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Statistical mechanics of pseudoknot polymers
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We present the theory for the conformational free energies of RNA molecules and other polymers
that have pseudoknots. We derive an expression for the partition function by counting
conformational loops that we call pseudoknot core units, using the theory of self-avoiding walks. We
show that the thermal transitions of pseudoknot polymers to their denatured states are not two-state;
they are continuous. We also find that the entropy of a pseudoknot loop depends not only on its
chain length, as is assumed in most current RNA models, but also on the length of the adjacent stem,
because stems are stiff and the stiffness determines the starting and ending points of the loop.
© 2003 American Institute of Physics.@DOI: 10.1063/1.1587129#
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I. INTRODUCTION

Pseudoknots are an important class of conformation
RNA molecules. Similar conformations occur in proteins a
in other compact polymers. Figure 1 shows a pseudokno
is a hairpin~stem! in which one end of the chain returns an
forms additional contacts with the loop between the t
strands of the stem. From a computational perspect
pseudoknots are interesting because they are the sim
conformations that can be regarded as beingcomplexor ter-
tiary structures, in the following sense. The next simple
class of conformations are simple hairpins. The numbe
simple hairpin conformations scales only asN4, whereN is
the chain length. The addition of a single intracha
pseudoknot contact increases the conformational comple
to N6.1 Folded molecules such as proteins are even m
complex, involving an exponential scaling,aN.

Two problems have been the focus of most of the the
on RNA molecules. First, there is the problem of predicti
the native structure of a molecule based on its nucleo
sequence.1–4,11 That is not our focus here. The second cla
of problems is the prediction of the folding thermodynami
The pioneering work in this area was by McCaskill, wh
developed a simple random-flight theory of RNA folds.5 This
and several related models treat the chain using ran
flight statistics and neglect excluded volume.6,7 Considerably
more sophisticated and accurate is a model that treats
steric excluded volume of the chains explicitly, rather th
neglecting it.8,9 But the latter models are limited to hairpin
and nested hairpins; they are not able to treat pseudokn
due to the complexity of the conformations. This is the pro
lem we now treat here.

II. THE MODEL

We use a three-dimensional cubic lattice model o
chain. Lattice models are currently among the best way

a!Electronic mail: alucas@mills.edu
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insure uniform sampling of conformational spaces of po
mers. Although not perfect representations of the chain,
present purposes they are sufficient to capture the esse
features of the physics. A ‘‘contact’’ is defined as any pair
monomers that are not adjacent in the chain sequence an
located on spatially adjacent lattice sites. We define
pseudoknot core unit, which is a chain having a part of th
pseudoknot conformation. It has two components, a dou
strandedhairpin, or stem, and a loop. The hairpin stem con
tains 2n nucleotides,n monomers in each strand. The loop
a single-stranded stretch havingm monomers. We define a
pseudoknot core unit using the labelU(n,m). This name is
intended to indicate that the stem and loop are the two m
central parts of the overall pseudoknot conformation. Af
describing the pseudoknot core unit in the next section,
follow with a description of the full pseudoknot. Figure
shows one specific conformer of the 26 nucleoti
pseudoknot core unit,U(6,14). LU(n,m) is the number of
waysU(n,m) can be embedded in a three-dimensional cu
lattice, with the first nucleotide fixed at the origin. Equiv
lently, LU(n,m) is the number of ‘‘neighbor-avoiding’’ walks
~NAW! through them12n lattice sites that satisfy the spe
cific hairpin and pseudoknot contact distance constraints
neighbor-avoiding walk is more restrictive than a se
avoiding walk; neighbor avoidance means that the chain
not only self-avoiding~i.e., having no two monomers on th
same lattice site!, but also that no monomer isadjacentto
any other monomer either. The central challenge in comp
ing the partition function is in obtaining the density of state
the conformation count. So our focus in the next sections
description of how we obtain the conformation counts.

Consider two limiting cases. In one limit,n50, there is
no stem, andU(0,m) is a single strandedm-nucleotide loop
with a single contact between the first and last nucleotid
Another limiting case isU(n,0), for which there is no
single-stranded loop segment; the double-stranded c
bends around to make two contacts between the top and
bottom of the hairpin stem. Examples of these two limiti
4 © 2003 American Institute of Physics
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2415J. Chem. Phys., Vol. 119, No. 4, 22 July 2003 Statistical mechanics of pseudoknot polymers
situations areU(0,28) andU(14,0), as shown in Fig. 3.
We refer to anm-step neighbor avoiding walk in which

only the first and last site are adjacent as anm-step polygon.
Following the notation in the physics literature, anm-step
polygon on a cubic lattice is often expressed asU3D(m).10

Figure 3 shows a planar 28-step polygon. We denote
number ofm-step polygons on a cubic lattice byLU3D(m) , so
LU(0,m)5LU3D(m) .

The other case,U(n,0), is a planarn-step polygon on a
cubic lattice. For example,U(14,0) in Fig. 3 is a planar
14-step polygon. A double-stranded chain has an asymm
in its flexibility. Think of a ribbon. A ribbon cannot readily
bend around an axis that is embedded in its plane, but it
bend around an axis perpendicular to its plane. In a cu
lattice, the consecutive contacts of a double stranded cha
highly constraining and prevents the chain from twistin
Hence the flexibility of a lattice hairpin is limited to tw
dimensions and there are no nonplanar conformations
U(n,0). An n-step polygon on a square lattice is denoted
U2D(n).10 The number ofn-step polygons on a square lattic
is LU2D(n) . Because there are six first steps in a cubic latt
U(n,0) can have six planar orientations, soLU(n,0)

56LU3D(n) . We have computedLU3D(n) andLU2D(n) by exact
enumeration for n,20. For longer chains, we use
asymptotic expressions previously developed in the litera
for the conformation counts of self-avoiding polygons.10

In the more general case, wherenÞ0 and mÞ0, the
pseudoknot core unit,U(n,m), has both a stem and loop

FIG. 1. A simple pseudoknot. In a pseudoknot, monomers inside a ha
loop pair with monomers outside the stem-loop.

FIG. 2. The pseudoknot core unit,U(6,14), is made up of a 12 monome
hairpin stem and a 14 nucleotide single stranded segment.n56 is half the
number of monomers in the stem andm514 is the number of single
stranded monomers.
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The m-mer loop chain together with one strand of the ste
gives a chain of lengthm1n. For example, inU(6,14) of
Fig. 2, there is a 20-mer loop consisting of residues 7–
Hence,LU3D(m1n) is an upperbound forLU(n,m) . To approxi-
mateLU(n,m) , we use

LU~n,m!'
2LU2D~n!

LU3D~n!
LU3D~m1n! . ~1!

The quantityLU2D(n) /LU3D(n) gives the fraction of three-
dimensional loops of lengthn that lie in a plane, such as th
one that is defined by the stem. This expression reduce
the appropriate limits. Whenn50, it reduces toLU(0,m)

52LU3D(m) and when m50, this equation reduces t
LU(n,0)52LU2D(n) . In general, we find by tests against exa
enumerations that this expression is also quite accurate
the more general case, for nonzerom andn.

In applying Eq.~1! we used exact values from 3D lattic
exhaustive enumerations forLU3D(m1n) for m1n,20. To
find LU2D(n) andLU3D(n) in Eq. ~1! we approximated confor-
mation counts for self-avoiding polygons, rather than NA
polygons, because we expect errors to cancel out in the r
LU2D(n) /LU3D(n) . For largen, the number of self-avoiding
polygons of lengthn scales asn2hmn, where the exponenth
and connective constantm are positive and depend on th
dimensionality of the lattice.10 Self-avoiding polygons on
square and cubic lattices have exponents given byh51.5
andh51.75, respectively, and connective constants given
m52.638 andm54.684, respectively.10 For n between 16
and 22 we found by exact enumeration that the number on
step self-avoiding polygons in a square and cubic lattice
approximately 1.08n21.5(2.638)n and 0.518n21.75(4.684)n,
respectively. We used these expressions also to interpo
LU3D(n) and LU2D(n) for odd values ofn ~since square and
cubic lattices artifactually do not permit odd values ofn!. To
useLU3D(m1n) in Eq. ~1! for m1n.520 we used the for-
mula LU3D(m1n);0.018(n1m)21.75(4.684)(n1m). The scal-
ing factor, 0.018, was chosen to agree with our exact e
merations for 10<m1n<16.

We summarize below our counting formulas f
pseudoknot core units,

in

FIG. 3. The pseudoknot core units,U(0,28) andU(14,0) are examples of
special limiting cases in whichn50 or m50. Our theory can count confor
mations for these cases exactly.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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LU~n,m!

5H 2LU2D~n!

LU3D~n!
LU3D~m1n! mÞ0, nÞ0, m1n even

6LU2D~n! m50, nÞ0, n even

LU3D~m! n50, mÞ0, m even.

~2!

To test our theory we use a very simple model of energy,
homopolymer model in which all monomers stick to ea
other with an energy2e,0, and compute the density o
states. For a fixed chain length, using Eq.~2!, we can predict
the number of lattice conformations different pseudok
core units have. Keeping track of the number of contacts
each pseudoknot core unit, we get the density of states.
compare our theoretical density of states prediction with
precise density of states obtained by exact enumeration.
ure 4 shows that our model is nearly exact. The exact e

FIG. 5. In a pseudoknot core unit,U(n,m), n1m monomers form a closed
loop ~we only consider half the monomers in the stem!. For fixed loop size,
n1m, between 8 and 16 monomers (n1m even!, the conformation counts
for pseudoknot core units, with different fractions of stem content,n/(n
1m), is predicted. The figure shows that conformation counts
pseudoknot core units decrease with increasing stem content. Solid
represent theoretical counts and points (n1m58 andn1m510 only! rep-
resent exact counts.

FIG. 4. The figure gives a test of theory against exact enumeration
13-mer–17-mer pseudoknot core units, showing that the predicted dens
states is almost exact. The solid lines are the theoretical predic
and the points are the exact values. The energy function use
E52e3(number of contacts) withe51.
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merations were computationally limited to 17-monom
pseudoknot core units. The advantage of the present theo
that it is much more efficient than exact enumeration;
complexity of our counts grow linearly with chain length. S
our model computes the density of states in only a fraction
a second forN,50. The rate limiting step is the linear tim
computation of determining which pairs ofm and n satisfy
the constraintN5m12n.

Here is a test that demonstrates the advantage of
present theory compared to the traditional random-fli
method for treating loop conformations. Figure 5 shows t
increasing the proportion of the hairpin stem in a pseudok
core unit decreases the number of conformations acces
to the loop. The loop gets ‘‘stretched’’ as the stem g
longer, leading to fewer conformations. In random-flig
theory, the loop conformation count is, incorrectly, indepe
dent of the stem length. Hence the present model impro
upon this and related flaws of random-flight loop models

III. MORE COMPLEX PSEUDOKNOTS

Our discussion above is limited to only the simplest po
sible pseudoknots, namely those that have only a stem
length n and loop of lengthm. To make the model more
realistic, we now consider a pseudoknot chain that also ha

r
es

FIG. 6. A planar representation of a pseudoknot in a cubic lattice
pseudoknot is described by 7 parameters. The value of each parame
given as well as the monomer numbers associated with each value. The
equation expresses the total number of monomers as a sum of the para
values.
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FIG. 7. A pseudoknot minus its tails can be decom
posed as the sum of two pseudoknot core units. T
figure shows the decomposition of the pseudoknot
the left as the sum of the pseudoknot core unitsU(3,13)
and U(7,15). Monomers 13, 28, 27, 26, and 47, a
superimposed in the two pseudoknot core units to fo
the pseudoknot on the left.
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tail at each end, and for which there may be more than
tertiary contact. In this class of conformers, we partition
chain monomers into 7 nondisjoint groups. Figure 6 sho
an example. The length of the two tails of the pseudokn
i.e., the number of monomers free of any contacts at
beginning and the end of the pseudoknot, are labeledt1 and
t2. For example, in Fig. 6, the tail monomers int1 are 1–6
and in t2 are 50–55. The full pseudoknot can be assemb
from the two tails and two pseudoknot core unitsU(n1,m1)
andU(m2,n2). Let m1 be the number of nucleotides form
ing the single stranded segment, andn1 be half the number
of nucleotides in the hairpin stem ofU(n1,m1). We use
identical definitions forn2 andm2 in U(n2,m2). In Fig. 6,
the pseudoknot core units areU(3,13) andU(7,15) ~shown
explicitly in Fig. 7!. The two pseudoknot core units hav
monomers in common. For example, in Fig. 7, nucleotid
13, 28, 27, 26, and 47, are common to both pseudoknot
units. The number of these overlapping nucleotides in
pseudoknot is denotedo. In this caseo55.

For the purpose of counting conformations to get
density of states, we need not distinguish which bonds
covalent and which are noncovalent. For example nu
otides 26 and 27 form a noncovalent bond inU(3,13) yet a
covalent bond inU(7,15). Both types of interaction impos
an identical distance constraint, for the purpose of coun
conformers.

A. Generating contact maps for pseudoknots

To compute the density of states for a chain withN
monomers, we generate all combinations of the parame
t1, t2, o, m1, m2, n1, andn2 subject to the following con-
ditions:

m1>4,

m2>4,

n1>1,
Downloaded 08 Jan 2004 to 169.230.22.24. Redistribution subject to A
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n2>1,

t1>0,

t2>0,

3<o<min~~m115!/2,~m215!/2!,

m11n1 even,

m21n2 even,

N5t11t212n212n11m11m22o.

Here are the reasons for these conditions. The condit
on n1 andn2 is so that the pseudoknot will have two hairp
stems. The conditions onm1 andm2 are required to form
the head of the two hairpin stems in the pseudoknot. T
single stranded tails of our pseudoknots may have any n
ber of nucleotides. Figure 8 shows that the minimum p
sible overlap between two pseudoknot core units is thr
The maximum number of overlaping nucleotides was cho
to be the closest integer less than or equal to min((m1
15)/2,(m215)/2). Figure 9 shows a pseudoknot with max
mal overlap, o. The greater the overlap between tw
pseudoknot core units, the more compact the pseudok
Such pseudoknots usually do not have planar represe
tions. As a result, it is likely that some of the pseudokn
with large overlap will violate excluded volume constrain
in a cubic lattice and not be physically viable. We chose o
range of overlaps to be so that 98% of our pseudoknots h
ing N518 nucleotides are physically viable in a cubic lattic
For larger pseudoknots, we expect an even smaller frac
of excluded volume violations, since they are less comp
on average. We requirem11n1 andm21n2 to have even
parity because of the constraints of the cubic lattice. T
final equation constrains the parameters so that
pseudoknot has the correct number of nucleotides.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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For a chain of 30 nucleotides there are 14167 differ
sets of parameterst1, t2, o, m1, m2, n1, n2. Each set of
parameters corresponds to a single contact map. So our
cedure generates 14167 different contact maps represent
diverse assortment of 30 nucleotide pseudoknots. Each
tact map represents the full ensemble of conformations
satisfy those distance constraints.

B. Generation of contact maps for hairpins
and the open chain

To explore the transition between a pseudoknot and
denatured open conformations, we consider a zipping p
cess in which the intermediate structures between the na
and denature states can have any degree of zipping or u

FIG. 8. An example of a pseudoknot with minimal overlap,o53, between
its two pseudoknot core units.

FIG. 9. An example of a pseudoknot with maximal overlap, min((m1
15)/2,(m215)/2)55, between its two pseudoknot core units.
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ping of either of the two hairpins. Unzipping is only allowe
to initiate from the top or bottom of the hairpins. Figure 1
shows an example of allowed conformations on the ro
between the pseudoknot of Fig. 6 and the open chain.
expect this to be a good approximation to the full ensem
of conformers that are significantly populated during t
folding and unfolding processes.

To explore such transitions, we consider a class of h
pins where the monomers can be partitioned into 4 disjo
groups. The variables aret1, t2, n, andm. t1 andt2 are the
length of the tails of the hairpin, i.e., the numbers of nuc
otides that are free of any contacts at the beginning and
end of the hairpin.n is half the number of nucleotides in th
hairpin stem andm is the number of nucleotides involved i
the loop. Figure 10 gives an illustration.

For a chain with a fixed number of nucleotidesN, we
generate all combinations of the numberst1, t2, m, and n
subject to the following conditions:

m>4 even,

n>1,

t1>0,

t2>0,

N5t11t212n1m.

The loop in the hairpin will havem12 nucleotides, so
we requirem>4 with m having even parity. The hairpin
must have at least one contact in the stem so we requin
>1. We allow the tails of the hairpin to be any length.

For a chain ofN530 nucleotides there are 819 differe
sets of parameterst1, t2, m, n. Each set of parameters co
responds to a single contact map, so our procedure gene
819 different contact maps representing a diverse assortm
of 30 nucleotide hairpins. All contact maps for hairpins a
physically viable on a cubic lattice.

IV. THE PARTITION FUNCTION FOR A PSEUDOKNOT
AND ITS UNFOLDING INTERMEDIATES

As a test of principle of the model, we consider a simp
monomer sequence in which all monomers are identical
that the energy is simply proportional to the number of
trachain contacts, with proportionality constant,e. The parti-
tion function over the conformations of a chain can be co
puted either by summing over contact maps, or by summ
over energy levels. We number all the possible contact m
Letting Ei be the energy of thei th contact map, the partition
function Q(T) is

Q~T!5S iV ie
2Ei /RT, ~3!

where R is the gas constant andT is the temperature
V ie

2Ei /RT is the statistical weight for thei th contact map.
It remains to determineV i , the number of conforma-

tions corresponding to thei th contact map. To do this by
exact enumeration would require searching 5N possible con-
formers for a chain ofN nucleotides. We present below
more efficient algorithm for estimatingV i . To reduce the
conformational complexity, we take advantage of the red
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 10. The transition between a
pseudoknot, a hairpin and an ope
chain involves unzipping at the end
of the pseudoknot stems. The 4 param
eters describing the intermediate hai
pin is given.
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tion in dimensionality imposed by the constraint that t
bending of a hairpin stem lies in a plane. For pseudokn
we factorV i into component counts from its two pseudokn
core units. We follow the definitions of Madras and Slade
self-avoiding walks except that we will be considering t
more restrictive case of NAWs rather than SAWs.10 An n
step NAW hasn11 monomers.

Definition 1: LC3D(n) is the number of n-step NAWs on
cubic lattice.

Definition 2: LC2D(n) is the number of n-step. NAWs o
a square lattice.

An open chain withn11 monomers is ann-step NAW
and hence has preciselyLC3D(n) conformations on a cubic
lattice. We foundLC3D(n) andLC2D(n) by exact enumeration
for n<16. For chains withn.17, LC3D(n) was approximated
by the formulaLC3D(n)50.096(n)0.16(4.684n). In this for-
mula we assume that the critical exponent, 0.16, and con
tive constant, 4.684, for NAWs is the same as for SAWs o
cubic lattice. The scaling factor for the longer chains, 0.0
was chosen to agree with our exact enumerations for 10<n
<16.

To discuss our counting algorithm for our class of ha
pins we first handle the special case of a simple hairpin b
~i.e., a hairpin which is entirely double stranded! in the fol-
lowing simple theorem.

Theorem 1:A hairpin bend occupying 2n12 sites on a
cubic lattice has exactly 6LC2D(n) conformations.

Proof: Given a hairpin bend of 2n12 nucleotides, every
nucleotide in the chain, except the middle two forming t
bend in the hairpin, are involved in a contact. This constra
the hairpin and prevents the chain from twisting. As a res
the hairpin loses a degree of freedom and can only move
two-dimensional plane. There are six possible first steps
the hairpin. Fixing the first step, a conformation of a hairp
Downloaded 08 Jan 2004 to 169.230.22.24. Redistribution subject to A
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is determined by ann step (n11 monomer! neighbor avoid-
ing walk in a square lattice. There areLC2D(n) conformations
of an n step neighbor avoiding walk in a square lattice, g
ing therefore a total of 6LC2D(n) conformations for a hairpin
bend. h

To handle more general hairpins we approximate
tails as a single 3D NAW of lengtht11t2. Hence two tails
together haveLC3D(t11t2) conformations. We introduce a
excluded volume term,p t , for the interaction of the tails
with the double stranded part of the hairpin. We found
exact enumeration that without an excluded volume term
overcounted hairpin conformations by a factor of 5/3 so
let p t be 0.60 whent1 or t2 are greater than 0. There is n
need for an excluded volume term whent1 andt2 are both 0
and sop t51 in this case.

To handle hairpins where the bend at the head of
hairpin involves more than two monomers~i.e., m.2), we
model the turn at the top of the hairpin as a (m11)-step
polygon,U3D(m11). We found by exact enumeration th
without an excluded volume term we overcounted hair
conformations by a factor of 3 so we letph be 0.33 if m
.2 andph50 otherwise.

The configuration count for a hairpin with paramete
m, n, t1, andt2 is given by the equation,

Lh5ph* p t* LC2D~n!* LU3D~m!* LC3D~ t11t2! . ~4!

The quantityLC2D(n)* LU3D(m)* LC3D(t11t2) in Eq. ~4! is the
product of the number of conformations contributed by t
stem, the head of the hairpin, and the tails. This is multipl
by excluded volume factors for the head and tails interact
with the stem of the hairpin. Figure 11 shows that Eq. 4
almost exact for 11<N<15, the chain lengths that are a
cessible by exact enumeration.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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To find the conformational redundancy of a contact m
for a pseudoknot in a cubic lattice we begin with
pseudoknot without tails~i.e., t150 and t250). We have
seen that such a pseudoknot is the sum of two pseudo
core units,U(n1,m1) andU(n2,m2), with a single stranded
segment havingo nucleotides, double counted. It seems re
sonable then to count such a pseudoknot as the produ
U(n1,m1) and U(n2,m2) divided by LC3D(o) . We found
empirically that the excluded volume,p, due to the local
interaction of the two pseudoknot core units depends on
length of the stems as well as the length of the nonover
ping single stranded section of the loops,m12o and m2
2o. In the case wheren1.0 andn2.0, if m12o.2 and
m22o.2, then p5 1

35 otherwise if m12o<2 or m22o
<2 we letp5 1

70. This reflects our observation that the e
cluded volume is greater between the two pseudoknot c
units when one of the single stranded loops is very shor

We handle pseudoknots witht1.0 andt2.0 by mod-
eling these single strands as three dimensional neigh
avoiding walks of lengtht121 and lengtht221, respec-
tively, having LC3D(t121) and LC3D(t221) many conforma-
tions. We handle the local excluded volumesp t1 andp t2 by
settingp t15 2

3, whent1.0 andp t25 2
3, whent2.0. Other-

wise, these excluded volume factors are equal to 1. Th
factors were determined similarly to the excluded volu
terms for the tails of hairpins discussed above.

The configuration count for a pseudoknot, with para
eters,n1, m1, n2, m2, t1, t2, ando is given by the equation

Lp5p* p t1* p t2* LC3D~ t1!* LC3D~ t2!

* LU~n1,m1!* LU~n2,m2! /LC3D~o! . ~5!

The quantityLU(n1,m1)* LU(n2,m2) /LC3D(o) in Eq. ~5! is the
contribution to the conformation count from the pseudok
minus its tails. The quantityLC3D(t1)* LC3D(t2) represents the
contribution from the tails of the pseudoknot. The remain
terms are excluded volume factors. Figure 12 shows that
~5! is nearly exact for 14<N<18. We notice a trend that ou
theory uniformly overestimates the exact counts starting w
N.16.

FIG. 11. Test of theory against exact enumeration for 11-mer–15-
hairpin/open chain ensembles, showing that the predicted density of sta
essentially exact. The energy function used isE52e
3(number of contacts) withe51.
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V. PSEUDOKNOT HOMOPOLYMER SHOWS SINGLE
STATE COOPERATIVE TRANSITION

We examined the free energy plot for the pseudokn
hairpin/open chain homopolymer ensemble. Fixing the s
of the chain atN520 our pseudoknots/hairpin/open cha
ensemble allows a maximum of 9 contacts. The free ene
of the ensemble with energyE, and a fixed temperature,T, is
given by the formula,

F~E,T!5E2kT* ln g~E!, ~6!

wherek is Boltzmann’s constant, andg(E) is the density of
states,

g~E!5S iV i uEi5E . ~7!

Every contact in a contact map was given an energe
51. g(E) was determined from summing the conformati
counts of all contact maps having energyE. Figure 13 shows
that for a chain withN520 monomers, the thermal transitio
between the pseudoknot native structure and its denat
state is 1-state, i.e., a continuous transition. We tested ch

er
s is

FIG. 12. Test of theory against exact enumeration for 14-mer–18-
pseudoknots, showing that the predicted density of states is essentiall
act. The energy function used isE52e3(number of contacts) withe51.

FIG. 13. A free energy plot for a 20-mer pseudoknot~dotted lines!, and
pseudoknot/hairpin/open chain ensemble~solid lines!. The energy function
used isE52e3(number of contacts) withe51. The thermal transition for
pseudoknot/hairpin/open chain ensembles is 1 state with the open c
stable at high temperature and pseudoknots favored at low tempera
The zipping of pseudoknots is also shown to be continuous.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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as long asN550 and found the same result suggesting t
in the limit of long chain length, the transition will be 1-stat

The transition for simple hairpins is also known to
1-state. We confirmed this~figure not shown!. Figure 13
shows that pseudoknots exhibit single state transitions
contrast, Chen showed that a more general class of ha
homopolymers, having multiple nucleation points along
chain for zipping and unzipping, have 2-state transitions.8

VI. CONCLUSION

We have developed an analytic theory for pseudok
chain conformations that treats the excluded volume exp
itly. Although many RNA structures of interest are mu
larger than what is studied here, these structures can co
pseudoknots of the form studied in this manuscript. T
makes small structures worth studying. Our method is
decompose a pseudoknot into two pseudoknot core u
which are chains having a part of the pseudoknot confor
tion. We use the theory of self-avoiding walks to estimate
number of conformations for pseudoknot core units. To de
onstrate the advantage of our model compared to the tr
tional random-flight method of treating loop conformation
we show that increasing the proportion of the hairpin stem
a pseudoknot core unit decreases the number of confo
tions accessible to the loop. In random-flight theory, the lo
Downloaded 08 Jan 2004 to 169.230.22.24. Redistribution subject to A
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conformation count is, incorrectly, independent of ste
length. The counts for a pseudoknot is essentially found
multiplying the counts for the two pseudoknot core units a
dividing by a factor related to the length of the overlappi
section. Our theory is shown to predict well the partitio
function in simple test cases that have been analyzed by
act enumeration on lattices. We show that transitions fr
pseudoknots to their unfolded states are not first-order in
model.
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