Logarithmic-type Scaling of the Collapse of Keller-Segel
Equation
Sergey A. Dyachenko, Pavel M. Lushnikov and Natalia Vladimirova
Department of Mathematics and Statistics, University of New Mexico, Albuquerque, NM 87131, USA
Abstract. Keller-Segel equation (KS) is a parabolic-elliptic system of partial differential equations with applications to
bacterial aggregation and collapse of self-gravitating gas of brownian particles. KS has striking qualitative similarities with
nonlinear Schrodinger equation (NLS) including critical collapse (ﬁnite time point-wise singularity) in two dimensions. The
self-similar solutions near blow up point are studied for KS in two dimensions together with time dependence of these
solutions. We found logarithmic-type modiﬁcations to (t0 − t)1/2 scaling law of self-similar solution in qualitative analogy
with log-log modiﬁcation for NLS. We found very good agreement between the direct numerical simulations of KS and the
analytical results obtained by developing a perturbation theory for logarithmic-type modiﬁcations. It suggests that log-log
modiﬁcation in NLS also could be veriﬁed in a similar way.
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A Keller-Segel model (see e.g. [1-16] and references therein):

∂t ρ



= D∇2 ρ − ∇ kρ ∇c ,

∂t c = Dc ∇2 c + α ρ ,

(1)

was derived for macroscopically averaged dynamics of bacteria with the bacterial density ρ (r,t) and the chemoattractant concentration c(r,t) at spatial point r and time t. Bacteria and biological cells often communicate through
chemotaxis, when bacteria move towards chemical gradient of substance called chemoattractant. Bacteria can also
secrete the same chemoattractant which creates nonlocal attraction between them through secretion, diffusion and detection of chemoattractant by other bacteria of the same type. Bacteria are self-propelled and without chemotactic clue
center of mass of each bacteria typically experiences random walk. That random walk is described in (1) by the the
diffusion coefﬁcient D. Chemoattractant also diffuses with the diffusion coefﬁcient Dc . Motion of bacterial colonies
is thus affected by permanent competition of random-walk-based diffusion and chemotaxis-based attraction. Also the
coefﬁcient k > 0 characterize strength of chemotaxis, and α is the production rate of chemoattractant by bacteria.
Typically diffusion of a chemical is much faster than cell diffusion, i.e. D/Dc  1. E.g., D/Dc ∼ 1/40 − 1/400 for
the cellular slime mold Dictyostelium [17], and D/Dc ∼ 1/30 for microglia cells and neutrophils [18, 19]. Thus Eq.
(1) evolves on a much smaller time scale than Eq. (1) and one can neglect time derivative in (1) which gives a reduced
Keller-Segel equation (RKS)


∂t ρ = ∇2 ρ − ∇ ρ ∇c ,
∇2 c

= −ρ ,

(2)

where we assumed that D, Dc , α and k are constants and rewrote all variables in dimensionless form as t → t0t,
1/2
r → t0 D1/2 r, ρ → (Dc /t0 α k)ρ , c → (D/k)c and t0 is a typical timescale of the dynamics of ρ in Eq. (1).
Eq. (2) also describes a dynamics of a gas of self-gravitating Brownian particles which has applications in astrophysics [10]. In that case the second Eq. in (2) is a Poisson equation for the gravitational potential −c while ρ is the gas
density (all units are dimensionless). The ﬁrst Eq. in (2) is a Smoluchowski equation for ρ in the gravitational potential
−c. Below we refer to ρ and c as the density of bacteria and the concentration of chemoattractant, respectively, but all
results below are equally true for a gravitational collapse of the gas of self-gravitating Brownian particles.
In dimension one (D=1) the solution of RKS exist globally in time while for D > 1 (e.g. in dimensions two and
three ) the ﬁnite time singularity is possible [6] provided bacterial density is large enough. E.g. for D = 2 ﬁnite time
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singularity occurs for N > 4, where N = ρ dr/(2π ) is the total number of bacteria (in rescaled units) [20]. Below we
consider case D = 2 only.
Formation of singularity in a ﬁnite time (blow up) is a quite general phenomenon in many nonlinear systems
including self-focusing in nonlinear optics, plasmas, hydrodynamics, and collapse of Bose-Einstein condensate [21].
Because of the conservation of N the ﬁnite time singularity (blow up) occurs at a spatial point. When blow up is
accompanied by a dramatic contraction of the spatial extent of solution when it is called it by collapse [21]. Collapse
typically occurs when there is self-attraction in a nonlinear system. Exactly such scenario occurs for RKS. Collapse
in RKS corresponds to the aggregation of bacterial colonies in biological application and gravitational collapse for
self-gravitating Brownian particles.
If density of bacteria is initially low then diffusion typically exceeds attraction and density remains low. E.g., a
typical time scale for evolution of the a low density bacteria Escherichia coli distribution in a petri dish is about a
day [1] (see Figure 3A in Ref. [1]). If initial density is not very small so that attraction wins over diffusion then
bacteria experience aggregation (see Figure 3B in Ref. [1]). A typical time scale of such aggregation in experiment
on Escherichia coli [1] is several minutes so it has an explosive character compare to evolution of bacteria outside of
aggregation area. Here we study how aggregation occurs from moderate initial bacterial density (below we give exact
criterion for formation of aggregation). Aggregation corresponds to the collapse of bacterial density in the KellerSegel model (1). Aggregation is a ﬁrst step to a formation of multicellular organisms and quite important in biological
applications [7]. Near singularity the Keller-Segel model is not applicable when typical distance between bacteria
is about size of bacteria. In that regime modiﬁcation of the Keller-Segel equation was derived from microscopic
stochastic dynamics of bacteria which prevents collapse due to excluded volume constraint (different bacteria cannot
occupy the same volume) [22, 23, 24]. Here however the original Keller-Segel model without regularization is
considered.
The main result of this work is that solution of RKS (2) in a spatial dimension D = 2 near collapse time t0 in
neighborhood of spatial location of collapse r = 0 has the following cylindrically-symmetrical self-similar form
8
1
,
L(t)2 (1 + y2 )2

ρ

=

c

= −2 ln(1 + y2 ),
r
,
=
L(t)

y

(3)

where L(t) ≡ L is the time-dependent spatial width of solution (below we often omit argument of L for brevity) given
by


2+γ √
ln β (t0 − t) −1 + b ln [x − M̃])
L(t) = 2e− 2 t0 − t exp − −
+
2
2x
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= − ln L1 − ln2 a1 +
4
2
2
= L(t1 ),

(4)

1
1
ln ln + 1
a1 ln a
1


,

a1 = a(t1 )

Here γ = 0.577216 . . . is the Euler’s constant and t1 is any moment of time when solution has converged to self-similar
form after short initial transient.
For (t − t0 )  1 one can replace (4) by the leading order term as follows
L(t) = 2e−

2+γ
2

√
t0 − te−


ln(t −t)
− 02

.
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(5)
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FIGURE 1. L(t) dependence obtained from the direct numerical simulations of RKS (solid lines), given by the scaling (5)
(dotted
 line) and given by the scaling (4) (dashed-dotted lines) for different values of N. The number of bacteria is deﬁned as
N = ρ dr/(2π ).

The scaling (5) was obtained in Ref. [9] using a formal matched asymptotic expansion and
√ in Ref. [14] using the
perturbation theory about the self-similar solution (3). Both scalings (4) and (5) have form ∝ t0 − t with logarithmictype modiﬁcations. The scaling (5), while being asymptotically correct, requires extremely small values of t −t0 for its
applicability. We found from (4) and (5), that to quantitatively verify (5) in comparison with numerics, it is necessary
to go for unrealistically small values of L(t) (about L(t) ∼ 10−1000 or even much smaller). Instead we develop a
perturbation theory which goes much beyond the accuracy of the equation (5) and results in the scaling (4). Figure 1
shows L(t) from the the direct numerical simulations of RKS (solid lines represent simulations with different values
of N), dotted line is given by (5) and dashed-dotted lines correspond to (4) with different values of N. It is seen that
the agreement between numerical simulations and (4) is very good. But agreement between numerical simulations
and (5) is quite poor. In addition, (5) is independent on N which does not agree with the numerical simulations. That
dependence on N is expected for disappear for L(t) ∼ 10−1000 when both scalings (4) and (5) collapse to a single curve
but simulations for such small L would be quite challenging.
For numerical simulations we use the fact that near collapse the solution of RKS converges to the cylindricallysymmetric solution ρ (r,t) = ρ (r,t) [6], where r = |r|. In that case it is convenient to introduce a new dependent
variable m as follows

1
m(r,t) =
ρ (r ,t) dr ,
(6)
2π |r |≤r
which allows [5] to rewrite RKS as a closed equation for m :

∂t m = r∂r r−1 ∂r m + r−1 m∂r m.

(7)

m(r,t) in (7) has a meaning of a number of bacteria inside a circle of radius r. Boundary condition for m at r → ∞ is
simply related to the total number of bacteria: m|r=∞ = N. In contrast to RKS, (7) is the partial differential equation
for m. This simpliﬁcation is possible for cylindrically-symmetric solutions of RKS only. We used (7) for simulations
of RKS.
Small jumps in numerical values of L(t) (seen in solid lines in Figure 1) result from the second order numerical
differentiation necessary to extract L(t) from the m(r,t). We need that differentiation to determine ρ (0,t) from m(r,t)
as follows: ρ (0,t) = ∂r2 m(r,t)|r=0 . After that L(t) is obtained from (3) as L(t) = [8/ρ (0,t)]1/2 . In simulation of (7)
we use the numerical scheme with the adaptive mesh reﬁnement which is the fourth order accurate in r. The small
jumps in L(t) is the result of the postprocessing of m(r,t) data and they do not inﬂuence the accuracy of the numerical
simulations of (7). We also performed simulations on a uniform spatial grid using pseudospectral Fourier method to
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evaluate the spatial derivatives in (7). The size of the grid was decreased using the trigonometric interpolation to the
new grid when the current grid spacing was not enough to resolve Fourier spectrum beyond round-off error. That is
we decreased grid spacing with the decrease of L(t) to keep the spectral accuracy of simulations. Respectively, time
step was also decreased. That second type of simulations agreed with the results of the adaptive mesh reﬁnement
simulations with high precision.
The self-similar scaling (3) has striking similarities with critical collapse in a two dimensional nonlinear Schrödinger
equation (NLS) [25-32]
i∂t ψ + ∇2 ψ + |ψ |2 ψ = 0.
(8)
E.g., collapsing solution of NLS (8) has a form of a rescaled ground state soliton solution of NLS while
 (3) has a form
of a rescaled steady state solution of (2). Total number of bacteria in a self-similar solution (3) N = ρ dr/(2π ) = 4
is conserved which is s similar to conservation of the total number of particles in collapsing NLS solution. Scaling
of collapsing NLS solution has the same leading order form (t0 − t)1/2 as in (4) but a scaling modiﬁcation for NLS
has a well-known log-log form L(t) = (2π )1/2 (t0 − t)1/2 /(ln [− ln (t0 − t)])1/2 which is different from an exponentof-square-root-of-logarithm for (4). The logarithmic modiﬁcations in both RKS and NLS result from nearly exact
balance between linear and nonlinear terms (respectively balance between diffusion and attraction for RKS and balance
between dispersion and nonlinear attraction in NLS). The log-log scaling for NLS is quite challenging for numerical
veriﬁcation [30]. We suggest, that similar to the difference between the scalings (5) and (4) for RKS, the correct way
of veriﬁcation of the NLS log-log scaling would be to develop a regular perturbation theory beyond the log-log leading
order result.
This work was partially supported by NSF grants DMS 0719895 and DMS 0807131.
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