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accuracy of the Gaussian beam superposition method and derive error estimates related to
the discretization of the superposition integral and the Taylor expansion of the phase and
amplitude off the center of the beam. We show that in the case of odd order beams, the
error is smaller than a simple analysis would indicate because of error cancellation effects
between the beams. Since the cancellation happens only when odd order beams are used,
there is no remarkable gain in using even order beams. Moreover, applying the error esti-
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Accuracy between the error and the beam width. We present numerical examples to verify the error
Error estimates estimates.
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1. Introduction

Simulation of wave propagation is expensive when the frequency of the waves is high. In this case, a large number of grid
points are needed to resolve the wave oscillations, and the computational cost to maintain constant accuracy grows algebra-
ically with the frequency. At sufficiently high frequencies, therefore, direct simulations are no longer feasible.

Instead one can use high frequency asymptotic models for wave propagation. The most popular one is geometrical optics,
which is obtained when the frequency tends to infinity. The unknowns in geometrical optics are the phase and amplitude
which are independent of the frequency and vary on a much coarser scale than the full wave solution. They can therefore
be computed at a computational cost independent of the frequency. However, a main drawback of geometrical optics is that
the model breaks down at caustics, where geometrical optics rays intersect and the predicted amplitude is unbounded.

Gaussian beams approximation is another high frequency asymptotic model which is valid also at caustics. It was intro-
duced by Popov [1], based on an earlier work of Babic and Pankratova [2]. A Gaussian beam is an approximate high frequency
solution to the linear wave equation which is concentrated close to a standard ray of geometrical optics, called the central
ray of the beam. Although the phase function is real-valued along the central ray, Gaussian beams accept complex-valued
phase functions off their central ray. The imaginary part of the phase is chosen such that the solution decays exponentially
away from the central ray, maintaining a Gaussian-shaped profile. The main advantage of this construction is that it gives the
correct solution also at caustics. It has recently been proved to be beneficial in seismic imaging [6,7].

Numerical methods based on Gaussian beams use the superposition principle. Individual beams are computed via ray
tracing like equations, where quantities such as the curvature and width of beams are calculated from ordinary differential
equations (ODEs) along the central rays, and the contribution of the beams concentrated close to their central rays are deter-
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mined by Taylor expansion. The full wave field is then obtained by a superposition integral over all beams. This integral is
replaced by a discrete summation of beams in practical computations, see for example [3-7]. Numerical techniques based on
both Lagrangian and Eulerian formulations of the problem have been devised [8-12]. For a rigorous mathematical analysis of
Gaussian beams we refer to [13].

In this paper we derive error estimates for the beam superposition method. We study the discretization error, caused by
replacing the superposition integral by the summation of beams, and the error related to Taylor expansion of the phase and
amplitude off the center of the beam. Some error estimates for this method have been derived earlier [14,15]. We aim to give
a more complete picture of the error by also including the error due to the spreading of the beams, which is related to the
Taylor expansions. This error is recognized as important in e.g. [14]. It turns out that, in the case of using odd order beams,
the error is smaller than a simple analysis would indicate because of error cancellation effects between the beams. Since the
cancellation happens only when odd order beams are used, there is no remarkable gain in using even order beams. Moreover,
we show that in the case of constant coefficient equations, i.e. when the speed of propagation is constant, the local beam
width is not a good indicator of accuracy, and there is no direct relation between the error and the beams’ width. However,
this may not be true in the case of varying speed of propagation, where the beam width can be an important factor in the
Taylor expansion error. For other recent results on error estimates see [16,17].

In Section 2, we review the construction of Gaussian beams and the Gaussian beam superposition method. The accuracy
of Gaussian beam superposition is studied in Section 3, where the main result is formulated together with numerical exam-
ples verifying the obtained error estimates. In Section 4, the proof of the main theorem is given in detail. Finally, in Section 5,
we compute the errors analytically in the case of constant coefficient equations and give some remarks on how to select the
Gaussian beam parameters.

2. Gaussian beam superposition method

Gaussian beams are obtained when the linear wave equation is solved with oscillatory initial or boundary data with an
amplitude in the shape of a Gaussian bell. A Gaussian beam is an asymptotic solution concentrated on its central ray in the
domain. By the superposition principle for linear equations, such solutions can be added to find the full wave field. The ini-
tial/boundary data for beams are obtained such that the wave data at the source is well approximated. In this section, we
consider the Helmholtz equation and review the construction of Gaussian beams and their superposition.

2.1. Construction of Gaussian beams
Consider the Helmholtz equation

>
c(x)?

where w > 1 and c(x) are the frequency and speed of propagation, respectively. Boundary conditions are given on 92, which
we assume is divided in two parts: one where ingoing waves are specified, and one with outgoing radiation condition, typ-
ically at infinity. We call the first, ingoing, part of 9Q the source curve. We substitute the WKB] ansatz

Au(x) + u(x)=0, xcQcR*

u(x) = e S Ay ) o), (1)
k=0

into the Helmholtz equation. Here, the phase function ¢ and the amplitude functions A, are assumed to be smooth and inde-
pendent of w. Equating coefficients of powers of w to zero gives us the eikonal equation and the transport equation for the
phase and the first amplitude term in the frequency domain,

V| =1/c(x), 2VAo V¢ +AjAd=0.
For the remaining amplitude terms, we get additional transport equations
2VAii1 - Vo + A1 Ad + AA, = 0.

When w is large, only the first terms in the WKB] expansion are significant. We henceforth denote the high frequency
approximation taking K terms in (1) by uco(x),

K-1

Ugo(X) = AR)E™,  A) =Y Ay(X)(im) . (2)
k=0

This approximation is usually called the geometrical optics approximation, in particular when K = 1. It introduces an er-
ror of the order O(w ).
The Gaussian beam approximation has the same form as the geometrical optics approximation,

uGB(x) :A(x)eiwd)(a{)7 (3)
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where the phase ¢ and amplitude terms A, satisfy the same PDEs. There are, however, two important differences. First, while
in geometrical optics ¢ is globally defined for all rays, for Gaussian beams it is constructed based on one specific ray (the
beam'’s central ray). Second, in geometrical optics, ¢ is real-valued, but in the Gaussian beam construction it is real-valued
only on the central ray of the beam. Away from the central ray, it is complex-valued with positive imaginary part. The solution
will then be exponentially decreasing away from the central ray, maintaining its Gaussian shape. Note that since ¢ is com-
plex-valued, it actually satisfy the complex eikonal equation [18,19]. Unfortunately, the question of existence and uniqueness
of the complex eikonal equation is to a certain extent still open. In particular what precise boundary conditions are well-
posed for the above setting is not known.

As in geometrical optics, the Gaussian beam approximation breaks down when ¢(x) becomes non-smooth. This is typical
for solutions to both the standard and the complex eikonal equation. It happens in general some distance away from the
central beam. On the other hand, away from the beam the solution rapidly goes to zero and the precise value of the phase
is not important. One usually deals with this problem by multiplying the amplitude with a smooth cut-off function that is
one close to the central ray, and zero for some fixed distance away from it. In practice, (3) is thus replaced by

Ucs(X) = P(R)A(X)e ™)

where ¢(x) is smooth and compactly supported around the central ray.
For a beam starting at point X, with direction p,, the corresponding central ray satisfies the ray tracing ODEs

dx dp Ve(x) Po

—=c®p, . =- , X(0)=x, p0)=—2—, 4
with t being the real-valued travel time along the ray. If we set p = (cos 6, sin0)" /c(x) and x = (x, y)" we can reduce (4) to

dx dy . do .

@i c(x) cos 0, b c(x)sino, ai- Cx(X)sin @ — ¢, (x) cos 6. (5)

The complex-valued A, and ¢ close to the central ray are then approximated by Taylor expansions around the ray,
v o1
Av(X) =~ A(X") + (x — X") - VA(X*) + 5 x—x)D’A(X)(X—X)+---, (6)
o1
¢(X) = HX) + (X~ %) - VO(&') +5 (X~ X) D) (X—x)+---, 7)

where x* = x(t) for some t. The Taylor coefficients ¢(x(t)), V(x(t)), A(%(t)), etc. on the central ray can be computed. The
lowest ones are real on the beam and given directly,

P(X(t)) = P(X0) + 1, Vo(X(t)) = p(t).

The higher order ones can be obtained by solving ODEs similar to (4), and may have a complex part on the beam. The most
common approximation by far is to take K = 1 in (2), so that A(x) = Ao(x), and to approximate A(x) to zeroth order and ¢(x)
to second order. In this case we have, [5],

c(x(t)) Q<0)>”2 2 .
A(x(t)) =A(x —= , D°¢(x(t)) = HNH ', 8
) = Atwo) (Sl G H(x(0) ®)
with
H _ 2
H:( sin 0 c959>7 N[ PR ci/c 7 (C1>:HTVC7 9)
—cosf sinf —¢1/¢ —cy/c? 2

and the complex-valued scalar functions P and Q satisfy the dynamic ray tracing ODEs

d

Q2 _cwp, q0)=0 (10)

dP Cox SINZ 0 — 2Cyy Sin 0 cos 0 + cyy cos? 0

- )] Q, P(0)=P,. (11)

The quantities P and Q determine the leading order wavefront curvature and the beam width. For example, ify = x — x* is
orthogonal to the beam at x*, then by (3) and (7)

|ugs (X* +y)| ~ [e@¥ D ®)e/2| — o=0HY)SNHY)/2 _ o-0bP3P/Q)2,

showing that the effective beam width is proportional to [»3(P/Q)/2]”"/2. It can be proved that if Qy+0 and J(Py/Q,) > 0,
then Q(t)0 and 3(P(t)/Q(t)) > 0 along the central ray for all t > 0, [1]. Therefore, by a proper choice of initial data Q, and Py,
each beam will be regular (with finite amplitude at caustics) and concentrate along the central ray. A common choice is
Qo >0and Py =1i.
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2.2. Beam superposition

Let the source curve be given by x,(s) in R? parameterized by s. We introduce the notation A(x, s), ¢(x,s) and ¢(x, s) for the
amplitude, phase and cut-off of a beam with initial position Xy (s). In the Gaussian beam superposition method, the boundary
condition on x,(s) for the wave field is asymptotically expanded into Gaussian beams [5]. Individual Gaussian beams are
computed by solving the ODEs (4) and (10), (11). The contributions of the beams concentrated close to their central rays
are determined by the approximations (6), (7) entered in (3). The wave field is then obtained by the superposition integral
over the beams,

us(x) = w'? / @(x,5)A(x,s) e”?*9 (s, (12)
In practical computations, this integral is replaced by a discrete sum of individual beams, the trapezoidal rule approximation,
u(®) = 0'’hY " (R, 5)AR,57)e ), (13)

jez

where h is the initial spacing of the beams.

The initial conditions for the Taylor coefficient ODEs are chosen such that u? well approximates the exact ingoing bound-
ary data. This can be done in different ways. In particular the initial width of the beams can be varied to give different
approximations. As an example, we consider a plane wave in the y-direction as boundary condition on the x-axis,
Xo(s) = (s,0). This will be approximated by a sum of beams starting in the same direction, [6]. The approximation is based
on the relationship

1 2 12 1 h 2 .2 2 .
1- / e-stmbgs = N L it | ge-tmo?y 5k 14
VT, zj: VT g ( bos=] 14
with 7, representing the initial beam widths, see Fig. 1. Identifying (14) with (12), (13), assuming ¢ = 1 we see that
1 (x—s)?
A(x,0,s) = , x,0,5) =i .
(%,0.5) Vo, ¢(%,0,5) ong

To properly choose the initial data, one must take the parameters #, and h such that 5, > h by (14). Then the wave field
(13) will produce an accurate plane wave on X,(s) = (s, 0). The condition 7, > h can be related to the initial data (Py, Qo) of
the dynamic ray tracing ODEs (10), (11). Since beams go in the y-direction 0 = /2 and we have H =1 and ¢,, = P/Q by (8)
and (9). Thus,

by _ 20
Q wyi’

Chosing Py = i we therefore get

1/2
h<ny= <&> .

w

With this relation between h and Q, we get an accurate approximation. In particular we need a spacing h of order O(1/v/®)
for a fixed Q,. Note also that for computational efficiency, h should not be taken much smaller. These restrictions were de-
rived for a plane wave but similar scalings will be necessary also for more general boundary data.

In what follows, in order to simplify the calculations, we assume that all beams, originating from x,(s), shoot out orthog-
onally. We denote by X(t,s) the location of the center ray originating in x,(s) after time t. We further assume that
¢ (Xo0(s),5) =0.

We make one observation that will be used in the analysis below. It is well-known that X;|| V¢, X; - Vx¢ = 1 and X; L X;
under the assumptions made above. Therefore, since ¢(X(t,s),s) =t,

0= 4 4X(€.9).5) = X, - Vab + 6, = (X(2.5).5) (15)

~ P -~ - - -~ - 1 - -
~ R ~ ~ - D ~ -,
NG < N < ™. v ~. v
ARN N L4RN . N PARN N N
. . ¢ N N~ ¢ . 7 N . . v ¢ >
~ »’ N » ~, 7 N, ~
AN ~ PN ~ S DA PR ’
~ . ~ .7 ~ - ~ . ~ - ~ - ~ - ~ 4
-~ oy 27~ s ="~ P 2> P

Fig. 1. The sum of several Gaussian functions is almost constant. A plane wave can therefore be decomposed approximately to a sum of parallel Gaussian
beams.



M. Motamed, O. Runborg/Wave Motion 47 (2010) 421-439 425

Hence ¢, = 0 everywhere on the central rays.

3. Accuracy of Gaussian beams summation

In this section we study the accuracy of summation of Gaussian beams. One can distinguish six different types of errors in
the approximation:

(i) High frequency approximation.
(i) Error in initial data.
(iii) Discretization error.
(iv) Taylor expansion error.
(v) Cut-off error.
(vi) Error in numerical integrators for solving Taylor coefficient ODEs.

The first error depends on the number of terms used in the WKB] approximation, i.e. the difference u(x) — us(x). For exam-
ple, for standard beams it is of the order O(1/w) since one amplitude term is used, meaning that each beam is a solution to
the Helmholtz equation up to order O(1/w). The second error represents how well the exact boundary data is approximated
by a superposition of Gaussian beams. The third error is caused by replacing the superposition integral by a discrete sum-
mation of beams, i.e. us(x) — u?(x). The fourth error is due to the fact that A and ¢ are not computed globally, and only their
derivatives on the central beams are computed. One therefore needs to approximate their values around the central beams
by Taylor expansions. The fifth error is caused by multiplying the solution by a smooth cut-off function in order to account
for possible irregularities away from the central rays. Finally, the last error is the numerical error in solving the ODEs for
computing Taylor coefficients. For example the global error in a fourth order Runge-Kutta method is O(At*), with At being
the time-step.

Here, we will only concentrate on the discretization and Taylor expansion errors.

3.1. Motivation and preliminaries

Let the source be a curve xy(s) and assume that we look for the solution along a line x = (x,y*). We simplify the notation
by setting Ac(x,5) = Ar(X.5), p(X.5) = $(X.5), P(%,5) = @(x,s) and write

ug(x) = w'? / Q(x,5)A(x,s) eI ds,
u(x) = 0'?h> " @(x,5)ARX,s;)e s = jh.
Jjez
We now let X(s) denote the location of the center beam on the line (x,y*) when the initial data is given at x,(s). Hence, X(s) is
implicitly defined by
X(t(s),s) = (X(s),y°),

for some function t(s). Fig. 2 shows the setting for xy(s) = (s,0), as an example.

We will now explain the approximation of A(x,s) and ¢(x,s) for a (q + 1)th order Gaussian beam, complying with the
standard notation that the basic choice g = 0 is a first order beam. We then take K = |q/2| + 1 terms in the WKB] expansion
(2) and observe that the high frequency approximation error will be of the order

. +2, qeven,
O(w?) where q'=2(|g/2) +1)=49"% ' 16
(@ 7?) where ¢ =2(lg/2)+1) = {177 4 (16)
For the term A (x,s) we make a Taylor expansion up to order q — 2k around X(s),
_ _X q—2k
Ax(X,S) ~ Agg 2k(X,S) = Ap(X(5),8) + - + %aﬁ*z’%k(xa),s), (17)
with 0 < k < |g/2]. We also set
- la/2) _ ) '
Aq(x,s) = Z Arg-2k(x,8)(Iiw) " = A(X,S). (18)
k=0
Furthermore, we approximate ¢(x,s) up to level q + 2,
- x — X(s))7+?
bx.5) % Ba(5) = 9X().5) + -+ EXCZg20x(5) ), (19)

(qg+2)!

The approximate Gaussian beam solution is then given by
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zo(s) =( 5,0)

S

Fig. 2. A schematic representation of the initial source and a beam central ray.

Us(x) = w12 / P(x,s) Aq(&S) eiu)g?)q(x,s)ds7
ﬂ?(X) — w!'?h Z P(x, Sj)zq(&sj)ei(m}:q(x.sj).

jez

The reason why the phase is approximated to two orders higher than the amplitude is to balance the Taylor expansion
errors; the phase error is multiplied by the frequency w, which is proportional to one over the beam width squared (cf. (20)
below). Note that for ¢ > 2, one needs to take K > 1 in (2), i.e. to include more terms in the WKB] expansion in order to
also balance the high frequency approximation error and the Taylor expansion error, cf. Remark 2 below and the discussion
in [15].

Our motivation for considering the Taylor expansion error comes from the following observation. We define the width of
the Gaussian beam passing through (x,y*) as

1
390X (X))

Because of the term ei“*=X(©)”és/2 the solution will be close to zero for [x — X(s)| > #(x). A simple error analysis would there-
fore give the following result. Using (2) we have

nx) =

SO L l9/2) )
Us — U5 = (A — Ag)ei®% + Ae"% (e@@=d0) _ 1) = Z(lw) (A — Akq 21)€ g% +Ae"”4’“( iw(9=9a) _ 1)
k=0
lg/2] o o
_ Z O(w—knq—zkﬂ)elwqbq +Aelw¢q (eIO(wﬂq ) 1)
k=0
Hence, since # = O(w~1/?) we would have
la/2]
—(q+1)/2 i —(q+3)/2+1 —(q+1)/2
— il ~ Z O(w )+ A% 0(w )~ O(@ ). (20)

In particular, for first order beams with q = 0, the convergence rate in @ would be half order, i.e. proportional to 1/y/@.
This is also what is observed numerically for a single Gaussian beam. However, we now consider two numerical examples
using superposition of first order beams to verify the convergence rate for this case. Since it is difficult to obtain the exact
Gaussian beam superposition solution u; we here instead compare ii; with first order (K = 1) geometrical optics uco, which is
close enough to u; to verify or refute the sharpness of (20); the high frequency error in both u; and first order geometrical
optics is of the order O(1/w). Hence, the predicted error of first order beams, O(1/+/w), would dominate if it was sharp since

|t — go| < [ty — Us| + [us — u| + [u — U go| < C(1/VO + 1/w) < C/Vw.
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In the first example, a plane wave generated on the line y = 0 propagates orthogonally into the computational domain
with a variable speed of propagation. Fig. 3a shows the central rays of Gaussian beams, and Fig. 3c shows the absolute value
of the Gaussian beams and geometrical optics solutions along the line y = 0.6, shown in bold in Fig. 3a. e shows the loga-
rithmic scale of the maximum error between the Gaussian beams solution and the geometrical optics solution. As can be
seen, the convergence rate of the error is surprisingly proportional to !, which is half order better than what we expected.

(@ 21— 7 m (b) s
18 I j
,‘ I
16 “\ W‘ 25
14 N\ ‘W
\ v’fﬁf 2
0.8
06 1
0.4 05
0.2
0 ‘ L LU ‘ 0
0 02 04 06 08 1 12 14 16 18 2
(c) ®=3"10° (d) ]
5 L
0.3
(e) 1 ‘ (F) 10
—e— Max error
_"):1/2
ol —= | 107"
107
107} E
10
107} :
10
107 : : 10
10° 10* 10° 10°

07
® =500
_Ugl ‘
o [Uggl
5 04 045 05 055 06 0.65
‘ ‘ —e— Max error
- 1

I Tl g2
-5 L L

10° 10° 10" 10°

Fig. 3. Left and right top figures show the central rays of Gaussian beams by an initial plane wave on x- and y-axis, respectively. Middle figures show the
absolute value of the Gaussian beams and geometrical optics solutions along the lines y = 0.6 and y = 2. Bottom figures show the logarithmic scale of the
maximum error between the Gaussian beams solution and the geometrical optics solution. The convergence rate of the maximum error is w~"'.
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In the second example, a plane wave generated on the line x = 0 propagates with an angle of 45° into the computational
domain with a variable speed of propagation. The convergence rate of the error, shown in Fig. 3f, is again proportional to =1,

We will therefore study the Taylor expansion and discretization errors more carefully to describe why it is smaller than
what we expected.

3.2. Main result
For our results we make the following precise assumptions

(A1) Smoothness of all coefficients. We assume Ai(x,s) € Cﬁ*‘”z’z"(Rz), the space of functions with p + g + 2 — 2k continuous
and bounded derivatives. Similarly ¢(x,s) € C°*%** and X(t,s) € C°*!, with p > 2.
(A2) Algebraic growth of phase off center beam. For p,,p, < p + q + 4, we have for some p,

R p(x,5) < C(1+ [x = X(5)").

In particular, all derivatives are bounded on the center beam, x = X(s).
(A3) No caustics. The derivative X'(s) is bounded away from zero, 0 < ¢y < X'(s) < ¢1 < <.
(A4) Non-degeneracy of each beam. The imaginary part of ¢,, on the beam is strictly positive and bounded,

0 < co < Iy (X(8),5) < €1 < 0. (21)

Moreover, the frequency is non-vanishing, w > c¢,. This means that the approximate beams will have a fast decay off the cen-
tral beam for high frequencies, and also that the beam width never vanishes or becomes infinite. The last point is an impor-
tant feature of Gaussian beams, related to the fact that Gaussian beams can approximate the exact field at caustics.
(A5) Cut-off of fixed size. We use ¢(x,s) = @(X(s) — x) with ¢ € C* such that ¢(x) = 1 for |x| < «/2 and ¢(x) = 0 for |x| > a.
The size of o will be chosen “small enough” depending on ¢ but independent of w.

The error that we want to estimate is given by
E(x) = us(x) — 12 (X) = us(X) — s(X) + ihs(x) — 22 (x) = E' + E°,

where E" = uy(x) —ii;(x) and EP = iis(x) — ii°(x) represent the Taylor expansion error and the discretization error,
respectively.
Then we can show

Theorem 1. (Main Theorem) For the (q + 1)th order Gaussian beams, we have

lus(x) — 7 (x)] < |E"| + |E),

where
N +2, qeven
E|<Cow™T, *:{q ’ " 22
El<co™ @ =17 4o (22)
and
h p
EDgc(—). 23
EI<C(ig (23)

The constants depend on p, the initial data, Py and Q,, for the beams but does not depend on x, w or h. For the Taylor expansion
error we have

|ET _C (X) C01/2 nq*+l| < C/COl/z ’,IquZ,

i.e., the leading order term of the error E" in w is C*(x) w'/2n9+! ~ w~7/2, with C*(x) given by (39), (37), (34) and (36).

Remark 1. If we take h < (), the discretization error E” is typically smaller than the Taylor expansion error E' because of
the “spectral” accuracy in (23). For first order beams (with g = 0), the observed convergence rate is therefore first order in o,
which is the same as geometrical optics. However, h should not be chosen too small for computational complexity reasons. It
is also important to note that to balance the error with the error in initial data, h should also relate to the initial beam
width #,,.

Remark 2. The estimate (22) shows that the Taylor expansion error indeed balances the high frequency approximation error
(16). Moreover, it suggests that there is no remarkable gain in using even order beams (with an odd q); neither the high fre-
quency nor the Taylor expansion error get a better convergence rate in 1/w with these beams. However, one should note that
this is only true in the case of the superposition of beams, where error in adjacent beams cancel. If we only have one beam,
this does not hold and the simple error estimate in (20) is sharp. In this case the Taylor expansion error dominates the high
frequency approximation error for even order beams.
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4. Proof of main result

Before going on to the proof of Theorem 1, we prove the following utility lemma concerning estimates for the composition
of two functions.

Lemma 1. Suppose g;(z) belongs to C°(R) for each value of the parameter é. If

(2| <G+, 1<k<p, (24)

where Cy and q > 0 are constants independent of z and 5, then there are functions hy,x € C"”‘(R) and constants Cy, independent
of z and 6, such that

k
o8l = 8@ N hu(z), max W (2)] < Cuk(1+(2%). (25)

dz* P o<n<p—k

Proof. We show (25) by induction. For k = 1 we have h; 1 = gj(2) € CP~! and the statement clearly holds. Suppose (25) is true
for 1 < k < p. Then

<t k k+1
g = D (@) + 8 hnal2) = €493l (2
m=1
Thus
h;ﬂ,k’ m= 17
hmjer1(2) = S hyy + Gohmoax, 1 <m <Kk,
shm_1k m=k+1.

Using the induction hypothesis, we immediately get that hy, . (2) € C°”*"'(R). Moreover,

max ‘h

1)
< max ’h i ‘ + max Ci
0<n<p—k-1 ‘ = Z n

0<n<p—k-1 o<n<p—k-1

(n+1-j)
m, k+1 m 1, k ’ (Z))

The first term is bounded by Cy (1 + |z|%) by assumption, and for the second term we can estimate
181 2)| |85 @)] < Cnora1+ 2™ Cul1 + [21%) < (1 + (274,

which proves (25). O

We can now start with the main proof. We consider each error separately.
4.1. Taylor expansion error

The Taylor expansion error is given by
E" = ug(x) — 5(x) = w'/? / P(X(s) — x) (A(x,5) ™) — A, (x,s) e ds

la/
la) w”z/(p X)(Ax(x, 5) @0PxS) Akq ak(X, 5) €909 s, (26)

In this subsection we will start by studying the general integral approximation
ET = @2 / P(X(s) — X)(A(x,5) @) — A, (x,5) €%\ ds, (27)
where, with a slight abuse of notation, A and Z\qa will represent one of A, and Z\k‘q,Zk respectively in the sum above. We can

therefore also assume that g, < q and that q — g, is even.
Let us denote X '(x) by m(x) and then, since X'(s) is bounded away from zero we can use the change of variables

z=""C 0 = s=mx 4+ n(x)2). (28)
We obtain

E = 21 [ @n2) (Alx, mix + n2) @4sma ) — Ry (x mio+ 72)) 50 x4 )z
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Now, letting
Da(x,s) := A(x,s) — Kqﬂ (x,5), Dy(x,s) := ¢p(x,5) — éq(x, S).

and recalling that supp ¢ C [—«, «], we can write the integral as

E'=w'?y . @ (Da + A(e“Pe — 1))e®mudz. (29)

z1<

We will now approximate the terms in the integral (29) by their Taylor expansion. Let us use the shorthand

mw=%$%%me» Mw=%§ﬁmmu+mho

and
500 = L e me), o0 =+ L g6 mix+2) (30)
P = ORI T = g -0

We note that, in this notation

- da ) q+2
A (x,m(x+2)) = "G(x+2)Z, dg(x,m(x+2)) Zp,x+z
j=0

Let
a1 (X) = Ag,+1(%),  @2(X) = Ag,42(X) + ag_,4 (%),
Dq-a(X) + D3 (X)
S (%, m(x))

Fa (%) T3(X) — 0ps3(X)
Sd)xx(xv m(x)) ’ 3¢XX(X’ m(x)) .

where o = 1 for ¢ = 0 and ¢ = 0 for g > 0. We then approximate
Da(x, m(x +12)) ~ %' Da(x,2) := (12)*' a1 (x) + (n2)* 2 az (x),
ew)D‘,,(xmxwlz 1=~ VIqHB(X Z) _ nq+1b1( )Zq+3 + nq+2(b2( )Zq+4 4 be(X)qu%/Z),

eiw[hq(x.m(xwlz ~ C(X, Z) — euud>(x.m X)) +zzzc] x)-22 /2( +c (X)”]Z )

)

(%) =R Ca(x) =

The residual terms are denoted
Da(x, m(x + nz)) — n%* 1 Dp(x,2) =: % 3Ra(x, 2),
i@y (xmx+12)) _ 1 _ nq”E(X,Z) — '/Iq+3RB(X, 2)7
elOh M) _ C(x,z) = n?Re(X,2).
Then we have
Lemma 2. Let the residual terms R4, Rg and R¢ be defined as above. Under assumptions (A1) and (A2), for small enough o,
Ral < Clz®,  |Rs| < Ce™/7, |Re| < Ce ™, Viz| <oy,

where the constant C is independent of x,w and z.

Proof. We note that a,, (x +z) are the first g, coefficients in the Taylor expansion of A(x +z — X', m(x +z)) around x' = 0.
Therefore, by Taylor’s theorem and assumption (A1)

[Da(X, M(X 4 2)) = 2% g, 1 (X +2) — 2% 28g (X +2)| < Clz|% "
Expanding the second and third terms around z = 0 gives the bound for Ry4.
We now estimate wD,, in two different ways. By Taylor’s theorem as above, for some ¢ with [¢ — x| < 3z
wlnz"”
(q+3)!

where we used the growth condition (A2) for ¢ to bound the error term. Then, for |z| < «/#, and small enough «,

Dy (x, m(x +12))| < |07 d (&, m(x +n2))| < Colnz"|(1 + |nzl”),

_ 72
|wDy| < (219, |wD,| < CZad (14 oP) <

Sgo (31)
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implying

(0D, )?
2

i . 1 2
el(uD,v/, 11— le¢ _ < é |(J)D¢‘3€‘0)D‘/’I < Cn3q+3 |Z|3q+Qez /8.

Moreover, the same steps as for D, together with (A2) gives
‘ng(x, M(X +2)) = 29 Pg.3(X) — 27 (Bgsa (%) + P 3(X))| < Cl2|™(1 + [2P),
and since w = 1/1?3¢,,, When |z| < o/1,
liwD, (x, m(x +nz)) — 11273by (x) = 214 by (X)] < Cn?3 2|,
Finally, for q > 0, clearly |wDy|* < Cr#+2|z*™*® < Cn9+3|z]***® and for q = 0 we get
_ D%~ (0’ZD3)"| _ D, — 1’2 Bs|IDy + 1P2ps|

ioD,)? — n?biz
O 4362, 39,

<CrPl’.

Thus,
IRs| < Ci?9z*14%/8 4 C|z|""° + (1 — 0)C|z]***® + aClz|**7 < Cre?’/".

To show the third inequality, we note that since ¢(x, m(x)) = 0 by (15), we have 7, (x) = 0. Therefore by Taylor’s theorem and
assumption (A2), for ¢ > 2,

P(x,mx +2)) — p(x, m(x)) — ijzpfp(X) <ClZ" (1 + [2). (32)
p=2

Let v(x,2) = $q(X, (X +2)) — (X, m(x)) — Z°F»(x). Then, by (31) and (32),

0(x,2)] = [$(x,m(X +2)) = $(x,M(X)) = Dy(x, m(x +2)) — Z*F2(x)| < ClzP’(1 + [2").
Moreover,

|v(x,2) = 22 (F3(x) + 0P3 (x))| < Clz*(1 + |2P").
As above, if |z| < a/n,

. . 1
[eir&m) _ 1 — nz3cy(x)| < liwv(x, nz) — nZ3cy(x)] +3 lwv*elo?

< Colz*(1 + 12P) + 5 IColnz? (1 + zf) e
<Pl (14 02) + G2 (1 + P ?e= 1) < O/,

for small enough «. It remains to note that, since ¢g(x, m(x)) = I, (x,m(x)) =0,
-1, 1 ,...(d 1_/d 1.
Jr; = im (X)Z;quss = im (X);S <a ¢s — ¢sx> = _j‘s (a by — d’xx) = E‘S(bxxv

which shows that iwn?z2F, = iz*c; — z2/2. Therefore,
”]2|Rc| _ |eiw¢}>q(x,m(x+r,z)) _ 6(& z)| _ ‘(eiwv(x,nz) 1= 1123C2 (X))ei0)¢(x,m(x))+i22q (x)—zz/z‘ < anez2/4efz2/2>
and the estimate for |R¢| follows. O
We Taylor expand the remaining quantities in (29) and use the assumption (A5) to get
pnz) ~1,
A(X,m(X +12)) ~ A(x,2) = A(X,m(X)) + 5zb; (),
m' (X + nz) ~ m(x,z) := m'(x) + nzm"(x).

It is easy to see that the residual terms for these approximations can all be bounded by Cy?z2. Since these residual terms
as well as R4 and Rp above all grow slower than exp(z?/4), we can replace the terms in the integral in (29) by their approx-
imations and control the error by O(n%*3),

E" — "2yttt DACindz — ' yy+! ABCrdz

% o2
lzi<z lel<t

< Cwl/z;/’;/"hﬁﬁ. (33)
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Moreover, since the C(x, z) is exponentially small in n for |z| > a/# this estimate holds also when taking the integral over
all of R. We can now compute the leading error terms in #. The first one, e; = e11 + ez, is

/EAEanz = /(zqﬂ“al(x) + 2020, (X))@ EmE) O 022 (1 0y (x)nZ3) (m (%) + zm” (x))dz

_ eiaub(x,m(x)) /unﬂ a; m + nzqa+2(a2m/ +a m’ +a sz/ZZ)E"Z c(x ZZ/Zdz + O(n )

—. pl@d(xm(x)) (e11 +nerz) + O(i’]z)7

where
ey = dg @M, ey = @mM'dg,p + aim"dg, 2 + G1C2M'dg, 14, (34)
and
_ 2 —(p+1)/2
dy(x) = /Zpelz a®-2/24y _ Np(1 - 2ic; (x)) , P even, a5
0, p odd,

with N, being a constant. We note that d,(x) = 0 when p is odd and it is bounded in x when p is even. The second term is
ey = €1 + Neyo,

ABCrdz = /[A(x,m(x)) +1zby ()] [br (0277
+ n(bz( x)z4+4 +3 b2 2‘”6)] elom)HEM-2/2(1 4 ey (x)22) (' (x) + nzm” (x))dz
— gfoptemto) / [aby zq+3m 0 (Bibyz i+ A(byz14 + 7 b1
+ Ab 2 8cm’ + Ab 24 m") | W7 2dz 4 O() = €PN (05, 4+ 1ey) + O(1P),
with
e = Abidgsm, € = bibydg.am’ +A(byd s + gbfd2q+6>m’ + Abydy 6Com’ + Abydy 4m”. (36)

To find an expression for the leading order error term we now have to consider four cases depending on q,. First, if g, < q
then the second term in (33) is of the same order or smaller than the right hand side and we can disregard e,. Second, if q, is
even then e;; = e;; = 0 since d, = 0 for p odd, and we gain an additional order in #. Upon also noting that q — g, is even, we
can therefore write

|E~T _ C‘(X)(D]/z 1717+1| < Cwl/Z ;,]thrZ7

where
e +ex, (,0ddandq=q,,
g= {qa +2, q,even, C(x) = elosixmta) ez +€x, (,evenand q=q,, (37)
q,+1, q,odd, e, g, odd and ¢, < q,
e, g, even and q, < q.

Moreover, C(x) is independent of « and h and can be bounded by a constant independent of x.

We now go back to the full Taylor expansion error in (26) and use the results that were obtained above for (27). Clearly, all
parameters and functions will depend on the term number k, and we indicate this with a subscripted k. Since q — 2k is even if
and only if q is even, we have g, = qo — 2k = q* — 2k with g* defined in (22). Then,

la/2) . i la/2| o la/2]
ET _ Z(iw)i(Ck(X)w]/z nq/<+1 _ Z(lw)* (EI _ Ck( )wl/Z nqk+l) < Cw]/Z Z w—k’,’qk+2
k=0 k=0 k=!
la/2) )
= Co'2 Y () n 2. (38)
k=0
The result therefore follows with
a2 el .
C'(x0) =Y (io) “Cex)n = > (icon®) “Ci(x). (39)
k=0 k=0

Since wy? = 0(1), the leading order term of the error E” in w is w772,
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4.2. Discretization error

The discretization error is given by

EP — Ug(x) — ﬂ?(x) — 2 / P(X(s) — x)}iq(x, s)e ei®ba(x8) ds _ y1/2 hZf(l
jez
with
FG) = @X(5) = ) Aq(x, ) €5,

for a fixed x. The Poisson summation formula gives

ST =Y fk)

jez kez
where
:/f(s)e—zm'skdsz /(P(X(Sh)* (X Sh) x(ud)qxsh —stkds /(P (X S) iu)z];q(x,s)e—Znisk/hds_
Therefore
"2y fk)

k#0

Using the change of variables (28) we obtain

f(k) _ % / (P(;,,z) Eq(& m(x + 1,,2)) ein)q(x,m(Xﬂiz)) e—2mim(x+n2)k/h m’(x + nz) dz. (40)

We will now show that the integrand functions in (40) are smooth, with bounded derivatives. Then the non-stationary
phase lemma can be used to bound f(k) since the phase derivative m’(x) never vanishes.
We need

Lemma 3. Under assumptions (A1), (A2) and (A4), for 0 < ¢ < p and |z| < a/n with small enough o,

d/

e — Ag(x,m(x+n2))| < C, (41)
d .-

We;(uqbq(x.m(xmz)) < Ce?/5. (42)
S

The constants C and C' are independent of of ¢,x, w and z.

Proof. For the first inequality we can consider the individual terms in the sum (18) separately. They will each be of the form

q-2k

Arg-a(x.MX +12) = Y @(x +12) ().

=
where

Gy(x) = . J,) DA, (X)),

By assumption (A1), G; € C‘”+2 are bounded, for 0 < ¢ < p, uniformly in x and, after noting that |#z| < o and that || is bounded

by a constant because of assumption (A4), the result (41) follows.
For ¢ = 0 the second inequality is obtained by writing

elh i) — C(x,z) + 1PRe,  |C(x.2)| = |1+ nZPcy(x)|e %72,

Now since |#z| < o and ¢, (x) grows algebraically by assumptions (A2), (A3), (A4), and since # is bounded by a constant, we
have by Lemma 2,

|eiw{pq(x‘m(x+17z))| < |E(X7 Z)| + 7’12\Rc\ < Ce—zz/4. (43)
Now consider 1 < ¢ < p. We write

q+2

bg(x,m(x +n2)) =Y pi(x + nz) (n2),

Jj=0
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with p;(x) defined in (30). Then, since py + p1 = 0 by (15), we have
d - S = e
P mx+n2)) = "’piz+y" (n’*lz’pj’»(x +12) +jZ pi(x + nz)),
=2

and therefore

q+2

3 fioopgtemix-+ n2)) = > nt 12

W
where
V=D G+ Dppa, 1<j<q+1, Jgp0=Dya

Since the phase derivatives are evaluated on a center beam, y; € C? are bounded, for 0 < ¢ < p, uniformly in x by assumption
(A2) and we therefore have

d . -
o @8l mx+m2)| < C1+127), 1< e<p.

Thus, by Lemma 1 with g,, = imgq(x, m(x + 1z)) and 6 = #, using (25) and (43), the inequality (42) follows for 1 < ¢ < p. This
completes the proof. O

The remaining terms in (40), i.e. ¢(nz) and m/(x + nz), are all assumed to be smooth with derivatives of order up to p
bounded uniformly in x by the assumptions (A1) and (A5). Since the growth in (41) is offset by the rapid decay in (42),
the above Lemma shows that all z-derivatives of the integrand,

g(x,2) = pA e m,

up to order p belongs to L; and ||9¥g(x, -)|| < Cy for 0 < k < p. The constants C, are independent of x and . We can then use
the following version of the non-stationary phase lemma.

Lemma 4. Suppose y/(z) € C°"' (R) with y/(z) € C)(R) and y/(z) > co > 0. Moreover, let € < 5 < 1 and suppose g(z) € WP'. Then

‘/ g(z)e "2/dz

where C depends on (x) and p, but not on g(z), and &.

< Cligh ()’ (44)

For the proof we refer to [20]. It is an easy adaptation of the proof of theorem 7.7.1.
Taking  as 2mm(x + -),d as 17 and ¢ as h/k we can apply this to (40),

n h\?
< gt e ()

If (k)| = % ’/g(x7 Z)e~2mim(x+n2k/h 7

Consequently,
h p '/I h P B 77 h p
fo| < gl X () <cp () v <cf (3)
; “h o 2l) <nla) X h\n

Thus since by the assumptions (A1) p > 2

>t < coren(2)

k=0
Together with (38) this shows the theorem.

IE°| = w'/?h

5. Constant coefficient equations

It is often claimed that the beam width is important in the accuracy of Gaussian beams, because for wide beams the Tay-
lor expansion error should be large. See for example [4,6]. We therefore in this section consider the constant coefficient
Helmholtz equation, with the speed of propagation c(x) = 1, for which exact Gaussian beam solutions and the Taylor expan-
sion error |E"| can be computed. We investigate the importance of the beam width on Taylor error in this particular case. Our
conclusion is that the local beam width is not a good indicator of accuracy, and there is no direct relation between the error
and the beams’ width. We show the main steps of the derivation and the final expression for C*(x) and the leading relative
error terms below. For more details we refer to [12].
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We consider first order beams where g = 0. These only contain one amplitude term Ao (x) which we for simplicity call A(x)
here. The source curve will be denoted x,(s) = (s,¥,(s)) and we assume all beams originating from &, shoot out orthogonally.
Therefore 0p(s) =Z+tan"' (yy(s)). In the constant coefficient case the central ray € is a straight line. With
x(0) = xo(s) = 5,¥(0) = yo(s) and 6(0) = Oy(s), we get from (5) aty =y,

0lt(s)) =5+ tan”" (7(5), (45)
X(£(5)) = X(5) =5 = Y5(5) V" = Yo(s)), (46)
£(s) = (X(5) = )" + " = yo(s)")" (47)

Here we will only compute the error at x = (0,y"). For this point, let s* := m(0) = X~'(0). To simplify the calculations, and
without loss of generality, we assume y,(s*) = y;(s*) = 0. Therefore, by (45)-(47), the central ray starting at Xo(s*) will lie
on the y-axis, and we have s* = X(s*) = 0 and t(s*) = y*. See Fig. 4.

Assuming the initial phase on x,(s) to be zero, ¢(xy) = 0, we also get

P(X(5),5) = £(s),  ¢(0,m(0)) =y". (48)

To obtain ODEs for higher order Taylor coefficients, we introduce the orthogonal ray-centered coordinates t, n, where n is
the axis perpendicular to the ray at point ¢ with the origin on the ray. In this coordinate system, ¢(t,n = 0) and A(t,n = 0)
correspond to ¢(X(s),s) and A(X(s),s) in the Cartesian coordinate, respectively. The eikonal equation and transport equation
in the ray-centered coordinates read

o+ ¢n =1, (49)
2VA-Vo+AAp =0, Vo= (¢ dy)'. (50)
Set ¢ (t) := & ¢(t,n = 0) and AV (t) := & A(t,n = 0), with j = 0,1,2,...,c. We first note that by (48),
POty =t, dpt,n=0)=1, Jp(t,n=0)=0, j=23,....C
Moreover, by (49) and (50) and taking several of their derivatives with respect to t and n,
PV =0, 8dup(t,n=0)=0, 8P p(t,n=0)=—p2°(1),
D0y p(t,n=0)=0, Fp(t,n=0)=0, dp(t,n=0)=0,

RR(En=0)=22°(0). At =0) =~ JA%(1)67(0)
92A(t,n = 0) = %A“”(t) dP% (1), 8:0,A(t,n=0) = 0.
Now, let
bt~ e+ g0+ g0 + 1 g (51)
ER) 6 24 '
and

>

Fig. 4. A schematic representation of the initial source and central beam rays which are straight lines.
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A(t,n) ~ A9 (t) + nA"(t) + %ZA@ (0. (52)

Putting (51) and (52) into (49) and (50), we obtain the following ODEs for the Taylor coefficients,

d 2

a¢<2)+¢<2> 0.

d

ad)ﬁ) +3¢<2)¢(3) =0,

d (2) 4(4) 24 (3)2
a(;b +4¢9 P +3¢' +3¢ =0,
d o, 1 2.0 _

A 2 ¢PA” <0,

d a3 oam 13,0 _

AV +36PAY 2 ¢PA0 <o,
%A(z)+§¢(2)A<2>+2¢<3)A“>+%¢(4>A(°)+%¢<2)3A<0) _0

We then solve these ODEs with A”’(0) = 1 and zero initial conditions for the rest of Taylor coefficients. At our observation
point x = (0,y*), we have that @, = &/, since the n-axis is parallel to the x-axis. We can therefore easily transform the solu-
tions in the ray-centered coordinates t,n back to the coordinate system x,s. In the end we note that all terms with odd x-
derivatives are zero. Hence, we obtain that a;(0) = b;(0) = 0 and e;; + e;; in (34) and (36) simplifies to

e12(0) + ex,(0) = m'(0) az(0) d(0) + m'(0)A(0, 0) b,(0) d4(0).
After some additional algebraic manipulations and assuming that Py =i, 3Qq = 0, RQ, > 0, we get

_3Q0%y 200" (Qo + iy )'m (0) £00y) (53)

0
az( ) 4(Q0+ly‘)7/2 ;
(@ +y ) (- + 400+ iy)(0) 400y
by(0) =i " ; (54)
8Qo(Qo +1y)
Y+ (@ +y?)m (0) o)
€1(0) = (@ 2(1)0 = (55)
and
1/2 Q2+y*2 1/2
A0,0)= =0 o)== ) 56
0.0)= o 100) ( Pk (56)
Moreover, by (45)-(47),
d ’ I -
007 =5(0), m'(0) = (X7)(0) = (1 -y'y5(0)) " (57)

Therefore, knowing y,(s) and by (53)-(57) and (35), we can calculate
e12(0) + ey (0) = e @ OmONC*(0) = e~V C*(0).

Note that C*(0) only depends on Qg,y* and y{(0).
We now consider the following two canonical cases:

The first case corresponds to a line y, = 0. The second case corresponds to a circle y,(s) = —1 ++v1 —s2 or a parabola
¥o(s) = —s%/2. Note that with an initial curve with positive second derivative, the rays will intersect and form a caustic,
and then our theory does not hold.

For the first case, we obtain the simple expression

% )2
Cl(0)=e ™ . "zy on 3572 (58)
(Qo+1y')" (Qo +¥?)
where 1 is a constant complex number. For the second case, the expression is much more complicated. In the small and
large Q,-limit we have
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iy T+ T2 4 M3y 05240 (Q”/Z) (59)
— <0 0 )

ya/1+y VI+y
where nj, with j = 1,...,4, are constant complex numbers. The amplitude of the geometrical optics solution is proportional
to |1 —y*yg(O)}’”z, and by (38), the relative error will be

C(0)=e Q) +0(Qp), C(0)=e™™

1/2 12

[Eral = |E| 1=y y5(0)] +0(@).

We therefore obtain the leading order term

+0(w?) = 02 (0)|C(0)][1 -y y5(0)

1/2

noy* Qo
Qo +iy)?

and for small and large Q,,

1

)

1 —
|Ere1| =w

* %2
Byl = m + nzy*+ nsy V0, + 0((0’1(23/2), ES,| = ! E_,_ @(quaz)’
y Qo
corresponding to (58) and (59), respectively.

Fig. 5 shows the absolute values of the relative errors at y* = 3. As it can be seen from the formulas and figures, the rel-
ative error has a direct relation with Qy, tending to zero both for small and large Q,. A reduced error with large Q, has also
been noticed in [14] for the oscillatory part of the error (or the discretization error). However, there is no clear connection
between the error and the beam width; the same width can correspond to different errors.

@) 6 (b)

0.03
14 1
0.025
1.2 1
’ ] 0.02}
5 __
w08 1 ¢° 0015
0.6 1
0.01
0.4 ]
0.005
02t 1
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 2 4 6 8 10 0 2 4 6 8 10
Q, Q
(€) ,x10” (d)
: ‘ ‘ ‘ ‘ 0.03
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- 08 1 . 0015
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0 ‘ ‘ ‘ ‘ 0
0 05 1 15 2 25 0 05 1 15 2 25
n n

Fig. 5. Absolute value of relative error as a function of Q, (top) and of the width # (bottom) in the case when the initial source is a line (left) and a circle
(right).
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Fig. 6. The beam width as a function of Q, at y* = 3.

In many approximations, the optimal Q,, corresponding to the minimum beam width at a receiver point is chosen for
computations, see [4] for instance. Fig. 6 shows the beam width as a function of Q,. In our case the minimum width is at-
tained at Qy = y*. With Q, = y* and y* > 1 we get

N
wy*’

N
wy 72’

1
rel

|E1C'el| ~

with N and N’ being constant numbers. When using this Q,, we do not obtain the minimum error as was seen above. How-
ever, importantly, the relative error decreases as the distance from the source increases.

We conclude that in the case analysed here large and very small Q, will improve the Taylor expansion error. From Fig. 6
we see that this corresponds to having wide beams, not narrow beams. One should keep in mind, however, that this is not the
whole story. The approximation of the initial data where the source curve is not flat and/or the amplitude is not constant will
in general deteriorate when wider beams are used. Hence, this restricts the beam widths that can be used. Wider beams also
mean that the wave field will be more expensive to evaluate since beams contribute more globally to the solution. Moreover,
our result is strictly for constant coefficients. In the presence of a varying speed of propagation where the properties may
change dramatically as we get farther from the central rays, the Taylor expansion error could be large for wide beams. In
addition, when the rays can bend, it may not be possible to have very wide beams, since as was noted before, the Gaussian
beam approximation may break down when the phase becomes non-smooth, and this happens at some distance away from
the central ray (outside the regularity region). In the general case, finding the optimal Q, for a given observation point is an
open problem.
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