz} =N(A—-\)

is called the geometric eigenspace (or simply the eigenspace) of A to the eigen-
value X. Any vector x € E)\ {0} is called an eigenvector of A to the eigenvalue
A.

We know from Theorem 9.4 that a matrix B € C**™ has no inverse if and
only if det(B) = 0. Therefore, A € C is an eigenvalue of A if and only if
det(A—MN)=0.

Lemma 10.1 Let A € C"*™ gnd let

paA(z) =det(A—zI), zeC,
denote the characteristic polynomial of A. A number A € C is an eigenvalue of
A if and only if
pa(A) =0 .

10.2 The Geometric and Algebraic Multiplicities of Eigenvalues
By the fundamental theorem of algebra, there are uniquely determined distinct
numbers

A,..., s €C

and integers
my,...,ms € {1,2,...,n}

so that

Pa(z) = (A =2)™ (A= 2)™, Y omy=n.
The numbers A; are the distinct eigenvalues of A. The integer m; is called the
algebraic multiplicity of the eigenvalue );. In general, the number m; is different
from the geometric multiplicity d; of A;, which is defined as the dimension of
the geometric eigenspace,
dj = dim E)\j .
We will see later that

1<dj=dimEy, <mj, j=1,...,s.

In words, the geometric multiplicity of any eigenvalue A; never exceeds the
algebraic multiplicity.

Example: The matrix

=(00)
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has the characteristic polynomial

pa(z) = 22

The only eigenvalue of A is Ay = 0. The algebraic multiplicity of A\; = 0 is
mq = 2. The geometric eigenspace is

Ey = N(A) = span{e'} .
We see that the geometric multiplicity dy of the eigenvalue \; = 0 equals d; = 1.

Summary: Every matrix A € C"*" has a non—empty set of eigenvalues,

o(A) = {1, A}

The set o(A) of eigenvalues of A is called the spectrum of A. The eigenvalues
of A are the zeros of the characteristic polynomial p4(z) = det(A — zI).

Remark: It is not true that every linear operator L has an eigenvalue. For
example, let U = C[0,1] and let L : U — U be the integral operator defined by

(Lu)(t) = /Otu(s)ds, 0<t<1.

Assume that Lu = Au, i.e.,

t
/u(s)ds:)\u(t) for 0<t<1.
0

First assume that X\ # 0. Differentiation yields

thus

thus

u(t) = u(0)et’* .
But we have u(0) = 0, thus u = 0. Second, if A\ = 0, then

t
/u(s)ds:O for 0<t<1.
0

Again, differentiation yields that u(t) =0 for 0 < ¢ < 1.
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10.3 Similarity Transformations

Definition: A matriz A € C"*"™ is called similar to a matriz B € C™*" if there
exists a non—singular matriz T € C™*"™ with

T'AT =B .
The transformation from A to T~YAT is called a similarity transformation.

The following is easy to prove:

Lemma 10.2 1. A is similar to A.
2. If A is similar to B, then B is similar to A.
3. If A is similar to B and B is similar to C, then A is similar to C.

The lemma says that similarity of matrices is an equivalence relation in the
set C™"*™, Therefore, the set C"*" decomposes into disjoint similarity classes.
An aim, that we will address later, is to determine in each similarity class a
matrix that is as simple as possible. This problem leads to Jordan’s normal
form.

Lemma 10.3 If A and B are similar, then pa(z) = pp(z). Consequently,
similar matrices A and B have the same spectrum, o(A) = o(B). Also, if A;
is an eigenvalue of A with algebraic multiplicity m; and geometric multiplicity
d;, then \; is an eigenvalue of B with the same multiplicities.

Proof: We have

pp(z) = det(B —zI)
= det(T AT — 2I)
= det(T7YA - 2I)T)
= det(T V) det(A — 2I)det(T)
= pa(?)
This yields that o(A) = o(B) and also implies the agreement of the algebraic
multiplicities. Further, if Ax = Ax and z = Ty, then ATy = ATy, thus

By = \y. Thus, if x € Ey\(A), then T~z € E\(B). The converse also holds
and the equality

T(E\(B)) = Ex(A)

follows. Since T is nonsingular, the above equality implies that the eigenspaces
E\(A) and E)(B) have the same dimension. ©

It is reasonable to ask if the previous lemma has a converse. More precisely,
assume that A, B € C"*" are matrices that have the same spectrum, o(A) =
o(B), and assume that for each \; € o(A) we have

m;(A) =m;(B), d;(A) =d;(B) .



Can we conclude that A and B are similar? The answer is no, in general.
Example: Consider the matrices

0100 0100
0 00O 0 010
A= 0001 | B= 0000
0 00O 0000

It is easy to see that A\; = 0 is the only eigenvalue and

mi1(A) =my(B) =14 .
Also, since rank(A) = rank(B) = 2, we have

dy(A) = di(B) =2 .

However, A2 = 0 and B? # 0. Therefore, A and B are not similar to each
other.

The first part of the following theorem is not difficult to prove. The second
part will be shown later.

Theorem 10.1 Let A, B € C**",
1. If A is similar to B then 0(A) = o(B) and, for every A\j € o(A), we have
rank((A—XNI)") =rank((B—NI)") for r=1,2,....,n. (10.1)
2. Conversely, if 0(A) = o(B) and if (10.1) holds for every \; € o(A), then A

1s similar to B.

10.4 Schur’s Transformation to Upper Triangular Form

Similarity transformations do not change the eigenstructure® of a matrix A.
To better understand the eigenstructure of A, one applies similarity transfor-
mations to A that lead to simpler matrices. A first and important step is the
transformation of A to upper triangular form by a similarity transformation
with a unitary matrix.

Theorem 10.2 (Schur) Let A € C™*™ have the characteristic polynomial

pa(z) = (m = 2)(u2 = 2) ... (b — 2) -
Here py, ..., uy are the not necessarily distinct eigenvalues of A, listed in any
order. Fach eigenvalue is listed according to its algebraic multiplicity. There
exists a unitary matrix U € C™*" so that U* AU is upper—triangular,

H1 ... Tin
U*AU =R = o
0 Ln

The eigenvalues of A appear on the diagonal of R in any desired order.

51f B = T7YAT then A and B have the same eigenvalues A; and for any exponent r =
1,2,... the nullspace of (A — A;I)" has the same dimension as the nullspace of (B — X\;1)". In
particular, the eigenspaces Ey;(A) and Ej,(B) have the same dimensions.
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Proof: We use induction in n, the case n = 1 being trivial.
Let 11 € o(A). There exists a vector u! € C" with |u!| = 1 and Au' = pjut.
Choose u?,...,u" so that the matrix

is unitary. We then have

AUy = (uyut, Au?, ..., Au™)

and

Uy AU, =
0
where B € C(»~Dx(=1)  The matrix B has the characteristic polynomial

pB(2) = (2 —2) ... (k0 — 2) .

By the induction hypothesis, there exists a unitary matrix V e C(n—Dx(n—1)

with

Mmoo *
V*BV = .
0 Pon
Setting
10 0
U= .
: Vv
0
one obtains that
M1 * . *
p2 o x X
UsUTAULU, =
: -
0 ... 0 pup

The matrices U; and Uy are unitary; the product U = U;U; is unitary. ¢

Remark: The transformation by a unitary matrix U is always well-conditioned
since

Ul=U1=1.

Schur’s theorem implies that one can always transform to upper triangular
using well-conditioned transformations. On the other hand, the transformation
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of a matrix A to diagonal form (if possible) may lead to a transformation matrix
T for which

Tl

is very large. This happens frequently if A has eigenvalues that are not well-
separated. Consider the example

e 1
A_<O 0), O<e<<l.

We have

with

Setting T' = (¢!, %) one obtains

e 0
awer(30).
thus T AT is diagonal. In this case

TIT~Y = O(1/e) .

10.5 Transformation of Normal Matrices to Diagonal Form

A matrix A € C"*"™ is called normal if AA* = A*A. We recall: If A* = A then
A is called Hermitian; if A* = —A then A is called skew Hermitian; if A*A =1
then A is unitary.

It is not difficult to show that Hermitian matrices, skew Hermitian matrices,
unitary matrices, and diagonal matrices are all normal.

Lemma 10.4 If A is normal and U is unitary, then U*AU 1is also normal.
Proof: This follows from
(UTAU)(UTAU)* = UTAA'U
(UFAU)"(U*AU) = U*ATAU
o
Lemma 10.5 Let A € C"*". Then A is normal if and only if

|Az| = |A*z| for all ze€C".
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Proof: a) First assume A to be normal. We have

A =

I
_/\ja\/\/\
b
h S

*
8
~—

We will prove the converse below. ¢
Lemma 10.6 If B is normal and upper triangular, then B is diagonal.

Proof: First let n = 2, for simplicity. Let
_(a b * _
e(3): o

Bel = ae!, |Bel| =q

B¥el = (

By the previous lemma, it follows that b = 0. For general n we also consider
Be! and B*e! and obtain that the first column of B*, except for the diagonal
entry, is zero. We then consider Be? and B*e? etc. ©

[eplipel]
o O
N———

We have

and

)o B = laP b

R

Together with Schur’s Theorem, we obtain the following important result:
Theorem 10.3 If A is normal, then there exists a unitary matriz U so that
U*AU is diagonal. The converse also holds, i.e., if there is a unitary matriz U
so that U*AU is diagonal, then A is normal.

One can also express this result as follows:

Theorem 10.4 A matriz A € C™*" is normal if and only if the vector space
C™ has an orthonormal basis consisting of eigenvectors of A.

We now complete the proof of Lemma 10.5.
Assume that |Ax| = |A*z| for all x € C". The matrices

leA*A and HQZAA*

are Hermitian and satisfy
(Hiz,x) = (Hox,x) forall zeC".
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We set H = Hy — Hy and obtain

(Hx,z) =0 forall xeC".

Clearly, the Hermitian matrix H is normal. There exists a unitary matrix U so
that U*HU = A is diagonal. Setting U*z = y we obtain that

0= (Hz,z) = (UAU z,z) = (Ay,y) .
Since

0= (Ay,y) foral yeC"
it follows that A =0, thus H =0 and H; = Hs. ©

10.6 Special Classes of Matrices

Theorem 10.5 Let A € C™*". We have:
1. If A= A* then all eigenvalues of A are real.
2. If A= —A* then all eigenvalues of A are purely imaginary.
3. If A*A =1 then all eigenvalues of A have absolute value one.

Proof: 1. Let Az = Az, |x| = 1. We have

A= Nz?
= (z,\z)

)
)
= (Az,x)

which shows that A is real. The proofs of 2. and 3. are similar. ¢

Theorem 10.6 Let A € R™" A = AT, Then there is a real orthogonal matriz
Q € R™ " 5o that QT AQ is real, diagonal.

Proof: The eigenvalues of A are real. By Schur’s theorem, there is a unitary
matrix U so that U*AU is upper triangular. The proof of Schur’s theorem
shows that one can choose U real if A and its eigenvalues are real. The proof
of Theorem 10.3 shows that UT AU is diagonal. o

10.7 Applications to ODEs

1) Recall that the scalar ODE

mu” (t) + ku(t) =0

with m > 0,k > 0 has the general solution
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u(t) = ¢1 cos(wt) + ¢ sin(wt)

where w = \/k/m.

Consider the system of ODEs

M (t) + Ku(t) = 0 (10.2)

where M and K are positive definite Hermitian matrices in C"*™ and u(t) € C™.
There exists a unitary matrix U € C"*™ with

U*MU = D* D =diag(dy,...,d,), dj>0.
Write

M = UD?*U* = UDU*UDU* = V?
with
V=UDU*, V=V*">0.

Using the new variable

v(t) = Vu(t)
the system (10.2) becomes MV ~1v" + KV =1y = 0, thus

V() + VIKV u(t) =0.

Here

K=V KV~

is positive definite Hermitian. There exists a unitary matrix U; with

UfK\U, = D?, D =diag(ay,...,ay), a; >0.

The system v” + Kjv = 0 becomes

V" (t) + U DiUTv(t) =0 .
Using the variable

q(t) = Uro(t)

one obtains the diagonal system

¢"(t) + Diq(t) = 0

or

q;/(t) —}—oz?qj(t) =0, 7=12,...,n

with general solution
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q;(t) = c1 cos(ayt) + cosin(ayt) .
It follows that all solutions u(t) of the second order system (10.2) are oscillatory.
2) Consider the ODE system
u”(t) = Au(t)

where A = AT € R™*". There exists an orthogonal matrix Q € R"*" so that

Q'AQ = A = diag(\1, ..., \), N ER.

Introduce a new vector variable v(t) by the transformation

u(t) = Qu(t)

and obtain

V() = Av(t)

ie.,

v;’(t):)\jvj(t), jzl,...,n .

a) Let \; < 0. Write \; = —/1?, kj > 0. The general solution of the equation

" 2.0 _
’Uj _|_ij]_0

is an oscillation

vj(t) = asin(k;t) + B cos(k;t) .
b) Let A; > 0. Write \; = /43?, kj > 0. The general solution of the equation

no_ 2,
’Uj—/fjvj

is
v;(t) = et + Bt

The exponentially growing term (if present) makes the stationary solution u = 0
of the system u” = Au unstable.
c) Let A\j = 0. The general solution of the equation

v;»':()
is
vit) =at+ 5.

The growing term at (if present) makes the stationary solution u = 0 of the
system u” = Au unstable.

One obtains that the solution u = 0 of the system u” = Au is stable if and
only if all eigenvalues \; of A = AT are negative.
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10.8 Hadamard’s Inequality

The following theorem is easy to prove.

Theorem 10.7 Let P €¢ C*"*™ be Hermitian and let

(x,Pxry >0 forall z€C", x#0.

(One calls P a positive definite Hermitian matriz.) Then all eigenvalues \; of
P are real and positive.

Proof: Let Px = Ax,x € C", x # 0. We have

Nz|2 = (z,\z)
= (x, Pz)
= (Px,z)
= (\z,z)
= Aaf?

It follows that A is real and A > 0 since (x, Pz) > 0. ¢

Theorem 10.8 (Hadamard’s Inequality) Let

A=(da',...,a") e C" |

i.e., a’ € C" is the j—th column of A. Then the estimate

[det(A)| < |a'||a?| -~ |a"]

holds. Here |a’| denotes the BEuclidean vector norm of a’.
We first prove the important geometric-arithmetic mean inequality.

Theorem 10.9 Let xq,...,x, denote n positive real numbers. Then the in-
equality

In 1
(mxz---wn) < (@t aa ot )

holds.
Proof: Define the real function

We have

Since
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f()y=0, f(1)=0 and f"(z)>0 forall zeR,

one obtains that

f(x) >0 forall zeR,
thus

r<e* ! forall zeR.

Set

1
a:ﬁ(:x1+x2+--'+xn).

Then we have

ﬁgexp<ﬁ—1>.
« «

Therefore,

« (6% (6%

<5U1+$2+...+£En )
exp -n

This proves that

r1Ty -y <A

ie.,
1/n
(1:1x2---33n) <a.

Proof of Hadamard’s Inequality: We may assume that

aj:=|a| >0 for j=1,....,n
and that det(A) # 0. Set

1
m/ = —d, M=(m'...,m").
Qj

We then have
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det(A) = det(aqm?,... ap,m")
= ay--apdet(M)

and must prove that

|det(M)| < 1.
Set

P=M"M.

Then P is positive definite, Hermitian. Also,

This shows that tr(P) = n.
Let A1,..., A, denote the eigenvalue of P, thus A; > 0. We have Zj Aj=n
and

det(M)]> = det(P)

— A\,

< G
J

= 1"

=1

This proves the bound |det(M)| < 1. ¢

Another Proof of Hadamard’s Inequality: We can write

A=QR where Q*Q =1 and R is upper triangular .

If
A = (a17 7an)7 Q = (q17 7qn)
then
T .- Ty ... Tin
A:QR:(qla"'vqn) rjj
0 Tnn

implies that
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J
al = (QR)] = Zrijq’ .
i=1
(Here (QR)? denotes the j—th column of QR.) Thus
' J
P =3 Il > 1
i=1

Using the estimate |r;;| < |a’| we obtain that
|det(A)| = |det(R)| = Ty|rj;| < Tljla| .

10.9 Diagonalizable Matrices

A class of matrices, larger than the class of normal matrices, are the diagonal-
izable matrices.

Definition: A matric A € C™**" is called diagonalizable if there exists a
non-singular matriz T so that T~YAT is diagonal.

Assume
T7YAT = A = diag(\i, ..., M), T =(t',...,t").
This yields that AT = TA, thus
AV =)\t0, j=1,...,n.

In other words, if T~' AT is diagonal, then the columns of T contain the eigen-
vectors of A. The converse also holds. One obtains:

Theorem 10.10 A matrix A € C"*" is diagonalizable if and only if the vector
space C™ has a basis of eigenvectors of A.

The following result holds in finite and infinite dimensions.

Theorem 10.11 Let U be a vector space and let L : U — U denote any lin-
ear operator. If uy,...,ur are eigenvectors of L to distinct eigenvalues, then
U, ..., u, are linearly independent.

Proof: Use induction in k. The claim is obvious for kK = 1. Suppose any k — 1
eigenvectors to k — 1 distinct eigenvalues are linearly independent.
Let Luj = A\juj,j =1,...,k. Assume

crur + ...+ cpup =0 . (10.3)
Multiplication by A yields
CLARUL + ...+ e Apup =0 . (10.4)

Applying L to (10.3) one obtains
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MUl + ...+ pug =0 . (10.5)
Subtracting (10.5) from (10.4) we have

(M — Apur + oo+ o1 (Ak—1 — Ag)ug—1 =0 . (10.6)

By the induction assumption, w1, ..., u;_1 are linearly independent. Therefore,
the coefficients are zero. Since the \; are distinct, it follows that ¢; = ... =
Ck—1 — 0. ¢

Theorem 10.12 Assume that the matrix A € C™*™ has n distinct eigenvalues.
Then A is diagonalizable.

Theorem 10.13 The set D, of all diagonalizable matrices in C"*™ is dense
in C™*™,

Proof: Let A € C™*™ be arbitrary and let U*AU = A + R where U is unitary,
A is diagonal and R is strictly upper triangular. Let €9 > 0 be given and let

D, =diag(e1,...,en), |ejl<eo for j=1,...,n.

Consider the matrix

Ac=UA+ D.+ R)U* .

Then A, has the eigenvalues A\; + ¢; and we can choose the ¢; so that the
eigenvalues of A, are distinct. Therefore, A, is diagonalizable. Also,

A~ A = |UD.U"| = |D.| < 2 .

This proves that, given any gy > 0, there is a diagonalizable matrix A, with
|A— A <ep. ¢

Though the last result is of some theoretical interest, it is not useful in
practice since the transformation matrix 7. of A. to diagonal form may have a
very large condition number. Put differently, the study of the spectral properties
of matrices that are not diagonalizable deserves some special attention. This is
addressed with the transformation to Jordan form.

10.10 Transformation to Block—Diagonal Form
10.10.1 Two Auxiliary Results

Let A = D + R denote an upper triangular matrix where D is diagonal and R
is strictly upper triangular. The following lemma formulates a technical tool
that allows one to scale down the strictly upper triangular part R by applying
a similarity transformation.

Lemma 10.7 Let A = D + R € C™"™"™ where D is diagonal and R is strictly
upper triangular. For 0 < e <1 consider the diagonal matrix
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T. = diag(1,e,€%,...,e"1) .

Then

T-'AT. = D+ R.
where
|Re|oo < €|R]|o -

Proof: Let r;; for 1 <1i < j < n denote the strictly upper triangular elements
of R. It is easy to check that

(Re)ij =mijel ™", 1<i<j<n.

Thus, every nonzero entry of R gets multiplied by a positive factor less than or
equal to €. It then follows that

|(Re)ij| <elrij| forall 4,7 and 0<e<1.

Also,
|R|oe = mgxz s
J
thus
|Re|o < €|R|o -
o

Lemma 10.8 Let A € C™*" be nonsingular. If B € C"*"™ satisfies the bound

1
Bl < ———
Bl T

then A+ B is also nonsingular.

Proof: Let (A+ B)x =0, thus Ax = —Bx and

r=—-A"1Bz .
It follows that
x| < |A7Y|B]|2] -
By assumption,
[A7HIBl <1,

thus « = 0. This yields that A + B is nonsingular. ¢
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10.10.2 The Blocking Lemma

Consider a block matrix of the form
[ My My
A= (0 )

M, € (Cka, My € (Cle, Mo € (Cle .

where

The matrix Mo describes a coupling between the blocks. We want to eliminate
the coupling by a similarity transformation, 7-'AT. We claim that this can be
done if

O‘(Ml) N O‘(Mg) =0 , (10.7)

i.e., if M and My have no common eigenvalue. To this end, consider a matrix
T of the form

(I S kexl
T(O Iz)’ SeCrF .

It is easy to check that

and

X:M12+M15—SM2-

In order to achieve a decoupling, we must find S € CF*! so that X = 0. Note
that the condition

MlS — SM2 = —Mio (108)

consists of kl linear equations for kl unknowns s;;. Therefore, the equation
(10.8) has a unique solution S if we can prove that M;S — SMy = 0 implies
S=0.

Lemma 10.9 Let M, € CF** and My € C have disjoint spectra, i.e., assume
(10.7). If S € CF*! satisfies My S — SMy = 0 then S = 0.

Proof: Case 1: M; and My are diagonal,

M, = diag(dy,...,d;), Ms=diag(es,...,e) .
The matrix equation M71S — SMs = 0 becomes
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diSij_Sijej:O for izl,...,k’ and jzl,,l

Since d; # e; we conclude that s;; = 0.
Case 2: The matrices My and M, are upper triangular,

My =D1+ Ry, Ms=Dsy+ Ry,

where D1, Do are diagonal and R, Ro are strictly upper triangular. For 0 <
€ << 1 define the diagonal scaling matrices

k—l) l—l) )

T = diag(1,¢,€%,.. . ¢ . Ty =diag(1,e,€%,... ¢

Then we have

Tf1M1T1 = D; + Pi(e) where |Pi(e)| <Ce.

Similarly,

Ty 'MyTy = Dy + Pa(e) where |Py(e)| < Ce .

From

M, = Tl(Dl + Pl(E))Tl_l, My = TQ(DQ + PQ(&))T{l

we obtain that

Ti(Dy + Py(e))T71S — STo(Ds + Py(e)) Ty + =0,
thus

(D1 + Pi(e))(Ty 'STz) — (T7'ST) (D2 + Pa(e)) = 0 .

By choosing € > 0 small, the perturbation terms Pj(¢) can be made arbitrarily
small. Since the limit system, obtained for € = 0, is nonsingular (by Case 1), it
follows that

T, 'ST, =0.

This yields that S = 0.
Case 3: Let M; € C*** and M, € C'*! be arbitrary, satisfying (10.7). With
unitary matrices Uy, Uz and upper triangular matrices N1, N we have

U MU, = Ny, Us5MyUs = Ny .
We write the equation M;S — SMs = 0 in the form

UiN,UYS — SUsN2U5 =0
thus

Ny (UFSUy) — (UFSU) Ny = 0 .

Using the result of Case 2, we conclude that U{SUs =0, i.e., S =0. ¢
This leads to the following blocking lemma:
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Lemma 10.10 (Blocking Lemma) Consider a block matrix
_( My M
A= ( 0 M, >

M € Cka, M, € Cle, Mo € (Cle .

where

If My and Ms have no common eigenvalue then there exists a unique transfor-
mation matriz T of the form

(I S kexl
T_(O Iz>’ SeCr

so that

Example: Let
and

Then we have

-1 o )\1 X
T AT = < 0 A
with

x=b+s(A1 —\a) .
We see that T AT is diagonal if and only if

b
A=A

This shows that the condition number of the transformation is

S

b| 2
TNT Y ~ (1 ‘7 .
||| (Wz—m)

We see that the condition number of T' can be very large if the eigenvalues Ay
and A9 of A are close to each other.
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10.10.3 Repeated Blocking

By applying Schur’s theorem and then, repeatedly, the Blocking Lemma, one
obtains the following result:

Theorem 10.14 Let A € C™*™ have the characteristic polynomial

pa(z) =det(A—zI) = (A1 —2)"™ ... (As — 2)™

with distinct zeros A1, ..., s. Then there exists a nonsingular transformation
matriz T so that T~YAT has the block form

My 0 ... 0
riar=| 0 M

: 0

0 ... 0 M,

where each M;j has size mj; x m; and

Mj = AL, + R;

where R; is strictly upper triangular.

To transform A further to Jordan canonical form, it suffices to consider each
of the block matrices M; separately. Thus we are lead to consider a matrix of
the form

M=X+R

where R is strictly upper triangular. To understand the eigenvectors and gener-
alized eigenvectors of such a matrix M is the core difficulty of the transformation
to Jordan canonical form. We will treat this in Chapter 12.

First, we want to reinterpret Theorem 10.14 in terms of generalized eigenspaces.

10.11 Generalized Eigenspaces
Let A € C™" and let A be an eigenvalue of A. Recall that the space

E) = N(A— )

is called the eigenspace or geometric eigenspace of A to the eigenvalue A\. The
space

gE\={z €C™ : (A—\)?z =0 for some j € N}

is called the generalized eigenspace of A to the eigenvalue A.

Example: Let
0 1
(0.
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In this case A2 = 0. We have

Eo = span{e'}, gEy=C?.

Assume that T7'AT is a similarity transformation of A to block form as
in Theorem 10.14. We claim that the matrix T' contains in its columns bases
of all the generalized eigenspaces of A. For simplicity of notation, assume that
there are only two blocks,

M; O

-1 .
T AT-( 0 M,

), Mj:)\jfmj—l—Rj, mi1+mg=mn,
and the matrices R; are strictly upper triangular. Note that
R =0, R;?=0.

Lemma 10.11 Under the above assumptions, the first my columns of T form
a basis of gEy, and the last ma columns of T' form a basis of gE), .

Proof: We have

R 0

A—)\1[:T< 0 X

> T X=0MN—M)I+Ry, det(X)#0.

Therefore,

; R0 I
(A—)\ll)J:T< 01 Xj>T1, j=1,2,...

Since R}"™ = 0 we have

0 O

I = .
(A= M\I) T<O s

> T_17 ] >my .
Since X7 is nonsingular, one obtains that

rank((A—MI)7)=n—my, j>my,
thus

dim(gEy,) =mq .
Partition T as
T — (T[, TII)
where T contains the first m; columns of T. For j > m; we have

0 0

NIVT = .
(A= \IVT T(O i

) = (0,7 X7y .
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This shows that

(A= MIYT =0

Therefore, the columns ¢* with 1 < k < m; lie in the nullspace of (A= X\I) =
gE),. Since the dimension of gE), equals mq, the mj columns of 77 form a
basis of gE),. The proof for gFE), is similar. ¢

In the general case, one obtains:

Theorem 10.15 Let A € C"*" and let

pa(z) =det(A—zI)= (A1 —2)"™ ... (As — 2)™
denote the characteristic polynomial of A with distinct eigenvalues Ai, ..., As.
The generalized eigenspace of A to the eigenvalue \; is
gEx; = N((A=A1)"™) .

Its dimension is mj, the algebraic multiplicity of ;. If T"*AT has the block
form described in Theorem 10.14, then the first my columns of T form a basis
of gE\,, the next ma columns of T form a basis of gE), etc.

One calls the elements of

9Ex; \ {0}

generalized eigenvectors of A to the eigenvalue \;. The previous theorem implies
that C" always has a basis consisting of generalized eigenvectors of A.

In the Jordan form theorem, one constructs particular bases in the general-
ized eigenspaces.

10.12 The Direct Sum of the Generalized Eigenspaces

Let W denote a vector space and let Uy, Us, ..., Us denote subspaces of W. By
definition, the set

U=U1+Us+...+Us (10.9)

consists of all vectors of the form

up +uz +...+us where w; €U; for j=1,2,...,5.

It is not difficult to show that the set U = U; + Us + ... + Us defined in this
way is a subspace of W.
Assume that

W=U,4+Us+...+Us .

One says that W is the direct sum of the subspaces U, Us,...,Us if for every
we W for j =1,2,...,s there exist unique vectors u; € U; with
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w=ur+u2+...4+ug.
If W is the direct sum of Uy, Us, ..., Us then one writes
W=U,0Us&...0U .
We will show:

Theorem 10.16 Let \i,..., s denote the distinct eigenvalues of the matrix
A e C™™ and let gE\, denote the generalized eigenspace to the eigenvalue A;.
Then we have

C"=gE\ @®...®gE), ,

i.e., the vector space C" is the direct sum of the generalized eigenspaces of A.

Proof: Let w € C" be given. We have to show that for j = 1,..., s there exists
a unique u; € gEy; so that

s
w = E Uj.
Jj=1

Existence of u;: Let T ~LAT denote a transformation of A to block-
diagonal form. See Theorem 10.14. Let

T=(1W.. . 76)

where the columns of TU) form a basis of gE);. See Theorem 10.15. Set
x =T tw, thus w = Tx. Write

where (1) contains the first m; components of z, etc. We have

w=Tr — ZS:T(j)m(j) — iuj
j=1 J=1

where u; = TWe0) e gE),;.

S

Uniqueness of u;: Assume that w =37,

v; = T@Wy @) for a vector yU) € C™i. Set

vj where vj € gE),;. We have

Then we have
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and the equation w = Tz implies that y = x, thus v; = u; follows from

v = T(j)y(j) — 7 0) = uj for j=1,...,s.

10.13 Summary

Let A € C™™ have the distinct eigenvalues A1, ..., As; and the characteristic
polynomial

pa(z) =det(A—zI) = (A1 —2)"™ ... (As —2)" .
Let
gEx, = N((A = 1)™)

denote the generalized eigenspace to the eigenvalue A\;. The algebraic multi-
plicity of the eigenvalue A; is

m; = multiplicity of A; as a zero of pa(z)
= dzm(gE)\J)

The space C" is the direct sum of the generalized eigenspaces of A:

Cn:gE)\l@...@gE/\s .

Every space gF), is invariant under A:

A(gEy;) C gE), -

Denote by

Bj=(A—\I
i =(A=) )gEAj

the restriction of the operator A—\;I to the generalized eigenspace gFy;. Then
the operator

Bj : gE)\j — gE)\j
is nilpotent, i.e., there is an exponent r € {1,2,...} with B; =0.
Definition: The exponent i = i; with
i—1 i _
B; #0, B;=0

is called the Riesz index of the eigenvalue \; of A.
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We will learn in Chapter 12 that the Riesz index i = i, equals the dimension
of the largest Jordan block to the eigenvalue A;.

Example: Let

010
A= 0 0 1
0 0O

Then we have

A2£0, A*=0.

The Riesz index of the eigenvalue \; = 0 is 7 = 3.

Theorem 10.17 Let A € C"*" denote a matriz with eigenvalues \j as above.
Let

T=(t'¢%,... t") e CV™ |

The following two conditions are equivalent:
1. The matriz T is nonsingular and T~ AT has block—diagonal form

M, 0
My
T7'AT =
0 M,
where the block M; has dimensions mj; X mj and has \j as its only eigenvalue.

2. The first my columns of T' form a basis of gEy,, the next my columns of
T form a basis of gEy, etc.

Using Schur’s Theorem and the Blocking Lemma we have obtained existence
of a transformation matrix 7" satisfying the conditions of the theorem.

10.14 The Cayley—Hamilton Theorem
If

k
p(z) =Y a2
i=0

is a polynomial with a; € C and if A € C"*" then one defines the matrix

k
p(A) = a;A7
j=0

where A = T.
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The Cayley—Hamilton Theorem says that every matrix A satisfies its own
characteristic equation, i.e., pa(A) = 0 where pa(z) = det(A — zI) denotes the
characteristic polynomial of A. We will use Theorem 10.14 to prove this.

The following result is also used:

Lemma 10.12 Let p(z) and q(z) be polynomials with product r(z) = p(z)q(z).
Then, for every n X n matrix A,

Theorem 10.18 (Cayley—Hamilton) Let
pa(z) =det(A—zI)= (A1 —2)™ ... (As —2)™
denote the characteristic polynomial of A. Then
pa(A)=0.

Proof: Let T-'AT = M denote the block matrix of Theorem 10.14. The
matrix

Rj = Mj — )\jIm]. € CMixmy

is strictly upper triangular. Therefore,

il — Mj)™ =0, j=1,....5.

Obtain:
0 0 ... 0 Yi 0 ... 0
nz-pym = | 0 | erayre= | 000
: .0 : Ys O
0 ... 0 X, 0 ... 0 Y,

etc. Taking the product of these matrices, one obtains that

pa(M) = (MI—M)™ ...(AJ —M)™ =0 .
Finally, A = TMT~", thus

pa(A) =Tpa(M)T' =0 .
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11 Similarity Transformations and Systems of ODEs

Our goal is to explain how similarity transformations, 7' AT = B, can be used
to simplify a given system of ODEs, v’ = Au + f(¢).
Consider an initial value problem
W' (t) = Au(t) + f(t), u(0) =u® . (11.1)

Here u(t), f(t),u®) € C* and A € C™*". The unknown vector function wu(t)
is often called the state variable. The forcing function f(¢) and the initial
value ©(® are given and the system matrix A is assumed to be constant. If
f :[0,00) — C™ is a continuous function, then the initial value problem has a

unique solution u € C* ([O, 00), (C”). In other words, the system (11.1) deter-

mines how the state variable u(t) evolves in the state space C".

11.1 The Scalar Case

The simplest case occurs for n = 1 and f = 0. The initial-value problem
becomes

u'(t) = M), u(0)=u®

with solution

u(t) = eMul®

If A = a+ i with real «, 3, then

u(t) = eat(cos(ﬁt) + isin(ﬂt))u(o) .

The solution grows in magnitude if a > 0; it decays if @« < 0. If & = 0 then
|u(t)| is constant.
The forced equation

(1) = Mu(t) + f(1),  u(0) =ul?,

has the solution

Here, for every fixed s, the function

q(t) = X f(s)

satisfies

q(t) = X(t), q(s) = f(s) -
Thus, also for the forced problem, the sign of Re A is important.
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11.2 Introduction of New Variables

Consider the system (11.1). To better understand the system, one often intro-
duces new variables v(t) by

u(t) =To(t)

where T' € C™*"™ is a nonsingular transformation matrix that must be deter-
mined. One obtains

TV (t) = ATv(t) + f(t)

or

V() =T PATv(t) + T f(t) .

Thus one obtains the transformed initial value problem

V' (t) = Bu(t) + g(t), v(0) =0, (11.2)
with

B=T7AT, g@t)=T""f(t), v =710

The aim of the transformation is to obtain a new system (11.2) that is easier
to understand than the given system (11.2).

If B =T 1AT = A is diagonal, then the system (11.2) decouples into n
scalar equations that we know how to solve. For each component v;(t) of v(t)
we have

t
vj(t) = e)‘ftv](p) +/ eN=3) gi(s) ds .
0

Then the transformation u(t) = Twv(t) gives us the solution of the original
system (11.1).

Warning: It is possible that the condition number of the transformation,

K(T) =TT~

is very large. This should be avoided because, otherwise, the relations

u(t) =To(t), g(t)=T""f(t),
may be very distorting.
A rule of thumb: The simpler the matrix B = T~' AT, the larger the condi-
tion number of 7. Thus, in applications, one has to find the right compromise

between the simplicity of B and an acceptable size of the condition number
K(T) = |T||T7.

Upper Triangular Form: It is always possible to transform to upper
triangular form using a unitary transformation, U*AU = A + R. The upper
triangular system becomes
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V(t) = (A + R(t) +g(t)

where A is diagonal and R is strictly upper triangular. One obtains v], =
AnUn~+gn, which is a scalar equation for v, (t). Once v, (t) is known, one obtains
a scalar equation for v,_1(t), etc. Thus, in principle, one has to solve only forced
scalar equations. However, the equations are not decoupled; v, (¢) influences all
other variables, v,_1(t) influences the variables v;(t) for 1 < j <n — 2, etc.

Separation of Modes: Sometimes one wishes to separate growing and
decaying modes. Suppose Schur’s transformation leads to a blocked system

(assuming f = 0):
A (t) = ( oA >u(t) .

Suppose that all eigenvalues \; of M; satisfy

Re )\j < —-0<0
and that all eigenvalues \; of My satisfy

Re)\j25>0.

One can eliminate the coupling through Mjs. There is a transformation

ult) = To(d), T:(é f)

so that

My M M, 0
—1 1 12 o 1
(0 )= (0 )

In the v—variables, the system becomes

V(t) = < J‘gl ]32 )v(t) .

UI
v =
UII

then one obtains the two decoupled systems

If one partitions

dUII
dt

Here v contains the decaying modes and v!! contains the growing modes.

= Moyv'! .
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12 The Jordan Normal Form

Every matrix A € C™*" can be transformed by a similarity transformation to
Jordan normal form, T-'AT = A + J. Here A is diagonal and .J is a nilpotent
Jordan matrix. Existence of the transformation can be shown in three steps.
Step 1 is Schur’s transformation to upper triangular form, U*AU = R; see
Theorem 10.2. Step 2 is repeated blocking, based on the Blocking Lemma
10.10; see Theorem 10.14. In Step 3 it suffices to study the transformation of a
single block, M = AI + R, where R is strictly upper triangular, thus nilpotent.
In this chapter we carry out the details of Step 3.

The Jordan normal form is named after Camille Jordan, 1838-1922, a French
mathematician.

12.1 Preliminaries and Examples

Definition: Let U be a vector space and let L : U — U be a linear operator.
Then L is called nilpotent if L’ = 0 for some j € {1,2,...}.
Example: Let R € C™"*" be strictly upper triangular. Then R™ = 0. Thus

R (or, more precisely, the linear operator defined by R) is nilpotent.

Lemma 12.1 Let L : U — U be linear and nilpotent. If A is an eigenvalue of
L, then A = 0.

Proof: Let Lx = Ax,x # 0. One obtains that

L’z = ALz = N’z
etc. Therefore, if L7 = 0, then

O:Lj:U:)\jx,
thus A =0. ¢

Lemma 12.2 Let A € C"*" be nilpotent. Then A™ = 0.

Proof: We transform A to upper triangular form: U*AU = R. Since all
eigenvalues of A are zero, the matrix R is strictly upper triangular. Therefore,
R'"=0and A" =UR"U*=0. ©

We will describe below the Jordan form of a general nilpotent matrix. Let
us first consider the cases n =2 and n = 3.

Example: n = 2. Let A € C2*2 be nilpotent, thus A2 = 0. There are two
cases:

Case 1: A = 0. In this case the Jordan normal form of A is J = 0.
Case 2: A # 0, but A2 = 0. We claim that A is similar to

J:<8 (1))

Let T = (t',#?) be a nonsingular matrix. We want to determine T so that
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AT =TJ .

Since

AT = (Af', A?)  and TJ:(tl,t2)<8 é)(o,tl)

this requires that
At' =0 and A2 =t!.
By assumption, A # 0. Choose any t? so that
th= A2 £0.
Then At! = A?t?> = 0. We must show that the two vectors t' = At? and t? are
linearly independent. Let
QAt? + Bt =0 .

Applying A, we see that 8 = 0. Then a = 0 follows. This shows that every
matrix A € C?*2 with

A#0, A’=0,

0 1
—(23)
Example: n = 3. Let A € C**3 be nilpotent, thus A> = 0. There are
three cases:

Case 1: A = 0. In this case the Jordan normal form of A is J = 0.
Case 2: A # 0, but A2 = 0. We claim that A is similar to

is similar to

010
Jo=10 0 0
0 00
Case 3: A # 0, A% #0, but A% = 0. We claim that A is similar to
010
Js=10 0 1
0 00

Q

Case 1 is obvious. Let us consider Case 3 first. We want to determine a

nonsingular matrix T' = (t!,#2,3) with

AT =TJ3

where
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TJ3 = (', 1%, %)

o O O
O O =

0
1 | =0t
0

The equation AT = T'Js requires that
(At', A2, At3) = (0,11, 1%) .
In other words, we want to have
Att =0, A2 =t', AP =+¢.

Clearly, if ¢3 is chosen, then t? and ¢! are determined. Since A% # 0 we can
choose t2 so that A%t3 # 0. Then define

2= A3, th = A®.

Since A3 = 0 we have

At = A% = A3 =0
It remains to show that the three vectors

th=A%3, 2= A,
are linearly independent. Let

QA% + BA 4413 =0 .
Apply first A2 to obtain that v = 0. Then apply A to obtain 8 = 0, etc.

Next consider Case 2 where A # 0, but A2 = 0. This case is more compli-
cated than Case 3.
The condition

AT =T,
where
01 0
T =L t5t) 1 0 0 0 | =(0,t40)
000

requires that
(Ath, A%, At3) = (0,t4,0) ,

thus that equation AT = T'J, requires that

At = A3 =0, A2 =t'.
We must determine two vectors, t! and #3, in N(A) so that the system

A2 = ¢!
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is solvable for t? and so that the three vectors t!, ¢, t3 are linearly independent.
The vector ¢! must lie in

N(A)NR(A) .
Then t? must be chosen with At? = ¢! and the vector ¢3 must be chosen in N (A)
so that the three vectors t!, 2,3 are linearly independent. It is not obvious that
this can always be done.
To show that the vectors t!,¢2,¢3 can always be constructed, we first apply
a Schur transformation (see Theorem 10.2) to A. We may then assume that

0 b
A= 0 c
0 0

O O

It is easy to check that
ac

00
A’=|(0 0 0
00 0

The assumption A? = 0 yields that a = 0 or ¢ = 0.
Case 2a: Let a # 0, but ¢ = 0. Thus,

0 a b
A=10 0 O
0 00
We see that
0
N(A) = span{e?, b |}
—a
Also,

Therefore, we can choose

1 0
=10 and 3 = b
0 —a
The system
At =t!
is solved by
0
t?=1 1/a
0



This leads to the nonsingular transformation matrix

1 0 0
T=10 1/a b
0 0 —a
One easily checks that
AT =TJ; .

Case 2b: Let a = ¢ =0, but b # 0. We have

0 0 b
A= 0 0 0
0 00
We see that
N(A) = span{e',e?}, R(A) = span{e'} .
We can take
0
tt=el, ?=¢2 t*= 0
1/b
The transformation matrix is
1 0 O
T=10 0 1
0 1/b 0
One easily checks that AT = TJs.
Case 2c: Let a =0, but ¢ # 0. We have
0 0 b
A=1 00 ¢ |, c#0.
000

We see that

N(A) = span{e',e?}, R(A) =span{| ¢

0
Therefore, we can choose
b 1 0
tt=|(c ], =[0], =10
0 0 1

The transformation matrix is
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b
T = c
0

—_= O O
S O =

One easily checks that AT = TJs.

Remark: In the case n = 3, A # 0, A?> = 0, our considerations have shown
that

dimN(A) =2, dimR(A)=1,
and

R(A) C N(A) .

The vector t' must be chosen in R(A) N N(A). We have seen that this choice
is possible. Also, we can find t? with At? = t! and t3 € N(A) so that the three
vectors t1,t2,t3 are linearly independent. At this point, it is not obvious that
a similarity transformation to a normal form J can always be made for any
nilpotent matrix A € C"*™ if n > 3.

12.2 The Rank of a Matrix Product

Let A € C™*", B € C"*P, thus AB € C™*P, The matrices A and B determine
linear maps between the vector spaces CP,C"™, and C™:

crd o Eer.
The matrix product AB determines a map from CP to C™. Since
rank(AB) = dim R(AB) and rank(B) = dim R(B)
and since dim R(AB) cannot be larger than dimR(B) it is clear that

rank(AB) < rank(B) .

The following theorem gives a more precise formula for the rank of a matrix
product. Note that the space N(A) N R(B) is a subspace of C".

Theorem 12.1 Let A € C™*" B € C"*P, thus AB € C"™*P. For the rank of
AB € C™*P we have

rank(AB) = rank(B) — dim (N(A) N R(B)) .

Proof: Let s := dim (N(A) N R(B)) and s+t := dim(R(B)). Let

be a basis of N(A) N R(B) and let



be a basis of R(B). We claim that the ¢ vectors

form a basis of R(AB). If this is shown then

rank(AB) = dim(R(AB))

=t

= (s+1t)—s

= rank(B) — dim (N(A) N R(B)) ,
and the theorem is proved.

We continue to prove that the ¢ vectors Az!, ..., Az! form a basis of R(AB).

First, since 2/ € R(B) we can write 2/ = B¢/, thus Azl = AB¢ € R(AB).
Thus we have shown that

span{Az',... Az'} C R(AB) .

Second, let b € R(AB) be arbitrary. We can write b = AB{. Here B¢ €
R(B), thus

BE =aizt + ... 4asz® + bzt 4+ .. b2t
Since 29 € N(A) we obtain

b= ABE = b1 Azt + ... + b A2t .

So far, we have shown that

span{Az',... Az'} = R(AB) .

Third, it remains to prove that the vectors Az', ..., Az are linearly indepen-
dent. Let

hAZ + .+ b A =0
This implies that

Azt 4+ ...+ b2t =0.
thus biz! + ...+ b2t € N(A). Since 27 € R(B) we have shown that

bzt + ...+ b2t € N(A) N R(B)

and can write

bzt +.. b2t =aizt + ...+ az® .

Since the s + ¢ vectors

1 s 1 t
A A A 4

are linearly independent, we conclude that all coefficients a;, b; are zero, proving
the linear independence of Az!,... Azt o
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12.3 Nilpotent Jordan Matrices

The following matrices Jj, of size k X k are called elementary Jordan blocks:

01 010
J1 = (0), J2:<00>, Js3=10 0 1
000
In general, let
0 1 0 0
0 0 1 0
0 1
0 . 0
It is easy to check that
rank(J))=k—j for 0<j<k and J)O for j>k. (12.1)
Any block matrix of the form
Je, 0 ... 0
= 0 e (12.2)
: -0
o ... 0 qu
is called a nilpotent Jordan matrix. The numbers k1, ..., k4 are called the block

sizes of the nilpotent Jordan matrix J.
Assume that J is a nilpotent Jordan matrix (12.2) of size n x n. We will
show how the ranks of the powers of J,
rji=rank(J7), j=0,1,...

determine the number ¢ of blocks of J and the block sizes, k1, ..., k.
Let
m = max{ki,..., kq}

denote the maximal block size and let

bj := number of blocks of size j for j=1,...,m.

We have

g=bi+by+...4+by

since the number of all blocks is g.
We want to discuss how the ranks of the powers J7 (j =0,...,m + 1) and
the number of block sizes b; (j = 1,...,m) are related to each other. We have
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ro = rank(J°) = rank(I) =n, 7Tm="mi1=0.

Furthermore,

rio=rank(J)=n—q=ro— (b1 +ba+ ...+ bn) .
This holds since rank(J;) = k — 1. Also,

ry = rank(J?)
= n—2q+b
= Tlf(b2+...+bm)

Here by + ... + b, is the number of blocks of size > 2. In general,

rj=rj—1—(bj+...4+by) for j=1,...,m. (12.3)
The reason is the following: If one compares J7 with J7~! then one observes a
rank drop of one for each block J,f;;l that is nonzero in J7~!. In other words, if
one goes from J/~! to J7, then the rank drops by the number of blocks of size
> j, i, by bj+ ...+ bp.
Using (12.3) for j + 1 instead of j we have

Tjitl1 =Tj — (bj+1 + ...+ bm) . (12.4)
Therefore,
bj+bjp1+...byp = 1j1—71;
b]+1+bm = Tj—Tj4+1

Subtraction yields that
bj =Tj_1— 2T‘j + 71 -
We summarize:

Lemma 12.3 Let J denote the nilpotent Jordan matriz (12.2). Let r; =
rank(J7) and let b; denote the number of elementary Jordan blocks of size
j in J. Then we have

bj=rj1—=2rj+rjp, J=1,2,...,m.

Here m is the maximal block size of the blocks Jy in J, thus A™ = 0.
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12.4 The Jordan Form of a Nilpotent Matrix

The main theorem is the following:

Theorem 12.2 Let A € C™ ™ be an arbitrary nilpotent matrixz. There exists a
nonsingular matriz T € C™*™ and a nilpotent Jordan matriz J € C"*" of the
form (12.2) so that T~YAT = J. The block sizes k,, of J are uniquely determined
by A. That is, the nilpotent Jordan matriz J is uniquely determined except for
the order of the blocks, which is arbitrary.

The theorem is proved in several steps.
The uniqueness statement follows from Lemma 12.3: If T='AT = J then

rank(A?) = rank(J7)

for every 7 = 0,1,... These rank numbers determine the block sizes.
To motivate the construction of T', assume first that

PRV A
T AT_J_<0 Jz>’ (12.5)

i.e., J consists of two blocks of sizes k and [, respectively. Let

k k-1 1,0 ,1-1 1
T:(aj,w ey T YL Y ,...,y).

Then the equation AT = T'J reads

(Axk, Azb=t o Axt Ayt Ay L ,Ayl) = (O, a2 2?04 y2) .
Thus, the equation AT = T'J holds if and only if

Azb =0, Azl =2F . Azt =2?

and
Ayt =0, A=y Ayt =7

Thus, the string of vectors
a:k,:ckfl, e ,xQ,xl
(these are the first k& column vectors of T') has the form
ARt AR=220  Axt ot
with A¥z! = 0 if (12.5) holds. A similar form holds for the y-string.

Definition: A string of vectors

Al AR 20 Az

is called a Jordan string (or a Jordan chain) of length k for the matrix A (to
the eigenvalue zero) if
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AFle 20, Az =0.

We see that T~1AT has the form (12.5) if and only if the first k& columns of
T form a Jordan string of length £ and the last I columns of T' form a Jordan
string of length [. In addition, to make 7' nonsingular, all the vectors in both
strings must be linearly independent.

Lemma 12.4 Let
Aty AR=2 Az x

denote a Jordan string for A. These vectors are linearly independent.

Proof: Assume that

ap 1 AP e+ 4+ a Az +agr =0 (12.6)

Apply A*~1 to the equation and note that A*z = 0. One obtains that agA¥ 1z =
0. Since A*~'z # 0 we conclude that ag = 0. Then apply A*~2 to (12.6) to
obtain a; = 0, etc. ©

Lemma 12.5 Let
Al AR 22 Az

and
ATty A2y Ay,y

denote two Jordan strings for A. If the two vectors at the beginning of the
strings,
Ay and ATy

are linearly independent, then the k + | vectors in both strings are linearly in-
dependent.

Proof: Assume that

a1 AR e+ g Ar+agr + b1 ATy + L+ b Ay + by =0 . (12.7)

First assume that & = [. Apply A*~! to the equation (12.7). Note that A*z =
Aly = 0. One obtains that

agAF e + boAl_ly =0

and ag = by = 0 follows. Applying A¥=2 to (12.7) one obtains a; = by = 0 etc.

Second, let k£ > I. Apply A*~! to the equation. Note that AFz = 0 and
AF=ly = 0 since k > I. One obtains agA* "'z = 0. Since A*~1z # 0 we conclude
that ag = 0. Then apply A*=2 to (12.7), etc. ©

It is not difficult to generalize the lemma and its proof to any finite number
of Jordan strings:
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Lemma 12.6 Consider a set of q Jordan strings for A:
Afa=lge Aka=2p0 Az® 2% a=1,...,q.
Assume that the q vectors
2= Akemlge w=1,....q,

at the beginning of the strings are linearly independent. Then all the vectors in
the q strings are linearly independent.

Note that the vectors z& = AFa~lg® at the beginning of the strings lie
in N(A) and in the range spaces R(A**~1). These vectors must be linearly
independent if we want to use the corresponding strings as columns in the
transformation matrix 7.

Proving Theorem 12.2, then, amounts to showing that C™ has a basis con-
sisting of Jordan strings of A. We have to understand the intersections of the
range spaces R(A7) with N(A) in order to obtain the vectors z& = AFa=1z at
the beginning of the strings.

A key result, showing that one gets enough vectors to get a basis of C", is
the following.

Lemma 12.7 Let A € C™*™ be nilpotent. Define the spaces

M; =R(A)NN(A) for j=0,1,...,n
and let

dj = dim(./\/lj), j:O,l,...,n.
Let m be the smallest number with M,, = {0}, i.e.

dm20<dm_1§dm_2§...§d1Sd():dim(N(A)) .

Then we have

do+di+...+dpm_1=n.

Proof: a) Set r; = rank(A’). We write the rank formula of Theorem 12.1 in
the form

dim(N(A) N R(B)) = rank(B) — rank(AB) .
Applying the formula with B = A7 we obtain that

dim (N(A) N R(Aj)) = Tank‘(Aj) — rcmk(AjH)

thus

dj:Tj_errla ij,...,m—l.
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Therefore,

do+di+...+dm—1 = (’r‘o—’r‘1>+(’l“1—T2)+...+(Tm,1—’l“m)
= To—Tm
= n—"Tpy.

b) It remains to show that r,, = 0, i.e., A”™ = 0. By the definition of m we
have

R(A™)NN(A) ={0}. (12.8)
Suppose A™ # 0. Then A™x # 0 for some x € C™. There exists i > 0 so that
yi=A"Tg £0, Ay= A"l =0,
Then we have
0#y=A"(A'z) € R(A™)NN(A) ,
contradicting (12.8). ¢

We can now complete the proof of Theorem 12.2 as follows: Choose d;,—1
linearly independent vectors

22 e RA™H)NNA) =My .
These vectors have the form
2 =AM
and each z® gives us a Jordan string of length m,
2= AT Ax® 2. (12.9)

In total, this gives us d,,—1 times m vectors; here we use that there are m vectors
in the string (12.9). Then supplement the d,,_; basis vectors z* of M,,,_1 by
dpy—2 — dpy—1 vectors zP to obtain a basis of M,,_o. Each vector 27 gives us
a Jordan string of length m — 1. Thus we obtain an additional d,,—2 — dpn—1
times m — 1 vectors, etc.

In total, the number of all the vectors in all the constructed Jordan strings
is

N =dpy_1m+ (dm_2 — dm_l)(m — 1) + ...+ (dl — d2)2 + (do — dl)l .
It is easy to see that
N=d, 1+dno+...+di+dy=n,

where the last equation has been shown in Lemma 12.7.
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Finally, by Lemma 12.6, the total set of constructed vectors is linearly in-
dependent. Using the n vectors as columns of T, we have AT = T.J, thus
T—'AT = J. This completes the proof of Theorem 12.2.

Remarks: We have shown that the number ¢ of elementary Jordan blocks
in J =T YAT (see (12.2)) equals dim(N(A)). At the beginning of each Jordan
string in T is a vector in N(A). Roughly speaking, one chooses these vectors
in N(A) as deeply as possible in the iterated range spaces R(A7).

If m is the maximal block size of all the elementary Jordan blocks in J then
A™ =0, but A™~! #£ 0. The maximal block size m agrees with the number m
introduced in Lemma 12.7.

The number b, of blocks of size m equals the dimension of R(A™ )N N (A).
In general, if b; is the number of blocks of size j and r; = rank(A7), then, using
Lemma 12.3,

bj = (rj-1—rj) = (rj —7rj+1)
djfl — dj

= dim (R(Aj—l) N N(A)) — dim (R(Aj) N N(A)) .

This confirms that the number b; of blocks of size j equals the number of
constructed Jordan strings of length j.

12.5 The Jordan Form of a General Matrix

Let A € C™™ be an arbitrary matrix. Its characteristic polynomial has the
form

pa(z) =det(A—zI) = (A1 — 2)™ -+ (Ay — 2)™

where A1, ..., \s are the distinct eigenvalues of A and

E TTLjZTL.
J

Using Schur’s theorem (Theorem 10.2) and the Blocking Lemma (see Lemma
10.10 and Theorem 10.14), we know that there exists a transformation matrix
S so that

My 0 ... 0
slas—| O M
: 0
0 0 M.

where

M; = AjLn; + R;, R, isnilpotent, j=1,...,s.

Since R; € C™i*™i is nilpotent, there exists a transformation matrix
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(Pj € Cmixmy
so that

-1 i

o R0 = g0
is a nilpotent Jordan matrix. Note that
-1 ;
O M;®; = NI, + T

Let @ denote the block diagonal matrix

d 0 ... 0
o = 9 2

SN

0 0 @,

and let T = S®. We then have

T1AT = 1571450
= &M
Iy, 4+ JD 0
0 NI, +J©)

This is a transformation of A to Jordan normal form.
Note that

T'AT =A+J
where J is a nilpotent Jordan matrix and A is diagonal,

)\1]m1
A=
AsIm,

12.6 Application: The Matrix Exponential

Let A € C™*"™ and consider the initial value problem

W' (t) = Au(t), u(0) =u® .

The solution is

u(t) = e4u”

where the matrix exponential is defined by the exponential series,
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[e.9]

et = Z ! (tA) .

i
Jj=0 J:

It is often difficult to understand e*4 directly in terms of this series.
If we introduce a new variable v(t) by

u(t) = To(t)
then the initial value problem for u(t) transforms to
v'(t) = Bu(t) where B =T 'AT

and

v(0) = T~ u(0) = T~ .

We then have
o(t) = P11

and

u(t) = TetPT 10 |

To make e'P as simple as possible, we let B denote the Jordan normal form of
A. We then have to understand the exponential of each block

)\jIk +Jy =M +J
where \; € 0(A). We have

GAOIHT) A T
tA ot
Here, for J = Jg,
1
th—Ik;_'_*th‘i‘*tZJk ...+Wtkilg]]§_l .
One obtains
Lot 22 ... 1k —1)
0 1 t
6th —
: 1 t
0 0 1

The following Theorem is rather easy to prove. We recall that an eigenvalue
A of A is called semi—simple if the generalized eigenspace gFE equals the geomet-
ric eigenspace E). This holds if and only if the Jordan matrix J corresponding
to A is the zero matrix.
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Theorem 12.3 Let A € C"*".
(a) The limit relation

ed 50 as t— oo

holds if and only if

ReA <0 forall Neo(A).
(b) There exists a constant C' > 0 with

e < C forall t>0

if and only if for each \ € o(A) we have
Case 1: ReA <0 ;

or

Case 2: ReA =0 and X is semi—-simple.

12.7 Application: Powers of Matrices

Theorem 12.4 Let A € C™*™,
(a) The limit relation

A 50 as j— oo

holds if and only if

Al <1 forall ANeo(A).
(b) There exists a constant C' > 0 with

AT < C forall j=1,2,...

if and only if for each \ € o(A) we have

Case 1: |\| < 1; or

Case 2: |A\| =1 and X\ is semi-simple, i.e, the algebraic multiplicity of X equals
its geometric multiplicity.

Proof: Let T-'AT = B denote a transformation of A to Jordan normal form.
Clearly, A7 — 0 as j — oo holds if and only if B/ — 0 as j — oo. Similarly,
|A7] is a bounded sequence if and only if |B’| is bounded.

Consider a Jordan block

0 1 0
0 0 1 0
Q=MN+J, J=Jp=| AP € RMF
: 0 1
0

First let |A| < 1. Let
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T, = diag(l,a,sQ, - ,5’“71) .

We have
T'QT. = N\ +¢eJ .

Therefore, if € > 0 is small enough, then [\ +eJ| < 1. It follows that
Q=0 as j— o0

if [A\| < 1. This proves (a). Also, if Case 1 or Case 2 holds for every eigenvalue
A of A, then the boundedness of |A7| follows.
Assume |A| > 1 for some eigenvalue A of A. We have

A+ J) | >\ =00 as j— 0.

Now let |A\| = 1 and assume that A is not semi-simple, thus J = J with k > 2.
We have

k=1 , .
A+ J)Y = ( ‘Z > AL
1=0
= NI+ N1T+...
The vector
(A + J)e?
has the entry jA\/~! in component 1. Therefore,

(AL + )| >3

It follows that |A7| — co as j — oo if A has an eigenvalue A with |A| = 1 which
is not semi—simple.
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13 Complementary Subspaces and Projectors

Let W be a vector space and let L : W — W be a linear operator. A subspace
U of W is called invariant under L if L(U) C U. To analyze an operator
L : W — W one can try to write the space W as a sum of subspaces which
are invariant under L. One can then investigate L separately on each invariant
subspace: divide and conquer.

We will explain how a direct sum decomposition W = U @& V of a space
W is related to projectors. An important result of this chapter is the Spectral
Representation Theorem: Any diagonalizable matrix A can be written in the
form

A=MPr+- -+ APs

where A1, ..., A are the distinct eigenvalues of A and P; is the projector onto
the eigenspace N(A — \;I) along the range space R(A — \;I). The spaces
N(A—X;I) and R(A— \;I) are complementary subspaces of C" which are both
invariant under A.
13.1 Complementary Subspaces
Definition: Let U and V' be two subspaces of the vector space W. The spaces
U,V are called complementary if every w € W can be written as

w=u+v with velU wveV, (13.1)
and the decomposition (13.1) is unique. Le., if (15.1) holds and if

w=uy+v1 with u €U, v €V, (13.2)

then u =uy; and v =v1. If U and V' are complementary subspaces of W then
one writes

W=UesV
and calls W the direct sum of U and V.

Lemma 13.1 Let U and V be subspaces of W = C"™. Then C" =U®V if and
only if

dimU +dimV =n
and
unv ={0}.

Proof: Let uq,...,u; be a basis of U and let vq,...,v; be a basis of V.
First assume that C* = U@ V. We claim that (a) the k+1 vectors uy, ...,
are linearly independent. Assuming that
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Zaiui + Z,ijj =0
i J

we conclude, using uniqueness of the decomposition 0 + 0 = 0, that

Zaiui :ZB]-UJ- =0.
i J

This implies oy = B; = 0. Next we show that (b) the k + [ vectors uq, ...,
generate C". If w € C" is given, we can write w = u+v =), a;u; + Z]- Bjv;.
From (a) and (b) we conclude that the k + [ vectors uq,...,v; form a basis of
C™. Therefore, k 4+ 1 =n. Next let w e UNV. Since w —w = 0= 0+ 0 with
w € U,—w € V, we conclude that w = 0, proving that U NV = {0}.

Second, assume dimU + dimV =n and U NV = {0}. Similarly as before,
it follows that the n vectors uq,...,v; form a basis of C". One then concludes
that C"=U®®V. ¢

13.2 Projectors

Definition: Let W be a vector space. A linear operator P : W — W is called
a projector if P?> = P.

Lemma 13.2 Let U and V be complementary subspaces of the vector space W,
e, W=U&V. Gwenw € W, letu U and v € V be determined so that
w=u+v. (By assumption, u and v are unique.) The mapping

PW—-W w—Pw=u,

is linear and is a projector, i.e., P2 = P.
Proof: Let wi,ws € W and let

w1 = u1 +v1, W = ug -+ v, quU, UjGV.

We then have

aw; + Pwe = (auy + Puz) + (avy + Pog) .
This implies that

P(awy + Pws) = auy + fus = aPwy + fPws ,

showing linearity of P.
If w € U, then the equation

u=u+0, welU 0e€V,
yields that Pu = u. Therefore, for any w € W,

P%w = Pw
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since Pw € U. o.

The projector P : W — W determined in the previous lemma is called the
projector onto U along V. It is easy to see that () = I — P is the projector onto
V along U.

We have seen that any pair U,V of complementary subspaces of W deter-
mines a projector P : W — W, the projector onto U along V. Conversely, let
P : W — W be any projector. It is easy to see that the subspaces

R(P) and N(P)

are complementary and that P is the projector onto R(P) along N(P). To
summarize, any pair of complementary subspaces of a vector space determines
a projector and, conversely, any projector determines a pair of complementary
subspaces.

13.3 Matrix Representations of a Projector

Let U and V' denote complementary subspaces of W = C",

Ch'=UsV,

and let P : C" — C" denote the projector onto U along V. Let u1,...,u; be a
basis of U and let v1,...,v; be a basis of V where k+ [ = n. The n X n matrix

T = (uy,...up,v1,...,v) = (T, T

is non-singular. Here T has k columns and 7! has I columns.
We want to determine the matrix representation of P. To this end, let
w € C" be given and write

k l
w:Zaiui%—Zﬁjvj:T( g ) .
i=1 j=1

Then we have

k
Pw=u= E ;i .
i=1

This leads to the matrix form of P as follows: We have
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We have derived the following matrix representation of P:

_ I, 0 1
P—T<O O>T . (13.3)
Another way to write the projector P is as follows: Let S = (T~1)7T and
partition 7" and S as
where T! and S! have k columns. Then we have
B SI T
== (g )
Using (13.3), it is not difficult to show that
P=THsHT . (13.4)

Here, typically, one leaves P in factorized form.

Example: Let n =2 and

U:spcm{< (1)>, stpan{( 1 >}
Then we have

r (3 1) e (d ). serre(10).

The projector P onto U along V reads, according to (13.3),

(10N, (1 -1
P_T<0 O)T _<0 0).

The alternative representation (13.4) is

P:<é>u7—n.

The factorized form clearly shows that Pw is a multiple of e!.

Remark: The matrix representation (13.3) shows that tr(P) = k = dim R(P)
for any projector P € C"*". (Recall that the trace of a matrix is a coefficient of
its characteristic polynomial and, therefore, remains unchanged under similarity
transformations.)
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13.4 Orthogonal Complementary Subspaces

The decomposition

C'=UesV

is particularly useful if U and V are orthogonal subspaces, i.e., if V = U"t. We
will show that this occurs if and only if the corresponding projector P onto U
along V' is Hermitian.

Theorem 13.1 Let C" = U @&V and let P denote the projector onto U along
V. Then U is orthogonal to V if and only if P = P*.

Proof: First assume that P = P*. Let u € U = R(P) and let v € V = N(P)
be arbitrary. Write © = Px and obtain

(u,v) = (P=z,v)
= (z, Pv)
= 0.
This shows that U and V are orthogonal.
Conversely, let V = U~+. If uy,...,u; is an ONB of U and vy,..., v is an

ONB of V then k£ +1 = n and uy,...,v; is an ONB of C". Form the matrix
T = (uy,...,v) as in the previous section. This matrix is unitary, thus

T-l=1".
The formula
_ I, 0 "
L

shows that P* = P. ¢

Remark: A projector P with P* = P is sometimes called an orthogonal
projector since R(P) and N (P) are orthogonal. However, P is not an orthogonal
matrix unless P = 1.

13.5 Invariant Complementary Subspaces and Transformation
to Block Form

Let A € C™*"™. Assume that

Ch=UeoV
and
AU)cU, AV)cV. (13.5)
In other words, the complementary subspaces U and V' of C" are both invariant
under A. As above, let uy,...,u; be a basis of U and let vy,...,v; be a basis

of V where k + [ = n. We form the n X n matrix
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T = (up,.. . up,v1,...,0) =: (TI,TH) ,
which is non—singular, and consider the similarity transform
T'AT = B.

We claim that the invariance (13.5) implies that B is a block matrix

_( B1 0

B= < 0 By > (13.6)

where B is k X k and By is [ x .
Indeed,
k
Auj:Zaijui, jzl,...,k‘,

i=1

and

l
A’Uj:ZBij’Ui, jzl,,l
i=1

It then is not difficult to see that

AT = (Aul, ce ,Auk,Avl, ey Avl)
k l
= (Zailuia‘-'uZBﬂvia--->
i=1 i=1

= TB

if B has the block form (13.6) and
By = (aij), B2=(By) -

13.6 The Range—Nullspace Decomposition
Let B € C™*™ denote a singular matrix of rank B = r. Since

N =N(B) and R= R(B)

have ranks

rank N =n—r and rankR=r

the spaces N and R are complementary subspaces of C™ if and only if

NAR={0}.

The example
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with

N = R = span{e'}
shows that the spaces N and R are not always complementary.

Lemma 13.3 Let B € C™*" denote a singular matriz. The subspaces N =
N(B) and R = R(B) are complementary subspaces of C" if and only if the
etgenvalue 0 of B is semi—simple, i.e., the geometric and algebraic multiplicities
of the eigenvalue 0 are the same.

Proof: We know that 0 is semi-simple if and only if”

N(B) = N(B?) .

First assume 0 to be semi—simple and let

weENNR.

Then there exists a vector x € C" with w = Bz and 0 = Bw = B?z. It follows
that € N(B?) = N(B), thus w = Bx = 0. We have shown that N N R = {0}
if 0 is a semi—simple eigenvalue of B.

Second, assume N N R = {0}. We want to prove that N(B) = N(B?).
To this end, let * € N(B?) be arbitrary and set y = Bx. We then have
By = B?z =0, thus y € NN R. The assumption NNR = {0} yields that y = 0,
thus Bx = 0, thus x € N(B). This argument shows that N(B?) C N(B). Since
the inclusion N(B) C N(B?) is trivial, we have shown that N(B) = N(B?),
i.e., 0 is semi—simple. ¢

To summarize, if B € C"* is a singular matrix with semi-simple eigenvalue
0, then we have

C" = N(B)® R(B) . (13.7)

This is called the range—nullspace decomposition of C" determined by B. It is
clear that both spaces, N(B) and R(B), are invariant under B.

Let A € C™" denote any matrix and let A\; be a semi-simple eigenvalue
of A. Setting B = A — A\ [ and applying the above result, one obtains the
range—nullspace decomposition

C" = N(A—M\I)® R(A— M) . (13.8)

Here

N(A—=MI)=E(\)

is the eigenspace corresponding to Aj.

"The inclusion N(B) C N(B?) always holds. If N(B) # N(B?) then there exists z with
B%z = 0,Bz # 0 and the algebraic multiplicity of the eigenvalue 0 exceeds its geometric
multiplicity. Thus, if N(B) # N(B?) then A = 0 is not semi-simple.
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13.7 The Spectral Theorem for Diagonalizable Matrices

Let A € C™*" denote a diagonalizable matrix with characteristic polynomial

pa(z) =det(A—zI)= (A1 —2)™ ... (A\s —2)™

where A1,...,As are the distinct eigenvalues of A. The assumption that A is
diagonalizable is equivalent to saying that all eigenvalues of A are semi—simple.
If

Uj = E()\j) == N(A — AJI)

denotes the eigenspace to A; then

dim Uj =1myj .
We also set

Vi=R(A—-\I) .

Taking j = 1, for instance, we have the range—nullspace decomposition

Ct=U10V.
Here

dimUy =mq, dmVi=n—mi=mo—+...+my.

Lemma 13.4 Under the above assumptions we have

Vi=Us®...0Us .

Thus, if A is a diagonalizable matrix with distinct eigenvalues M1, ..., s, then
the range Vi = R(A— A1) is the direct sum of the eigenspaces Uj = N(A—\;I)
corresponding to all the eigenvalues different from A1.

Proof: Let us show first that the eigenspace Us is a subspace of the range space
V1. To this end, let z € Us, thus

Az = dox |
thus

(A — )\1[)33 = ()\2 — )\1)33‘ .

Dividing by A2 — A1 we obtain that z € V;. The same arguments apply to Us
etc. One obtains that

Uy+...+U;CVy.

It is not difficult to show that the sum Us + ...+ Ug is direct and has dimension
mo + ...+ ms. Then the claim follows. ©
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For each j =1,...,s we have the range—nullspace decomposition

C'=U;@Vj, Uj=N(A=NI), Vj=R(A-X\I).

Let P; denote the projector onto U; along V.
The spectral theorem for diagonalizable matrices is the following:

Theorem 13.2 Let A € C™*™ denote a diagonalizable matriz with distinct
eigenvalues A1, ..., s and let P; denote the projector onto the eigenspace U; =
N(A — \ji) along the range space V; = R(A — X\;I). Then we have

A = MPL+...+ )Py
I = P+...+ P
PZP] = 5¢jP¢Z5iij fOT 1 SZ,] <s.

The representation A =Y \;Pj is called the spectral representation of A.

Proof: Consider a transformation matrix

T= (W, . . T%)

where the columns of TU) form a basis of Uj. Then we have

>\IIm1
T'AT = A =
)\sImS
This gives the representation
)\IIm1
A=T Tt
)\SIms
The projector P is
I,
P =T 0 T,
0

A similar formula holds for P, etc. The claims of the theorem are then obvious.
o

Example: Let

The eigenvalues of A are
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with algebraic multiplicities m; = mo = 1. We have

)= (a) 2()=(r)

Therefore, the eigenspaces are

U1:IH3):8nMﬂ( _})}, Uézlﬂl):smmﬁ< })}.

The transformation matrix 7" has the eigenvectors as columns,

(11 411 <1
T_(—l 1)’ s _2<1 1)'

The transformation of A to diagonal form is

A4 A _ (30
s (200

leading to the representation

The projectors are

(10N (00,
ner( ) mer (0 0)r,

The spectral representation of A is

A=3P + P .

s=rr=3( 1)

and the projector representation (13.4), we have

H:é(_i)ﬂ,—U,Jﬁ:é(i)ﬂ,D.

In this way, we can write Aw as

Aw—i(_i)ﬂ,—nw+;<i>ﬂ,nw.

Evaluating the inner products, we have

Aw:;( _1)(101—102)+;<1)(w1+w2)-

The point is that Aw is written directly as a linear combination of the eigen-
vectors of A,

Using the matrix
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o =a(w) (_y )+p)( )

The coefficients, a(w) and f(w), are linear functionals of w which are also
directly displayed.

13.8 Functions of A

Let A be a diagonalizable matrix with spectral representation

A=>"N\P;.

It is then easy to obtain functions of A in terms of its spectral representation.
For example,

A2 = Y NP
A3 = Y NP,

e = Z eAij

A matrix B with B? = A is called a square root of A, often written as B = A'/2,
One should note, however, that square roots a typically not unique. A square
root of A can be obtained as

1/2 _ 1/2
A2 =N"NP
Similarly, if A is non—singular, a logarithm of A can be obtained as
log A = Z(log )P .
Here log A; is any complex logarithm of A;. Since e!°6* = }; it follows that

eosd = 4

Remark: A non—diagonalizable matrix may not have a square root. For

example, the matrix
0 1
7= (0 0)

does not have a root. If B> = J then B* = J? = 0, which implies that B is
nilpotent. Since B is 2 x 2 we conclude that B2 = 0, a contradiction.

13.9 Spectral Projectors in Terms of Right and Left Eigenvec-
tors

Definition: Let \ be an eigenvalue of A € C"*". A column vector x € C" is
called a right eigenvector of A to the eigenvalue A if Ax = Ax and x # 0. A
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row vector y” is called a left eigenvector of A to the eigenvalue \ if yT A = \y”
and y # 0.
Let A be a diagonalizable matrix, as above. Recall the relation
T AT =A or AT =TA
introduced above. Here the columns of T are right eigenvectors of A. If
(T~1)7T =: S we can also write the equation T"'AT = A as
STA=AST.

This relation says that the rows of S are left eigenvectors of A. If we partition
column-wise,

T = (T<1>,...,T(S>), 5= (S(l),...,S(S)) ,

where TU) and SU) contain m; columns, then T' (9) contains right eigenvectors
to Aj in its columns and (S U)T contains left eigenvectors to Aj in its rows.
As above, let P; denote the projector onto the eigenspace U; = E();) along
the sum of the other eigenspaces. Then, corresponding to (13.4), we have the
product representation
P; =TW(SUHT (13.9)

Let us consider the special case where the eigenvalues of A are all distinct, i.e.,
all eigenspaces have dimension one. Then, for each eigenvalue \; of A, there
are non-zero vectors z; and y; with

ij = Ajﬂjj, yJTA = )\]y;f .

The vectors x; and y; are uniquely determined, up to scalar factors. The
representation (13.9) becomes

oD
Py = QjT;5Y;
where o is a scalar which we will determine below.

Lemma 13.5 Let x1,...,x, and yi,...,yL be right and left eigenvectors of A
to the distinct eigenvalues A1, ..., \,. Then we have

yJTa:iZO for i #0, yJijyéO_
Proof: For i # j we have

)\jijasi = ijA:ci = )\ly]sz .

This yields yJTxZ = 0 since \; # ;. If, in addition, the equality ijazj = 0 would
also hold, then y; would be orthogonal to a basis of C"* and the equation y; = 0
would follow. ¢

Since ij:vj # 0 we may assume, after scaling, that
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T
yjzj=1.

Then we have
7\? T, .T T
It follows that the projector P; is given by

Pj = zjy] .
‘We have shown:

Theorem 13.3 Let A € C™™*" have n distinct eigenvalues \1,..., . There
exist non—zero vectors x; and y; with

AZL‘J' = )\jwj, y]TA = )\ijT, y]T:L‘j =1.

In terms of these vectors, the spectral projectors are the rank 1 matrices

Pj = xjy; -

The matriz A has the spectral representation

n
A= Z )\jxjij .
Jj=1
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14 The Resolvent and Projectors

In this chapter A € C™*™ denotes a general complex matrix, diagonalizable
or not. How do the eigenvalues of A change if A gets perturbed? Omne can
show that they change continuously. (See Theorem 14.4.) However, a multiple
eigenvalue generally breaks up non—smoothly under perturbations. A simple

example is
0 1
A_<0 0) .

Its only eigenvalue A\; = 0 is algebraically double, but geometrically simple.

The perturbed matrix
01
A, = < c 0 > , €>0,

has the distinct eigenvalues

Ai(e) = Ve, Aale) = —ve

and the function /¢ is not differentiable at e = 0.

An aim of this chapter is to show that projectors onto sums of generalized
eigenspaces behave better under perturbations of A than the perturbed eigen-
values. The projectors are analytic functions of the perturbation. The resolvent
of A, introduced in the next section, is used to obtain an integral representation
of projectors.

The subject connects linear algebra with complex variables.

14.1 The Resolvent of a Matrix

Let A € C™™ With \q,..., s we denote the distinct eigenvalues of A, thus
the set

o(A) = {A1, ... A}

is the spectrum of A. The matrix valued function

2 R(z)=(z2I-A)7Y, zeC\o(A),

is called the resolvent of A.

The next theorem states that the resolvent R(z) = (2I — A)~! is an analytic
function defined on the open set C\ o(A) with a pole at each eigenvalue of A.
We recall that the index i; of the eigenvalue \; of A is the index of nilpotency
of the operator

()\jI— A) , (14.1)
9B

and 7; equals the size of the largest Jordan block to A;. In formula (14.1), the
space
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QEAj = {SU eC" . ()\j] - A)n.’L‘ = O}

denotes the generalized eigenspace of A to the eigenvalue \; and the operator
in (14.1) is the restriction of the operator A\;I — A to the generalized eigenspace
gE),. The operator ( 14.1) maps the space gE); into itself.

Theorem 14.1 1. The resolvent

(21 = A) 7" = R(2) = (rjx(2))1<jk<n
depends analytically on z € C\ o(A). In fact, every entry ri(z) is a rational
function of z.
2. At every eigenvalue \; of A the resolvent has a pole. The order of the
pole at \j equals the index of the eigenvalue ;.

Proof: 1. The formula for the inverse of a matrix in terms of determinants
shows that r;;(2) is a rational function of z; see Theorem 9.8.

Remarks: Under suitable assumptions, the resolvent generalizes to linear
operators A in Banach spaces. The following proof of the analyticity of R(z)
can be generalized to certain operators on Banach spaces.

Let zp € C\ 0(A) and let |z — 29| < &€ where

- 1
~ [R(20)]
We write
2l —A = (20l —A)— (20— 2)1
= (2l = A)(1 = (20— 2)R(:0))
where

|20 — 2|[R(20)| < e[R(z0)| = 1.

The geometric sum formula applies to the inverse of I — (29 — 2)R(zp) and one
obtains that

o0

R(z) = Z(zo —z)! (R(zo)>j+1 for |z —z| <

j=0

1
[R(z0)] -

This shows that R(z) is a power series as a function of z in a neighborhood of
any point zg outside of the spectrum of A.

2. Let
0 1 0
0 0 1 0
Jip =
0 1
0 0
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denote an elementary Jordan block of dimension k x k and consider (21 — Jy)~!
for z #£ 0. We have zI — J, = z( — % Jk>, thus

_ 1 1 1 _

where J,];_l # 0 and JF = 0. This shows that (21 — J;)~! has a pole of order k
at z = 0.

We have shown in Section 12.5 that there exists a transformation matrix 7’
so that T~'AT has Jordan form,

B 0
TLYAT = =B

with

Bj = A\jlLy, + JY

where JU) is a nilpotent Jordan matrix. Le., J@) is a block diagonal matrix
whose diagonal blocks are elementary Jordan blocks. From A = TBT~! one
obtains that

2l — A=T(2I — B)T!
and
(21 — AP =T(2I — B)"'T71.
Here (2I — B)~! is a block diagonal matrix with diagonal blocks

A\ —1
(2L, — B;) ™' = <(z — ), — J<J>) .

Such a block has a pole of order i; at 2 = ;. ©

14.2 Integral Representation of Projectors

The next theorem states that the residue of the resolvent R(z) = (21 — A)~! at
the eigenvalue z = \; is the projector P; onto the generalized eigenspace gF);
along the sum of the other generalized eigenvalues.

We recall that C™ is the direct sum of the generalized eigenspaces of A:

(Cn:gE)\l@gEAQEB...@gEAS .

See Theorem 10.16.
In the following, let

F)\jr = BD()\j, 7")

denote the positively oriented circle of radius r centered at A;. This circle has
the parameterization
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2(p)=Aj+re®, 0<¢<2m.

Theorem 14.2 Let A € C"*™ and let \1, ..., As denote the distinct eigenvalues
of A. Assume that r > 0 is so small that \; is the only eigenvalue of A in the
closed disk

DN\j,r)={z : |z= )\ <r}.

Then we have

1

211 FAJ-r

(2I — A)~tdz = P

where Pj is the projector onto the generalized eigenspace gEy, along the sum of
the other generalized eigenspaces.

We will prove this below.
Together with Cauchy’s integral theorem, one obtains the following result
from Theorem 14.2.

Theorem 14.3 Let I' denote any simply closed positively oriented curve in

C\ o(A) and let Q denote the region surrounded by T'. Consider the following
two sums of generalized eigenspaces:

v = ZQE/\J'

/\jEQ
v = Z 9EN,
A ¢Q
Then
1 -1
P=— [(zI-A) " dz (14.2)
2mi Jr

is the projector onto U along V.

If the matrix A has non—simple eigenvalues, then the spectrum of A gen-
erally behaves badly (continuously, but not smoothly) under perturbations of
A. We will prove in the last section that an appropriate sum of eigenprojectors
behaves much better under perturbations of A, however. This is a consequence
of the representation (14.2). Eigenprojectors and their sums are better behaved
mathematical objects than the spectrum itself.

14.3 Proof of Theorem 14.2

First consider an elementary Jordan block of dimension k x k
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Ji =
1
0

The generalized eigenspace to the eigenvalue Ay = 0 is

gEy=CF=U

and the direct sum of all other generalized eigenspaces is

{0} = V.

The projector onto U along V' is P = I.
The resolvent of J, is

1
(2 —J) ™" = 21— ;Jk)_l
- Yl A C\ {0
= et It o or ze€ {0} .

If I' = 0D(0,7) denotes the positively oriented circle of radius r, centered at
z = 0, then we know from complex variables that

1 dz {1 for j=1
2mi Jp, 2 10 for j=2,3,...
Therefore, the above formula for the resolvent (zI; — J;)~! yields that

1

— I, — Jp) Ydz =1, .
omi FT(” Ty de = I

The next lemma follows easily.

Lemma 14.1 Let ', denote the boundary curve of D(0,r) and let I'y, denote
the boundary curve of D(\, ).
1. If

Ji,

is any nilpotent Jordan matriz, then

1
— (2l — J) rdz=1,, .
211 T,

2. If B=MAl,, + J then

1
211 T



To prove Theorem 14.2 we assume that j = 1 for simplicity of notation. As
above, let T~'AT = B denote the Jordan form of A, thus A = TBT 1.
We have

1 1
— I—A)! = —T I—B) ldz)T!
omi /F (2 = A)™ dz omi ( /F (2 = B) d’z)

A7
_ Im1 0 —1
(5 by

According to Section 13.3, this is the projector onto U = gE), along

V=gb)\,®...0gE,, .

This proves the theorem. ¢

14.4 Application: Sums of Eigenprojectors under Perturba-
tions

We first consider a simple example which shows that multiple eigenvalues gen-
erally behave badly under perturbations of the matrix.

Example: Let

0
0

_ O

1
0
000

000
A= . Q=(0 00
100

Thus A has the eigenvalue A\; = 0 of algebraic multiplicity 3 and geometric
multiplicity 1. The perturbed matrix

010
A+e@Q=1 0 0 1
e 00
has the characteristic polynomial
—z 1 0
det(A4+eQ —zI)=det| 0 —z 1 =2 te.
€ 0 -z
If £ # 0 is a complex number,
e = lele? |

then the three eigenvalues of A + @) are

Aj(e) = [e[\3e!O+2mD/3 =123

We note that the above expression depends continuously on € but is not dif-
ferentiable at ¢ = 0. Of course, the expression A + @) depends analytically
on €. The example shows that analytic dependence of a perturbation of A on
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a parameter € does not imply analytic dependence of the eigenvalues of the
perturbed matrix on the parameter.

Next we show precisely in which sense the eigenvalues of a matrix depend

continuously on the matrix entries.

Theorem 14.4 Let A € C™*™ have the characteristic polynomial

pa(z) =det(A—zI)= (A1 —2)"™ ... (As — 2)™

with distinct numbers Ai,..., As. Let r > 0 be chosen so small that the s disks

D()\j,r), j=1,...,s,

are disjoint. Then there exists § > 0 with the following property: If Q €
C™*™ satisfies |Q| < 0 then, for j = 1,...,s, the matriz A + Q has precisely
m; eigenvalues in D(A\j, 1), where each eigenvalue is counted according to its
algebraic multiplicity.

Proof: Fix any 1 < j < s and consider the circle

I'= 8D(/\J, r) .
We have

min{|pa(z)| : z€T} >0,

and, if 6 > 0 is small enough, then (by continuity as a function of Q)

min{|parq(z)] : z€T} >0
for all @ € C™" with |@Q| < d. By the residue theorem, the integer

1 piA-&-Q("’)
AR (A4 Q
270 Jr pa+Q(2) ( )
equals the number of zeros of payg(z) in D(Aj,7). For @Q = 0 we have m(A) =
m;j. Since m(A+ Q) depends continuously on @) and is integer valued, it follows

that m(A + Q) = m; for all Q with |Q| < 4. ¢

In the following we use the same notation as in the previous theorem and
its proof. Fix @ € C™*™ and consider the matrices

A+eQ, |el<eo,

where ¢ € C is a small parameter. Fix 1 < j < s. If |¢||Q| < J then, by the
previous theorem, the matrix A + @ has m; eigenvalues in D(\j, 7). These
eigenvalues, which depend on ¢, form the so—called \;—group.

Let U(e) denote the sum of all generalized eigenspaces to the eigenvalues of
the A\j—group and let V'(¢) denote the sum of all other generalized eigenspaces.
By Theorem 14.3 the projector
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Ple) = —— F(z[—(A—i—eQ))_ldz

21

is the projector onto U(e) along V'(¢) if |¢| is small enough.
We now show that the projector P(¢) depends analytically on €. Set R(z) =
(21 — A)~! and assume that || is so small that

max |e]| R(2)[|Q] <1 .
We have

“(A+eQ) = (2 — A) (1 - eR(z)Q) ,
thus

(z[ (A-l—EQ) ZEJ R(z)

for z € I'. The convergence of the series is uniform for z € I'. Therefore,

yi
P(e) = Gy € / z)dz .

7=0

This proves that P(e) depends analytically on € for |e| < g if g¢ is sufficiently
small.
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15 Approximate Solution of Large Linear Systems:
GMRES

Suppose you want to solve a linear system

Ax =b

where A € R™ " is a given nonsingular matrix and b € R™ is a given vector.
Assume that A is a full matrix, i.e., you cannot take advantage of sparsity
patterns of A. Gaussian elimination needs about

2
operations. Take an extreme case where

n=10%.
The number of operations needed is

2
N ~ Z10% .
3

Suppose you have a petaflop machine which performs about 10'® floating point
operations per sec.?
The computation would take about

2
T ~ =107 sec .
3 Sec

Since 1 year ~ 3 % 107 sec you have

T ~ 22 years .

Clearly, you must settle for an approximate solution of Az = b that can be
computed faster.

GMRES is an acronym for generalized minimal residual algorithm. If xy €
R™ is any given vector, then b — Axg is called the residual of x( for the system
Az = b and

P(z0) = [b — Az

is the Euclidean norm of the residual of xg.

The idea of GMRES is to generate an ONB (ortho-—normal basis) in a so—
called Krylov subspace K, of R™ and to determine the vector & € zg + K,
which minimizes the residual over the affine subspace

xo+ Ky .

In other words, the vector zZ € K,,, will be determined so that

8We ignore the difficulty that A may not fit into memory.
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|b—A(zo+2)| < |b—A(xog+2)| forall ze K, z#Z. (15.1)

Then & = xp + Z will be the computed approximation to the exact solution
Tew = A71b. Tt is generally difficult to analyze how close # is to Ze, = A71D.
However, one can compute the size of the residual,

b— Az .

If this residual is sufficiently small, one accepts T as a good approximation to
x = A"1b.

Note that
Axe, — AT =b— AT,
thus
Teyg — T = A_l(b - Ai') ;
thus

Tep — 7| < |ATY|D— AZ| .

15.1 GMRES

Let A be a nonsingular real n X n matrix and let b € R™. We want to obtain
an approximate solution Z of the system Az = b. Regarding the matrix A,
we assume that we can compute Av for any given vector v, but we will not
manipulate the matrix elements of A.

15.1.1 The Arnoldi Process

Let zg denote an initial approximation for z., = A~'b. For example, we can
take z¢g = 0 if nothing better is known. Let

ToZb—AHJO

denote its residual. With

K., = Ky, (ro) = span{rg, Aro, . .. ,Amflro}

we denote the m—th Krylov subspace for ry. We assume that K, has dimension
m.

We want to compute the vector z € K,, which minimizes the Euclidean
vector norm of the residual,

|b— A(zo + 2)| ,

over K,,. Precisely, we want to determine Z € K,,, with
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|b—A(zo+2)| < |b—A(xog+2)| forall ze K, z#Z. (15.2)

In applications, m is much less than n; for instance, we can have m = 20 and
n = 10%. To perform the above minimization over K,, we compute an ONB
Vly .-y Um, Um+1 Of Kpmt1. The following is a pseudo—code for the so—called
Arnoldi process:

v1 = 10/ |0
for j=1tom
C By induction hypothesis, v1,...,v; form an ONB of Kj.

v = Av;
fori=1toj
hij = (vi, v)
V=7V — hijvi
end i
hj+1; = [v|
vjt1 = v/hji1
C The vectors v1,...,vj,vj4+1 form an ONB of K.
end j

Remark: Under the assumption that A is a full n X n matrix and m <<
n, the main computational work is the evaluation of the matrix times vector
products v = Av; for j = 1,...,m. This costs about 2mn? operations. The
remaining work is O(m?n), which is negligible. If n = 10® and m = 20 then
the number of operations is about

o2mn? =4-10'7 .

If we can perform 10'® operations per second, the execution time is

Ty ~ 400sec .

Upon completion, the Arnoldi process has produced vectors

n
V1,025 -+ Um+1 eR

and numbers h;; for 1 < j < mand 1 <i < j+ 1. We collect the h;; in a
matrix:

hll “ee hlm
h21 h22 ce h2m
H,, = : e R(m+1)xm
hm,mfl hmm
0 hm+1,m

The matrix H,, has upper Hessenberg form.
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Lemma 15.1 Assume that the Krylov subspace K11 has dimension m + 1.

Then the following holds for the vectors vy, ...,vm4+1 and the matric H,, com-
puted in the Arnoldi process:
a) The vectors vy, ...,vm+1 are orthonormal (ON).

b) For 1 < j<m+1, the vectors

V1y..., U5
span K.
c) If we set
Vm:('l)l,...,vm), Vm—&-l:(vlw--vvmvvm—&-l) ,
then
AV = Vi1 Hy,

In fact,

j+1

Av; :Zhijvi for 1<j<m.

i=1

Proof: 1) Using induction, let us assume that the vectors vy,...,v;_; form an

ONB of K;_1 and that vq,...,v; form an ONB of K;. Set v = Av; and define

Kjq1 = span{vi,...,vj,v} .

We claim that

Kjp1 =K .

We must show that v € K11 and Alry € I~(j+1. First, v; has the form

j—1
vj = g o; Alrg .
1=0

Therefore, v = Av; € A(K;) C Kj41.
Second, setting y = A7~ 1ry, we have Afrg = Ay. Here y has the form

j—1

y=>_ Bii+Bv; .

i=1
It follows that
Ay € A(Kj71) + BjA’Uj C Kj + ﬂjAUj C IN{J'+1 .

2) In the second part of the proof, we consider the following part of the
Arnoldi process:

v = Av;
fori=1to j
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hij = (vi,v>
V=7V — hijvi
end i

For j =1 one computes

v=Av; and hy; = (v1,v)

and

o = v — (v, v)v; .

Note that v(!) is orthogonal to v1 and that

span {v,v1} = span {oM v} .

In the next step, one computes

0@ = oM — (vy, 0wy

The vector v(?) is orthogonal to v1 and vy. Also,

span {v, vy, va} = span {v(2),vl,v2} .

The arguments can be continued. One obtains that, after normalization of the
last vector computed in the loop, the vectors

V1y..-,U5,0541

form an ONB of K ;.
3) We have
‘ J
hj+1,jvj+1 = ’U(]) = A’Uj — Z hijvi y
=1

thus

J+1
A’Uj = Zhijvi .
i=1

For example,

Avy = hi1v1 + ho1v2
Avy = hiav1 + hogva + h3ovs

These relations then imply that

AVm - m+1Hm

where V., V11, and H,, are defined above. ¢
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15.1.2 Application to Minimization over K,,

Recall that K,, denotes the Krylov subspace,

K, = span{rg, Arg, ..., A" trgl C R"

and v1, ..., v, denotes the computed ONB of K,,. The matrix

Vin = (v1,...,0,) € RW™

has the j—th column v; and the equation

Avm = m+1Hm

is been proved in the previous lemma. An arbitrary vector z € K, can be
written in the form

z=Vny, ye€ R™ .
We have

b—Alxog+2) = b—Axg— AVpy

= To— Avmy
= To— Vm+1Hmy .
Set B = |rp|; then we have
ro = Bur = BVinp1e!  where €' =(1,0,...,0)7 e R™! .

Therefore,

70 = Vint1 Hiny = Viny1(Be' — Hpy)

Since the columns of V41 are orthonormal, we obtain

|b _ A(J;O —+ Z)| = |7’0 — Vm+1Hmy|
|Be! — Hpy| where z=V,,y and S =|rg|.

In other words, minimizing the norm

|b—A(xg+2)|, z€ Kp, (15.3)

is equivalent to minimizing

|Be! — Hpyl, yeR™. (15.4)

If g minimizes (15.4) then Z = V;,,§ minimizes (15.3). We summarize:
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Lemma 15.2 If g € R™ is the least squares solution of the system

Hy,y= 661

then Z = Vg € Ky, solves the minimization problem (15.1).

One obtains the vector

:Eapp:130+§€Rn

as approximate solution of the system Ax = b. The residual of ), is

b—A(xo—i—Z):b—Axo—A%:ro—Ai.

If the norm of this residual is small enough, one can accept x4y, as approxima-
tion to xe;. If the norm of the residual is too large, one can either increase m
or restart GMRES with ¢ replaced by x4, = ¢ + Z.

Remark 1: The system H,,y = Be! has m + 1 equations for the unknown
vector y € R™. The matrix H,, € R™TD*™ hag upper Hessenberg form. One
can obtain the least squares solution §j € R™ of the system H,,y = Be! by
solving the normal equations

HI H,y = BHLe' .

If the matrix HI H,, is ill-conditioned (which is often the case), one can use
the Q R—factorization of H,, or one can apply Householder reflectors. Special
algorithms have been developed which take into account that H,, has upper
Hessenberg form. However, if m << n, the numerical work to compute the
least squares solution of the system H,,y = Be' is often negligible compared
with the work to compute the vectors Av; in the Arnoldi process.

Remark 2: The following will be used in the next section. Let

-1
K, c = spanc{ro, Arg, ..., A™ 1o}

denote the span of the vectors rg, Arg, ..., A" trg in C™. Thus K, c consists
of all vectors in C™ of the form

z=airg+ ...+ amA™ 'rg  where a; € C.

Let z € K, ¢ satisfy

|b—A(zo+2)| < |b—A(zog+2)| forall ze K,c, z#Z.

For z € K, ¢ we have z = zge + iz, with

ZRe = [Piro+ ...+ ﬂmAmflro
ZIm = MTo+...+ ’}/mAmilTo
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where 3;,v; € R. Therefore,

|b— A(xo + 2)|2 = |b — A(zo + 2re)|> + Azim)? .

This shows that taking the minimum of

|b — A(zo + 2)|

over z € K, ¢ equals the minimum of |b— A(zg + 2)| over z € K,,,. We will use
this in the proof of Theorem 15.1 below.

15.2 Error Estimates

A simple pretransformation. Consider a system Ax = b where A € R™"*"
and b € R™ are given and x.,; € R" is the unknown exact solution. Let xy denote
a known approximation of x.,, which we use as a starting point in GMRES.
The GMRES process then computes an approximate solution Z = Z(zg,m),
which depends on xy and on the number m of steps in GMRES. To simplify
matters, let us first eliminate the dependency of Z on xg. We introduce a new
unknown Z by writing the unknown z in the system Az = b as
T=x0+T .

The system Az = b becomes
Ao+ Az =b or Ai=b with b=0b— Az .
Dropping the tilde (7) notation in the system A# = b, one obtains the system
Ax =b

where xg = 0 is now the best know approximate solution.

A bound for the residual. GMRES applied to Az = b with zp = 0
computes the vector

Z € Ky, c = spanc{b, Ab, ..., A™1p}
which minimizes

b—Az| for ze€ K, .

We want to derive a bound for the residual error |b — AZ|.
Let P; denote the vector space of all complex polynomials p()) of degree
< j. Since

K, c = spanc{b, Ab, ... ,Am1p)

the vectors z € K, c can be written as

z :p(A)bv YIS mel )

and the norm of their residual is
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b— Ap(A)bl, pe€ Ppn1.

We can write

b— Ap(A)b = q(A)b where q€ P,, ¢0)=1.

One then obtains that the vector Z = p(A)b, which is computed by GMRES
after m steps, satisfies

|b — AZ| = min{|q(A)b| : q € Py, q(0)=1}. (15.5)

In other words, if one considers the expression

lg(A)]

where ¢ varies over all complex polynomials of degree less than or equal to m
satisfying ¢(0) = 1, then the minimal value of the expression |¢(A)b| equals the
norm of the residual of the GMRES approximation Z.

To better understand the expression on the right-hand side of (15.5), assume
that A is diagonalizable and

T 'AT =A .
We have A = TAT! and q(A) = Tq(A)T~'. Therefore,

lq(A)b| < [T[|T~[|bllg(A)] .
Here
A)| = M.
lg(A)] )\Iefﬁﬁ)m )|
This yields the estimate
b— Az| < |T||T7 b i A 15.6
b~ AZ| < [TT ] min  max [q(3)] (15.6)

for the residual of Z.
A simple implication is the following:

Theorem 15.1 Assume that the nonsingular matriz A € R™" is diagonal-
1zable and has only m distinct eigenvalues. The vector z € K, computed by
GMRES in m steps solves the system,

Az=b.
Proof: Let A,..., A\, denote the m distinct eigenvalues of A and let
A=A (A — A
q(\) = A= )--( ) (15.7)
A A

Then ¢q € P,,q(0) =1, and
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N =0.
nax lq(N)]

The equation AZ = b follows from (15.6). ©

The following is plausible, but not precise: If A has only m clusters of
eigenvalues, then the vector Z € K,, computed by GMRES in m steps will be
a good approximation to the exact solution of the system Az = b. The reason
is that the number

1 a A
quS;?O):l Arena(i{l) 4l

will be small.
Somewhat more precisely, assume that there are m complex numbers A1, ..., An,
and € > 0 so that all eigenvalues A of A lie in the union of disks

U;nle(Aj, 8) .

If all numbers A\; are O(1) and are bounded away from the origin, then the
polynomial g()\) defined in (15.7) satisfies

\nax [g(N)] = O(e) .

A further assumption is that the condition number |T||7~!| in the estimate
(15.6) is not very large.

15.3 Research Project: GMRES and Preconditioning

Idea: Use GMRES with preconditioning. The preconditioning should lead to a
matrix P AP» with a few clusters of eigenvalues.

Preconditioning 1: Choose a simple invertible matrix P; and replace the
system Az = b by
PlA{L‘ = Plb .
Preconditioning 2: Choose a simple invertible matrix P, and replace the
system Py Ax = Pyb by
P APy = Pib where x = Py .

Apply GMRES to the system P;AP»y = P;b and obtain an approximate solu-
tion ¢. Then set T = Poy.

Difficulty: One wants to choose the preconditioners P; and P, so that
the eigenvalues of Py AP, get clustered into a few clusters. But it is not well
understood how the choices of P; and P» achieve such clustering.
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16 The Courant—Fischer Min—Max Theorem

The eigenvalues of a Hermitian matrix A € C™*" can be characterized by
extremal properties of the quadratic form z* Az on the unit sphere in C™. This
characterization is useful if one wants to understand how eigenvalues change if
A is perturbed by a Hermitian matrix.

16.1 The Min—Max Theorem

Let A € C"" denote a Hermitian matrix. We know that C" has an ONB
ut, ..., u, of eigenvectors of A and that the eigenvalues \; are real. We may
assume the \; to be ordered:

Auj:)\juj, A <. <A

The eigenvalues are not necessarily distinct. Each eigenvalue is listed by its
multiplicity. (Recall that the algebraic and geometric multiplicities are the
same since A is similar to a diagonal matrix.)

Let

S={x : z€C", |z|=1}

denote the unit sphere in C". We wish to characterize the eigenvalues \; of A
in terms of the quadratic form

o(x)=a"Az, z€S.

Since
(x*Ax)* = 2" Ax

we first note that ¢(z) is real valued.
Let

U= (u1,...,un), A=diag(A,...,\n) .
Then U is unitary and

U*AU = A, A=UAU*.

This follows from

AU = (/\1u1,...,/\nun) =UA.
If x € Sthen y:=U*x € S and

o(x) = *UAU*z
= YAy

n
= D Nyl
j=1
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Note that

J — o J — [T*a, -
Uel =uj, e =U"u;.

Thus, if x = uj then y = Uz = U*u; = e’. In particular,

Puj) = A;j . (16.1)
‘We obtain:

Lemma 16.1 Let A € C"*"™ be Hermitian and let \1 > Xa... >\, denote the
eigenvalues of A. Let Auj = \ju; where the vectors ui,...,u, form an ONB
of C™. Under these assumptions, the quadratic form ¢(x) = x* Az satisfies:

)\ngqs(x)g)\la .fL'ES.

Furthermore,
AL = max ¢(z) = ¢(ur) -

and

An = min¢($) = (b(un) :

z€eS

We now wish to characterize the other eigenvalues by extremal properties
of ¢. We carry this out for Ao (assuming n > 2).

Let V' C C" denote a subspace of dimension dimV =n — 1. We first claim
that

> . .
PR P 2 2 (16:2)

To show this, set

Yy = span{el,e?} .

Since dim U*(V) = n — 1 and dim Y3 = 2 the intersection Yo N U*(V') contains
a non-zero vector y, and we may assume that |y| = 1. Setting x = Uy we have
xe VNS and

dx) = Y Alysl
j=1

)\1|y1]2 + )\2|y2\2 (since y € Y3)
Ao .

v

This proves (16.2).
We now show that there exists a subspace V of dimension n — 1 so that
equality holds in (16.2). To this end, set Vo = span {u1}*. If z € Vo N S then
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n
w=2yjuj, y=(0,y2,...,y0)" =U"x .
j=2

We have

d) =D Nyl < Xa .
j=2
Since z € Vo N S was arbitrary, this shows that
max_ ¢(z) < Ay .

zeVonsS -

Furthermore, ug € V2 N S (since ug is orthogonal to u1) and ¢(uz) = Aa. See
(16.1).
Therefore,

B, 910 = olur) =a

Thus, we have shown the following min—max formula for As:

Lemma 16.2 Under the assumptions of Lemma 16.1 the quadratic form ¢(z) =
x* Az satisfies:

min max o(z) = \g .
dimV=n—1 xEVﬁS¢( ) 2

Here the minimum is taken over all subspaces V' of C™ that have dimension
n— 1.
The min—maz is attained for

V =Vo=span{u}t, z=uy.

We now prove a corresponding max—min characterization of Ay. Let V
denote a subspace of C" of dimension 2. If

Yy = span {e'}+

then Y, has dimension n — 1. Therefore, there exists a non-zero vector y €
YoNU*(V), and we may assume that y € S. If x = Uy then x € V N S and

dx) = > Nlyl
j=2

< A
This shows that
i <\ 16.3
xg\l}gS ¢(.’L’) =2 ( )
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whenever V is a subspace of C" of dimension 2. Next, consider

Vy = span{uy,u} .

If z € V3N S then

x = yiu1 + yaup (where y; € C)

and

olx) = Myl + Xy
> Ay .

Thus, since z € Vo N S was arbitrary,
min ¢(z) > Ag .
zeVaNS
Setting = = us we see that
min_ () = Ao
zeVansS

where the minimum is attained at x = uy. Together with (16.3) we have shown
the following max—min formula for Ay:

Lemma 16.3 Under the assumptions of Lemma 16.1 the quadratic form ¢(x) =
x* Az satisfies:

max min )= Ay .
dimV=2 erﬁS¢( ) 2

Here the maximum s taken over all subspaces V' of C"™ which have dimension
2.
The mazx—min is attained for

V=V= span {uy,uz}, x=usy .

It is not difficult to generalize the results of Lemma 16.2 and Lemma 16.3
and obtain the following characterizations of A;:

Theorem 16.1 Let A € C"*" be a Hermitian matriz with eigenvalues Ay
... > X\ and orthonormal eigenvectors uj, Auj = \ju;j. Let p(x) = x* Az, |x|
1.

IV

We have

A = min max o(x
T dimV=ny1—j erms¢()

and

A; = max min xz) .
T dimV=j erﬂS¢()
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16.2 Eigenvalues of Perturbed Hermitian Matrices

Let A € C™*"™ denote a Hermitian matrix with eigenvalues

)\122)\71, A’LLj:/\jUj
where uq,...,u, € C" are ON. Let F € C™"*"™ denote any Hermitian matrix
with
|E| <e

and consider the perturbed matrix

B=A+F
with eigenvalues
We claim that
ANj—e<Bi<Aj+e j=1,...,n. (16.4)

First note that

2*Br =a2"Ax+2*FEx and |2"Fzx|<e for z€S,

thus

T*Ar —e < z*Br <z*Ax+e forall zc€ 5.

To prove (16.4), we take j = 2 for simplicity.
As in the previous section, let

Vo = span {ul}L and V, = span {uy,ug} .

We have

By = min max x*Bx
dimV=n—1 zeVNS

max z*Bzx
zeVonsS

max (m*A:L‘ + 5)
zeVonS

A +e.

IN

IN

Similarly,
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B2 = max min z*Bx
dimV=2 zeVNns
> min z"Bz
zeVans
> min (x*Ax — 6)
zeVoNS
= )\2 — & .

Remark: An inclusion like (16.4) does not hold if a general matrix A with
real eigenvalues is perturbed. For example, let

1 1010 1 1010
a=(o 'y )B=(01Y)

The eigenvalues of B are the zeros of the polynomial

pp(2) =22 =3z +2-ex10',

3 /1
,8]_72:§:l: 1‘{'8*1010.

For £ = 0 we obtain the eigenvalues of A,

ie.,

M=2, A=1.
If

1070 <<ce<<1

then the eigenvalues of B are

3
5172~§i\@*105.

We see that (16.4) does not hold at all.

16.3 Eigenvalues of Submatrices

Let B € CvtDx(+1) denote a Hermitian matrix with eigenvalues

fr>...2 Bngt -

Partition B as

B= ( A e ) where A€ C™™ . (16.5)
C (6

The matrix A is called the leading principal submatrix of order n of B. Let

AL 2
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denote the eigenvalues of A. We claim that these are interlaced with those of
B, ie.,

Br=>2A2=P2>...2 A 2 Bt - (16.6)
To prove this, let U € C™*" be unitary with

U*AU = A = diag(M\, ..., \n) -
Set

h

Il
7 N\
S
= o
N—

and
U*BU =B .
Then, since U is unitary, the matrix B also has the eigenvalues Bj.
To show that 5; > A; we apply Theorem 16.1 to the matrix B. Let
1% = span{e',..., e/} CC"™! where 1<j<n.

If z € V; NS then

J
*Bx = Z)\z|$l|2 > )\j .
i=1
This shows that
min z*Bx > Aj .
zeV;NS

Also, by Theorem 16.1,

Bj = max min z*Bx
dimV—j zeVNs

>  min z*Bz
zeV;NS

> A

Next we will prove that 8; < A\;_1. Let
W; = span{e’~t el ... e"} C C"t where 2<j<n+1.
Note that W; has dimension n 42 — j. If x € W; N S then
n
2" Bx = Z )\,]a;ZP < )\j—l s

i=j—1

showing that
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max z"Bx < \j_p .
.’L'GWjﬂS

Also, by Theorem 16.1,

Bj = min max z*Bx
dimV=n+2—j5 z€VNS
< max z*Bzx
:EEW]'OS
< A1

We have shown the following result.

Lemma 16.4 Let B denote an (n+1) x (n+ 1) Hermitian matriz of the form
(16.5) with eigenvalues 51 > ... > Ppy1. Let A denote the leading principal
submatriz of order n of B with eigenvalues \1 > ... > \,. Then the \; are
interlaced with the eigenvalues of B as in (16.6).

An n x n matrix A is called a principal submatrix of order n of B €
Ct)x(n+1) §f A is obtained from B by deleting row j and column j of B,
for some j € {1,...,n+ 1}. We claim that the eigenvalues of A interlace with
those of B, as stated in (16.6).

To show this, consider the permutation ¢ € S,41 which interchanges j
and n + 1 and leaves all other elements of {1,2,...,n + 1} fixed. If P is the
corresponding permutation matrix, then P! = PT = P and

PTBP

has the same eigenvalues as B. In addition, the matrix A is the leading principal
submatrix of order n of PT BP. The claim follows from the previous lemma.

-

Lemma 16.4 says that

Example: Let

o

IC)> where a,b e R.

B1>a > P
if 81 > B2 are the eigenvalues of B. It is easy to check this directly. We have

det(B — BI) = (a—B)(b—B) — |c[* .

The eigenvalues 3; of B are the solutions of

(B—a)(B—b)=c[.

The inequalities

P2 <a,b< B
follow since the parabola (8 — a)(8 — b) intersects the line 3 = |c|? at S—values
outside the interval between a and b.
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17 Introduction to Control Theory

Let A € R"™" B € R™™ and consider the initial value problem

2'(t) = Az(t) + Bu(t), =(0)=0, (17.1)

for z(t) € R™. We think of z(t) as the state vector of a system and of u(t) € R™
as a control function, which we can choose to control the evolution of the state

x(t).

A first question of control theory is this: Given any time ¢; > 0 and any
state (1) € R”, under what assumptions on the pair of matrices A and B does
there exist a control function wu(t) so that the solution x(t) of the IVP (17.1)
satisfies z(t;) = ()7 In other words, under what assumptions can we control
the system so that the state z(t) moves from z(0) = 0 to any given state z(}?
This question leads to the concept of controllability.

It turns out that the assumption x(0) = 0 is not restrictive and the length
of the time interval ¢£; > 0 is also unimportant.

17.1 Controllability

Definition: Fiz any t1 > 0. The system (17.1) is called controllable in the
interval 0 < t < t1 if for any () € R" there exists a control function

w:[0,t1] = R™, weC,
s0 that the solution x(t) of the system (17.1) satisfies x(t1) = z1).

If B = 0 then, obviously, the system (17.1) is not controllable. Therefore,
in the following, we always assume B # 0.

Define the matrix
M, = (B,AB,A’B, ..., A" 'B) ¢ R™*(mn) |
Note that every part
A'B
has the same dimensions which B has, i.e., A7B has m columns and n rows.

The following theorem implies that the controllability of the system (17.1)
does not depend on the time interval 0 < ¢ < ¢4.

Theorem 17.1 The system (17.1) is controllable in 0 < t < t; if and only if
rank M, = n.

Example 1: Let



We have

- (2). (3 3)-

By Theorem 17.1, the corresponding system (17.1) is controllable.
2 -1 1
=(4) e-()
1 11
AB_(1>, Mg—(l 1) .

By Theorem 17.1, the corresponding system (17.1) is not controllable.

Example 2: Let

We have

Before proving Theorem 17.1, we first prove the following lemma.

Lemma 17.1 Fork=1,2,... set

M, = (B,AB, A’B, ..., AF"1B) ¢ R™*(mk)
and let
rr = rank My, .
If rp = 11 then vy = 1o,
Proof: First recall that
rp = rank My = dimrange M for k=1,2,...
We have

Mk-‘rl = (Mka AkB)

and the assumption r;;1 = r implies that every column of AFB lies in the
range of M. If (A*B); denotes the j-th column of A*B then there exists a
vector ¢; € R™k with

(A*B); = Myc; for j=1,....m.
Set

C=(c1,ca,...,¢p) € RTEXM

and obtain that
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A*B = MO

AR = AM,C
(AB,A%B, ..., A*B)C
(B,AB,AB,...,A*B)C
= M,C

with
C = 0 where (0 € R™*™
={ ¢ )

Thus the columns of A*T1B lie in

range My1 = range My, .

Therefore,

Tk4+2 = Tk+1 =Tk -

Proof of Theorem 17.1: For M} and rp = rankM), we use the notation

of the previous lemma.

1) Assume first that rank M,, = n. In the following, we will construct
a control function wu(t) for which the solution z(t) of the IVP (17.1) satisfies
z(t1) = (. We will use that the solution of (17.1) is given by

t
x(t) :/ A=) Bu(s)ds .
0

Define the matrix

K = / ! e~ ABBT e~ ATt g ¢ RV
0

It is clear that K = KT. We will show that K is positive definite. Set

C(t) = BTe A"t ¢ Rmxn
If a € R™ is arbitrary, we have
t1
a'Ka = / alct)TC(t)adt
0

t1
_ / C(t)al? di
0
This shows that aX Ka > 0 and if
a’Ka=0
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then

o) =aTe™B =0 for 0<t<t .

As above, let a € R™ be arbitrary and define the vector function

o(t) =aTe B for 0<t<t.

Note that ¢(t) is a row vector of dimension m. If one assumes that a’ Ka = 0
then

o(t)=aTe MB=0 for 0<t<t.

Therefore,
#(0) = aB=0
§t) = —aleMAB=0
#0) = —aTAB=0
¢//(t) _ aTefAtA2B =0
etc.

Setting ¢t = 0 one obtains that a” Ka = 0 implies that

a'B =
o’ AB
a’ A’B

etc. Therefore,

a"M, = a"(B,AB,A’B,...,A""'B) =0 .

Since, by assumption, M,, has n linearly independent columns it follows that
a = 0. Thus we have shown that a” Ka > 0if a # 0, i.e.,

K=KT'>0.
Set

u(t) = BTe ATt g-le=Atig(D) ¢ R (17.3)
Then the solution of the IVP (17.1) satisfies
t1
xz(t1) = / A=) Bu(s) ds
0
t
— CAtl (/ ! G_ASBBTC_ATSdS> K—le—Atlx(l)

0

— eAt1 KK—le—At1 .’L'(l)
)
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This proves that the control function wu(t) given in (17.3) leads to a solution
z(t) of the IVP (17.1) with z(t;) = z(1),

2) Assume that rank M,, < n, i.e., r, < n. Since

1<rm<rm...<rm<n
there exists k € {1,...,n — 1} with

Tk =Tky1 <N .

Using the above Lemma we conclude that M, is a strict subspace of R™ and

range M; = rangeM, #R" forall j>n. (17.4)
For the solution z(t) of the IVP (17.1) we have

t1
z(t) = / A= Buy(t) dt
0

t] 1 ‘ )
= / > S AIB(t — t)u(t) dt
U

e .
= ZA]BO[J'
j=0
with
1 [h ,
J: Jo
Because of (17.4) we have
J .
ZA]Baj € rangeM,, for all J
j=0

and, since M, is a closed subspace of R", we obtain that

J
i) = i i Ba,
x(t1) }LIEOZA Baj € M,
7=0
for every control function u(t). This proves: If range M, is a strict subspace of
R™, then the system 2’ = Az + Bu is not controllable in 0 <t < t1. ¢

17.2 General Initial Data
Consider the IVP

o' (t) = Az(t) + Bu(t), =(0) =z, (17.5)

where z(0) € R" is given. Also, let () € R” be given and let ¢; > 0 be fixed.
In the following theorem we show that the assumption z(0) = 0 in (17.1) is not
restrictive.
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Theorem 17.2 Assume that the system (17.1) is controllable, i.e., rank M, =
n. (See the previous theorem.) Then there exists a control function u(t) so that
the solution of (17.5) satisfies x(t1) = z(V).

Proof: By the previous theorem, there exists a control function u(t) so that
the solution y(¢) of the IVP

y'(t) = Ay(t) + Bu(t), y(0)=0,

satisfies
Set
Then we have

and

gt = AeMzO) 4/ (1)
= AeM2O) 1 Ay(t) + Bu(t)

= A(eAt:r(o) + y(t)> + Bu(t)

= Ax(t) + Bu(t)
Therefore, x(t) satisfies the differential equation ' = Az + Bu, the initial
condition z(0) = 2(°) and the end condition z(t;) = (1. o
17.3 Control of the Inverted Pendulum

The standard pendulum equation is
ml¢” = —mgsin¢ ,
thus

¢ +wising =0 with w?= % .

For small ¢ one replaces sin ¢ by ¢ and obtains the linear equation

¢//+w2¢:0

with general solution

¢(t) = acos(wt) + bsin(wt) .

The inverted pendulum equation is
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ml¢” = mgsin¢ .

Here ¢ is the angle between the pendulum and the upper vertical line. One
obtains the equation

¢ —wrsing =0 with w?= % .
Replacing sin ¢ by ¢ yields the linearized equation
¢// _ w? ¢ =0
with general solution

B(t) = ae + be " .

The exponentially growing term e“! makes it clear that the state ¢ = 0 is
unstable, which is physically obvious.

The controlled inverted pendulum equation is

ml¢” = mgsing — mu” cos ¢ .

Here u = u(t) is the position of the base point on the x—axis.
One obtains

1
¢" = w?sing — 7 v’ cos ¢ .
Linearization about ¢ = 0 yields

1
":w2¢>—7u”.

l

As a first order system:

()= (5 0)(5)- (et

We can apply the general theory with
0 1 0
A=(21) wa no(0).
1
AB = ( ! )

MQ:(BAB):<(1) (1]) .

The linearized system is controllable.

One obtains that

and
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17.4 Derivation of the Controlled Reversed Pendulum Equa-
tion via Lagrange

Let

x(t) = wu(t)+Ising(t)
§(t) = leos(t)

denote the coordinates of the mass point. One obtains

¥ = U +1¢ cos
y = —l¢'sing

The kinetic energy of the point mass m at (:U(t), y(t)) is

S M/ e 2
Ekzn - 2 (55 +y >
% ((u’ ¢ cos ¢)2 + (1 sin ¢)2)
= %ua + miu'¢' cos p + % 124"

The potential energy is

Epot = mgy = mglcos ¢ .

The Lagrange function is

L(¢a ¢,) = FEgin — Epot
= %uﬂ + mlu'¢’ cos ¢ + % 12¢"* — mgl cos ¢

Lagrange’s equation is

oL d oL _
dp  dtO¢
We have
(;Z = —mlu'¢'sin ¢ + mgl sin ¢
(;6 = mlu cos ¢ +mi?¢
c;ltgj’ = miu’ cosp — miu'¢ sin g + mi?¢"

The Lagrange equation
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oL _d oL
dp  dtO¢
yields
mglsin ¢ = mlu" cos ¢ + mi%¢" .

Dividing by mi? yields

1
¢ = %sinqﬁ — 7u"cos¢ .

17.5 The Inverted Double Pendulum

We derive the equations of motion using the Lagrange function

L = L(t,¢1,8,, b2, b5) -

We have
r1 = u+lising;
y1 = licosgy
To = 1+ lasingo
Y2 = Y1+ l2cos 2
with time derivatives
¥y = u +1i¢] cosgy
yp = —hoysing
xh = 2} + lad), cos dy
Yo = y1—lodysingy

The kinetic energy is

mq mo
Buan = 75 (o +97) + 5 (o8 + )

The potential energy is

Epot = m1gy1 + magys
For the Lagrange function one obtains

mq mo
L= b3 (95,12 + Z//12) + b3 (fU/QZ + y§2> —migyr — Magys .

The dynamic equations are

d oL  OL
atogy — 9¢1
d OL 0L
dtogy, o
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17.6 Optimal Control

Consider the initial-value problem

¥ = f(z,u), 0<t<ty, =z(0)=mx (17.6)

where z(t) € R™ is the state vector and u(t) € R™ is the control function. Here

f:R"xR™ - R"

is a given smooth function. If the control function u(t) is chosen, then the IVP
(17.6) determines the evolution of the state vector x(¢) uniquely. We ignore the
possibility that z(¢) may not exist for 0 < ¢ < t;.

Let

J(u) = p(a(ty) + /0 a(t), u(t)) dt

denote the so—called objective function. Here

Yv:R" <R and [:R"xR™ =R

are given smooth functions. In optimal control theory, one tries to determine a
control function w(t) which maximizes the objective function J(-).

Choose any smooth function A : [0,¢;] — R" and define the modified objec-
tive function

J(u,\) = J(u) — /0 IA(t)T(a:'(t)— f(x(t),u(t))) dt .

It is clear that

J(u, ) = J(u)

since z(t) is always assumed to solve ' = f(x,u). A smart choice for A\(¢) will
be made below.
Define the Hamiltonian

H:R"xR"xR™ =R
by

H\z,u) = M f(z,u) + (2, u)
and note that



Let u(t) be a local maximum of the objective function J(u). With z(t) we
always denote the solution of the IVP (17.6).

Let v(t) denote a control function which is a small change of u(t). More
precisely, assume that

t1
/ lui(t) —vi(t)|dt <e for i=1,2,....m.
0
Let z(t) + d(t) denote the solution of the IVP

2’ +0' = f(x+6,v), x(0) =z, 6(0)=0,

i.e., the change of the control from u(t) to v(t) changes the state function from
x(t) to x(t) + (). Under reasonable assumptions one can show that

max [0(t)| < Ce .
0<t<ty

Here | - | denotes the Euclidean vector norm on R™.
We have

J(z+6,v) = Y(x(t1)+6(t))+ Otl H(\(),z(t)+5(t),v(t)) dt—/ot1 MOT (@' (8)+6'(t)) dt .

The change in the objective function is

AT = Jut 8N~ J(u,N)
- ¢(x(t1)+5(t1))¢(x(t1))+/01 (H()\,x+5,v)H(A,x,u))dt/ol)\(t)Té’(t) dt

Here

- / U AT () dt = —A(t)TS(t) + / TS dr
0

0
Furthermore, note that

HM\x+6,v)— H\z,u) = HM\z+0,v)—HNz,v)+HN\z,v)— H\z,u)
= Hy(\a,0)0 +O(e?) + H(\ z,0) — H\, z,u)

Also,

t1 t1
Hy(\,z,0)0dt = |  Hy(\ z,u)ddt + O(?) .
0 0

Neglecting terms of order O(?) one obtains that
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AT = Flut 8N — F(u N
= (gua(ty)) — Té(t)~|—/tl (Fo ) + X (1) ) s(0)
(atarttn)) = )T )ot0) + | (v,

—l—/otl (H()\,x,v) - H(A,x,u)) dt

Choose A(t) as the solution of the following IVP:

Nt = —H,(\z,u)
At)T = Pu(a(ty))
With this choice of A(¢) one obtains that

~ t1
AT = [ (HO®.20),0(0) ~ HO@. (0, u(t)) de
0
The assumption that the control function u(t) locally maximizes J(-) yields
that
AJ<0.

This implies that for every 0 < ¢t < ¢; we have

H\(t),z(t),v) < HA(t),z(t),u(t)) forall veR™.

This result says the following: If w(¢) is an optimal control function then,
for every fixed time ¢ € [0, ¢1], the vector u(t) € R™ maximizes the function

v— H(A\(t),z(t),v), veR™.

This result is called the Pontryagin Maximum Principle. One obtains that

H,(A(t),z(t),u(t)) =0 for 0<t<t.

Using that
H\ x,u) = M f(z,u) + 1z, u)

one obtains

AOT fulz(®), u(t)) + lLu(z(t),ut)) =0 for 0<t<t .

To summarize, the optimal control function u(t) € R™, the state vector
z(t) € R™ and the vector function A(t) € R™ satisfy the following differential-
algebraic system

¥ = f(z,u) (17.7)
N = AT fu(z,u) 4 lp(x,u) (17.8)
M fulxu) + 1y (z,u) = 0 (17.9)
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and the boundary conditions

2(0) =mo,  A(t1) = ¥u(x(t1))" . (17.10)
The differential-algebraic system for the vector function
(t)
At) | e RZ™
u(t)

consists of 2n first—order differential equations and m algebraic equations. One
expects 2n free constants. Typically, the 2n free constants are determined by
the 2n boundary conditions (17.10).

17.7 Linear Systems with Quadratic Cost Function
Assume that the IVP has the form

2 = Az + Bu, z(0) = z9

where A € R™" and B € R™*"™. Also, assume that the objective function has
the form

with
L/ T
l(x,u) = ) (ac Qxr+u Ru), P(x)=0.
Here Q € R™*™, R € R™*™ and it is assumed that

Q=Q">0, R=R">0.

Since

fo=A4A, fu=B, l,=-2"Q, l,=-u"R
the differential-algebraic system (17.7), (17.8), (17.9) for z, A\, u becomes

¥ = Az+ Bu (17.11)
N = ATA-Qu (17.12)
MB—-uw'R = 0 (17.13)
with boundary conditions
.%'(0) = Zo, )\(tl) =0. (17.14)

First assume that the functions x(t), A(t), u(t) satisfy the differential-algebraic
system (17.11), (17.12), (17.13) and the boundary conditions (17.14). The
algebraic equation AT B — uT R = 0 yields that
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u=R'BT).

Eliminating u(¢) from (17.11), one then obtains the following differential system
for x, A:

¥ = Az + BR'BT)
N o= Qz— AT\

with boundary conditions

33‘(0) = Xo, )\(tl) =0.

In the following, assume that x, A solve the above BV P and also assume
that

A(t) = —P)z(t), P(t)=0,

where P : [0,¢1] — R"*" is a smooth matrix valued function. Then we have

' =(A-BR'BTP) (17.15)

and

—Pi' — Pz =(Q+ATP)x . (17.16)
Multiply (17.15) by P and add (17.16) to obtain that
Py = (PA +ATP _ PBR'BTP + Q)x .
This motivates to determine P(t) as the solution of the IVP
—P'=PA+ATP - PBR'BTP+Q, P(t;)=0 (17.17)
and then to determine x(t) as the solution of
2 = (A - BR‘lBTP)x, 2(0) = a0 . (17.18)

We now prove the following converse.

Lemma 17.2 Let P(t) and z(t) denote the solutions of the IVPs (17.17) and
(17.18). Then P(t) is a symmetric matriz. Set

AN=—Pz, u=R'BT).

Then x, A\, u solve the differential-algebraic system (17.11), (17.12), (17.13) and
the boundary conditions (17.14).
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Proof: Set R = BR'BT. Since R = RT > 0 the matrix R™! is symmetric
and R is also symmetric. The matrix function P(t) satisfies

—P'=PA+ATP-PRP+Q, P(t;)=0.

Taking the transpose of the differential equation, one obtains that P (t) satisfies
the same differential equation. Using uniqueness of solutions of initial-value
problems, one obtains that P(t) = PT(¢).

We have

= —Px

R™'BT)

—R'BTPx

z’ Az — BR™'BT Pz
= Az + Bu

Therefore, (17.11) holds. Second,

-\ = (Px)
= Pax+ P2
= —(PA+ATP — PRP + Q)z + P(Ax + Bu)
= —ATPz — Qz+ PRPz + PBu
= AT"A—Qz+ PRPx— PBR'BTPx
= AT)N—Qz

This shows that (17.12) holds. Third,

MNB—uw'"R=XNB-X'BR'R=0,

which proves that (17.13) holds. The boundary condition A(¢1) = is satisfied
since

A(t1) = —P(t1)x(t1)
and P(t;) =0. ¢
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18 The Discrete Fourier Transform

We first recall Fourier expansion. Replacing integrals by sums will motivate the
Discrete Fourier Transform.

18.1 Fourier Expansion

Let u(t) and v(t) denote 1-periodic functions from R to C, which are sufficiently
regular. (For example, u,v € C(R,C).)
One defines their Lo—inner product by

1
(u, v) = /0 a(t)o(t) di |

An important observation is the following: For k € Z let

Uk(t) _ eZﬂ'ikt ,

i.e., ug(t) is a 1-periodic function with |k| waves in the interval 0 < ¢ < 1. Then
we have

1
(ug,uj) = / e2mili=k) gt = djp for jkeZ.
0
If u(t) is a sufficiently regular 1-periodic function, then one can write wu(t)
in the form

o0

u(t) = Z c;emIt

j=—00

Taking the inner product with ug(¢) and formally exchanging integration and
summation, one obtains that

1
ek = (ug,u) = / e 2T Ry () dt .
0
One can prove the following:

Theorem 18.1 Let u € Lo(0,1) and set

1
) = (w0 = [ e ueydt
0
Then the function u(t) is given by the Fourier series

o0

u(t) = Y a(j)er™ .

j=—00

The Fourier series converges to u(t) in the Lo—norm. If u € C'0,1] and
u(0) = u(1) then the Fourier series converges in mazimum norm to u(t).
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The numbers

1
i) = [ i ez,
0
are called the Fourier coefficients of the function u(t).

18.2 Discretization

Recall the trapezoidal rule

b
b—a
[ st~ 5% (sta) + 90)
Let n € N and let h = % denote a step—size. The n + 1 points

th=kh, k=0,1,...,n,

form an equidistant grid in the interval 0 < ¢t < 1. If g : [0,1] — C is a
continuous function with g(0) = ¢(1), the trapezoidal approximation to §(j)
with step size h is:

= h) glt)

k=0

Let’s apply this formula to the integral

1
a(j) = /0 e=2mity (1) dt |

One obtains the approximation

n—1
Q) ~ Y ultg)e 2

k=0
n—1 )

= hYy_u(ty)g*
k=0

with
E=¢, = e—?ﬂ'i/n )

We now replace the grid function
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(u(to), u(tr), . .. ,u(tn_l)

by a column vector

Ug
Ui
U= . eC"
Unp—1
and define
n—1 ] .
vj = Zukﬁjk for j=0,1,....,n—1 where ¢=e 2™/ (18.1)

k=0

The vector v = DFT(u) € C" is called the Discrete Fourier Transform of the
vector u € C".
For a smooth, 1-periodic function u(t) the formula

o
u(t)y = Y afj)e™! (18.2)
j=—o00
holds. It expresses the function u(t) in terms of its Fourier coefficients. We

therefore expect that we can also use the discrete Fourier transform v = DFT'(u)
of a vector u € C™ to express u in terms of v. In fact, we will prove that

n—1
1 . . _
== Wik for k=0,1,...,n—1 wh =e?min —e=1/¢ .
Ug njzz:ov]w or 0,1,...,n where w=c¢ £ /€
(18.3)
This is the discrete analogue of the formula (18.2).
18.3 DFT as a Linear Transformation
Let n € N be fixed and set
£ = e—27ri/n’ W= é?: €27r7,’/n )
Define the following complex symmetric n X n matrices:
11 1 oo 1
{ 52 L é-nfl
F=|1¢ & g2n=1) (18.4)
;l. .é-n—l .é-(n—l)2 o 'g(n—l)(n—l)
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11 1 R |
1 w w? cooownlt

G=1] 1 «? wt WD) (18.5)
i (:un—l (:u(n—l)Z o (;J(n—l)(n—l)

Thus

F= (gﬂf) and G = (wjk> .
0<j4,k<n-—1 0<j,k<n—1

The mapping

cr —»Cn
DFTn:{ r — Fx

is called the discrete Fourier transform of order n.

Thus, if
X0 Yo
x1 Y1
T = ) €eC" and y=DFT,(z)= )
Tp—1 Yn—1
then
n—1 n—1
Yi = Zgjkfﬂk = Ze_%”k/”:rk for 0<j<n-—1.
k=0 k=0

This is the same as formula (18.1) with u replaced by = and v replaced by y.

Lemma 18.1 The matrices

1 1
—F d —G
v M m
are unitary and
Fi-lg.
n

Proof: Consider two different columns of F":

1 1
&7 ¢
fi= &% and f!= ¢ where 0<j,1<n—1 and j#I.
g(n;l)j f(n;l)l

Their inner product is
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(o = D g

since ¢" = 1. (This follows from £" = 1.)
Thus, the columns of F' are orthogonal. It is also clear that each column of
F has Euclidean length |f7| = \/n since

' n—1
FP=>1=n.
k=0

Therefore, the matrix ﬁF is unitary. The same arguments show that ﬁG is
unitary.
The inverse of the unitary matrix ﬁ Fis

CLQA~LF—LG
vn SV o
This yields that

Fl==-G.

n

o

If y= Fz = DFT(x) then
1
x=Fly=-Gy,

n

thus

1n—1
== by, for k=0,1,...,n—1 wh = e2mi/n
Tp njz_:ow y; for J1...n where w=c¢e

This proves formula (18.3), the inversion of the discrete Fourier transform.

18.4 Fourier Series and DFT

Let u(t) denote a smooth, 1-periodic function from R to C, thus
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with

1
a(j) = /0 e~ 2midty(t) dt . (18.6)

Let n € N and let h = % denote a step—size. Let

ul = : eC”
u((n—1)h)

denote the restriction of u(t) to the h—grid. How is the vector

o = DFT(u™)
related to the Fourier coefficients a(j)?

Note that the components of v are the n numbers

-1
of = u(kh)e ™R j=0,1,...,n—1. (18.7)
k=0

3

Therefore, the number hv? is the approximation of (j) if one replaces the
integral in (18.6) using the trapezoidal rule with step size h.

At first, it is confusing that ’U;L is only defined for integers j with 0 < j <
n—1, but 4(j) is also defined for negative j. Note, however, that formula (18.7)
can also be used to define U;T” for all integers j, and one then obtains values with

h

vj :vgﬁrn forall jeZ.

In words, the function

7Z — C
{ . h (18.8)
I
has period n. In particular,
h h h h
Up-1=V-1, Up2=V_2
etc.
It is therefore reasonable to expect that
h : n
a(j) ~ { hzj for 0n§ j < 5
hvi., for —5<7<0

where v? = DET(u").

Example: Consider the 1-periodic function
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u(t) = 2 cos(2m * 40t) + 6 cos(27 * Tt)

with frequencies 27 * 40 and 27 x 7.

The functions 2 cos(27 * 40t) and 6 cos(27 * 7t) as well as their sum u(t) are
shown in Figures 1, 2, 3.

Since

1 g y
cos(2mjt) = 5 (e2m]t + 672””’5)
one obtains for the Fourier coefficients of wu(t):

1 for J = %40
u(j) =< 3 for =47
0 for jeZ\{-40,-7,7,40}

We now choose the step—size
1 . 9
h=— with n=512=2
n
and let

u(0)

uh = u(.h) € R512

u(511 h)
denote the restriction of u(t) to the h—grid. For

" = DFT(u™)
one obtains almost exactly:
1 for j =40 and j =472
holt =< 3 for j=7 and j =505
0 otherwise

Here we have used the n—periodicity of the extended function (18.8) and

512 —40 =472 and 512 —-7=7505.
The grid function

hl for j=0,1,...,511

is shown in Figure 6.
We will now perturb the signal u(t) and then consider the DFT of the
perturbed signal. As above, let

1
n=>512, h=-—, tj=jh for j=0,1,....,n—1.
n

We determine the noise function (with maximal amplitude 5) by
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noise(j) = 10 * (rand — 0.5) for j=1,2,...,n

where rand is MATLAB’s random number, which is uniformly distributed in
the interval from 0 to 1. A typical noise function

f(t;) =noise(j+1), j=0,1,...,n—1,

is shown in Figure 4 and the perturbed signal u(t;) + f(t;) is shown in Figure
5

In Figure 3, the low frequency part 6 cos(2m * 7t) (see Figure 2) shows up
rather clearly. The high frequency part 2cos(2m x 40t) (see Figure 1) is more
difficult to detect, but can still be recognized.

After the noise is added, one obtains the grid function wu(t;) + f(¢;) shown
in Figure 5. The low frequency part 6 cos(2m * 7t), consisting of seven bumps,
still shows up rather clearly, but the high frequency part 2 cos(2m * 40t) is not
visible at all.

Figure 7 shows the real part of the DFT of the perturbed signal u(t;)+ f(t;),
multiplied by h. It is interesting that the high frequency part 2 cos(27 * 40t)
shows up clearly on the Fourier side, with peaks near j = 40 and j = 512 — 40.

Discrete Fourier transformation is a useful tool to detect periodic structures
in signals. And there are many other applications.

u, (t)=high frequency part of u(t)

8 T T T T T T T T T

Figure 1: u(t) = 2 cos(2m x 40t)
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u 2(t)=|ow frequency part of u(t)
T T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 2: ug(t) = 6 cos(27 * Tt)

u(t)=2cos(2pi*40t)+6cos(2pi*7t)
T T T T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 3: u(t) = 2 cos(2m * 40t) + 6 cos(27 x 7t)
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noise(t)

noise=10*(rand-0.5)
T T

o

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 4: Noise generated with rand

u(t) plus noise
1l T

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 5: The signal u(t) plus noise
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h*DFT of u(t) with n=512
4 T T T T T T

1 I I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

i

Figure 6: The discrete Fourier transform of w(t) (multiplied by h)

real part of h*DFT(u(t)+ noise) with n=512
T T T T T T

35 A

-05 A

1 I I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

Figure 7: The real part of the discrete Fourier transform of u(t) plus noise
(multiplied by h)
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19 Fast Fourier Transform

Let N = 2n and let

Zo
I

r = ) cCV, y=DFTy(z)cCV .
TN-1

Using the matrix multiplication y = Fyx to compute y requires N? = 4n?
multiplications.

We now describe how y can be computed by computing DFTs of two vectors
of dimension n = N/2.

Let
o) I
21 — p(even) _ 95.2 eC”, 2 = plodd) 3:_3 eC”.
TN—-92 IN-1
Let
sV = DFT, (x(1)> and y® = DFT, ($(2)> .
We have
N-1 -
= e_QMJk/NSEj for 0<k<N-1
=0
n—1 .
yl(€1) — Ze—lek/nxQZ for 0 < k <n-1
1=0
n—1 '
y](f) _ 6727Tzllc/nx21+1 for 0 < k <n-1
1=0

For 0 <k <n —1 we have

N—-1 N—-1
w = Z e~2midk/2ng | Z e 2midk/2n g
7=0, j even j=0, j odd
n—1 n—1
_ Z 6—27rilk/n$2l + e—27rik/N Z 6—27Tilk/nx2l+1
=0 =0
— yl(;) + edmk/Nyl(C?)

To obtain the second line, set j = 2[ in the first sum of the first line and set
j =201+ 1 in the second sum of the first line.
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We also have for 0 < k <n —1:

=2

-1

Ynik = e27ri(n+k)/2n
n =

. L[]

-1 N-1
— § : e~ 2mij (n+k)/2n$j + § : e~ 2mij (n+k)/2nxj
j=0,j even 7=0,5 odd

n—1

n—1
— § :672mlk/nx2l o 672mk/N § :672mlk/nx2l+1

=0 =0
1 —9omi 2
— yli ) e 27rzl~c/Nyl(C )

Here we have used that

o221+ 1) (n+k) /20 _  —2mi(ntk)/2n ,—2milk/n
_6727rik/N6727rilk/n
In the following, we will only count the number of complex multiplications
and will ignore the number of additions and subtractions. We will assume that
N = 2n. Suppose we need M,, multiplications to compute DF'T,, of a vector
of dimension n. Then, to compute ¥V and y? we need 2M,, multiplications.

To compute y = DFTyx we need an additional n multiplications if we use the
formulas

Yk = y;il) + 6_27rik/Ny,iz) for 0<k<n-1

and

Yntk = y,gl) — 672’”']“/Ny,(€2) for 0<k<n-1.

One then obtains for the number My of multiplications to compute y =
DFTyz:

My =2M, +n .
Suppose that

M, = g logyn .
Then obtain for N = 2n:

My = 2M,+n

= nlogon+n
N
- ((1og2N) - 1) +n

= — logos N
20g2

2wz
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For short, if N = 2n then M, = 5 logy n implies that My = % logy N.
If N is a power of 2, then the above idea can be repeated. For n = 2 we

have
1 1
r=(1 )

My=1.
One obtains that for N = 2% where k € N:

and may set

N N

The reduction of numerical work from ~ N2 to ~ N log, N is significant.

The algorithm, where the above idea is carried out repeatedly, is called
Fast—Fourier Transform, FFT.

FFT was published in 1965 by James Cooley and John Tukey. However, it
is reported that Gauss had already used the idea in hand—computations around
1805.
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20 Eigenvalues Under Perturbations

Let A € C™*™ denote a matrix with n distinct eigenvalues A1,..., A\, € C. We
will study how the eigenvalues and corresponding eigenvectors change if A is
replaced by a disturbed matrix A + ¢B.

A useful result, which we prove first, says that A has right and left eigenvec-
tors, which are biorthogonal. This result will help us to study the perturbation
problem.

Recall our notation for the inner product in C": If a,b € C" are column
vectors with components a; and b; then

(a,0) =a*b=">_a;b; .
j=1

20.1 Right and Left Eigenvectors

Let A € C™*™ denote a matrix with n distinct eigenvalues A1,..., A\, € C. Let
Ui, ..., u, € C" denote corresponding right eigenvectors,

AUj = )\ju]', Uj 75 0.

Theorem 20.1 a) Under the above assumption, the matrix A* has the n dis-
tinct eigenvalues A1, ..., Ap.
b) If A*v, = A\yvg, and if vy is properly scaled, then

(v, uj) =6 for jk=1,2,....,n.

Proof: a) The characteristic polynomial of A* is

det(A* —XI) = det(A— A

— del(A— D)
and the zeros are \i, ..., \p.
b) For j # k we have
Ajlvksuj) = (vg, Aug)
= (A", u )
= (Mg, uj)
= Me{vk, uj)

It follows that (vi,uj) = 0 since Aj # Ay.

c) Let A*vj, = A\gvp. We have obtained that (vy, uj) = 0 for all j which are
different from k. If (vg,ug) = 0 then vy is orthogonal to a basis of C™, thus
vg = 0. Therefore, if vy # 0 then (v, ug) # 0. The claim follows. ¢
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Terminology: The equation
A*U].C = S\kvk
can also be written as
VA = A\gup

Therefore, one calls v} a left eigenvector of A to the eigenvalue A\j. Theorem
20.1 can also be stated as follows:

Theorem 20.2 Let A € C™™*" have n distinct eigenvalues \1,..., . There
exists a basis uy,...,u, of right eigenvectors of A,

AUJ'ZAJ’UJ', jzl,...,n,
and a basis v1,...,v, of left eigenvectors of A,

v A= Nvg, k=1,...,n.

The two bases are biorthogonal:

=0 for j#k
<vk’uj>{ #0 for ji=k

After proper scaling of the eigenvectors one obtains that
(U, uj) =051 for jk=1,2,....n.

20.2 Perturbations of A

We use the same notation as in the previous section and assume that the matrix
A € C™" has the n distinct eigenvalues Aq,...,\,. We also assume that the
right eigenvectors ui,...,u, and the left eigenvectors v1,...,v, are chosen so
that

AUj = )\ju]‘, UZA = /\kvz, <’Uk, Uj> = 0jk for j, k= 1, ey
Consider the perturbed matrix

A+eB,

where B € C"*™ and ¢ € C. We want to understand how the eigenvalues and
eigenvectors change if |e| is small. For simplicity of notation, we study the
perturbation of A\; and w;.

We first prove the following auxiliary result.

Lemma 20.1 Under the above assumptions, we have

range(A—MI)={beC" : (v1,b) =0} . (20.1)
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Proof: Let x € C" be arbitrary and write

n
Tr = E Ozju]' .
Jj=1

Then b = (A — A1)z is the general vector in range(A — A\ I) and

b= ZO[j(Aj — )\1)Uj .
j=2
Therefore, (v1,b) = 0. This proves that

range(A—MI)C{beC" : (v;,b) =0}.

Since both spaces in the above formula have the same dimension n — 1, the
equality (20.1) follows. ¢

To study the eigenvalue problem for A+ B near A\; and u; we first proceed
formally and make the ansatz
Ae) =M +ep, ule)=u+eq
for an eigenvalue and a corresponding eigenvector of A+ ¢B. The condition for
ueCandgeC”is
(A+eB)(u1 +eq) = (M +ep)(ug + eq) .
Multiplying out and using that Au; = Ajuq yields the condition

e(Aq+ Buy) + €2Bq = e(puy + \q) +%uq . (20.2)

Proceeding formally, we neglect the e?~terms and obtain the condition

Aq+ Buy = pur + Mg
for the number p € C and the vector ¢ € C". Rewriting the above condition
yields the equation
(A= X1)q = pus — Buy . (20.3)
Here A, B, \; and u; are known and p € C as well as ¢ € C" need to be
determined. It is clear that a solution ¢ of the system (20.3) exists if and only
if the right-hand side lies in range(A — A1I). Using the previous lemma, this
yields the condition
0= <U17/'Lul - BU1> )

ie.,

n = <’U1, BU1> .
With this choice of pu, let us solve the system (20.3) for ¢ and write
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n
q= Z au; (20.4)
j=1

We obtain that

n

(A — )\1[)(] = Zaj()\j — )\1)Uj .
j=2

Assuming that p = (v1, Buy), equation (20.3) holds if and only if

(Vg, (A= M1)q) = (vg, puy — Buy) for k=2,...,n.

Using formula (20.4) for ¢ one obtains the equivalent conditions

ak(/\k — )\1) = <Uk,uu1 — BU1> for k= 2, ey
ie.,
(vg, Bui)
A1 — Ak

The value of «; in the sum (20.4) is arbitrary. The choice a; = 0 is equiv-
alent to the condition (v, ¢) = 0. One obtains the following result:

ap = for k=2,...,n.

Lemma 20.2 Under the above assumptions, consider the system

(A—XMI)g=pus — Buy, (v1,q)=0 (20.5)

where A, B, A1, u1 and v are known and p € C as well as ¢ € C™ have to be
determined.
The system is uniquely solvable for u,q. The solution is given by

s (vg, Buy)
. k> DU1
p = (v, Buy), q= Zakuj with oy = N
k=2
Our formal computations suggest that the matrix
A+eB
has the eigenvalue
Ae) = A\ +ep+ O(?) (20.6)
and the corresponding eigenvector
u(e) = ug + eq + O(e?) (20.7)

if |¢| is small. Here p and ¢ are determined as described in the previous lemma.
It is not a matter of linear algebra, however, to prove the formulas (20.6)
and (20.7). Note that we neglected £2~terms in (20.2) and claim that they lead
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to O(g?)-terms in the formulas (20.6) and (20.7). One can prove the validity of

(20.6) and (20.7) using the Implicit Function Theorem of nonlinear analysis.
When applying the implicit function theorem, it is crucial to note that the

linear system (20.5) for yu, ¢ is nonsingular. In fact, the system (20.5) for

< q > c (Cn—l—l
I
reads in matrix form

A— )\1[ —U1 q . —Buy
vf 0 wo) 0 ’
If B = 0 then the uniqueness statement in the previous lemma implies that

g = 0,0 = 0. Therefore, the (n + 1) X (n + 1) matrix of the above system is
nonsingular.
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21 Perron—Frobenius Theory

In this chapter a real matrix A = (a;;) is called positive if all its entries are
strictly positive, a;; > 0. The matrix A is called non-negative if all entries are
non—negative, a;; > 0.

In 1907, Oskar Perron published results on spectral properties of positive
matrices. His results were extended to non—negative matrices by Georg Frobe-
nius in 1912.

Positive and non—negative matrices play a role in probability theory since
probabilities cannot be negative. We consider an application to Markov pro-
cesses in Section 21.3.

Notations: For A € C"*" let

p(A) =max{|\| : A€o(A)}
denote its spectral radius.
If A€ R™ "™ then A > 0 means that
ajj > 0

for all matrix elements of A. Similarly, A > 0 means that

CLijZO

for all matrix elements of A. If z,y € R™ then

x>y meansthat z; >y; for j=1,...,n.

Similarly,

x >y meansthat z; >y; for j=1,...,n.

If x € C™ then let

2l = (|21, 2zl - 2a])"

Remarks on History: Oskar Perron (1880-1975) proved spectral proper-
ties for positive matrices, A > 0. Perron was a professor at the universities of
Heidelberg and Munich. Perron’s paradox illustrates the danger of simply as-
suming that a solution of an optimization problem exists: Let N be the largest
integer. If N > 1 then N? > N, contradicting the definition on N. Hence
N=1.

Georg Frobenius (1849-1917) extended some of Perron’s results to certain
non—negative matrices, A > 0. Frobenius taught at ETH Zurich and the Uni-
versity of Berlin. In this case, the older mathematician expanded on the work
of the younger.
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21.1 Perron’s Theory

Theorem 21.1 (Perron) Let A € R"*" A > 0. The following holds:
1) The spectral radius of A is positive, r := p(A) > 0.
2) The spectral radius r = p(A) is an algebraically simple eigenvalue of A.
3) There exists an eigenvector £ € R™ with

A =rE, £>0.

The vector & is called Perron’s eigenvector of A.

4) If N € 0(A) and X # p(A) then
Al < p(4) .
5) Ify e R" y >0, is an eigenvector of A,

Ay =Xy,

then A =r = p(A) and y is a multiple of .
6) There exist vectors & > 0 and n > 0 with

A =r& and ATn=rn.
If y € R™ is arbitrary, then the convergence

(n,y)
(n,€)

1 .
—J.Ajy%cg as j— oo where c¢=
,

holds.
7) Let the vectors & and 1 be as in 6) and assume the scaling

& =1.
It holds that

1 .
—J.AJ—>§77T as j— 0o .
r

The limit matriz &n" is a projector of rank one.

Proof: a) If p(A) = 0 then 0(A) = {0} and A is nilpotent, A™ = 0. This is not
possible if A > 0.
b) In the following, we will assume that » = p(A) = 1. This is no restriction
since we can replace A by Ag = ﬁ A.
There exists A € 0(A) with |A\| = 1 and there exists x € C" with
Ax =Xz, x#0.

Set & = |x|qp; then

§eR", £>0, £#0.
We have
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£ = |zfw
Az ap
|Az|ap
Alz|ap
A

VAN

Thus, the vector & € R™ satisfies

AE>€>0, €40,
We claim that A¢ = &.
Suppose this does not hold. Then set
We obtain that

A2 —AE=Ay>0.
Let z := A&, Then we have

Az >2>0.
There exists € > 0 so that
Az>2>0.
1+¢
If we set
B 1
1+¢

then Bz > z > 0, thus

Biz>z>0 forall j=1,2,...

However, since p(B) < 1 we have B/ — 0 as j — co. This contradiction proves
that A = €.
We have proved that r = p(A) is an eigenvalue of A and we have proved 3).

To continue the proof of Perron’s Theorem, we will use the following:

Lemma 21.1 For j=1,2,...,n let z; = rjemj denote complex numbers with

|Z’j|=7"j>0, CMjER.

Then the equation

lz1+ 204+ ...+ zp|=r14+12+ ...+ 7y (21.1)
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holds if and only if

elor = g2 — | = glan (21.2)

Proof: First let n = 2 and set

¢p=as—q1, c=cos¢p, S=sing.

We have

’21—‘1-22‘2 = ‘T1+7’26i¢‘2

= |ry + roc + irps)?
= (r14120)? + (1r35)?
= r% + 2riroc + r%

This equals (r; + r)? if and only if

l=c=cos¢.

This is equivalent to ¢ = 27 for some integer j, i.e., |21 + 22| = |21| +|22| holds
if and only if

gl — giaz

For general n it is clear that (21.2) implies (21.1). Also, if
el £ eloz

for example, then

|21 + 22| <711+ 712 .

Therefore,

‘Z1+22+...+2n| < |2’1+2’2|+7’3+...+Tn
< rm+ro+rs+...+ry

This proves the lemma. ¢

c¢) To continue the proof of Perron’s Theorem, we assume again that r =
p(A) = 1.

Let A € 0(A),|A\| =1, and let z € C",

Az =Xz, x#0.

We have shown above that the vector

h:=|x|e
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satisfies

Ah=h>0.

(In the arguments above the vector |z|,, was called £.)
We now claim that

AE=¢>0 and Ah=h>0
implies that h is a multiple £&. To prove this set

M = max - .
i &
If A is not a multiple of £ then
h< Me, h+#ME, (21.3)
and there exists 7 with
hj = M¢; . (21.4)

Applying A to the estimate (21.3) we obtain

h= Ah < MAE = M€ |

which contradicts (21.4).
So far, we have shown that

Az =Xz, x#0, |A=p(A)=1
implies that

|x’ab = M€

for some number M > 0 where

AE=¢>0.

By scaling x, we may assume that |z|q, = &, i.e.,

— oy —
xj—fje o9 =1L2...,n,

with real «;.
We have

|Az|ap = |AT|ap = |T|ap = Alz|ap -

Consider the first component of this equation, for example. It says that

n n
1Y arjal =Y anlzl
st =1
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By the previous lemma, we obtain that

o] e’iozz _ 0

(& . =€

Thus, = is a multiple of £&. The argument proves that A has no eigenvalue A
with [A\| = p(A) except A = p(A). It also proves that the eigenvalue p(A) is
geometrically simple.

d) It remains to prove that the eigenvalue p(A) is not just geometrically
simple, but also algebraically simple. We may assume again that p(A4) = 1. If
this eigenvalue is not algebraically simple then there exists z € C™ with

Az —2z=¢& where AE=¢>0.

Details: The matrix B = A — I has the eigenvalue 0, which is geometrically
simple. Suppose its algebraic multiplicity is k > 2. There exists a Jordan chain
of k vectors,

Bk_lafo, Bk_2l’0, ceey B.CE(), Zo -

Here ¢ := BFlzg satisfies B¢ = 0, thus A¢ = ¢. The vector z := BF 2z
satisfies Bz = &, thus Az — z = &.
End of Details.

Write

z=a+1ib, a,beR"™.
Obtain that

Aa—a+i(Ab—b)=¢ .
Since £ € R™ obtain that Ab = b and

Aa—a=¢, a€eR".

Choose a real number « so large that

y:=a+af>0.
Since Aa —a = £ and A — £ = 0 we have

Ay—y = Ala+af) —a—af
= {+a(AE—9)
= &,

thus

Ay>y>0.

There exists € > 0 with
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Ay = (1+e)y,
which yields that

Ay > (1+e)y.
Therefore, |A7y| — oo as j — oo.
On the other hand, for some number M > 0 we have
y < M¢,
which yields that

Ay < MATE = M€ .

The contradiction implies that a vector z with

Az —z=¢
does not exist. The eigenvalue p(A) is algebraically simple.

To prove 5), let > 0 denote Perron’s eigenvector for A7

ATy =rn .
Let y e R,y > 0,y # 0, Ay = \y. We have (note that A is real)

(n, \y)
= (n,Ay)

(ATn,y)
= r(n,y)

A, y)

The equation A = r follows.

6) First assume that A has a complete set of eigenvectors, &, va, . ..

A£ = Tf, Avk = /\kvk, |>\k| <r.
Write

n
y=cE+ Y v
k=2

and obtain that

1 - g\ J
g k
—TjAy—cf—i—E Ck(?)”’“'
k=2
It follows that

1 .
— Ay — €.
rd
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Since ATn = ry it follows that

5 4%) = ()

is independent of j. In the above equation, use the limit relation (21.5) to
obtain that

(n,c§) = (n,y) ,
e, c=(ny)/nE.

In the general case, there exists T' € C™*" with

T‘lAT:<6 g) p(B) <,

and ¢ is the first column of T'. One obtains that

1A:T<1 Q)T_l, p(B) <1,
.

0 B
and
1 . 10
jlggorJAy T<0 0> Y
Therefore,
c
1 . 0
lim —Aly=T1 . =c€
j—oo 1J :
0
The equation
c = <777 y> > 0
(n,€)

follows as above.
7) Assume that £ and 7 are scaled so that (n,£) = 1. Then, by 6), we have
for every y € R™:

N
lim — A7y = (n,y)§ .

j—o0 1J

Here

myé=m"yE==n"y.

Since the convergence holds for every y € R” it follows that
— A =& .
rJ

It is clear that
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En")?=¢en"en" ="
Thus, the limit matrix is a projector.
This completes the proof of Perron’s Theorem. ¢
21.2 Frobenius’s Theory
In this section let n > 2, A € R™*"™ A > 0. The matrix
0 1
=(00)

has the spectral radius p(A4) = 0. Clearly, property 1) of Perron’s Theorem 21.1
does not hold for all non—negative matrices.

However, for every non—negative matrix A the spectral radius is an eigen-
value corresponding to a non—negative eigenvector:

Theorem 21.2 Let A € R"™" A > 0. Set r = p(A). There exists £ € R, & >
0,& # 0, with
AE =7 .

Proof: Let £ = (e;;) € R™*™ denote the matrix with entries e;; = 1 for all 4, j.
Set
1

A=A+ E for k=12,..
Clearly, Ax > 0, and Perron’s Theorem applies to Ag. Set rp = p(Ag), thus
ri > 0. There exists

g(k) € R", f(k) >0, |§(k’)‘oo -1
with

1
(A+%@é@:mé“.

Since the sequences £F) € R™ and r, € R are bounded there exists a subse-
quence k € N; with

R ¢ rp—ort as ko oo, keN;.

It follows that

It remains to prove that r* = r, i.e., that r* is the spectral radius of A. Since
r* is an eigenvalue of A we have r* <r.

Suppose that r* < r, thus r —r* = § > 0. The matrix A has an eigenvalue
A with |A] = r. For large k the matrix Ay has an eigenvalue A\ near A, i.e.,
with
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0
It then follows that
T >+ 0
b= 2
for all large k. This contradicts the convergence rp, — r* for k € Ny. o

In the proof of the next theorem we will use two simple results on eigenval-
ues:

Lemma 21.2 1) Let A € C denote an eigenvalue of the matriz A € C"*™ with
algebraic multiplicity k. Then the eigenvalue 1 + X of I + A also has algebraic
multiplicity k.

2) Let A € C denote an eigenvalue of the matriz B € C™ " and let m €
N,m > 2. Then \™ is an eigenvalue of B™, and if ™ is an algebraically simple
eigenvalue of B™ then the eigenvalue A of B is also algebraically simple.

Proof: 1) By Schur’s theorem there exists a unitary matrix U € C"*" so that

U*AU =A+R
where R is strictly upper—triangular and

A= diag()\l, )\2, ey )\n)

is diagonal. If A is an eigenvalue of A of algebraic multiplicity & then A comes
up k times in the string Aq, Ao, ..., A\,. The eigenvalue 1 + X of

I+A=UI+NU

comes up k times in the string

14+ A, 14+ X,..., 14+ A\,

2) As above, let U be unitary and let U*BU = A + R where A is diagonal
and R is strictly upper—triangular. One obtains that

U*B™U =A™ + R
where R is strictly upper—triangular. If
A= diag()\l, )\2, Ceey /\n)
then
A =diag( A" NS o A

If X\ is an eigenvalue of B then A\™ is an eigenvalue of A™. If A™ is algebraically
simple then A" comes up only once in the string A", AJ*, ..., A" and, therefore,
A comes up only once in the string Ay, Ao, ..., Ay, ©
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The following theorem gives a condition which ensures that the spectral
radius p(A) of the non—negative matrix A is strictly positive and algebraically
simple. Furthermore, the corresponding eigenvector £ is strictly positive. For
positive matrices, these are the properties 1), 2), and 3) of Perron’s Theorem.

Theorem 21.3 Let A € R"™"™, A > 0, and assume that

(I+A)™>0

for some m € N. Then r = p(A) is positive, and r is an algebraically simple
eigenvalue of A. There exists & € R™ with

AE=rE, £€>0.

Proof: Set r = p(A). The matrix I + A has the spectral radius 1 + r and, by
the previous theorem, there exists £ € R™ with

(I+A)=(1+7)E €20, €£0.
It follows that

I+A)"E=0+r)"E £>0.

By Perron’s Theorem, the eigenvalue (1+1)™ of the positive matrix (1 +A)™ is
algebraically simple. Using the previous lemma we obtain that the eigenvalue
r of A is algebraically simple.

The assumption (I 4+ A)™ > 0 implies that A is not zero. We have obtained
that A¢ =& and & > 0. Therefore, A # 0 and r > 0 follows. ¢

Let A € R™™ denote a non—negative matrix. How can we check if the
previous theorem applies, i.e., if there exists a strictly positive power, (I4+A4)™ >
07 The directed graph of A is a useful tool.

Directed Graph of a Matrix. Let A € C"*". The directed graph
G = G(A) of A consists of n nodes Ny, ..., N, with a directed edge from N; to
N; if and only if a;; # 0.

The graph G is called strongly connected if for all nodes N;, N; there is a
sequence of directed edges from N; to Nj.

The matrix A is called irreducible if its directed graph is strongly connected.
Otherwise, A is called reducible. One can show that A is reducible if and only
if there exists a permutation matrix P so that

PTAP = ( )0( g > (21.6)

where X and Z are square matrices.

Theorem 21.4 Let A € R"™™ A > 0.
a) If A is irreducible then

I+A)"1>0.
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b) If A is reducible then a strictly positive power (I + A)™,m € N, does not
exist.

Proof: a) We have

((I+A)”_1>.. = nf ( ! A ! > (A%)s - (21.7)

Y k=0
Clearly, the diagonal of (I + A)"~! is strictly positive.
Let i # j. By assumption, there exist ¢ distinct indices
i1,02,...,0g € {1,2,...,n}\ {¢,7}
so that

g, > 0, iy iy >(),...,aiqj>0.

Here ¢ < n — 2.
We have

n

(A%i, = ) tialai, >0
a=1
n

(A3)113 = Z(AQ)iaaai3>0

a=1
etc.
One obtains that
(Aq+1)ij >0 and ¢g+1<n-—-1.
The formula (21.7) yields that (I + A)"~! > 0.
b) If (21.6) holds then a positive power of I + A does not exist. ¢

Question: Let A € R™™™ be irreducible and A > 0, thus

(I+A"1>0.

The previous two theorems apply. Is it possible that A has an eigenvalue A € C
with

A =7 =p(A), A#r?

0 1
=(14)
gives a simple example. This shows that property 4) of Perron’s Theorem does

not hold, in general, for irreducible non—negative matrices.
However, the following holds:

The answer is yes. The matrix

266



Theorem 21.5 Let A € R"™™ A > 0, and assume that A™ > 0 for some
positive integer m. Then the spectral radius v = p(A) is positive and is an

algebraically simple eigenvalue of A. Furthermore, if A € C is any eigenvalue
of A and X # r, then |\ <r.

Proof: Set r = p(A). By Perron’s Theorem we have r™ = p(A™) > 0, thus
r > 0. By Schur’s Theorem we can write
U'AU =A+R, UU=1I

where A is diagonal and R is strictly upper triangular. It follows that

U*A™U = A" + R
where R is strictly upper triangular. Since 7 is an algebraically simple eigen-
value for A™ the number ™ occurs only one time in A™. Thus r occurs only
once in A and r is algebraically simple for A.
Let A € 0(A), thus A™ € o(A™). Assume that |A| = r, thus |\"*| = ™. By
Perron’s Theorem, we have
AT =™ or AT <™.

Clearly, if [\™| < 7™ then |A| < r. Thus it remains to discuss the case A™ = r™™.
If A # r but A™ = r™ then the eigenvalue ™ of A™ has geometric multiplicity
at least equal to 2, a contradiction. It follows that A = r if A™ =", ¢

21.3 Discrete—Time Markov Processes

We let the time variable t evolve in {0,1,2,...}, i.e.,

te{0,1,2,...}.

Let X; denote a random variable evolving in the finite state space

S ={51,52,...,5.} .
A Markov process is determined by the probabilities

piy = prob(Xes1 = S| X = 85 -

With probability p;; the random variable X, is in state S; under the assump-
tion that X is in state S;.
Clearly, 0 < p;; < 1. The n x n probability matrix P = (p;;) satisfies

n
Zpijzl forall j7=1,2,...,n.
i=1

If

267



then

ef'p=cl.
Therefore, the probability matrix P is called column—stochastic; each column
sum of P equals one.
Let ¢ € R™ denote the probability distribution of the random variable X,
ie.,

(qt); :prob(Xt = Sj) for j=1,2,...,n.

We have X; = S; with probability (q;);.
Assuming that X; = S; we have X; 1 = S; with probability p;;. Therefore,

n
(qt41)i = Zpij(Qt)j for i=1,2,...,n.
j=1
One obtains the important relation

Gi+1 = Pq, for t=0,1,2,...
for the evolution of the probability density of the random variable X;.

Application of Perron’s Theorem. Assume P > 0. Since

Ple=e¢ for e=(1,1,...,1)7

we obtain that p(P) = p(PT) = 1.
By Perron’s Theorem, there exists a unique vector £ € R™ with

PE=¢ Y &=1.

=1

By property 6) of Perron’s Theorem we have

@ =Plg—€ as t—o00.

The normalized Perron vector £ of P is the unique stationary probability density
of the Markov process. Given any initial probability density qg, the probability
density £ is approached as t — oo.
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