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(2 fff%dv ffAil-ndS
7 S
oA
@) fff—%v ff421.nds
¥ K s

Adding (1), (2) and (3},

14

S
or ff V.Adv ffA-ndS
1 S

The theorem can be extended to surfaces which are such that lines parallel to the coordinate sxes
meet them in more than two polnts. To establish this extension, subdivide the region bounded by S into
subregions whose surfaces do satisfy this condition. The procedure is analogous to that used in Green's
theorem for the plane.

Evaluate f F-ndS, where F = 4x2i —y?j +yzk and S is the surface of the cube bounded
hi
by x=0,x=1,y=0,y=1, z=0, z=1,

By the divergence theorem, the required integral is equal to

ff V.radv fff [%(uz) + éa;(—y?) + éa;(m] av
v V
] i |
ff (4z—y)YdV = f f f (4z —y) dzdydx
V

xX=0 ¥=0 z=0

! I | 1 I
f f 222 — yz [z=°dydx = f f (2—y)dydx =

x=0 ¥=0 x=0 ¥=0

tole

The surface integral may also be evaluated directly as in Problem 23, Chapter 5.

Verify the divergence theorem for A = 4xi — 2y"’j + 22 k taken over the region bounded by
22 +y? =4, 2=0 and z=3.

ff Viadv = fff [éa;“") + an—(-zy?) + éaz-(z?)] av
v 12
R 2 ‘/u-xﬁ 3
fff(4—4y+2:)dV = f f f (4—4dy+2z)dzdydx = 847

4 Xu-2 y:-qﬁ-zﬂ z=0

Volume integral

The surface 5 of the cylinder consists of a base 83 (z=0), the top S, (z=3) and the convex portion
83 (x2+y2 = 4). Then
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Surface tntegral = ffA-n a5 = ffA-n dSy + ffA-n dS, + ffA-n dSa

) 5 &% 5
On Sy (z=0), n=—k, A=4xi~2y?j and A-n =0, sothat ffA-n dS; = 0.
Sy

On 3;(z=3), n=k, A = 4xi— 2y?] +9k and A-n=9, sothat

ffA-n dS; = fodsg = 367, since area of S; = 47
S

S

On Sy (x2+y2 = 4), A perpendicular to x2+y? =4 has the direction ViaZ+y%) = 221 + o §,
21+ ) _ zl+y]
\/4x2+4y2 2

Then a unit hormal is n = since x2+y2= 4,

+
A-n = (dxi— 2] +2%k) . (—’5%) = 2y
’ —....7(:_32: 233
Sa
dSy = 2d6 dz
dV = dxdydz
Y
31: z=0 N
x @ :;;;-?’y
From the figure above, x =2cos &, y = 2sin &, dSg =2 d%d: and so
211 3 a
ffA-n dSg = J f [2(2 cos ) — (2sin 6] 2dz d6
SS =0 =0
27 217
= f (48 cos?8 — 48 sin®H)dE = f 48 cos?GdE8 = 487
=0 6 =0

Then the surface integral = 0 + 367 + 4877 = 8477, agreeing with the volume integral and verify-
ing the divergence theorem.

Note that evaluation of the surface integral ovet S; could aiso have been done by projection of Sy on
the xz ot yz coordinate planes.

19. If div A denotes the divergence of a vector field A at a point P, show that

AndS
divAa = lim
AF-p AV
where AV is the volume enclosed by the surface AS and the limit is obtained by shrinking AV
to the point P.
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Thus by addition,
ff(Vx A)+n d§ = f A-dr
5 [4

The theorem is also valid for surfaces § which may not satisfy the restrictions imposed above. For
assume that 5 can be subdivided into surfaces 3, S,, ...Sk with boundaries Cy,C,, "'Ck which do satisfy
the restrictions. Then Stokes’ theorem holds for each such surface. Adding these surface integrals, the
total surface integral over S5 is obtained. Adding the corresponding line integrals over Cy, C, ... Ck , the
line integral over C is obtained.

32. Verify Stokes’ theorem for A = (2x—y)i — y#J —y2zk, where S is the upper half surface of
the sphete x? +y? +:2? = | and C is its boundary.

The boundary C of S is a circle in the xy plane of radius one and center at the origin. Let x = cost,
y=sine, 2=0, 0 € ¢ < 27 be parametric equations of C. Then

f Asdr = f (x—y)dx — yZ2dy ~ y?zd:

C C
am
= f (2cost ~ sine) (~sineyde = 77
(i
i i k
- 9 2 9 -
Also, Vxa = 5 ” o = k

Zx—y —yz? 4%

Then ff(VXA)'n ds = ffk-ll ds = ffdx dy
§ h R

since n-k 45 =dxdy and R is the projection of § on the xy plane. This last integral equals

1 Vi-x? I rvi-x2 ]
f dy dx = 4f f dy de = 4f 1-x%dx = 7
o s o 0
x==| y=- /I--x2

and Stokes’ theorem is verified.

33. Prove that a necessary and sufficient condition that ’{ A-dr =0 for every closed curve C is

that Vx A =9 identically.

Sufficiency. Suppose Vx A =0. Then by Stokes’ theorem

fA.dr = ff(VxA)-n d§ = 0
hy

C

Necessity. Suppose f A-dr = 0 around every closed path C, and assume Vx A # 0 at some point
C
P. Then assuming VxA is continuous there will be a region with P as an interior point, where VXA #0.
Let 5 be a surface contained in this region whose normal n at each point has the same direction as Vx A .
ie. VxA = an where d (s a positive constant. Let C be the boundary of 5. Then by Stokes’ theorem
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SUPPLEMENTARY PROBLEMS

37. Verify Green's theorem in the plane for f (312-8y2)dx + (4y — 6xy)dy, where C is the boundary of the
[
region defined by: (e) ¥ =l/;, ¥y =x2; (b) x=0,y=0, x+y =1,
Ans. (o) common value = 3/2 (b) common value = 5/3

38. Evaluate f (3x +4y)dx + (2v~3y)dy where C, a circle of radius two with center at the origin of the xy
[
plane, is traversed in the positive sense. Ans. — 877

39. Work the previous problem for the line integral f (x% +y?)dx + 3xy2 dy. Ans. 127
[4

40

h

Evaluate f (x*—2xy)dx + (°y +3)dy sround the boundary of the region defined by y°=8x and x = 2
(a) directly, (b) by using Green’s theorem. Ans. 128/5

(m,2)
41. Evaluate _{ ) (6xy —y")dx + (34 —2xy)dy along the cycloid x = O~ sinG, y=1-cosd.
0,0

Ans. 67 —47

42. Evaluate f (3x2+2y)dx — (x+3cosy)dy around the paralielogram having vertices at (0,0), (2,0), (3,1)
and (1,1). Ans. —§

43. Find the area bounded by one arch of the eycloid z = (0 — sin &) ¥ =o(1 —eos ), a>0, and the x axis.
Ans, 37a?

44. Find the area bounded by the hypocyeloid B4 y"?/:3 = a"’ﬁ. a>0,
Hint: Parametric equations are x =acos®&, y = a sin®f. Ans, 37a%s

45. Show that in polar coordinates (0.) the expression xdy —ydx = 0°dp. Interpret % f xdy — ydx.
46. Find the area of & loop of the four-leafed rose o = 3 sin 2¢. Ans. 97/8

47. Find the area of both loops of the lemniscate 2 = o° cos 26. Ans, a?

48. Find the area of the loop of the folium of Descartes b4

2°+y® = 3axy, ¢ >0 (see adjoining figure).
Hint: Let y = tx and obtain the parametric equa-

tions of the curve. Then use the fact that
Area f xdy — ydx .

+y
f Izd(%) ‘}'x

-
f %2 dt o

(33, 3a)

|-

I
Ni—

i
-

Ans. 3a%/2

/

49. Verify Green’s thecrem in the plane for f (2x —y3ydx — xydy, where C is the boundary of the region en-
(o

| closed by the circles z%+y?=1 and 22+y%= 9. Ans. common value = 6077

(=1:0) _ 5 dx +zd
—yax +xdy .
50. Evaluate (1,0) JEI along the following paths:
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(s) straight line segments from (1,0} to (1,1), then to (—1,1), then to (—1,0).

(b} straight line segments from (1,0} to (1,~1), then to (—1,~1), then to (—1,0),

Show that although % = ?, the line integral is dependent on the path jolning (1,0) to (—1,0) and expilain.
Y x

Ans., (@y1m (b)) ~7

31. By changing variables from (x,y) to (u,v} according to the transformation x = x(z,v), ¥ = y(u,v), show that
the area A4 of a reglon R bounded by a simple closed curve C is given by

9z Iy

Yy x,y Ou Ou

A = ff If(a':"g)’dudv where ](u’—u) = % 3
R = X

v v

is the Jacoblan of x and y with respect to u and ». What restrictions should you make ? Illustrate the re-
sult where 4 and v are polar coordinates,
Hint: Use the result 4 = %f xdy — ydx, transform to u,v coordinates and then use Green's theorem.

52

Evaluate ff F-n d5, where F = 2xy i +yz°f +xz k and § is:
8
(a) the surface of the parailelepiped bounded by x=0,y=0,2=0,%x=2, y=1and z=3,
{b) the surface of the region bounded by x=0, y=0,y=3, z=0and x+2z=86.
Ans. (a) 30 (b) 351/2

53. Verify the divergence theorem for A = 2x% i — y2§ + 4222k taken over the reglon In the first octant
bounded by y2+z%=9 and x=2. Ans. 180

54. Evaluate ff r-n d5 where (a) S is the sphere of radius 2 with center at (0,0,0), (b) S is the surface of
N

the cube bounded by x=—1,y=~1, z==1, x=1, y=1, z=1, (c) S is the surface bounded by the parabolold
z = 4—(x2+y°) and the xzy plane.  Ans. (3) 327 (6) 24 (c) 2477

55. If S is any closed surface enclosing a volume ¥ and A = axi+byj +czk, prove that ff A'n d§ =
{(a+b+c) V. 3

56. If H=curlA, prove that ff H-n 45 = 0 for any closed surface S.
S

57. If n is the unit cutward drawn normal to any closed surface of area S, show that J'ff divn d¥V = §.
v

58. Prove f_!- ér”z = J;f[,’zﬂ ds,
59. Prove ffrsn dS = ff 55 dV,
S F

60. Prove ffn dS = 0 for any closed surface §.
5

61. Show that Green's second identity can be written fff (¢V2L,b - gbV%‘b)dV = ff(d) j—l-f - L,b-z-;f)ds
F b

62. Prove ffr xdS = 0 for any closed surface 5.
i
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63. Verify Stokes’ theorem for A = (y—z+2)1 + (yz +4)j —~xzk, where S is the surface of the cube x=0,
¥=0,2z=0,x=2,y=2, z=2 above the xy plane. Ans. common value = ~4

64. Verify Stokes’ theorem for F = xzi —yj +x% k, where S is the surface of the region bounded by x=0,
¥y=0,z=0, 2x +y +22 = 8 which is not included in the xz plane.  Ans. common value = 32/3

Evaluate ff(vxﬂ)-n dS, where A = (x%+y—4)i + 3xy] + (2xz +2z2)k and S is the surface of (s) the
b

hemisphere x®+yZ+z2 =18 above the xy plane, (b) the paraboloid z = 4 — (x®+¥°) above the xy plane.

Ans. () =167, (b) —47

65

66. If A = 2yzi— (x+3y—20J + (x2+z)k, evaluate ff(VXA)-n dS over the surface of intersection of the
g

2, x2+2%2 = g? which is included in the first octant, Ans. — 31'%(377+8a)

cylinders x2+y? = a

67. A vector B is always normsal to a given closed surface S, Show that fffcurlB d¥ = 0, where V is the
region bounded by S.

68. If f E+«dr = —cl Bi ffﬂ-ds. where S is any surface bounded by the curve €, show that VxE =
C ¢ s
108
e Dt

69. Prove _ﬁqb dr = f ds x Vob.
3

70. Use the operator eguivalence of Solved Problem 25 to arrive at (a) Vb, (5) VA, (¢) Vx A in rectangular
coordinates.

71. Prove fffV¢>-A dv = ffqu-n ds — fffc;bv-A dav.
¥ 8 ¥

T2

Let r be the position vector of any point relative to an origin 0. Suppose ¢ has continuous derivatives of
order two, at least, and let § be a closed surface bounding & volume V. Denote ¢ at O by ¢,. Show that

ff[%V'(iﬁ-d)V(%)]-ds = fffﬁdlf +a
5 v

where a=0 or 4ﬂd>° according as O is outside or inside S,

13

The potentizl ¢(P) at a point P{x,y,z) due to a system of charges (or masses) Q11 Ggs wrer Gy heving position
vectors r,,f,,....%, With respect to P is given by

¢ - Yo

ffE dS = 4mQ

where E = — V@b is the electric field mtensity, $ is a surface enclosing all the charges and Q= E 9y
is the total charge within 5.

Prove Gauss® law

74. If a region V bounded by a surface 5 has a continuous charge (or mass) distribution of density £, the po-

dav
tential ¢¢(P) at a point P is defined by ¢= ff f 'i,;- Deduce the following under suitable assumptions:

(a) ffl—:-ds = 47 fffp dV, where E =V—V¢>.
S 12

2
&V ¢ = — 47p (Polsson’s equation) at all points 7 where chatges exist, and Vqu =0 (Laplace’s equa-
tion) where no charges exist.




