Solutions, 311-XXII

April 16, 2003

21( 4/ 8) Introduction to Divergence and Stokes theorems
Sec. 4.(9) p.262(7,8*,12*,13,14%,16%)

1 Problem 4.9.8

Use Stokes’ theorem to solve 4.1.6:

Find the integral § F-R around the circumference of the circle z2—2z+y* = 2,
z =1, where F = yi + zj + zy2%k.

Solution:

By Stokes theorem we have

%F-dR://E(VxF)-ndS

where ¥ is the interior of the circle (z — 1) + y? = 2, z = 1 with C its
boundary, oriented clockwise as seen from the positive z-axis.
The curl of F is needed for the surface integral:

i j k
VxF = i, Oy O, = 2% (zi — yj)
y x ayz’
while
ndS = kdzdy ,

since the circle lies on the plane z = 1, parallel to the zy plane. Then

//E(VXF)-ndS - 0.
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To get the same result without using Stokes’ them, we evaluate the line
integral directly. On the circle z = 1 and dR = 2(z — 1)idz + 2yjdy, while
F = yi+ zj + zyk. Converting to polars, z = 1 + v/2cosf , y = v/2sin¥,
with dz = —v/2sin #df and dy = /2 cos 0d6.

?{ F-dR = 7{ (yi+ zj + zyk) - (2(x — 1)idz + 2yjdy)
c c
= A (2y(z — 1)dz + 2zydy)
2
= /0 (—4\/§sin206030+4sin0(:080(1+\/§COS¢9)) do
=0

27
= / (—4\/5 cos 0 sin? 0 + 4v/2 cos? Osin § + 4 cos O sin 9) df
0

=0
= 0
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2 Problem 4.9.12

Let S be the portion of the paraboloid z = 9 — 22 — y? that lies above the
plane z = 0, and let F = (y—2)i—(z+2)j+ (z+y)k. Find [ [5 (V x F)-ndS.
Solution:

By Stokes theorem we have

//S(vxF)-ndszch-dRz//z(vxF)-ndS

where Y is the interior of the circle 22 + 42 =9, 2 = 1 on the z-y plane and
C' is the common boundary of S and ¥ oriented clockwise as seen from the
positive z-axis.
The curl of F is needed:
i j k
VXxF=|0, Oy 0, =2(i-j)

(-2 —(z+2) (z+y)
Any one of these integrals will give the desired answer. For practice I show
all three:

1. The original integral [ [¢ (V x F) - ndS.
On S, we have that z = f(z,y) =9 — 22 — y%. Then

ndS = 0,R x 0,Rdzdy = (i — 2zk) x (j — 2yk) dzdy

i k
= |1 0 —2z |=2zi+2yj+k
01 —2y

//S(VXF)-ndS = //EQ(i—j)'(QJJi-i-?yj—i—k)dxdy
= 4//E(x—y)dxdy:0

by the symmetry of the domain about (z,y) = (0,0) and the oddness
of the integrand.

2. The integral over the circle [ [, (V x F) - ndS.
On the circle ndS = kdzdw, so that (VX F)-n=2(i—j)-k=0so

et //E(VXF)-ndSZO.



3. The line integral ¢, F - dR.
Now, since again z = 0 and dR = 2zidz + 2yjdy, we have (we will use
polar coordinates, z = 3 cosf and y = 3sinf):

?iF dR = ﬁj((y—z)i— (x + 2)j + (v + y)k) - (2zidz + 2yjdy)
27
= 7{2xy(d:c—dy):/ 18 cosfsinf (—3sinf + 3 cosb) df
c 6=0
27
= 54 ?@sin @ — cosOsin®6) db
/0 L (cos sin # — cos 6 sin )
27
0=

= —18 (cos39+sin30)‘ 0= 0

Thus, all versions produce the same answer, 0, and in this case the easiest
computation was the surface integral over the planar surface (circle X).
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3 Problem 4.9.14

Use Stokes’ theorem to evaluate
/ [3: sinyi — ysinzj + (r + y)sz] -dR
c

along the path consisting of straight-line segments successively joining the
points Py = (0,0,0) to P, = (7/2,0,0) to P, = (7/2,0,1) to P3 = (0,0,1) to
P, =(0,7/2,1) to Ps = (0,7/2,0) and back to P, = (0,0, 0).

Solution:

We will use Stokes’ theorem so we can convert to a surface integral over the
two planar rectangles one with vertices F, P;, P, P3 on the y = 0 plane with
unit normal j, the other with vertices Ps, Py, Ps, Py on the x = 0 plane with
unit normal i. We need the curl of F := zsinyi — ysinzj + (z + y)2*k:

i i K
VxF = |0, Oy 0, =2*(i—j) — (ycosz + zcosy)k .
rsiny —ysinz (z+y)2?
Then
V><F-j|y:0=—z2,
and
VxF-i _,=2*.
so that

7{CF-dR = —// ZZdIdZ-l-// 22dydz
Tz yz
2 1 /2 1
= —/ dac/ szz+/ / 22dz
=0 z=0 y=0 J2=0

1 1

3 3
_ )2 )2
= —zl" = Tyl 7
30 30
™ ™
= ——+4+-=0.
6+6
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4 Problem 4.9.16

If F = z2i — yj + 2%yk, use Stokes’ theorem to evaluate [, F - R, where C
is the closed path consisting of the edges of the triangle with vertices at the
points P, = (1,0,0), P, = (0,0,1), P; = (0,0,0) transversed from P, to P,
to P3, and back to Pj.

Solution:

We will use Stokes’ theorem so we can convert to a surface integral over the
surface of the triangle with vertices Py, P;, P, on the y = 0 plane with unit
normal j. We need the curl of F:

ik
VxF = |0, 0,
xz —y 2y

=2%i+z(1 - 2y)j.

Then
VXxF-jl, =1,

%F-dR = //mxdxdz

and we have
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