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Abstract

The evolution of two cylindrical vortex sheets are studied and numerically
computed. The initial conditions, evolution equations, numerical methods needed
(including integral approximations, correction terms, fourier filter implementation),
numerical results, and an analysis of the results, as well as the time and nature of

the singularity formation, are provided/explored.
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Fig. 0.1. A shear layer

Introduction

The evolution and singularity formation in a cylindrical vortex sheet has been studied
and modeled [10]. The aim of this work seeks to extend the case of one cylindrical vortex
sheet to that of two cylindrical vortex sheets.

Let two cylinders immersed in an inviscid fluid be given an impulse in a direction
normal to itself. The resulting potential flow is induced by two planar vortex sheets in
place of the two cylinders. Essentially, we let the cylinders instantaneously disappear,
with a shear layer (figure 0.1) of zero thickness remaining. This surface is termed a vortex
sheet (figure 0.2). Note that a vortex sheet has a discontinuous tangential velocity across

the surface. The vorticity of the flow is defined as £ = V x u, where u is the velocity
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Fig. 0.2. Vortex sheet approximation

of the flow. & away from a vortex sheet is zero, yet |, ¢ & da # 0. In other words, & is a
delta-function on the surface of the sheet.

The evolution of these two vortex sheets through time are studied. The governing
equations, evolution equations, numerical methods needed (including integral approxima-
tions, correction terms, fourier filter implementation), numerical results, and an analysis of
the results are provided. Furthermore, the

The initial conditions, evolution equations, numerical methods needed (including dis-
cretization, integral approximations, correction terms, fourier filter implementation), nu-
merical results, and an analysis of the results are presented. Furthermore, the time and

nature of singularity formation are examined.
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Chapter 1
Problem Formulation

1.1 Initial Conditions

Consider two identical cylindrical vortex sheets whose axies are z-directed and have radii
R. Let their centers fall on the y-axis and be a distance D from the x-axis (figure 1.3).
Then the cross section of the top cylinder can be described by the curve (z (o, 1),y (o, t)),
where z (a,t) = Rcosa, y (a,t) = D + Rsina, and « € [0, 27|. Suppose that D > R.
Let o denote the vortex sheet strength and I' () denote the circulation. Then o is the

jump in the tangential velocity across the sheet, and o (s,t) = ‘?9—1;, where s is the arclength.

1.2 Evolution Equations
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Fig. 1.4. With background velocity u,, = (Us, 0).

Consider incompressible potential flow. Then for a point vortex at x; and of strength 'y,

the stream function at position x is given by ¢, (x) = —-tlog [|x — x;||. The velocity

; _ [ ¥ Yp(x) | _ r — r T—x .
isu(o = (52, -42) = (-3 (cefitimr) % (et ) Nowit
we consider the contribution from /N point vorticies in a plane, then by superposition, and

N
since I'j, is Lagrangian (invarient in time), u (x,?) = Y u; (x, t)
k=1

=) +(y—yi)’

N
= 14:2—:1 (—g—ﬁ (#) ,—% (%)) Thus a set of N point vor-

ticies moves at zj, for j = 1, ..., N moves according to

N

dej dy; ) _ _ Iy Yi—Yk Ty v -

(dt ’ dt) kz_:l( 2m ((xj—xk)2+(yj—yk)2) ’2m <(xj—xk)2+(yj—yk)2>> [2].  The
K]

k = j termis not included in the summation so as to not include the self-contribution. Also,

note that the term would be singular if this term was to be included. Let the given sheet be

approximated by NN vorticies, and let N — oo and AI' — 0. Then for a point on the sheet

we getu(x,t) = £PV. [, (— 4 $2 ) df, where T = I (&) da

=) +(y—9)° (2—3)>+(y—19)*

((10]).
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Consider the two cylindrical vortex sheets mentioned above. Let us approximate

each sheet by NV uniformly spaced point vorticies. Then at some point vortex of position

x;, we have
X
¥ (x;) = 37 > Dilogy/(zj — @)™ + (y; — yk)
k#j
N
—5= > I'Plog \/(:Uj —2B)’ + (y; — yP)?, where (¢2,yF) and T2 denote a point
k=1

and the corresponding circulation on the bottom sheet, respectively. Notice that (ka, yb ) =

N
(zk, —yx) and 'Y = —T. Thus, ¥ (x;) = 5= Y Iilog \/(x] — )’ + (g — ) +
=
N
= Z I'2log \/(x] — 1)’ + (y; +y)°.  Again using u(x) = (%—S‘), —wg—;")), and
dx] o 1 'y =
letting N — oo and AI' — 0, it follows that = —5=PV. [, mcﬂ‘ +
y+y dy; _ 1 T—7 a a
2 Jo (2=2)*+(y+3) 2L, G = 5PV, Je (@=2)*+(y—3 fC +(y+y) (e

Note that we assummed the background velocity of the flow u,, = 0.

1.4 shows the streamlines, or level curves, of 1 with a background velocity u.,, =

(Uso,0). In this case, ¥,,,, (z,y) = ¥ (x,y) — Uxy,

and thus, W, (X) = (w’é—;x) — Uy, — wk(x)) Then

% PV fc —dF + 5= fo %df — Us. Note that %
would still be the same as above.

Side note: in figure 1.4, the sparadic streamlines inside of the cylinder are simply

noise due to roundoff error.
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1.2.1 Non-dimensionalization

Let us change variables and introduce the following non-dimensional quantities, which we

will denote by (x):

Let R have units of length and U have units of velocity, = le“gth Let us introduce the
following dimensionless quantities z* = %, T* = %, y* = %, gt = %, " = %, and
t* = Zt.

So Rz* = x, Ry* =y, #& = R, §% = R,dl’ = RU dI",and 4 = &

Then Rx* = z (o, t) = R cos « implies that 2* = cos . Similarly, Ry* = y (o, t) =
D + Rsinayields y* = £ +sina.

_ de

t * *
Then using x(a ) = de do” REZ = RIZAE — RU L e

T dx* dt dt* dt

we get

dz* de*1 _ 1 dz(ayt)
dtx [U dt*] U dt

=%[——PV] bl St 7 o &g

)2+ (y—1) (z—2)*+(y+7)* dov

_ -1 -y dar 2m y+y dr g~
- 27TUPV f |: (z—2) E+(y §i| @ da + 50 27rU 0 |:(x—j)§+(y+g)§i| d&da

_ -1 Ry*—Rj* RU dI'* j~
_2rrUPVf [ (Ra*— R:E*)2+(Ry*ng*)2] da da

+ 1 27 Ry*+Ry* RU dF*d"’
27U JO | (Rz*—Ri*)*+(Ry*+Rj*)? dé

_ RQU — dr*
=~ PV |- |

R?U  (2m Y+ dr* g~
T arr2v Jo [(xugz*)%(ng*f aa da

— _ 1 (2 Y =" dr* 5~ y+y dr* 15
= T2 Jo [( F 7| Geda+ o f 7 | “aada-

o —3*) - (y 5" (@*—2*)*+(y*+5*)

dy(at) dy dy* _ pd dy* dt* _ puUd
Similarly, using = dy?{k% = RY_ C?l/t Rd?* L= RU

that
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=7 [%P-V f _x—g(ﬁyzdir — 5 5”#2&&1]
= PV [ty | o — ot i [ty oo
=z PV fOﬂ [(Rx*—Rﬁ*ﬁz-l_—?g;*—Rg*)Q} R da
_ 1 2 [ Ra*—Ri* } RU dr* =
27U JO | (Re*—R#*)+(Ry*+Ry*)" |  da
- R;gUPV f [( +(;*—?§*)2 - (x*—j*gzj;*w*ﬁ] (g da
st I [ o
= 2PV || Eda
" [] o

Thus, the governing equations (%, %) are the same as those for (%, 5%), where
2* = cosaand y* = & + sina. Let us introduce p1, where 1 = %, Also, let us now

rename (z*,y*) as (z,y). Then we have x = cosa andy = p+sin . Thensince D > R,

we have ;1 > 1.

1.2.2 Solving for initial sheet strength

We can discretize the governing equations as follows

N N
) — 1 Yi—Yk 1 Yi+Yk .
(@i 95) = ~ar L mm RO o L G e Ok — U
ks
L
) N o L Tj—Tp N a:] Ty i
and v (2,95) = 27 2 Gny i TR > Z P P O HASk — Voo
ki
where the background velocity is given by us, = (U, Vo). Let U = (Ux,0). Now
by choosing uniform spacing of the N point vortices, we have As;, = As = QW“ The

fluid velocity has a tangential component and a component normal the the vortex sheet.
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It is this normal component that determines the sheet’s evolution. Note tht the tangential

caomponent simply determines how marker particles move along the sheet [10].

Let us dot the discretized velocities with its normal vector,

n (x;) = (cosj,sin ;). Sou(x;) -n(x;) =0.

N

N
- -+
SoAs [ —£ 3 At Ort+ e > = ok, | cosa;

2m (=) (g —yk)” k = (o) + (k) b J

ki

N

N
1 Ti—Tp 1 Ti—Tp .
+As | X ] Ok — 5= ’ O | sinq;
2m kz::l (@) +y—we)” F 2w 1@2::1 (@5—2e) >+ (g5 +ye))? F J
k]
— : _ 27
= Uy cosaj. Now, since As = 7,

N

N
1 Yi—Yk Yi+Yk
<~ | — oL + o COS (v
N Z (zj—ak) 4+ (y;—yr)* k jkzz1 (zj—21) 4+ (y;+yr)? k J

k=1
k#j
N N

Tj—Tp, Tj—Tp .
O — g S1n & ;
(@j—wr) 2+ (yi—yr)  F Z ( 20k J

+
= (=) + v+ k)

=

k=1
k#j
= U cos a;.

Define

A

2|=

_ Yi+y; ) ( zj—; ) : }
o= cosqa; + | — - Sin v
JJ |:<($j_xk)2+(yj+yk)2 J (zj—25)*+(y;+y;)* 7]’
Yi—Yk Yi+Yk
— COS (¢
[( (zj—xk)*+(yj—yr)? (xj*l’k)2+(yj+yk)2) J

z|=

+< 2%k gk ) sin a;] for k # j, and

(zj—xr) 2+ (yi—yi)? (i) +(yi+tun)’

b; = U cos ay;.
All AlN 01 Uoo COS (v1
A21 AQN .
Then we have ) = ) , thatis, Ao = b.

An1 ... Ann ON Uy cos ay
Initially, we know A and b. So we can find o, which was originally computed in

Matlab via the command o = A\b.

Now, there is not convergence of the o’s as N is increased (figure 1.2.2).
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(Non-midpoint Method) Convergence for N = 8,16,64,128,256

N=8
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( ) N=64
2| KA N=128
/ R \ .
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1| L"/'/J‘ Myl
g
s O
£
2
® 1l
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4t
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x 10®  For Non-Midpoint Method, Condition Number of A vs N
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4t
©)
<
% 3
o o
2L
1F
o O
[©]
o
0 1 1 1 1 1 1
0 200 400 600 800 1000 1200

N

Also, note that condition number of A is very large (figure 1.2.2), and thus, A is
poorly conditioned. Matlab gives the following error: Matrix is close to singular or badly

scaled. Results may be inaccurate.

1.2.3 Midpoint Method

us

Let (xgn, y;”) = (cos aj’, g+ sin oz?”), where o' = «a; + §. Remember that NV is again

the number of point vortices. So (xgn, ygn) is the "midpoint" between two adjacent point



1.2 Evolution Equations 10

Midpoint Method Convergence

sigma

N=64
ir N=128

N=256
N=512
N=1024

vortices. Evaluate the velocities u at u (x;”, y}”) instead of at (z;,y;). u (m;”, y}”) =

m

N m
_ 1 Yi Uk A 1 Y7+ Asi—U d N
o g EA O el A Z (o) () Eo R e v (5, ;)

N
Ti—T T;—Tp .
; (J»‘j—ivk)]2+(yj—yk)2 RASE — 2” Z (wj—wk)J-ir ((yj+yr ))QUkASk ~ Voo The ki 7 j con-

MlH

straint in the first summations is now excluded. We again take u (x7*) - n (x7") = 0,

where now we have n (xJ") = (cosa}',sina’") is the normal vector at the midpoint

xm

. Dot the discretized velocities with its normal vector, n (x;) = (cosa;,sina;). So

u(x;)-n(x;) = 0.

Define
m m
A‘ — 1 . Y —Yk Y; +Yk ]
" N[( ey O H E e e RN A
- m;: T i sin o] , and

(o) () (o) ()’

bj = Uy cosaj'. Then we again have the system Ao = b. A has a little bit better
condition number (figure ??). This is due to (x;” = mk)Q + (y;n = yk)2 being not quite as
small as (z; — 2;)> + (y; — &), for some certain values of j, k. Yet, matlab still gives the
following error: Matrix is close to singular or badly scaled. Results may be inaccurate.

Again, there is not convergence of the o’s as N is increased (figure 1.2.3).
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x 10%° For Midpoint Method, Condition Number of A vs N
25r

15¢

cond(A)

0.5

L L L L L 1
0 200 400 600 800 1000 1200

1.2.4 Zero Total Circulation Constraint

Let us use the midpoint method with the additional constraint that the total circulation is

N N
zero, Dy = 0. Note that T = Y 03 Asp = As Y oy, where again Asy, = As = 27
k=1 k=1

(_ y;n—yk + y§"+yk COS (1
2 2 5 3
Define A, = % (2 —an) "+ (" ) (e —ak) "+ (v +ur) J
+ i _ T g Com
( ;-"—xk)2+<y;"—yk)2 (J:;-”—xk)Q-&-(y;n_yyk)Q S @y
i) AN +1,
and Ajp = As, if j = N + 1, as well as
b — Usxcosay,if j # N + 1
I 0,ifj=N+1 :
(A o AN o1 [ Usocosay ]
Aoy ... Aoy
Then we have the system ‘ — : , or again,
Ant . Anwn 0_' Uso cos ay
| As ... As | N i 0 |

Ao = b. This system is overdetermined, and must be solved in the least squares sense.
The o’s were originally computed in Matlab using the command o = A\b for the prelim-

inary results. Yet, the o’s were later computed in fortran with the aid of the subroutine
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using correct normal at midpoints, with total gamma = 0

— N=16
N=64
N=128
N=256
— N=512
— N=1024

sigma
o

HFTI which was downloaded from netlib [7], and originally published and commented
upon in the text [6]. This implementation in fortran was performed so that o’s could be
computed quickly with /V large for a variety of ;1 values. HFTI provides a solution of the
least squares problem by housholder transformations.

For this case, there is convergence of the o’s as N is increased (figures 1.2.4, 1.2.4).
Also note the good condition number of A (figure 1.2.4).

See figure 1.2.4 to observe how o varies for different . As p — 1, o starts to
blow up at @ = 2% ~ 4.7124. Also note that as y increases, o (o) — sin (), which is

consistent with the limiting case of one cylindrical vortex sheet, which was studied by [10].
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using correct normal at midpoints and at U, with total gamma = 0

1 L L L L L )
200 400 600 800 1000 1200
N
5 Max Error in S\ with Nexact: 1024 for mu=2
10 - 3
10° 3
10° 3
10-10 1
10—11 E
10—12 1
10" N N N - N N N )
10° 10° 10
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alpha vs sigma for N = 256
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Chapter 2
Numerical Methods

2.1 Overview

The cylindrical vortex sheets are discretized each by NV point vortices, at (z;, y;) = (z (o), y; (¢)),

with a uniform mesh o; = (j — 1) h, where h = <7. Remember that we have shown
dacj
dt
— —_lpvf —y(@) F dOé+ f y;-&-y( a) I’ (Oé) dov
2m = (zj—z(a ) +(yj—y())? (@ —a(0))*+(y;+y(a))”
o) — gy — dy] — 1 x]fx(a) /
and v (z;,y;) = v; = 5= P.V. f s oo 20 (o) da
1 2 z;—x(o) ’
o et (@) do
Let u; = u(z),y;) = % , v = v(xj,y;) = %. Also, define G* (o) =
yi—y(@) v () — zj—a(a) - - (@ %)
e+ @ 414 G (@) = GrmG, myaye: The integrals given by 7,

will be approximated by the a quadrature rule. The system will then be integrated in time

by a forth order Runge-Kutta method, and a Fourier filter will be applied.

2.1.1 Integral Approximations

The integrals expressing (%, %) are approximated by the trapezoid rule (figure 2.5)

[11]. The 5 = k contribution is dropped in the principle-value integrals. This is a first-

order approximation.

15



Error without correction terms, with N = 1024 and mu=2

R exact
10™ ; .
——inu| ]
g
_£ -2
§ 10"+ —_
3 ]
10'3 3 L L L L MR | > L L L L Lo .
10 10 10

Fig. 2.5. Convergence of integrals using the trapezoid rule approximation
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2.1.2 Correction Terms

For the principle value integrals, an additional correction term can be added, which is found

via Taylor expansion.

Let (z (@), y (@) = (2, 9), (v (;),y (a;)) = (25, 9;), and h = a — a;.
Using Taylor series about o = «;, we have

(a) =z () + ' (o) (@ — aj) + “2 (0 — ) + ...,

y(a) =y () +9 (o) ( — ay) + L8 (0 —a)* + .,
and IV (o) =T" (o) + I (o)) (@ — o) + ...

oy . ’ z!! 2 , " 9
Rewriting this, we have = (a) = z; + 2h + 5 h* + ..,y () = y; +yih+ 5 h% + ..,

and I (a) =T, + T7h + ... .

u _ Y5 —y(e) /
So G" () = (mjfx(a))ﬂ(yry(a)fr (@)

(yj— [yj+y}h+4h2+0(h3)} ) [T} +17h+0(h?)]

z!! 2 7 2
(xj— [mj+z;h+7]h2+0(h3)D + (y]-— [yj+y;h+%h2+0(h3)])

~—

_—yg-h—y?;/h2+0(h3 [[% 4T h+0(h?)]

z!! 2 o 2
(a:,- - [a:j +x9h+7]h2+0(h3)} ) + (yj - [yj +y§h+73h2+0(h3)] )

[W;hf%;/h%o(h?»)} [0/ 417 h+0(h?)]

2! 2 " 2
(fx;.thJh2+O(h3)) + (fy;hf%h2+0(h3))

" A "
—pnryen? (<G -y J+o() =B (G ) vom)
 R2(@f g )+ (i ) +OhY) (a3} ) Hh(aal +uu) ) +O(?)
_ 1 G oy| [z _ %%
- z;z—l-y;? |:1 93;_2+y;_2 + O (h ) h 2 y]Fj + O (h’) 4
T;—xr(Cx
and G (o) = ire) ()

o (xj—x(oc))i+(yj—y(04))
(:cj— {mj+x;h+%h2+0(h3)}) [F;,+I‘;.’h+0(h2)]

z!! 2 yl_/ 2
(m]- — {xj+m9h+7]h2+0(h3)} ) + (y]»— [yj +y;h+73h2+0(h3)] )
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[—x;.h—%th-&-O(hg’)} [T4 417 h+0(h?)]

2! 2 " 2
(xj - |:xj+x;-h+7]h2+0(h3)} ) + (yj - [yj +y;.h+73h2+0(h3)] )

{fx;.hféthrO(h:)’)} [[7 417" h+0(h?)]

7 2 o 2
(—x;.h—TJh2+O(h3)> +(—y§-h—7]h2+0(h3>)

LN /F/ NG
—a/; kT +h? (fir’.fz/r’!) +0(h?) S ( 4 Ti+a '.F’!)+O(h)
I R T R A R G A e
) i 'Aal
_ 1 (et )k oy | =l (=) 1o
— mf—i—y;? |:1 m;2+y§2 + O (h ) h 2 Fj + aijj + 0 (h) >

where we have noted that
) TS AT iy Y2
(—wih—502) + (—yh—%02) " = (wjh+ 302) + (sih+ 52)
, 2! 9 2 , y/_/ 9 2
= (wyh+502) + (yh+ %02)
= h22/? + B3l + (Rt + W2y + Pyl 4 Thty)?
— h2 ($;2 + y;Q) + h3 ( + y;y;/) 1h4 ($//2 4 y//2)

= h* (232 +y}%) + h® (2h2) + yhy)) + O (h*), and

1 _ (@ +ypyy ) 2
(sz+y]2_>+h( //+y/ //)+O(h3) /2+y/2 <]- x;2+y/2 + O (h/ ) .

Now, let G* (o, ) =

b+t (o —aj)+... and G¥ (o, o) = ;}1, +cy +

Qa;

& (a—aj) + ...

anl ! !l i 1
u_ 1| Y%l (“3 +yjyj) Yi / //

! / 1,0 "
v 1 "BJFJ‘( +nyJ) _ S

T | 2

where we have observed that G* (o, ;) = ¢ff and G (o, ;) = .

The derivatives 2/, s y], x s y] , and F;’ are computed via spectral differentiation. Note
that F; = 0j.
With these correction terms, we get good convergence of <de dy]) as N is in-

dt 7 dt

creased, even at times other than ¢ = 0 (figures 2.1.2, 2.1.2). Note the better convergence
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Error (using fortran code), with N = 1024
10,9 exact

——inu

T inv

-10

10

1ot

Max absolute value of error

1012

-13 |
10" 10 10"
N

10

Max error at time = 0.2, with N, .= 1024, m= 2, tol = -12, delT = 0.01
5

10

——inu
6 —inv
10 E

-7

10

10°

|err0rm aXl

10°

100

11

10

-12 1
10° 107 10"
1N

10

after the correction terms are added by comparing figures 2.1.2 and 2.1.2 with figure 2.5.
Some of the higher error in 2.1.2 is do to newly introduced errors in the computed z;, y;
positions as time evolves, imparted in part by a designated filter level. Yet, both figures il-
lustrate exponential decay of the errors up within a magnitude of the filter level (see next

section), which was 1072 in this case.

2.1.3 Precision and a Fourier Filter
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single precision, unfiltered, N = 256, T = 0.3, delT = 0.01, m= 2

4.5t

35F

L . NP
: AT
2.5F )

>

b Y
ot

15}

1t ! ! ! ! ! ! \‘A’\Sﬂ’.’
-3 25 -2 15 -1 -05 0 0.5

.‘/M
H-“»\\-

1.5 2

Simulations were performed in single precision, double precision, and double precision
with the implementation of a fourier filter. Compare figures 2.1.3, 2.1.3, and 2.1.3. The
noise is decreased when going from single to double precision, and when going from dou-
ble precision to double precision with a fourier filter. See ?? for further explanation. The
irregular point motion is caused in part by the machine’s finite precision arithmetic. Meth-
ods for decreasing this irregualar point motion include using higher precision arithmetic,
and/or by implementation of a fourier filter. Also, the noise is not do to a lack in reso-
lution of time. This can be observed by comparing figures 2.1.3 and 2.1.3. The fourier
filter is needed because high modes of error in u; due to the discretization grow under the
Kelvin-Hemholtz instability. The fourier filter level is set higher than values of the high
modes times the timestep. For a given timestep, all of the modes below the designated

filter level are set to 0.
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Chapter 3
Numerical Results

3.1 Evolution of Sheet

Note that from here on in this paper, the fourier filter is implemented, and the computations
are performed in double precision. Figure 3.1 shows the evolution of the top vortex sheet,
where N = 512, u = 2, filter level tol = 107'2, and with a timestep delT’ = 0.001. An
explanation of why the sheet rolls up as it does is given by [10]. Observe that the rear of

the sheet travels to the right faster than the front of the sheet does.

3.2 Curvature and Estimated Critical Times

The curvature of the vortex sheet is given by x (a, t) = % ([10]). Clearly, for

all o, k(a,0) = 1. Figure 3.2 shows the evolution of ,{ml

Fmax(f) *© [max (c,t) denote the

maximum curvature at time. The time of singularity formation can be estimated as the
time limit in which m approaches (. Note that the thus far implemented governing
equations are only valid up to the time of singularity formation. Figure 3.2 is a close-
up of 3.2, and shows that as the filter level (denoted by 10~ here) and N increase from
right to left. Observe that the estimated critical time, the time of singularity formation,
decreases as NV and [ are increased. The critical time can also be seen to decrease as NV

increases in figure 3.6. Figure 3.6 also shows that the critical time decreases as . decreases.

23
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3.2 Curvature and Estimated Critical Times 25

Evolution of 1/k____(t)
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Figure 3.6 illustrates this for N = 512. Figure 3.6 provides a close-up of figure 3.6. For
1 < 1.5, the critical time seems to decrease linearly as p is varied. In this region, the
slope of the least squares fit is about 0.604. Figures 3.6, 3.6, and 3.6 use the following
method to estimate the critical time. If the following two conditions are satisfied V) y; <
¢, for some appropriately chosen constant ¢ (so as to choose a particular region of the
sheet), and ) x; > max(x;41,z;_1), then a singularity has formed in a small neighborhood
about (z;,y;). This method only roughly approximates the time of singularity formation.
Singularity formation is actually predicted a short bit prior to this approximation. The
shapes at different critical times are shown in figure 3.6. The point of singularity formation

moves down on the actual sheet as y decreases.
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Fourier coefficients |ck| vs. k, with tol = E-12, N = 512, delT = 0.01, m= 2
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3.3 Type of Singularity

Figure 3.3 shows the absolute value of the fourier coefficients for several different times.
As time increases, up to the critical time, the fourier coefficients seem to become linear,
with slope —2.5. This line is indicated in the figure. A slope of —2.5 for the fourier
coefficients at times near the critical time indicates a branch point singularity with order of

3 110].



Chapter 4
Conclusion

Note that the numerical methods/governing equations implemented thus far are only
valid up to the time of singularity formation. Future work includes performing runs for the
mentioned work in quadrapole precision, and performing regularization runs via a method
termed the "vortex blob method." The regularization includes putting an artificial 6 in the
denominator of the principal value integrands. Computation can then proceed past the time
of singularity formation. Self shedding and roll-up can then be studied [9]. This method is
termed the "vortex blob method." Also, more advanced methods to investigate the branch
point singularity with order are sought. After these aims are completed, evolution of the
axisymmetric case, which is a toroidal vortex sheet, will be studied and modeled. The

mentioned is sought to be completed by August 2007.
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