Chapter 5 Matrix Formulation

Random vectors

® Let ¥y, Y2, and y3 be random variables, construct a 3 X 1 random vector
Y as

Y1

Ys

e The expected value of the random vector is the vector of expected values
of the random variables. Write F/(y;) = u;, we have

_ E(y1) _ _ M1 _
E(Y) = E) | = | 42 | = M
i E(ys) 1 M3

1



o Let
Var(y;) = E(y; — Mz‘)Q = 04
Cov(yi,yj) = E[(yi — i) (y; — 1j)] = 045

The covariance matrix of Y is

Cov(Y) = E[(Y—-p)(Y—p)]
I (y1 — p1)? (1 — ) (w2 — p2)  (y1 — p1)(ys — ps)
= B (y2 —p2)(y1 — p1) (y2 — p2)? (y2 — p2)(ys — p3)
| (Y3 —p3)(y1 —p1)  (y3 — p3)(y2 — p2) (y3 — p3)?
El(y1 — pu1)?] El(y1 — ) (yz — p2)]  Ely1 — p1)(ys — ua)]
= El(y2 — p2)(y1 — p1)] El(y2 — p2)?] El(y2 — p2)(ys — u3)]
| El(ys — p3)(y1 —p1)]  El(ys — p3)(y2 — p2)] El(ys — p13)?]

011 012 013

— 021 022 023

| 031 032 033 |




Matrix formulation of regression models

1. Simple Linear Regression (SLR) in Scalar Form

1ed

yi = Bo + Bix; + 4,65 ~ N(0>02)

e The SLR model in Matrix Form

Y1
Y2

Yn

i Bo + Bi1r1
Bo + Brao

| 50 + len

Y1 = PBo + bir1 + &1
Y2 = Po + P12 + €2

Yn = 60 +61$n + €n

Bo
B




Let
e X be the design matrix
e (3 be the vector of parameters
® € be the error vector

e Y be the response vector

_1 xl_
1 i)
X =
1 oz, |

we have

Y1
Y2

Yn




Variance-Covariance Matrix
Independence means uncorrelated

Uncorrelated is not necessarily independent, uncorrelated means that their covariance is

0

It is possible to have variables that are dependent but uncorrelated, because correlation

only measures linear dependence

For normally distributed random variables, uncorrelated is equivalent to independent

Covariance matrix of €

Covie} =Cov | | =0°L,xn =




where € ~ N (0, 0%I), Lis the n X n identity matrix

e Covariance matrix of Y

Y1

Y2 5
= o“1
— 0 1pxn

0?{Y} = Cov

Yn



Example. Height and weight data are given in the following Table for 12 individuals. Write

the SLR model for regressing weights (y) on heights () in matrix form.

Ht. Wt | Ht. Wt

65 120 | 63 110
65 140 | 63 135
65 130 | 63 120
65 135 | 72 170
66 150 | 72 185
66 135 | 72 160




Multiple Regression

y; = Pot+Lixin+PeTiot: - - +Bp—1%ip-1te€,0 =1, n,
where
E(e;) = 0, Var(e;) = 0%, Cov(es, €;) = 0,1 # §.

Write the multiple regression model in matrix form.



yi = Bo + Bixin + Paxio + -+ Bp—1Tip—1 + €0 =1,--- ,n,

L T 5 i
Y1 I x11 12 - T1p-1 3 €1
1
Y2 I 201 22 -+ Top—1 €9
=1 . . | B | +
| Un | 1 Inl ITn2 e xn,p—l | 5 | En
| Mp—1 ]

Yox1 = XuxpBpx1 + €nx1, F(€) = 0,Cov(e) = o1
Multiplying and adding the right-hand side gives

Y1 i Bo + Brx11 + Baxiz + -+ Bp_1x1 p—1 + €1
Y2 Bo + Bixar + Bazaz + -+ + Bp—122 p—1 + €2

. UYn | B 60 + ﬁlxnl + ﬁ2xn2 + - 6p—1$n,p—1 + €En |
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Least Squares estimation of regression parameters

e For SLR, the least squares estimates are the values of 3 and (3; that minimize

n

> (Wi — Bo— rzi)”.

1=1

e For multiple regression, the least squares estimates of the 6js minimize

n

Z(yz — Bo — iz — Bomio — -+ — Bp_1Tip-1)°.

1=1

e In matrix form, want to minimize the sum of squared residuals:

€1

€2

=e'e=(Y — Xb)' (Y — Xb)



Proposition. If rank(X) = p, then

A

B=b=(XX)"'XY
is the least squares estimate of 3.

e Normal equation
X'Y = X'Xb,

solving for b gives the least squares solution for b

b=XX)"'XY
Example. Simple linear regression LS estimates.
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Proposition. Let A be a fixed 7 X n matrix, let ¢ be a fixed

r X 1 vector, and let Y be an n X 1 random vector, then
1. F(AY +¢c) =AE(Y)+c
2. Cov(AY +c) = Acov(Y)A’

Exercise: For multiple regression

Y = X3 + €, E(e) = 0,Cov(e) = 0”1,

Show that

e £(Y) =X, and Cov(Y) = 0”1

e 3is unbiased, i.e., E(3) = B and Cov(3) = o2(X'X) !
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Review
Multivariate Theorem: Suppose U ~ N(u, > ), V = c+ DU, alinear
transformation of U where c is a vector and D is a matrix. Then V. ~
N(c+Du, D> D’).
Consider

Y = X3 + e

e~ N(0,0°L,.,)
Y ~ N(X3, %)
b=[(X'X)"'XTY
b~ N(X'X)'X'X3, [(X'X) ' X'I[(X'X)'XT)
~ N(B,0*(X'X)™)
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Residuals, fitted values and leverage
Letx; = (1,241, - ,T;ip—1) be the ith row of X

e Fitted value
yi =bo+biwin + - + bp_1.’Ez',p_1 = X;b

Y; - ’B -
. X
. Yo '
Y = — = Xb
) x,3
| Y ] ) B

e Hat Matrix
Y = Xb = X(X'X)"'X'Y = HY

where H = X (X’X)~1X’ is called hat matrix. The leverage of the ith case is defined as

the diagonal element h;; (usually call h;) of the hat matrix. The leverage can be interpreted

as a measure of how unusual X; is relative to the other rows of the X matrix.
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e Residualis é; = y; — §; = y; — X;b
e=(I-H)Y
SSE=Y'(I-H)Y
SSE = [Y — Xb]'[Y — Xb]
Cov(e) = o%(I — H)

Var(ez-) = 0'2(1 — hm)

the standard error of ¢; is SE(e;) = v/ MSE(1 — hy;)

the 1th standardized residual is defined as
€;

~ /MSE(Q — hy)

)
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Variance and estimated variance matrices of b:

var(bg) cov(bg, b1)

cov(b1, by var(by
var(b) = ( | ) ( )

COV(bp_l, bo) COV(bp_l, bl)

o (X'X)

Estimated variance covariance:

s*(b) = MSE(X'X)™*
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Inference for individual regression coefficient

b~ N(B,s*(X'X)™)

s%(

b)=MSE(X'X)™!

s*(br) = [s*(b)]k.

the k-th diagonal element.

by

— Ok

e Distribution of by

s(0r,)

e a (1 — «)100% confidence interval for 3y,

by, -

(1 — a/2)s{by)
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e Significant test for 3.

Hy: 0. =0 vs B, #0

.
s{bx }
If Histrue, t* has a t-distribution with n — p degrees of free-
dom.
Alternative Reject H| if

Hy,:06.>0 t*>t(1—a;n—p)
H,: 0. <0 t'<—t(l—a;n—p)
Hy,: 0 #0 [t*]| >t(1 —a/2;n —p)
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Simultaneous Confidence Intervals for 1, -+, 8,_1

b + £(1

where k =1,2,--- ,p— 1.
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Estimation of F/(Y},)

We want a point estimate and a confidence interval for the mean corre-
sponding to the set of explanatory variables x;,.

Yi = 0o + Bixi1 + Baxio + -+ + Bpo1Tip—1 + €,

Xp = (1, Zp1,Tho, -, Thpo1)’

Yi = 5o+ Bixn + Poxpa + -+ Bpo1Thp_1 + €p

pun = E(Yy) = Bo+ Bixp + Poxpo + - + Bp_1Thp—1 = X, 3

fn = E/(?h) = by + b1xp1 + boxpo + -+ byp_12h,—1 = X3,b
s*{in} = x; s*{b}x; = MSEX) (X'X)!x;

95% C1 fiy, % s{jin}tup(1 — /2)
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Prediction of Y}, (new)

Predict a new observation Y}, at x;,. We want a prediction of Y}, based on
a set of predictor values with an interval that expresses the uncertainty in
our prediction. As in SLR this interval is centered at Y}, and is wider than

the interval for the mean.
Yi=x,8+ €
Yh — Tlh — X/hb

sz{pred} = var(Ynew) — Yh)
= var(Yumew)) + var(f/h)
= MSE(1 + x} (X'X) " 'x;,)

Cl for Yimew): Yi, % s{pred}t, ,(1 — a/2)
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