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a r t i c l e i n f o

Article history:
Received 4 November 2014
Received in revised form 13 July
2015
Accepted 23 July 2015
Available online 12 August 2015

Keywords:
Micropolar equations
Blow-up rates for strong solutions
Homogeneous Sobolev spaces

a b s t r a c t

We prove lower estimates for space periodic solutions (u,w)(t) of the micropolar
equations in their maximal interval [0, T ∗) provided that T ∗ <∞. For example, we
show for 0 < δ < 1 that ∥(u,w)(t)∥Ḣs(T3) is at least of the order (T ∗−t)−(δs)/(1+2δ)

for s ≥ 1/2+δ. Moreover, we prove the inequality ∥(u, w)(t)∥l1(Z3) ≥ C(T ∗−t)−1/2,
which yields the blow-up rate (T ∗ − t)−s/3 for ∥(u,w)(t)∥Ḣs(T3) for s > 3/2.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper we consider space periodic solutions for the following micropolar system in three dimensions:
ut + u · ∇u +∇p = (µ+ χ)∆u + χ∇×w,
wt + u · ∇w = γ∆w + κ∇div w + χ∇×u− 2χw,
div u = 0,
u(·, 0) = u0(·), w(·, 0) = w0(·),

(1)

where u(x, t) = (u1(x, t), u2(x, t), u3(x, t)) ∈ R3 denotes the velocity field, w(x, t) = (w1(x, t), w2(x, t),
w3(x, t)) ∈ R3 describes the micro-rotational velocity, and p(x, t) ∈ R the hydrostatic pressure. The spatial
domain is the three-dimensional torus T3 = (R mod 2π)3. With x ∈ T3 we denote the space variable and
0 ≤ t < T ∗ denotes the time variable. Here [0, T ∗) is the maximal interval of existence of the strong solution
of (1) and we will always assume that T ∗ is finite. Our aim is to prove blow-up rates for various norms of
the vector function (u,w)(t) and its Fourier coefficients as time approaches the blow-up time T ∗.
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The positive constants µ, χ, κ, and γ are associated with the specific properties of the fluid. More precisely,
µ is the kinematic viscosity, χ is the vortex viscosity, κ and γ are spin viscosities. The initial data for the
velocity field, given by u0 in (1), is divergence-free, i.e., div u0 = 0. To make the pressure unique, we impose
the condition 

T3
p(x, t) dx = 0, ∀0 ≤ t < T ∗.

We also assume, without loss of generality, that
T3

(u0,w0)(x) dx = 0. (2)

There are many works in the literature that prove the existence and uniqueness of solutions for problems
related to the micropolar system (1) as, for example, [1–7]. In particular, G.P. Galdi and S. Rionero [4]
considered the existence of weak solutions of the following initial boundary-value problem for the micropolar
system 

ut + u · ∇u +∇p = (µ+ χ)∆u + χ∇×w, x ∈ Ω , t ∈ [0, T ],
wt + u · ∇w = γ∆w + κ∇div w + χ∇×u− 2χw, x ∈ Ω , t ∈ [0, T ],
div u = 0, x ∈ Ω , t ∈ [0, T ],
u(x, 0) = u0(x), w(x, 0) = w0(x), x ∈ Ω ,
(u(x, t),w(x, t)) = 0, (x, t) ∈ ∂Ω × [0, T ].

(3)

Here Ω ⊂ R3 is a bounded domain with a sufficiently smooth boundary ∂Ω . Also, for the system (3),
J.L. Boldrini, M. Durán and M.A. Rojas-Medar [1] proved, by using the Galerkin method, the existence
and uniqueness (local in time) of strong solution in Lq(Ω), for q > 3; here a compact C2-boundary ∂Ω was
assumed.

Considering the micropolar system (1) with spatial variable given in the whole space R3, J. Yuan [7]
proved the next result, whose proof can be adapted to the space periodic case. For the definition of the
operator ∆j used in the theorem, we refer to [7].

Theorem 1.1 (See [7]).

1. Local existence: Let s0 > 3/2 and assume that (u0,w0) ∈ Hs0(R3) with div u0 = 0. Then there
exists a positive T ∗ = T ∗(∥(u0,w0)∥Hs0 (R3)), with 0 < T ∗ ≤ ∞ so that a unique strong solution
(u,w)(t) ∈ C0([0, T ∗);Hs0(R3))∩C1((0, T ∗);Hs0(R3))∩C0((0, T ∗);Hs0+2(R3)) for the system (1) exists;

2. Blow-up criterion: Assume that s0 > 3/2 and let (u,w)(t) ∈ C0([0, T ∗);Hs0(R3))∩C1((0, T ∗);Hs0(R3))∩
C0((0, T ∗);Hs0+2(R3)) denote the smooth solution for the system (1) in 0 ≤ t < T ∗. There is an absolute
constant M > 0 with the following property: If

lim
ϵ→0

sup
j∈Z

 T∗
T∗−ϵ
∥∆j(∇× u)(t)∥∞ dt := δ < M,

then δ = 0 and the solution (u,w)(t) can be extended past time t = T ∗. If

lim
ϵ→0

sup
j∈Z

 T∗
T∗−ϵ
∥∆j(∇× u)(t)∥∞ dt ≥M,

then the solution (u,w)(t) blows-up at t = T ∗.

It is important to point out that if T ∗ < ∞ is the blow-up instant for the solution (u,w)(t) given by
Theorem 1.1, then one obtains (u,w) ∈ C∞(T3 × (0, T ∗)), with (u,w)(t) ∈ C0((0, T ∗);Hs(T3)) for all
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s ≥ s0. Furthermore, one has

lim sup
t→T∗

∥(u,w)(t)∥Ḣs0 (T3) =∞, (4)

and also, by using elementary inequalities, one gets

d

dt
∥(u,w)(t)∥2L2(T3) + 2µ∥∇u(t)∥2L2(T3) + 2γ∥∇w(t)∥2L2(T3) + 2κ∥div w(t)∥2L2(T3) + 2χ∥w(t)∥2L2(T3) ≤ 0,

for all 0 < t < T ∗. As a result, one finds that

∥(u,w)(t)∥L2(T3) ≤ ∥(u,w)(t0)∥L2(T3), ∀0 ≤ t0 ≤ t < T ∗. (5)

The inequality (5) implies that (u,w)(t) ∈ C0([0, T ∗);Hs(T3)) for every 0 ≤ s ≤ s0 since

∥(u,w)(t)∥Hs(T3) ≤ ∥(u,w)(t)∥
1− s

s0
L2(T3)∥(u,w)(t)∥

s
s0
Hs0 (T3),

for such s. Thus, all norms ∥(u,w)(t)∥Hs(T3), s ≥ 0, are finite for every 0 < t < T ∗.
For χ = 0 and w = 0 the micropolar system (1) reduces to the viscous incompressible Navier–Stokes

equations. This classical system has been studied extensively (see, for example, [8–22] and references therein).
Our main results related to the blow-up of ∥(u,w)(t)∥Ḣs(T3) were inspired by particular cases for the

Navier–Stokes equations. However, we not only extend the blow-up estimates from the Navier–Stokes
equations to the micropolar system (1), but we also relax requirements on the parameter s.

In particular, we derive a lower bound for ∥(u,w)(t)∥Hs(T3) for all t ∈ [0, T ∗) and s > 3/2. More precisely,
Corollary 1.1(iii) extends to the system (1) the inequality

∥u(t)∥Hs(T3) ≥
C1(s)µ s3 ∥u0∥

1− 2s
3

L2(T3)

(T ∗ − t) s3
, ∀0 ≤ t < T ∗, (6)

where 3/2 < s ≤ s0 (with s0 > 5/2), obtained in Theorem 1.4 of [8] for the local strong space periodic solution
u of the Navier–Stokes system. In the same paper, J. Benameur also derived the following inequalities:

∥u(t)∥Hs(T3) ≥
C1(s)µ 3s

4 ∥u0∥1−sL2(T3)

(T ∗ − t) s4
, (7)

and

∥u(t)∥l1(Z3) ≥
2− 1

2µ
1
2

(T ∗ − t) 1
2
, (8)

for all 0 ≤ t < T ∗ and 1 ≤ s ≤ s0 (with s0 > 5/2). We show in Theorem 1.2 and Corollary 1.1 that it is
possible to extend all lower bounds obtained in Theorem 1.4 of [8] to the system (1). In addition, we also
extended to the system (1) the inequality

∥u(t)∥Ḣs(T3) ≥
C1(s)

(T ∗ − t) s2− 1
4
, ∀0 ≤ t < T ∗, (9)

where 1/2 < s < 3/2. It was obtained in [19] for the local strong space periodic solution u of the
Navier–Stokes equations.

Our main results are stated next.

Theorem 1.2. Let s0 > 3/2 and let (u0,w0) ∈ Hs0(T3) with div u0 = 0. Assume that (u,w)(t) is the strong
space periodic solution of (1) defined in its maximal interval [0, T ∗). If T ∗ < ∞ and δ ∈ (0, 1), then the
following inequalities hold:
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(i) For each s ≥ 1/2 + δ we have ∥(u,w)(t)∥(2s)/(1+2δ ) − 1
L2(T3) ∥(u,w)(t)∥Ḣs(T3) ≥

C1(s,δ)αs(2−δ)/(1+2δ)

(T∗− t) (δs)/(1+2δ) ;

(ii) ∥(u, w)(t)∥l1(Z3) ≥ (2π)3/2α1/2

6(T∗−t)1/2 ,

for all t ∈ [0, T ∗). Here C1(s, δ) is a positive constant depending only on s and δ, and α = min{µ, γ}.

Notice that (ii) is not trivial since, by Lemma 2.2, the norm ∥(u, w)(t)∥l1(Z3) is finite for every t ∈ [0, T ∗).
In fact, one has that

∥(u, w)(t)∥l1(Z3) :=

ξ

|(u, w)(ξ, t)| ≤ C1(s0)


ξ

|(u, w)(ξ, t)|2
 1

2−
3

4s0

ξ

|ξ|2s0 |(u, w)(ξ, t)|2
 3

4s0

=: C1(s0)∥(u, w)(t)∥
1− 3

2s0
l2(Z3) ∥(u,w)(t)∥

3
2s0
Ḣs0 (T3) ≤ C1(s0)∥(u,w)(t)∥

1− 3
2s0

Hs0 (T3)∥(u,w)(t)∥
3

2s0
Hs0 (T3)

= C1(s0)∥(u,w)(t)∥Hs0 (T3) <∞,

for every t ∈ [0, T ∗), and C1(s0) is a positive constant depending only on s0(>3/2). We have applied the
discussion above; moreover, one has used the definitions and results established in Section 2.

Corollary 1.1. Let s0 > 3/2 and let (u0,w0) ∈ Hs0(T3) with div u0 = 0. Assume that (u,w)(t) is the
strong space periodic solution of (1) defined in its maximal interval [0, T ∗). If T ∗ < ∞ then the following
inequalities hold:

(i) For each s ≥ 1 we have ∥(u,w)(t)∥s−1
L2(T3)∥(u,w)(t)∥Ḣs(T3) ≥

C1(s)α(3s)/4

(T∗−t)s/4 ;

(ii) For each 1/2 < s < 3/2 we have ∥(u,w)(t)∥Ḣs(T3) ≥
C1(s)α5/4−s/2

(T∗−t)s/2−1/4 ;

(iii) For each s > 3/2 we have ∥(u,w)(t)∥(2s)/3−1
L2(T3) ∥(u,w)(t)∥Ḣs(T3) ≥

C1(s)αs/3
(T∗−t)s/3 ,

for all t ∈ [0, T ∗). Here C1(s) is a positive constant that depends only on s, and α = min{µ, γ}.

Even if we assume that w = 0 and χ = 0 in (1), Theorem 1.2(i) presents improvements of the estimates
(7) and (9) given in [8,19] since we only require s ≥ 1/2+δ with 0 < δ < 1. Furthermore, Theorem 1.2(ii) and
Corollary 1.1 show explicitly how the inequalities (6)–(9) can be extended to the micropolar equations (1).

Remark 1.1. 1. For s ≥ 1/2+δ with δ ∈ (0, 1) it is easy to check, from Theorem 1.2(i) and (5), the inequality

∥(u,w)(t)∥Ḣs(T3) ≥
C1(s, δ)α

s(2−δ)
1+2δ ∥(u0,w0)∥1−

2s
1+2δ

L2(T3)

(T ∗ − t)
δs

1+2δ
, ∀t ∈ [0, T ∗),

where C1(s, δ) is a positive constant depending only on s and δ, and α = min{µ, γ}. This extends the
estimates (7) and (9) given in [8,19] to the micropolar equations (1) since ∥ · ∥Hs ≥ ∥ · ∥Ḣs .

2. Corollary 1.1(i) is the particular case of Theorem 1.2(i) which is obtained for δ = 1/2. Also, from
Corollary 1.1(i), one has

∥(u,w)(t)∥Hs(T3) ≥
C1(s)α 3s

4 ∥(u0,w0)∥1−sL2(T3)

(T ∗ − t) s4
, ∀t ∈ [0, T ∗),

provided that s ≥ 1. For the Navier–Stokes system, the corresponding estimate was proved in [8] (see
(7)). Specializing further and choosing s = 1 in Corollary 1.1(i), one obtains the classical Leray inequality

∥(u,w)(t)∥Ḣ1(T3) ≥
Cα

3
4

(T ∗ − t) 1
4
, ∀t ∈ [0, T ∗),
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where C is an absolute positive constant and α = min{µ, γ}. (See [8,14,15] for the Navier–Stokes
equations).

3. Similarly, Corollary 1.1(ii) is also an immediate consequence of Theorem 1.2(i). The result is obtained if
one chooses δ = s − 1/2 in Theorem 1.2(i) provided that 1/2 < s < 3/2. For the Navier–Stokes system,
the corresponding result was obtained in [19] (see (9)).

4. We will show below that Corollary 1.1(iii) follows from Theorem 1.2(ii). As a result, we get

∥(u,w)(t)∥Hs(T3) ≥
C1(s)α s3 ∥(u0,w0)∥1−

2s
3

L2(T3)

(T ∗ − t) s3
, ∀t ∈ [0, T ∗),

provided that s > 3/2. For the Navier–Stokes system, the corresponding result was obtained in [8] (see
(6)).

In the next section, we list notations and definitions and also present two auxiliary results. In the last
section, Theorem 1.2 and Corollary 1.1 are proved. As usual, C1(s, δ), C1(s), C2, and C3 denote positive
constants, which may change their value from line to line.

2. Notations, definitions and auxiliary results

In this section, we introduce notations and definitions used in the paper. We also present two inequalities
which play an important role in the proof of Theorem 1.2 and Corollary 1.1.

2.1. Notations and definitions

Boldface letters denote vector fields. For example,

u = u(x, t) = (u1(x, t), u2(x, t), u3(x, t)),

where x ∈ T3 and 0 ≤ t < T ∗, denotes the fluid velocity field. Similarly,

(u,w) = (u,w)(x, t) = (u(x, t),w(x, t))

denotes the pair of the velocity field u and the micro-rotational velocity w.
We define the Fourier coefficients of u and (u,w) by

u(ξ, t) := (2π)− 3
2


T3

exp(−iξ · x)u(x, t) dx

and

(u, w)(ξ, t) := (2π)− 3
2


T3

exp(−iξ · x)(u,w)(x, t) dx,

respectively. Here ξ ∈ Z3, ξ · x :=
3
j=1 ξjxj , with ξ = (ξ1, ξ2, ξ3) and x = (x1, x2, x3). Note that (2) yields

(u, w)(0, t) = 0 for 0 ≤ t < T ∗.

Let Ḣs(T3) =


u(·, t) ∈ S′(T3) : u(0, t) = 0,

ξ∈Z3 |ξ|2s|u(ξ, t)|2 <∞


denote the homogeneous Sobolev

space, where S′(T3) is the space of distributions on the torus T3. The Ḣs-norm is defined by

∥u(t)∥2
Ḣs(T3) = ∥u(·, t)∥2

Ḣs(T3) :=

ξ ̸=0
|ξ|2s|u(ξ, t)|2,
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and corresponds to the scalar product

⟨u(t),w(t)⟩Ḣs(T3) = ⟨u(·, t),w(·, t)⟩Ḣs(T3) :=

ξ ̸=0
|ξ|2su(ξ, t) · w(ξ, t).

Here x · y := x1y1 + x2y2 + x3y3 for complex vectors.
The standard L2-inner product is

⟨u(t),w(t)⟩L2(T3) = ⟨u(·, t),w(·, t)⟩L2(T3) :=


T3
u(x, t) ·w(x, t) dx

and

∥u(t)∥2L2(T3) = ∥u(·, t)∥2L2(T3) :=


T3
|u(x, t)|2 dx,

defines the L2-norm.
For 1 ≤ q <∞, define the space

lq(Z3) =


(aξ)ξ∈Z3 : aξ ∈ C,

ξ∈Z3

|aξ|q <∞


endowed with the norm

∥a∥qlq(Z3) :=

ξ

|aξ|q.

Similarly, we define

∥u(t)∥qlq(Z3) = ∥u(·, t)∥qlq(Z3) :=

ξ

|u(ξ, t)|q,

for 1 ≤ q <∞. For q = 1 we will also use

∥∇u(t)∥l1(Z3) = ∥∇u(·, t)∥l1(Z3) :=
3
j=1
∥∇uj(·, t)∥l1(Z3) :=

3
j=1


ξ

|∇uj(ξ, t)|,
where ∇u = (∇u1,∇u2,∇u3) with ∇uj = (D1uj , D2uj , D3uj), and Di = ∂/∂xi, for i, j = 1, 2, 3.

The standard norm on the Sobolev space

Hs(T3) =


u(·, t) ∈ S′(T3) :

ξ∈Z3

(1 + |ξ|2)s|u(ξ, t)|2 <∞

,

i.e., the Hs(T3)-norm, is defined by

∥u(t)∥2Hs(T3) = ∥u(·, t)∥2Hs(T3) :=

ξ

(1 + |ξ|2)s|u(ξ, t)|2,

and corresponds to the Hs(R3)-inner product

⟨u(t),w(t)⟩Hs(T3) :=

ξ

(1 + |ξ|2)s u(ξ, t) · w(ξ, t).

For the tensor product and convolution we use the notations

u⊗w = (u⊗w)(x, t) := (w1(x, t)u(x, t), w2(x, t)u(x, t), w3(x, t)u(x, t)),

u ∗ w(x) =


R3
u(x− y)w(y) dy and a ∗ b(ξ) =


ρ

aρbξ−ρ.

Here the sum is taken over ρ ∈ Z3.
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The above definitions for vector fields u extend trivially to the vector fields (u,w). For example,

∥(u,w)(t)∥2
Ḣs(T3) := ∥u(t)∥2

Ḣs(T3) + ∥w(t)∥2
Ḣs(T3),

∥(u,w)(t)∥2Hs(T3) := ∥u(t)∥2Hs(T3) + ∥w(t)∥2Hs(T3),

∥(u,w)(t)∥2L2(T3) := ∥u(t)∥2L2(T3) + ∥w(t)∥2L2(T3),

∥(u, w)(t)∥qlq(Z3) = ∥(u, w)(·, t)∥qlq(Z3) :=

ξ

|(u, w)(ξ, t)|q,

∥(∆u,∆w)(t)∥l1(Z3) = ∥(∆u,∆w)(·, t)∥l1(Z3) :=

ξ

|(∆u,∆w)(ξ, t)|,

where 1 ≤ q <∞. Here ∆ denotes the Laplacian and ∆u = (∆u1,∆u2,∆u3) with ∆uj =
3
i=1D

2
i uj for all

j = 1, 2, 3.
It will often be convenient to use shorter notations and write ∥u∥Ḣs instead of ∥u(t)∥Ḣs(T3), etc.

2.2. Two auxiliary lemmas

We present two Lemmas which are important for our main results. The first one is due to J.-Y. Chemin.

Lemma 2.1 (See [10]). Let η, η′ be two real numbers such that η < 3/2 and η + η′ > 0. If f, g ∈
Ḣη(T3) ∩ Ḣη′(T3), then

∥fg∥
Ḣη+η

′− 3
2 (T3)

≤ C(η, η′)(∥f∥Ḣη(T3)∥g∥Ḣη′ (T3) + ∥f∥Ḣη′ (T3)∥g∥Ḣη(T3))

where C(η, η′) is a positive constant that depends on η and η′ only. If, in addition, we have η′ < 3/2, then

∥fg∥
Ḣη+η

′− 3
2 (T3)

≤ C(η, η′)∥f∥Ḣη(T3)∥g∥Ḣη′ (T3).

The second Lemma is due to J. Benameur and will be helpful in the proof of Corollary 1.1(iii). Because
of a misprint in [8] we add our proof.

Lemma 2.2. Let a = (aξ)ξ∈Z3 and s > 3/2. Then,


ξ ̸=0
|aξ| ≤ C1(s)


ξ ̸=0
|aξ|2
 1

2−
3
4s

ξ ̸=0
|ξ|2s|aξ|2

 3
4s

,

where C1(s) is a positive constant that depends on s only.

Proof. Let β ≥ 1 denote a constant which will be chosen below. By the Cauchy–Schwarz inequality we have
ξ ̸=0
|aξ| =


1≤|ξ|≤β

|aξ|+

|ξ|>β

|aξ|

≤

 
1≤|ξ|≤β

|aξ|2
1/2 

1≤|ξ|≤β

1

1/2

+


|ξ|>β

|ξ|2s|aξ|2
1/2

|ξ|>β

|ξ|−2s

1/2

.

For [β] = max{m ∈ Z : m ≤ β < m+ 1}, we get
1≤|ξ|≤β

1 ≤ C
 [β]+1

1
r2 dr = C[([β] + 1)3 − 13] ≤ C[(β + 1)3 − 1] ≤ C[(2β)3 − 1] ≤ Cβ3,
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since 1 ≤ β, and [β] ≤ β < [β] + 1. Similarly, one obtains
|ξ|>β

|ξ|−2s ≤ C
 ∞

[β]
r2−2sdr ≤ C1(s)β−2s+3,

where C1(s) is a positive constant that depends on s. Consequently,


ξ ̸=0
|aξ| ≤ C1(s)

β3/2

ξ ̸=0
|aξ|2
1/2

+ β−s+3/2


ξ ̸=0
|ξ|2s|aξ|2

1/2
 .

Denote A(s) = (

ξ ̸=0 |ξ|2s|aξ|2)1/2, for s ≥ 0. Thus,

ξ ̸=0
|aξ| ≤ C1(s)


β3/2A(0) + β−s+3/2A(s)


.

We may assume A(0) > 0 and choose

β = (A(s)/A(0))1/s

to obtain 
ξ ̸=0
|aξ| ≤ C1(s)A(0)1− 3

2sA(s) 3
2s .

This proves Lemma 2.2. �

3. Proof of Theorem 1.2 and Corollary 1.1

In this section we prove three Propositions, which will imply Theorem 1.2 and Corollary 1.1. The first
Proposition shows the results of Theorem 1.2(i) and Corollary 1.1(i) and (ii).

Proposition 3.1. Let s0 > 3/2 and let (u0,w0) ∈ Hs0(T3) with div u0 = 0. Assume that (u,w)(t) is the
strong space periodic solution of (1) defined in its maximal interval [0, T ∗). If T ∗ < ∞ then for each
s ≥ 1/2 + δ, 0 < δ < 1, we have

∥(u,w)(t)∥
2s

1+2δ − 1
L2(T3) ∥(u,w)(t)∥Ḣs(T3) ≥

C1(s, δ)α
s(2−δ)
1+2δ

(T ∗ − t)
δs

1+2δ
for 0 ≤ t < T ∗.

In particular, for each s ≥ 1 it holds that

∥(u,w)(t)∥s−1
L2(T3)∥(u,w)(t)∥Ḣs(T3) ≥

C1(s)α 3s
4

(T ∗ − t) s4
for 0 ≤ t < T ∗,

and for 1/2 < s < 3/2 we have

∥(u,w)(t)∥Ḣs(T3) ≥
C1(s)α 5

4−
s
2

(T ∗ − t) s2− 1
4

for 0 ≤ t < T ∗.

Here C1(s, δ) is a positive constant that depends on s and δ, C1(s) is a positive constant that depends on s;
also, α = min{µ, γ}.

Proof. Taking the inner product ⟨u, ·⟩Ḣs with the first equation of (1) we obtain

⟨u,ut⟩Ḣs = (µ+ χ)⟨u,∆u⟩Ḣs − ⟨u,u · ∇u⟩Ḣs − ⟨u,∇p⟩Ḣs + χ⟨u,∇×w⟩Ḣs .
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Here

⟨u,∆u⟩Ḣs =

ξ ̸=0
|ξ|2su(ξ) ·∆u(ξ) = −


ξ ̸=0
|ξ|2s+2|u(ξ)|2 = −


ξ ̸=0
|ξ|2s|∇u(ξ)|2 = −∥∇u∥2

Ḣs
, (10)

and

⟨u,u · ∇u⟩Ḣs =

ξ ̸=0
|ξ|2su(ξ) · u · ∇u(ξ) = −


ξ ̸=0
|ξ|2s

3
j=1

[iξju(ξ)] ·uju(ξ)

= −

ξ ̸=0
|ξ|2s

3
j=1

Dju(ξ) ·uju(ξ) = −⟨∇u,u⊗ u⟩Ḣs .

To obtain the second equality we used that div u = 0. We also have

⟨u,∇p⟩Ḣs = −

ξ ̸=0
|ξ|2s

3
j=1

[iξj uj(ξ)]p(ξ) = −

ξ ̸=0
|ξ|2sdiv u(ξ)p(ξ) = 0. (11)

Integrating by parts yields

⟨u,∇×w⟩Ḣs =

ξ ̸=0
|ξ|2su(ξ) · ∇×w(ξ) =


ξ ̸=0
|ξ|2s∇× u(ξ) · w(ξ) = ⟨∇ × u,w⟩Ḣs , (12)

since ∇× u(ξ) = iξ × u. Therefore,

⟨u,ut⟩Ḣs = −(µ+ χ)∥∇u∥2
Ḣs

+ ⟨∇u,u⊗ u⟩Ḣs + χ⟨∇ × u,w⟩Ḣs . (13)

Taking the inner product ⟨w, ·⟩Ḣs with the second equation of (1) we obtain

⟨w,wt⟩Ḣs = −γ∥∇w∥2
Ḣs
− κ∥div w∥2

Ḣs
− 2χ∥w∥2

Ḣs
+ ⟨∇w,u⊗w⟩Ḣs + χ⟨w,∇× u⟩Ḣs , (14)

since

⟨w,∇div w⟩Ḣs =

ξ ̸=0
|ξ|2s w(ξ) · ∇div w(ξ) = −


ξ ̸=0
|ξ|2s

3
j=1

Djwj(ξ)div w(ξ) = −∥div w∥2
Ḣs
. (15)

Thus, using (13) and (14), one obtains

1
2
d

dt
∥(u,w)∥2

Ḣs
+ (µ+ χ)∥∇u∥2

Ḣs
+ γ∥∇w∥2

Ḣs
+ κ∥div w∥2

Ḣs
+ 2χ∥w∥2

Ḣs

= Re [⟨∇u,u⊗ u⟩Ḣs ] + χRe [⟨∇ × u,w⟩Ḣs ] +Re [⟨∇w,u⊗w⟩Ḣs ] + χRe [⟨w,∇× u⟩Ḣs ]

where Re[z] denotes the real part of the complex number z. Using the estimate |∇× u(ξ)| ≤ |ξ||u(ξ)| one
obtains

|⟨∇ × u,w⟩Ḣs | ≤ ∥∇u∥Ḣs∥w∥Ḣs ≤
1
2∥∇u∥2

Ḣs
+ 1

2∥w∥
2
Ḣs
.

Hence,

1
2
d

dt
∥(u,w)∥2

Ḣs
+ µ∥∇u∥2

Ḣs
+ γ∥∇w∥2

Ḣs
+ κ∥div w∥2

Ḣs
+ χ∥w∥2

Ḣs

≤ ∥∇u∥Ḣs∥u⊗ u∥Ḣs + ∥∇w∥Ḣs∥u⊗w∥Ḣs . (16)
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By Lemma 2.1 with η = 1/2 + δ and η′ = 1 + s− δ one gets

∥u⊗ u∥Ḣs ≤ C1(s, δ)∥u∥Ḣη∥u∥Ḣη′

:= C1(s, δ)∥u∥Ḣη


ξ ̸=0
|ξ|2s+2−2δ|u|2

 1
2

≤ C1(s, δ)∥u∥Ḣη


ξ ̸=0
|ξ|2s|u|2

 δ
2

ξ ̸=0
|ξ|2s+2|u|2


1−δ
2

=: C1(s, δ)∥u∥Ḣη∥u∥
δ
Ḣs
∥∇u∥1−δ

Ḣs
,

where Hölder’s inequality was used in the second estimate. As above, C1(s, δ) is a positive constant depending
on s and δ. Similarly, one obtains the bound

∥u⊗w∥Ḣs ≤ C1(s, δ)(∥u∥Ḣη∥w∥
δ
Ḣs
∥∇w∥1−δ

Ḣs
+ ∥w∥Ḣη∥u∥

δ
Ḣs
∥∇u∥1−δ

Ḣs
).

Hence, we have
1
2
d

dt
∥(u,w)∥2

Ḣs
+ µ∥∇u∥2

Ḣs
+ γ∥∇w∥2

Ḣs
+ κ∥div w∥2

Ḣs
+ χ∥w∥2

Ḣs

≤ C1(s, δ)∥(u,w)∥Ḣη∥(u,w)∥δ
Ḣs
∥(∇u,∇w)∥2−δ

Ḣs

and consequently
d

dt
∥(u,w)∥2

Ḣs
+ min{µ, γ}∥(∇u,∇w)∥2

Ḣs
+ 2κ∥div w∥2

Ḣs
+ 2χ∥w∥2

Ḣs
≤ C2∥(u,w)∥

2
δ

Ḣη
∥(u,w)∥2

Ḣs
.

Here we applied Young’s inequality (ab ≤ (ac/c) + (bd/d) with c and d conjugate exponents) and set C2 =
C2(s, δ, µ, γ) = C1(s, δ)α δ−2

δ with

α = min{µ, γ}. (17)

Gronwall’s Lemma yields

∥(u,w)(t)∥2
Ḣs
≤ ∥(u,w)(t0)∥2

Ḣs
exp

C2

 t
t0

∥(u,w)(τ)∥
2
δ

Ḣη
dτ


, (18)

for all 0 ≤ t0 ≤ t < T ∗. In particular,

∥(u,w)(t)∥2
Ḣs0
≤ ∥(u,w)(t0)∥2

Ḣs0
exp

C2

 t
t0

∥(u,w)(τ)∥
2
δ

Ḣη
dτ


, (19)

since s0 ≥ 1/2 + δ. From (4) and (19), it follows that T∗
t0

∥(u,w)(τ)∥
2
δ

Ḣη
dτ =∞, ∀η ∈ (1/2, 3/2). (20)

Thus, the limit relation

lim sup
t→T∗

∥(u,w)(τ)∥Ḣη =∞

holds for all η ∈ (1/2, 3/2). Parseval identity yields for s ≥ σ:

∥θ∥Ḣσ =


ξ ̸=0
|ξ|2σ|θ(ξ)|2

1/2

≤


ξ ̸=0
|θ(ξ)|2

 1
2−

σ
2s

ξ ̸=0
|ξ|2s|θ(ξ)|2

 σ
2s

≤ ∥θ∥ s−σsl2 ∥θ∥σsḢs = ∥θ∥1−
σ
s

L2 ∥θ∥
σ
s

Ḣs
, (21)
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for all θ ∈ Hs. Then, by (5), we obtain

lim sup
t→T∗

∥(u,w)(τ)∥Ḣs =∞, ∀s > 1/2, (22)

since s ≥ η = 1/2 + δ. By (21) we conclude that

∥(u,w)(t)∥
2
δ

Ḣη
≤ ∥(u,w)(t)∥

2(s−η)
δs

L2 ∥(u,w)(t)∥
2η
δs

Ḣs
, ∀0 ≤ t < T ∗.

Consequently, by (18) and (5):

∥(u,w)(t)∥
2
δ

Ḣη
exp

−C2

 t
t0

∥(u,w)(τ)∥
2
δ

Ḣη
dτ


≤ ∥(u,w)(t0)∥

2(s−η)
δs

L2 ∥(u,w)(t0)∥
2η
δs

Ḣs
, (23)

since 0 ≤ t0 ≤ t < T ∗. Integrating the inequality (23) from t0 to T , with T < T ∗, one concludes that

− 1
C2

 T
t0

d

dt
exp

−C2

 t
t0

∥(u,w)(τ)∥
2
δ

Ḣη
dτ


dt ≤ ∥(u,w)(t0)∥

2(s−η)
δs

L2 ∥(u,w)(t0)∥
2η
δs

Ḣs
(T − t0).

Then, taking the limit as T → T ∗, we obtain:

∥(u,w)(t0)∥
2(s−η)
δs

L2 ∥(u,w)(t0)∥
2η
δs

Ḣs
≥ 1
C2(T ∗ − t0) , ∀0 ≤ t0 < T

∗,

by (20). Finally,

∥(u,w)(t0)∥
2s

1+2δ−1
L2 ∥(u,w)(t0)∥Ḣs ≥

C1(s, δ)α
s(2−δ)
1+2δ

(T ∗ − t0)
δs

1+2δ
, ∀0 ≤ t0 < T ∗,

where C1(s, δ) depends on s and δ, and α is given by (17). This proves Theorem 1.2(i).

In order to prove Corollary 1.1(i) it suffices to take δ = 1/2 (i.e, s ≥ 1). One obtains

∥(u,w)(t0)∥s−1
L2 ∥(u,w)(t0)∥Ḣs ≥

C1(s)α 3s
4

(T ∗ − t0) s4
, ∀0 ≤ t0 < T ∗.

Furthermore, if we choose 1/2 < s < 3/2 and δ = s− 1/2 we have that

∥ (u,w)(t0) ∥ .
Hs
≥ C1(s)α 5

4−
s
2

(T ∗ − t0)
s
2−

1
4
, ∀0 ≤ t0 < T ∗.

Consequently, Corollary 1.1(ii) follows and Proposition 3.1 is proved. �

A proof of Theorem 1.2(ii) is presented next.

Proposition 3.2. Let s0 > 3/2 and let (u0,w0) ∈ Hs0(T3) with div u0 = 0. Assume that (u,w)(t) is the
strong space periodic solution of (1) defined in its maximal interval [0, T ∗). If T ∗ <∞ then

∥(u, w)(t)∥l1(Z3) ≥
(2π)3/2α 1

2

6(T ∗ − t) 1
2
, ∀0 ≤ t < T ∗,

where α = min{µ, γ}.

Proof. First note that

∥u⊗w∥2
Ḣs

:=

ξ ̸=0
|ξ|2s|u⊗w(ξ)|2 ≤ C


ξ ̸=0
|ξ|2s

ρ

|u(ρ)||w(ξ − ρ)|
2
,

where C is a positive constant. Using the elementary inequalities

|ξ|s ≤ (|ξ − ρ|+ |ρ|)s ≤ (2 max{|ξ − ρ|, |ρ|})s ≤ 2s(|ξ − ρ|s + |ρ|s)
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one obtains that

∥u⊗w∥2
Ḣs
≤ C1(s)[∥(| · |s|u|) ∗ |w|∥2l2 + ∥(| · |s|w|) ∗ |u|∥2l2 ].

By Young’s inequality for convolutions one obtains that

∥u⊗w∥Ḣs ≤ C1(s)[∥u∥Ḣs∥w∥l1 + ∥w∥Ḣs∥u∥l1 ].

Now (16) yields
1
2
d

dt
∥(u,w)∥2

Ḣs
+ µ∥∇u∥2

Ḣs
+ γ∥∇w∥2

Ḣs
+ κ∥div w∥2

Ḣs
+ χ∥w∥2

Ḣs

≤ C1(s)(∥∇u∥Ḣs∥u∥Ḣs∥u∥l1 + ∥∇w∥Ḣs∥u∥Ḣs∥w∥l1 + ∥∇w∥Ḣs∥w∥Ḣs∥u∥l1)

and we have
d

dt
∥(u,w)∥2

Ḣs
+ min{µ, γ}∥(∇u,∇w)∥2

Ḣs
+ 2κ∥div w∥2

Ḣs
+ 2χ∥w∥2

Ḣs
≤ C3∥(u,w)∥2

Ḣs
∥(u, w)∥2l1 .

Here C3 = C3(s, µ, γ) = C1(s)α−1 with α given in (17). By Gronwall’s Lemma,

∥(u,w)(t)∥2
Ḣs
≤ ∥(u,w)(t0)∥2

Ḣs
exp

C3

 t
t0

∥(u, w)(τ)∥2l1 dτ

,

for all 0 ≤ t0 ≤ t < T ∗. Taking s > 1/2 one obtains that T∗
t0

∥(u, w)(τ)∥2l1 dτ =∞, (24)

by (22).

On the other hand, applying Fourier expansion and then taking the scalar product of the first equation
of (1) with u(ξ, t), we obtain

u · ut = −(µ+ χ)|∇u|2 − u · u · ∇u + χ∇× u · w.
(We refer to (10)–(12) for details.) Similarly, the second equation of (1) yields

w · wt = −γ|∇w|2 − κ|div w|2 − 2χ|w|2 − w · u · ∇w + χw · ∇× u,

where (15) has been used. Therefore,
1
2∂t|(u, w)|2 + (µ+ χ)|∇u|2 + γ|∇w|2 + κ|divw|2 + 2χ|w|2

= −Re
u · u · ∇u


+ χRe


∇× u · w−Re w · u · ∇w


+ χRe

w · ∇× u

.

The Cauchy–Schwarz inequality yields

|w · ∇× u| ≤ 1
2 |w|2 + 1

2 |
∇u|2

and we obtain
1
2∂t|(u, w)|2 + µ|∇u|2 + γ|∇w|2 + κ|div w|2 + χ|w|2 ≤ |u||u · ∇u|+ |w||u · ∇w|.

Let ϵ > 0 be arbitrary. The previous estimate then yields that

∂t

|(u, w)|2 + ϵ+ α |(

∇u,∇w)|2
|(u, w)|2 + ϵ

≤ |u · ∇u|+ |u · ∇w|,

where α is given in (17). By integrating from t0 to t, with 0 ≤ t0 ≤ t < T ∗, one gets
|(u, w)(t)|2 + ϵ−


|(u, w)(t0)|2 + ϵ+ α

 t
t0

|(∇u,∇w)(τ)|2
|(u, w)(τ)|2 + ϵ

dτ ≤
 t
t0

[| (u · ∇u)(τ)|+ | (u · ∇w)(τ)|] dτ.
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Taking the limit as ϵ→ 0 and then summing over ξ ∈ Z3 one obtains

∥(u, w)(t)∥l1 − ∥(u, w)(t0)∥l1 + α
 t
t0

∥(∆u,∆w)(τ)∥l1dτ ≤ (2π)−3/2
 t
t0

[∥u∥l1∥∇u∥l1 + ∥u∥l1∥∇w∥l1 ] dτ.

Here the following has been used
ξ

| (u · ∇u)(ξ)| ≤

ξ

3
k=1

 3
j=1

ujDjuk(ξ)
 = (2π)−3/2


ξ

3
k=1

 3
j=1
uj ∗ Djuk(ξ)


= (2π)−3/2


ξ

3
k=1


ρ

u(ρ) · ∇uk(ξ − ρ) ≤ (2π)−3/2

ξ

3
k=1


ρ

|u(ρ)||∇uk(ξ − ρ)|
= (2π)−3/2

3
k=1


ξ

(|u| ∗ |∇uk|)(ξ) ≤ (2π)−3/2
3
k=1
∥u∥l1∥∇uk∥l1

= (2π)−3/2∥u∥l1∥∇u∥l1 ,

where ξ, ρ ∈ Z3. By Cauchy–Schwarz:

∥∇u∥l1 =
3
k=1
∥∇uk∥l1 =

3
k=1


ξ

|∇uk(ξ)| ≤ 3
k=1
∥uk(ξ)∥1/2l1 ∥∆uk∥1/2l1 ≤ 3∥u∥1/2l1 ∥∆u∥1/2l1 ,

thus

∥(u, w)(t)∥l1 + α2

 t
t0

∥(∆u,∆w)(τ)∥l1 dτ ≤ ∥(u, w)(t0)∥l1 + 18(2π)−3α−1
 t
t0

∥(u, w)(τ)∥3l1 dτ.

Now Gronwall’s Lemma yields the bound

∥(u, w)(t)∥2l1 ≤ ∥(u, w)(t0)∥2l1 exp


36(2π)−3α−1
 t
t0

∥(u, w)(τ)∥2l1 dτ

,

for all 0 ≤ t0 ≤ t < T ∗. Proposition 3.2 now follows using the same elementary arguments as in the proof of
Proposition 3.1 together with (24). �

Corollary 1.1(iii) is an immediate consequence of Proposition 3.2 and Lemma 2.2.

Proposition 3.3. Let s0 > 3/2 and let (u0,w0) ∈ Hs0(T3) with div u0 = 0. Assume that (u,w)(t) is the
strong periodic solution for (1) defined in its maximal interval [0, T ∗). If T ∗ <∞ then for each s > 3/2 we
have

∥(u,w)(t)∥
2s
3 −1
L2(T3)∥(u,w)(t)∥Ḣs(T3) ≥

C1(s)α s3
(T ∗ − t) s3

, ∀0 ≤ t < T ∗,

where C1(s) is a positive constant depending on s, and α = min{µ, γ}.

Proof. Since s > 3/2, we can apply Lemma 2.2. Using Proposition 3.2 and the equality (u, w)(0, t) = 0 for
0 ≤ t < T ∗, we obtain that

∥(u,w)(t)∥1−
3
2s

L2 ∥(u,w)(t)∥
3
2s
Ḣs
≥ C1(s)∥(u, w)(t)∥l1 ≥

C1(s)α 1
2

(T ∗ − t) 1
2
,

for all 0 ≤ t < T ∗. Here C1(s) is a positive constant depending on s and, as above, α is given in (17).
Therefore,

∥(u,w)(t)∥
2s
3 −1
L2 ∥(u,w)(t)∥Ḣs ≥

C1(s)α s3
(T ∗ − t) s3

, ∀0 ≤ t < T ∗.

Proposition 3.3 is proved. �
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