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1. Introduction

In this paper we consider space periodic solutions for the following micropolar system in three dimensions:

wt+u-Vu+Vp=(u+x)Au+ xVxw,
wit+u-Vw=vAw + g Vdivw + xyVXxu — 2(w,
divu =0,

u(-,0) = uo(), w(,0) =wo(),

where u(x,t) = (uy(z,t),us(x,t), uz(x,t)) € R3 denotes the velocity field, w(x,t) = (wi(x,t),ws(x,t),
ws(w,t)) € R describes the micro-rotational velocity, and p(x,t) € R the hydrostatic pressure. The spatial

(1)

domain is the three-dimensional torus T3 = (Rmod 27)3. With & € T? we denote the space variable and
0 <t < T* denotes the time variable. Here [0, T*) is the maximal interval of existence of the strong solution
of (1) and we will always assume that 7™ is finite. Our aim is to prove blow-up rates for various norms of
the vector function (u,w)(¢) and its Fourier coefficients as time approaches the blow-up time 7.
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The positive constants p, X, k, and y are associated with the specific properties of the fluid. More precisely,
w is the kinematic viscosity, x is the vortex viscosity, x and  are spin viscosities. The initial data for the
velocity field, given by ug in (1), is divergence-free, i.e., div ug = 0. To make the pressure unique, we impose
the condition

/ p(z,t)de =0, VO<t<T"
T3

We also assume, without loss of generality, that

/ (ug, wo)(z) dx = 0. (2)
T3

There are many works in the literature that prove the existence and uniqueness of solutions for problems
related to the micropolar system (1) as, for example, [1-7]. In particular, G.P. Galdi and S. Rionero [4]
considered the existence of weak solutions of the following initial boundary-value problem for the micropolar
system

u+u-Vu+Vp=(p+x)Au+xVxw, ze€, tel0,T],

wi+u - Vw=yAw+cVdivw+xVxu—2(w, z€, te|0,T],

divau=0, ze€f, tel0,T], (3)
u(z,0) = ug(x), w(z,0) =wo(x), x€ 2,

(u(z,t),w(z,t)) =0, (x,t) €9 x]0,T).

Here 2 C R? is a bounded domain with a sufficiently smooth boundary 9. Also, for the system (3),
J.L. Boldrini, M. Durdn and M.A. Rojas-Medar [1] proved, by using the Galerkin method, the existence
and uniqueness (local in time) of strong solution in L9(§2), for ¢ > 3; here a compact C2-boundary 92 was
assumed.

Considering the micropolar system (1) with spatial variable given in the whole space R?, J. Yuan [7]
proved the next result, whose proof can be adapted to the space periodic case. For the definition of the
operator A; used in the theorem, we refer to [7].

Theorem 1.1 (See [7]).

1. Local existence: Let so > 3/2 and assume that (ug,wo) € H®(R3®) with divug = 0. Then there
exists a positive T* = T*(||(no, Wo)| mso(rs)), with 0 < T* < oo so that a unique strong solution
(u,w)(t) € CO([0,T*); H*(R3))NCL((0,T*); H* (R3))NCO((0,T*); H°T2(R3)) for the system (1) exists;

2. Blow-up criterion: Assume that so > 3/2 and let (u,w)(t) € C°([0,T*); H* (R3))NC((0,T*); H* (R3))N
CO((0,T*); H*0T2(R3)) denote the smooth solution for the system (1) in 0 <t < T*. There is an absolute
constant M > 0 with the following property: If

.
lim Sup/ 14,V x W)(t)]|ow dt = 5 < M,

e—0 jeZ

T*—e€

then § = 0 and the solution (u,w)(t) can be extended past time t = T*. If

T
lim Sup/ 14,(V x w)(t)]loo dt > M,
EHOjGZ T*—e€

then the solution (u,w)(t) blows-up at t = T*.

It is important to point out that if 7% < oo is the blow-up instant for the solution (u,w)(t) given by
Theorem 1.1, then one obtains (u,w) € C*°(T? x (0,7%)), with (u,w)(t) € C°((0,T*); H*(T?)) for all
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s > sg. Furthermore, one has
%E?pHULWX@HHm@%:””a (4)
and also, by using elementary inequalities, one gets
%Il(u, W) ()12 rs) + 20UV 123y + 2V VWO L2 19 + 26| div w(B)[[ 2 sy + 2x W () [ Z2 sy <0,
for all 0 < t < T™*. As a result, one finds that
W) ()2 < [ w)(to) [ p2grsy, Y0 < to <t < T, (5)

The inequality (5) implies that (u, w)(t) € C°([0,T%); H*(T?)) for every 0 < s < s since

1— -5 s
0, ) (2= < 11, W) () |00, WD) e -

for such s. Thus, all norms ||(u, w)(t)|| gs(rsy, s > 0, are finite for every 0 < ¢ < T™.

For x = 0 and w = 0 the micropolar system (1) reduces to the viscous incompressible Navier—Stokes
equations. This classical system has been studied extensively (see, for example, [8-22] and references therein).

Our main results related to the blow-up of ||(u,w)(t)||Hs(T3) were inspired by particular cases for the
Navier—Stokes equations. However, we not only extend the blow-up estimates from the Navier—Stokes
equations to the micropolar system (1), but we also relax requirements on the parameter s.

In particular, we derive a lower bound for ||(u, W) (t)|| g+ (rs) for all t € [0,7%) and s > 3/2. More precisely,
Corollary 1.1(iii) extends to the system (1) the inequality

E 1—28
Ci(s)ps ||u0HL2(%3)
(T* —t)s ’

[a(®)l|me sy > Vo<t <T, (6)

where 3/2 < s < sg (with sg > 5/2), obtained in Theorem 1.4 of [8] for the local strong space periodic solution
u of the Navier—Stokes system. In the same paper, J. Benameur also derived the following inequalities:

i) (ol 1z e
(T* —t)% ’

(7)

lu(®) || = sy >

and

[N

1
2

u(t > -
GOl e = s

: (®)

Nl

forall 0 < ¢t < T* and 1 < s < 59 (with s9 > 5/2). We show in Theorem 1.2 and Corollary 1.1 that it is
possible to extend all lower bounds obtained in Theorem 1.4 of [8] to the system (1). In addition, we also
extended to the system (1) the inequality

. YO<t<T*, (9)

Cy(s
OPe——

(T* — )5~
where 1/2 < s < 3/2. It was obtained in [19] for the local strong space periodic solution u of the

Navier—Stokes equations.
Our main results are stated next.

Theorem 1.2. Let so > 3/2 and let (ug, wo) € H*0(T?) with divug = 0. Assume that (u, w)(t) is the strong
space periodic solution of (1) defined in its mazimal interval [0,T*). If T* < oo and § € (0,1), then the
following inequalities hold:
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i 2s 1426 Ci (8,6 os5(2=8)/(1+296)
(i) For each s > 1/2+ 6 we have ||(u, w)(t )||(Lz()ﬂ,/3( +20) - ||(u,w)(t)||Hs('ﬂ‘3) > E;**)t) COVICESTIE
(2ﬂ_)3/2 1/2

(ii) H(ﬁ, VAV)( )Hll ZS) = BT —4)1/2

for all t € [0,T*). Here C1(s,0) is a positive constant depending only on s and §, and oo = min{u,y}.

Notice that (ii) is not trivial since, by Lemma 2.2, the norm [|(T, W)(t)[;1(zs) is finite for every ¢ € [0,7™).
In fact, one has that

3 3
2 1sg 1sg

(0, W) (E)]]12(z3) = ZI t) < Ci(so) | D 1@ ®)(E ) Do lerel@ W) )

3 3

= (o) (8. W) (O 25 10 W) g < O (5001, W) (0) 700 2t w) (1) 55

= Ci(s0)[[(w, W) (@) 1120 (13) < 00,

for every t € [0,7%), and C;(sg) is a positive constant depending only on s¢(>3/2). We have applied the
discussion above; moreover, one has used the definitions and results established in Section 2.

Corollary 1.1. Let so > 3/2 and let (ug,wo) € H®*(T3) with divuy = 0. Assume that (u,w)(t) is the
strong space periodic solution of (1) defined in its mazimal interval [0, T*). If T* < oo then the following
inequalities hold:

) Cy(s)a39)/4

(i) For each s > 1 we have ||(u,w)(t)|}z T3)||<U,W)<t)||H5(T3) > (T(s):ﬁ,

S)ad/4—s/
(i) For each 1/2 < s < 3/2 we have |[(u, W) ()|l grs(ps) = %,

2s)/3—1 Ci(s)a®/3
(iif) For each s > 3/2 we have ||(w, w)()[| 504 11, W) (8)| e sy > 25,

for all t € [0,T*). Here C1(s) is a positive constant that depends only on s, and o = min{p,v}.

Even if we assume that w = 0 and x = 0 in (1), Theorem 1.2(i) presents improvements of the estimates
(7) and (9) given in [8,19] since we only require s > 1/24§ with 0 < § < 1. Furthermore, Theorem 1.2(ii) and
Corollary 1.1 show explicitly how the inequalities (6)—(9) can be extended to the micropolar equations (1).

Remark 1.1. 1. For s > 1/2+§ with § € (0, 1) it is easy to check, from Theorem 1.2(i) and (5), the inequality

s(2—96) 1—-2s8 _
Ci(s,6)a %% ||(ug, Wo) | 2 (p5y
[ (a, W) (@)l g sy = T 1) . ) , Vte[0,T7),

where C(s,d) is a positive constant depending only on s and §, and o = min{u,~}. This extends the
estimates (7) and (9) given in [8,19] to the micropolar equations (1) since || - ||gs > || - || j7s-

2. Corollary 1.1(i) is the particular case of Theorem 1.2(i) which is obtained for 6 = 1/2. Also, from
Corollary 1.1(i), one has

Ci(s)a ™ || (o, wo) | 12 {ps)
(T* —t)3 ’

| (w, w) () || &= sy > vt €[0,77),

provided that s > 1. For the Navier-Stokes system, the corresponding estimate was proved in [8] (see
(7)). Specializing further and choosing s = 1 in Corollary 1.1(i), one obtains the classical Leray inequality

3

Cai

T vie[0,T7),
(T — 1)

1w, W) (Ol 7125y =

N
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where C' is an absolute positive constant and « = min{u,~v}. (See [8,14,15] for the Navier—Stokes
equations).

3. Similarly, Corollary 1.1(ii) is also an immediate consequence of Theorem 1.2(i). The result is obtained if
one chooses 6 = s — 1/2 in Theorem 1.2(i) provided that 1/2 < s < 3/2. For the Navier—Stokes system,
the corresponding result was obtained in [19] (see (9)).

4. We will show below that Corollary 1.1(iii) follows from Theorem 1.2(ii). As a result, we get

. _2s
Cl (S)OZ§ ||(u07 WO) ||22(%3)
(T —t)3 ’

1w, W) ()| 722 (73) = vt € [0,T7),

provided that s > 3/2. For the Navier—Stokes system, the corresponding result was obtained in [8] (see

(6))-

In the next section, we list notations and definitions and also present two auxiliary results. In the last
section, Theorem 1.2 and Corollary 1.1 are proved. As usual, Ci(s,d),C1(s),Ca, and C3 denote positive
constants, which may change their value from line to line.

2. Notations, definitions and auxiliary results

In this section, we introduce notations and definitions used in the paper. We also present two inequalities
which play an important role in the proof of Theorem 1.2 and Corollary 1.1.

2.1. Notations and definitions

Boldface letters denote vector fields. For example,
u=u(x,t) = (u1(z,t), ua(x,t), us(x,t)),
where z € T? and 0 < ¢t < T*, denotes the fluid velocity field. Similarly,
(u,w) = (u,w)(z,t) = (u(z,t), w(z,t))

denotes the pair of the velocity field u and the micro-rotational velocity w.
We define the Fourier coefficients of u and (u, w) by

u(g,t) = (277)_% / exp(—i¢ - z)u(z, t) dx

T3

and

(8 W) (€. 1) = (2m)"} /

exp(—if : 1’) (u7 W) (1’, t) d.’l?,
T3
respectively. Here £ € Z3, £ - 2 .= Z?=1 &y, with £ = (£1,62,&3) and © = (21, x2, x3). Note that (2) yields
(u,w)(0,t) =0 for0<t<Tr.

Let H*(T?) = {u(~,t) € §'(T?) = 6(0,1) = 0, Y czs [€[**[Q(E, D) < oo} denote the homogeneous Sobolev
space, where S'(T?) is the space of distributions on the torus T®. The H*-norm is defined by

[ gy = G Oy = D [P [REE O,
££0



98 J. Lorenz, W.G. Melo / Nonlinear Analysis: Real World Applications 27 (2016) 95-106

and corresponds to the scalar product
(u(t), W) gregray = (Ul 1), W, 8)) gropay = Y [€7°0(E, 1) - W(E, B).
§#0

Here x - y :== 217, + 227y + 2375 for complex vectors.
The standard L2-inner product is

(u(t), w(t))rzcrsy = (u(-,t), w(-,t)) r2(13) = / u(z,t) - w(x,t)dr

T3

and
la(t)1Z2 =) = [, Ol F2(psy = /W lu(z, t)|? dz,

defines the L?-norm.
For 1 < ¢ < o0, define the space

19723) = {(ag)gezs tae € C, Z lag|? < oo}

ccz?

endowed with the norm
lallt, e, = Z Jagl°.

Similarly, we define

18O ) = IR DI sy = S RE B,

3
for 1 < g < oo. For ¢ = 1 we will also use
3
IVa(t) 2oy = IVA( Bl zey = D 11V ()l 2oy = ZZ [V (6, 1)
J=1 Jj=1 ¢

where Vu = (Vuq, Vug, Vus) with Vu; = (Diuj, Dauj, Dsu;), and D; = 0/0z,, for i,j =1,2,3.
The standard norm on the Sobolev space

H(T%) = {u<-,t> e S(T%): (1 + (6P IRE DI < oo},
£ezs

i.e., the H*(T?)-norm, is defined by
() Fre(zsy = Tl Ol qray = DA+ [EP)*[a(E ),

13

and corresponds to the H?®(R?)-inner product

(u(t), W) pe(rsy = Y _(1+ [€[%)* U(&, 1) - W(Et).

3

For the tensor product and convolution we use the notations
u®w=(u®w)(z,t) = (w(z,t)u(z,t), ws(z, t)u(z,t), ws(z, t)u(z,t)),

uxw(x) = /R3 u(lx —y)w(y)dy and axb(§) = Za%’bf—f"

Here the sum is taken over p € Z3.
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The above definitions for vector fields u extend trivially to the vector fields (u, w). For example,

100, w) () ) = O ) + WO
W) O30y 2= 100 oy + W8 [ o)
0w O30y 2= [0 By + W0 B
JE O o) = 18RO ey = I R)E O,
13
(0, AW)(8) 1) = (B0, AW) Dl o) = S 1B, Aw) (€, 8)1
13

where 1 < ¢ < co. Here A denotes the Laplacian and Au = (Auy, Aug, Aug) with Au; = Z?:1 D?u; for all
j=1,2,3.
It will often be convenient to use shorter notations and write |[ul| ;7. instead of [[u(t)| = (ps), ete.

2.2. Two auxiliary lemmas
We present two Lemmas which are important for our main results. The first one is due to J.-Y. Chemin.

Lemma 2.1 (See [10]). Let 1,7 be two real numbers such that n < 3/2 and n+n" > 0. If f,g €
H(T3) N H" (T3), then

191 g =3 oy < COL YN Ngrncusy 19l v oy + 1 F g ooy 19 g )
where C(n,n’) is a positive constant that depends on n and n' only. If, in addition, we have n' < 3/2, then
1780 g5 gy < €Ot Lo Nl o

The second Lemma is due to J. Benameur and will be helpful in the proof of Corollary 1.1(iii). Because
of a misprint in [8] we add our proof.

Lemma 2.2. Let a = (a¢)¢ezs and s > 3/2. Then,

1_ 3 3
27 4s 4s

D lagl < Ca(s) [ Y lal? > OlEP el |

£#0 £#£0 £#£0

where C1(8) is a positive constant that depends on s only.

Proof. Let 8 > 1 denote a constant which will be chosen below. By the Cauchy—Schwarz inequality we have

lagl = > lael+ D lacl

§#0 1<|¢l<B |£1>8
1/2 1/2 1/2 1/2
< | D> e Dol D el >l
1<lgl<p 1<lgl<p |£1>8 |£1>8

For [f] =max{m € Z: m < < m + 1}, we get

Z 1< c/1 r?dr=C[([B]+1)* =13 < C[(B+1)* - 1] < C[(2B)* — 1] < CB°,

1<[g]<B
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since 1 < 3, and [8] < 8 < [#] + 1. Similarly, one obtains

ZKI 25<C/ 225dT<C()ﬁQS+3

1€1>5
where C(s) is a positive constant that depends on s. Consequently,
1/2 1/2

> lagl < Ci(s) |82 D lagl? BTN e agl?

€40 €40 ££0

Denote A(s) = (3¢ |€]%|ag|?)/?, for s > 0. Thus,
> lagl < Ca(s) [BY2A0) + 572 A(s)|
§#0

We may assume A(0) > 0 and choose

B = (A(s)/A(0)"/*

to obtain

Z\ad <Cl ( ) 2514(3)%.

€40
This proves Lemma 2.2. |

3. Proof of Theorem 1.2 and Corollary 1.1

In this section we prove three Propositions, which will imply Theorem 1.2 and Corollary 1.1. The first
Proposition shows the results of Theorem 1.2(i) and Corollary 1.1(i) and (ii).

Proposition 3.1. Let so > 3/2 and let (ug, wo) € H*0(T?) with divug = 0. Assume that (u,w)(t) is the
strong space periodic solution of (1) defined in its mazimal interval [0,T*). If T* < oo then for each
s>1/2+06,0<0 <1, we have
s(2-68)
Cy(s,0)a 1925

[[(w, w)(t )||L1321§3)7 ||(U,W)(t)||1ﬁ1s(1r8) 2 e for 0 <t <T".

In particular, for each s > 1 it holds that
Ci(s)a’t

for 0 <t<T*
(T —1)

1w, W) )72 ¢y | (o, W) () sy >

Bl

and for 1/2 < s < 3/2 we have

Ci(s)ai—%

T 1) - for0<t<T*.
* )51

1w, W)@l 7o (7s) >

Here C1(s,0) is a positive constant that depends on s and §, C1(s) is a positive constant that depends on s;
also, o = min{p,v}.

Proof. Taking the inner product (u,-) 7. with the first equation of (1) we obtain

(wyug) s = (u+ x)(u, Au) o — (wyu-Vu) g — (W, Vp) g + x(0, V X W) 0.
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Here

(u, Au) . =Y J€*u(6) = =Y KEPPREP = = Yl Va@©)l? = = Val}..  (10)

€40 40 €40

and

(wu-Vu) g = > [E20() - u- Vu( ZIE\QSZZQ &) - uyu(s)

£#£0 £#0 j=1
3
==Y 1e* Y Du(e) - wmu) = —(Vu,u@u) ..
£#40 j=1

To obtain the second equality we used that divu = 0. We also have

(0, Vp) g = — > I€1%* Z [i; @ (O)Ip(E) = — D [¢*divu(€)p(e) = 0. (11)

§#0 Jj=1 £#£0

Integrating by parts yields

(W, V x w) g = > [¢*0(¢) SV X wiE => €125V x u(g) - W (&) = (V x u, W) ., (12)
§#0 £#£0

since V/;J_(ﬁ) = ¢ x U. Therefore,
(w,ug) s = —(p+ X)||Vu||?{ +{(Vu,u@u)g. +x(V xu,w)g.. (13)
Taking the inner product (w,-) 7. with the second equation of (1) we obtain
(w,wi) g = =yIIVWI5., = wlldivwl|Z, = 2xIwlZ. + (Vw,u @ w) g +x(w, V x u) g, (14)
since

(w, Vdivw) . = > [§[**®(E) - Vdivw(€) Z|§|2‘SZD w; (§)divw(€) = —|[divw|%..  (15)
§F#0 £#£0 j=1

Thus, using (13) and (14), one obtains

1d :
5 701 @ Wl + (e 0IValGy. +VWE. + slldivw]F. + 2x]lwlZ,.
=Re[(Vu,u®u) g + xRe [(V X u, W) g.] + Re (VW,u® W) g ] + xRe[(W, V x u) g.]

where Re[z] denotes the real part of the complex number z. Using the estimate |V/>:1(£)| < |€]|u()] one
obtains

1
LIVl + + 5wl

(7w, w) | < [Vl Wl 4 < 5

Hence,

d .
3 7w W7 + plValf. + VWil + sldivwilg. +xlwl.
< IVl g la @ ul[g. + [V W]l [lu @ wlg.. (16)
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By Lemma 2.1 with n =1/2+§ and 7’ = 1+ s — § one gets

lu@ullg. < Cils,d)|ull gallull g

= Cy(s,0)|[ull g | D €[22
£#0

2 2
< Ci(s,0)ull g | D 1€1 0 Dol
€0 £#£0

5 -4
= C1(s,0)|[ull g llul| . |V 222,

where Holder’s inequality was used in the second estimate. As above, Cy (s, §) is a positive constant depending
on s and ¢. Similarly, one obtains the bound

lu@wl . <Ci(s,0)([all g ul|%.

) -5 —9
W (19 WIL-0 + (w47 Vu[32°).

Hence, we have

Ld
2 dt
< Ci(s,8)I(u, w) | o [l (0, W) .

1w, W)lI5. + ul Vg, + VWi, + slldivw]fZ, +xllwli.

2-6
(Vu, Vw)|[7.
and consequently

d . . 2
1wl +min{p, 3 [(Va, VW), + 26 divwllF, + 2x[wlF. < Call(w,w)ll, | (w, W)l
Here we applied Young’s inequality (ab < (a/c) + (b%/d) with ¢ and d conjugate exponents) and set Co =

Co(s, 0, u,y) = 01(5,6)a¥ with

a = min{u,y}. (17)
Gronwall’s Lemma yields
t 2
[, w) ()15, < [[(a, w)(to)]|%;. exp <C2/ [ (a, w) ()l ;, dT) ; (18)
to
for all 0 <ty <t < T*. In particular,
t 2
89Oy, < w0y 0 (Co [ aw)I, ar ) (19)
0
since sgp > 1/2 + 4. From (4) and (19), it follows that
T* 2
/ I, w) (D)1, dr = 00, Vi€ (1/2,3/2). (20)
to

Thus, the limit relation

timsup [0, w) (), = o

holds for all n € (1/2,3/2). Parseval identity yields for s > o:

1/2 -5 35
161l = { D_IEPT0Q1 | < | D18 > lEP8e)”
€40 = €40
~ S—O o 1—<2 o
< 10112 N0l = 110112 = 1011 5. (21)




J. Lorenz, W.G. Melo / Nonlinear Analysis: Real World Applications 27 (2016) 953-106 103

for all # € H®. Then, by (5), we obtain

limsup ||(u, w)(7)|| g« =00, Vs> 1/2, (22)
t—T*

since s > n=1/2+ 4. By (21) we conclude that

2 2(s=m) 21
[(w, W)@, < 1w, W)@ 2" [[(a, w)(@)] ., YO<t<T"

Consequently, by (18) and (5):

o (23)

I, W) ()11, exp <_C2/t [, W) DI, dT) < 10, w) 10 [ w20 15

since 0 < tp <t < T*. Integrating the inequality (23) from to to T, with T' < T*, one concludes that

1 T d t 2 2(s—m) 2n
& [ e (-on [ 1w, ar) e < ) el w17 1)
Cy /), dt "

Then, taking the limit as T'— T™, we obtain:

2(s—mn) 27 1

)l I W)@l 2 Gy V0<to<T",
||(u’w)( O)HL ||( )( 0)||H5 = 02( to) 0 > {0 <
by (20). Finally,

s(2-35)

5 5

1, w) (t) 7 s w) t0) e > SHEDOTE gy <1
(T* _ tO) T+25

where C(s,d) depends on s and ¢, and « is given by (17). This proves Theorem 1.2(i).

In order to prove Corollary 1.1(i) it suffices to take § = 1/2 (i.e, s > 1). One obtains
Cl( )a 4
(T —to) %’

Furthermore, if we choose 1/2 < s < 3/2 and § = s — 1/2 we have that

(o, w) (to) 1721w, ) (Fo)ll 77 > VO <t <T7.

I

Ci(s)ai3
[awto) ], > U2 g <y <1
H* (T* _ tO) 271
Consequently, Corollary 1.1(ii) follows and Proposition 3.1 is proved. W

A proof of Theorem 1.2(ii) is presented next.

Proposition 3.2. Let sg > 3/2 and let (ug, wq) € H*(T3) with divay = 0. Assume that (u,w)(t) is the
strong space periodic solution of (1) defined in its mazimal interval [0,T*). If T* < oo then
om)3/202

W, VOSt<T*7

10, w) ()]l (z2) =
where « = min{u, v}.

Proof. First note that

lu@wl}, =Y [ laew@P<cy ¢ [Z pIIw(E - p)],

€40 40 P

where C' is a positive constant. Using the elementary inequalities

€17 < (1€ = ol +1pD)* < (2max{|€ = pl, [p[})* < 2°(I€ = pI” + [0])
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one obtains that
lu@wl(. < Cu@II(- PR« [WlE + 117 1W]) [

By Young’s inequality for convolutions one obtains that

lu @ wll g < Cr(s)[l[all g (1wl + [[wll g [[all]-

Now (16) yields

5 Sl W + Pl + ATl + sl wi, +

< Ci(s)(IVull g

Wl + IV Wil g l[wl] e [1T2)

|+ IVwl . f[al g

ul| g
and we have

d . .

21wl 4 min{p, (Ve Vw) .+ 2x[divwlfF, + 2xlwl. < Csll(u, w7
Here C3 = C3(s, i1,7) = C1(s)a! with a given in (17). By Gronwall’s Lemma,

1, w) ()7 < [1(w, w)(to) 7. exp (Cs/t (@, %) ()] dT) ,

for all 0 < tg <t < T*. Taking s > 1/2 one obtains that

(@, w)|7-

N
/ (@, ®) ()2 dr = oo, (24)

to
by (22).

On the other hand, applying Fourier expansion and then taking the scalar product of the first equation
of (1) with u(¢,t), we obtain

G-t = —(u+ )| Va2 —t-u-Vu+xV xu-w.
(We refer to (10)—(12) for details.) Similarly, the second equation of (1) yields
W W, = —| VW2 — kldivw]? — 2x|[W2 =% a- Vw +xW- V x u,

where (15) has been used. Therefore,
SO R 4 (X [TP 45T 4 wldivw ] + 2/
— Re [ﬁ-u/-%] 4 xRe [v/x\uw] ~Re [vvu/v\w} + xRe [vAv.vXu .
The Cauchy—Schwarz inequality yields
W Tul < w2+ 5Tl
and we obtain

1 N — — —_— =R /= P
SO W) + ulTul? 4+ Vw]? + sfdivwl? + W < [l Vu) + W] V.

Let € > 0 be arbitrary. The previous estimate then yields that

- Saowe
@R et ad VBV Ry 4 v,
RO

where « is given in (17). By integrating from ¢y to ¢, with 0 < ¢to <t < T™*, one gets

VIEROF e - ViEeap e o [ AETIOL o o [T+ (0 Twiean

P+
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Taking the limit as ¢ — 0 and then summing over & € Z3 one obtains

t t
(@, W) (@)l = ([ (@, w) (o) [[11 +a/t [(Au, Aw)(7)||ndr < (277)_3/2/ il IValle + [[llp [V wlln] dr

to

Here the following has been used

TENGEDDS Zuijuk@\:(zw)WZZ Z@-*Djuk@)’
13 & k=1'j=1 & k=1'j=1
3
(2m) 3/?22\2 V(€ - p)| < (2m) WZZZ IIIVur (€ - p)l
5 k=1 k=1 p
= <2w>*3/222<\ﬁ|*|v7%|><5> < <2w>*3/22||ﬁ||11||@\\11
k=1 ¢ k=1
= (2m) 32|[a i [V,
where &, p € Z3. By Cauchyfschwarz:
3
IVuln = Z [Vur | = ZZ Vur(©)] < Y a1 duxll{? < 3@, % A/,
k=1 ¢ k=1

thus

IG SOl + 5 [ 1@ Bl dr < @50l + 1520 [ @9 dr

Now Gronwall’s Lemma yields the bound
t

1@, ®)@O)7 < (@, W) (to) 7 exp {36(27T)3a1 (@, %) (7)1 dT},

for all 0 <ty <t < T*. Proposition 3.2 now follows using the same elementary arguments as in the proof of
Proposition 3.1 together with (24). N

to

Corollary 1.1(iii) is an immediate consequence of Proposition 3.2 and Lemma 2.2.

Proposition 3.3. Let so > 3/2 and let (ug, wo) € H*°(T?) with divuy = 0. Assume that (u,w)(t) is the
strong periodic solution for (1) defined in its mazimal interval [0,T*). If T* < oo then for each s > 3/2 we
have

Ci(s)as

2s _q «
10w Ol ) W) Ol o) > e gy WO SE<T

where C1(8) is a positive constant depending on s, and o = min{p,v}.

Proof. Since s > 3/2, we can apply Lemma 2.2. Using Proposition 3.2 and the equality (u, w)(0,t) = 0 for
0 <t < T*, we obtain that

Ci(s)az

(T* — )%

for all 0 < ¢t < T*. Here Ci(s) is a positive constant depending on s and, as above, « is given in (17).
Therefore,

1, w) (O % [ (w, w) (D)%, > C1(s)]| (8, ®)(0)]|i >

Gis)es ooy o,

1w, W)@ > Ml (w, w) ()] 7o > EEnH

Proposition 3.3 is proved. ]
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