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Statistical mechanics of pseudoknot polymers
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We present the theory for the conformational free energies of RNA molecules and other polymers
that have pseudoknots. We derive an expression for the partition function by counting
conformational loops that we call pseudoknot core units, using the theory of self-avoiding walks. We
show that the thermal transitions of pseudoknot polymers to their denatured states are not two-state;
they are continuous. We also find that the entropy of a pseudoknot loop depends not only on its
chain length, as is assumed in most current RNA models, but also on the length of the adjacent stem,
because stems are stiff and the stiffness determines the starting and ending points of the loop.
© 2003 American Institute of Physic§DOI: 10.1063/1.1587129

I. INTRODUCTION insure uniform sampling of conformational spaces of poly-

Pseudoknots are an important class of conformations ners. Although not perfect representations of the chain, for

RNA molecules. Similar conformations occur in proteins andpreserlt purposes they are sufficient to capture the essential

in other compact polymers. Figure 1 shows a pseudoknot. Ifleatures of the physics. A “contact” is defined as any pair of

is a hairpin(stem in which one end of the chain returns and monomers that are not adjacent in the chain sequence and are

forms additional contacts with the loop between the tWOIocated on spatially adjacent lattice sites. We define a

strands of the stem. From a computational perspectivé?Seudoknot core uniwhich is a chain having a part of the

pseudoknots are interesting because they are the simpld&teudoknot conformation. It has two components, a double-
conformations that can be regarded as beomplexor ter- strandechairpin, or stem and a loop. The hairpin stem con-

tiary structures in the following sense. The next simpler tains 2n nucleotidesn monomers in each strand. The loop is
class of conformations are simple hairpins. The number oft Single-stranded stretch having monomers. We define a
simple hairpin conformations scales only$, whereN is ~ Pseudoknot core unit using the lali¢(n,m). This name is
the chain |ength The addition of a Sing|e intrachainintended to indicate that the stem and |OOp are the two most
pseudoknot contact increases the conformational complexitgentral parts of the overall pseudoknot conformation. After
to N8.! Folded molecules such as proteins are even morgescribing the pseudoknot core unit in the next section, we
complex, involving an exponential scaling). follow with a description of the full pseudoknot. Figure 2
Two problems have been the focus of most of the theoryshows one specific conformer of the 26 nucleotide
on RNA molecules. First, there is the problem of predictingpseudoknot core unitJ(6,14). Ly, m is the number of
the native structure of a molecule based on its nucleotid@&vaysU(n,m) can be embedded in a three-dimensional cubic
sequencé-*M That is not our focus here. The second clasdattice, with the first nucleotide fixed at the origin. Equiva-
of problems is the prediction of the folding thermodynamics.lently, L, m is the number of “neighbor-avoiding” walks
The pioneering work in this area was by McCaskill, who (NAW) through them+2n lattice sites that satisfy the spe-
developed a simple random-flight theory of RNA foliBhis  cific hairpin and pseudoknot contact distance constraints. A
and several related models treat the chain using randomeighbor-avoiding walk is more restrictive than a self-
flight statistics and neglect excluded voluffeConsiderably avoiding walk; neighbor avoidance means that the chain is
more sophisticated and accurate is a model that treats thet only self-avoidingi.e., having no two monomers on the
steric excluded volume of the chains explicitly, rather thansame lattice site but also that no monomer &djacentto
neglecting it But the latter models are limited to hairpins any other monomer either. The central challenge in comput-
and nested hairpins; they are not able to treat pseudoknotgyg the partition function is in obtaining the density of states,
due to the complexity of the conformations. This is the prob-the conformation count. So our focus in the next sections is a

lem we now treat here. description of how we obtain the conformation counts.
Consider two limiting cases. In one limit,=0, there is
Il. THE MODEL no stem, andJ(0,m) is a single strandedtnucleotide loop

) . ] ) with a single contact between the first and last nucleotides.
We use a three-dimensional cubic lattice model of aangther limiting case isU(n,0), for which there is no

chain. Lattice models are currently among the best ways t%ingle-stranded loop segment; the double-stranded chain

bends around to make two contacts between the top and the
dElectronic mail: alucas@mills.edu bottom of the hairpin stem. Examples of these two limiting
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C A C FIG. 3. The pseudoknot core unitd(0,28) andU(14,0) are examples of
special limiting cases in which=0 orm=0. Our theory can count confor-

FIG. 1. A simple pseudoknot. In a pseudoknot, monomers inside a hairpifnations for these cases exactly.
loop pair with monomers outside the stem-loop.

situations areéJ(0,28) andU(14,0), as shown in Fig. 3. . .

We refer to anm-step neighbor avoiding walk in which T_he m-mer Ipop chain together with one strfind of the stem
only the first and last site are adjacent asxastep polygon g!vesza ﬁha'n. of Iezr(;gtmn+ln. For exfample, f'rU(%M) (;f 26
Following the notation in the physics literature, amstep '9. 2, there Is a 20-mer loop consisting of residues 7-26.
polygon on a cubic lattice is often expressedus®(m).° Hence L ysom-r IS an upperbound fatyn,m - To approxi-

Figure 3 shows a planar 28-step polygon. We denote thfhatelymm , we use
number ofm-step polygons on a cubic lattice hy;soy, , SO
I-U(O,m):LU3D(m)- 2L 20
The other casdJ(n,0), is a planan-step polygon on a Lunm= MLuw(mm)- 1)
cubic lattice. For examplelJ(14,0) in Fig. 3 is a planar Lusom)

14-step polygon. A double-stranded chain has an asymmetry
in its flexibility. Think of a ribbon. A ribbon cannot readily
bend around an axis that is embedded in its plane, but it caér}
bend around an axis perpendicular to its plane. In a cubi
lattice, the consecutive contacts of a double stranded chain
highly constraining and prevents the chain from twisting.

Hence the flexibility of a lattice hairpin is limited to two ) .
iku(n,0)=2LUzD(n). In general, we find by tests against exact

dimensions and there are no nonplanar conformations i that thi on is al i o f
U(n,0). An n-step polygon on a square lattice is denoted byenumera ions that this expression is also quite accurate for

U2P(n).*° The number ofi-step polygons on a square lattice the Imore glge_nerzl cg)se, for ngnzemr;md P from 3D latti
is Ly2o(n) . Because there are six first steps in a cubic lattice, N applying Eq.{1) we used exact values from attice

U(n,0) can have six planar orientations, sioyp g ?XSiUStive en(l;lr_neratio.nsEfdrUfo(ern) for m+r;<d20' Tf'o

= 6L y3p(n) . We have computeldjso ,y andL 2o, by exact ind Lyzo(y) andLysoq in Eq. (1) we approximated confor-
enumeration for n<20. For longer chains, we used mation counts for self-avoiding polygons, rather than NAW.
asymptotic expressions previously developed in the IiteraturEOIygonS' because we expect errors to cancel out in the ratio

for the conformation counts of self-avoiding polygdfis. uzo(n) /Lysom . For largen, tbhe ’Jumber of self-avoiding
In the more general case, whenet0 and m#0, the polygons of lengtn scales as ™ "w", where the exponertt

pseudoknot core unit)(n,m), has both a stem and loop and connective constant are positive and depend on the
o " dimensionality of the latticé® Self-avoiding polygons on

square and cubic lattices have exponents giverhyl.5
andh=1.75, respectively, and connective constants given by
o < ¢ w=2.638 andu=4.684, respectivell’ For n between 16
Y ¥ and 22 we found by exact enumeration that the number of
o a4 FHY step self-avoiding polygons in a square and cubic lattice is
) ) _ + . approximately 1.08~1%2.638)" and 0.518 1X4.684}",
</ , <& respectively. We used these expressions also to interpolate
a2 . D12 IS Lysogy and Lyap(, for odd values ofn (since square and
cubic lattices artifactually do not permit odd valuesgf To
—— — useLyspmin) in EQ. (1) for m+n>=20 we used the for-
U (6.14) n=6 m=14 mula L y3o(m+n)~0.018(1+m) ~1734.684f"*™. The scal-
_ ing factor, 0.018, was chosen to agree with our exact enu-
rl:l(_B. 2 The pseudoknot core _unlﬂ,(6,14), is made up of a 1‘2 monomer merations for 1&m+ n<16.
airpin stem and a 14 nucleotide single stranded segmen. is half the . .
number of monomers in the stem ami=14 is the number of single We summarize below our counting formulas for
stranded monomers. pseudoknot core units,

The quantityl 20,y /L y3p(n) gives the fraction of three-
imensional loops of length that lie in a plane, such as the
e that is defined by the stem. This expression reduces to
the appropriate limits. Whem=0, it reduces tolL ym
=2L 3o and when m=0, this equation reduces to

=
X

w(~

o

>
A
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FIG. 4. The figure gives a test of theory against exact enumeration for L & b ¢
13-mer—17-mer pseudoknot core units, showing that the predicted density of ~<6~1 34 )
states is almost exact. The solid lines are the theoretical prediction, o " 3'5_ ol Dl D X
and the points are the exact values. The energy function used is Y v v 'wv'w

E= — eX (number of contacts) witlk=1.

Lu(n ) tl =6 involves nucleotides {1-6}
’ t2=6 involves nucleotides {50-55}
2L y20(n) o=5 involves nucleotides {13, 26,27, 28, 47}
Lo Lysoms+n mM#0, n#0, m+n even nl = involves nucleotides {7-13 and 28-34}
_ U=t(n) ml =15 involves nucleotides {35-47 and 26-27}
6LU2D(n) m=0, n#0, n even n2 =3 involves nucleotides {24-26 and 47-49}

2 =13 involve ides {27- -23}
LUSD(m) n=0 m#0, m even. m 3 involves nucleotides {27-28 and 13-23}

(2) N=tl+t2+2nl1 +2n2+m2-o

To test our theory we use a very simple model of energy, the

homopolymer model in which all monomers stick to eachFIG. 6. A p_Ianar re_presentatlon of a pseudoknot in a cubic lattice. A_
pseudoknot is described by 7 parameters. The value of each parameter is

other with an energy-e<<0, and compute the density of given as well as the monomer numbers associated with each value. The final

states. For a fixed chain length, using E2), we can predict equation expresses the total number of monomers as a sum of the parameter
the number of lattice conformations different pseudoknotvalues.

core units have. Keeping track of the number of contacts in

each pseudoknot core unit, we get the density of states. We

compare our theoretical density of states prediction with théneratmns were computationally limited to 17-monomer

precise density of states obtained by exact enumeration. Fi seudoknot core units. The advantage of the present theory is

ure 4 shows that our model is nearly exact. The exact en hat it 'S much more efficient _than exact enumeration; the
complexity of our counts grow linearly with chain length. So
our model computes the density of states in only a fraction of

a second foN<50. The rate limiting step is the linear time

1T16 computation of determining which pairs af and n satisfy
o 14 n the constrainN=m-+2n.
8 124 Here is a test that demonstrates the advantage of the
‘g - present theory compared to the traditional random-flight
S 107 method for treating loop conformations. Figure 5 shows that
§ s 10 increasing the proportion of the hairpin stem in a pseudoknot
= core unit decreases the number of conformations accessible
6 8= o to the loop. The loop gets “stretched” as the stem gets

. O longer, leading to fewer conformations. In random-flight

1 1 I

theory, the loop conformation count is, incorrectly, indepen-
dent of the stem length. Hence the present model improves
upon this and related flaws of random-flight loop models.

—

I
0.2 0.4 0.6 0.8
n/(n+m)

f=

FIG. 5. In a pseudoknot core unit,(n,m), n+m monomers form a closed

loop (we only consider half the monomers in the sieRor fixed loop size, . MORE COMPLEX PSEUDOKNOTS
n+m, between 8 and 16 monomens+{ m even, the conformation counts '
for pseudoknot core units, with different fractions of stem contehtn Our discussion above is limited to 0n|y the simplest pos-

+m), is predlcted._ The figure s_hov_vs that‘ conformation counts f.orsib|e pseudoknots, namely those that have only a stem of
pseudoknot core units decrease with increasing stem content. Solid lin€s

represent theoretical counts and poims-m=8 andn-+m= 10 only) rep- eng_th_n and loop of !engthm. To make the_ model more
resent exact counts. realistic, we now consider a pseudoknot chain that als@ahas
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tail at each end, and for which there may be more than one p2=1,
tertiary contact. In this class of conformers, we partition the

chain monomers into 7 nondisjoint groups. Figure 6 shows t1=0,
an example. The length of the two tails of the pseudoknot,

i.e., the number of monomers free of any contacts at the t2=0,
beginning and the end of the pseudoknot, are labEleand

t2. For example, in Fig. 6, the tail monomerstih are 1-6
and int2 are 50-55. The full pseudoknot can be assembled
from the two tails and two pseudoknot core uniténl,m1l)

3=<o=s=min((m1+5)/2,(m2+5)/2),

ml+nl even,

andU(m2,n2). Letml be the number of nucleotides form- m2+n2 even,

ing the single stranded segment, arid be half the number

of nucleotides in the hairpin stem d&J(n1,ml). We use N=tl1+t2+2n,+2n;+m;+m,—o0.

identical definitions fom2 andm2 in U(n2,m2). In Fig. 6, N N
the pseudoknot core units atg(3,13) andU(7,15) (shown Here are the reasons for these conditions. The conditions

explicitly in Fig. 7). The two pseudoknot core units have ON nl andn2 is S0 .that the pseudoknot will haye two hairpin
monomers in common. For example, in Fig. 7, nucleotidestéMs. The conditions om1 andm2 are required to form
13, 28, 27, 26, and 47, are common to both pseudoknot corré_‘e head of the two hairpin stems in the pseudoknot. The
units. The number of these overlapping nucleotides in théingle stranded tails of our pseudoknots may have any num-
pseudoknot is denoteal In this caseo=5. ber of nucleotides. Figure 8 shows that the minimum pos-
For the purpose of counting conformations to get thesible ove_rlap between two pseu_doknot core units is three.
density of states, we need not distinguish which bonds aréN€ maximum number of overlaping nucleotides was chosen
covalent and which are noncovalent. For example nuclel® Pe the closest integer less than or equal to mib((
otides 26 and 27 form a noncovalent bondU(3,13) yet a +5)/2,(m2+5)/2). Figure 9 shows a pseudoknot with maxi-
covalent bond irJ(7,15). Both types of interaction impose Mal overlap, o. The greater the overlap between two

an identical distance constraint, for the purpose of countin%SeUdOknOt core units, the more compact the pseudoknot.
conformers. uch pseudoknots usually do not have planar representa-

tions. As a result, it is likely that some of the pseudoknots

with large overlap will violate excluded volume constraints
To compute the density of states for a chain with N @ cubic lattice and not be physically viable. We chose our
monomers, we generate all combinations of the parametef@nge of overlaps to be so that 98% of our pseudoknots hav-

t1,t2, 0, m1, m2, n1, andn2 subject to the following con- INg N= 18 nucleotides are physically viable in a cubic lattice.
ditions: For larger pseudoknots, we expect an even smaller fraction
of excluded volume violations, since they are less compact,

A. Generating contact maps for pseudoknots

ml=4, on average. We requinem1+nl andm2+n2 to have even
m2=4, parity because of the constraints of the cubic lattice. The

final equation constrains the parameters so that the
ni=1, pseudoknot has the correct number of nucleotides.
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ping of either of the two hairpins. Unzipping is only allowed

u(1,13
. (! j to initiate from the top or bottom of the hairpins. Figure 10
v v shows an example of allowed conformations on the route
Yy vty , bl 4 between the pseudoknot of Fig. 6 and the open chain. We
¥ o ’ 4 expect this to be a good approximation to the full ensemble
=y 15 =P U of conformers that are significantly populated during the
S g lﬁ 25= . = + folding and unfolding processes.

To explore such transitions, we consider a class of hair-

T 1'8 pins where the monomers can be partitioned into 4 disjoint
w O \ .
1'9_ 2 v -{ 4 groups. The variables até, t2, n, andm. t1 andt2 are the
o v 1.;' B ¢ length of the tails of the hairpin, i.e., the numbers of nucle-
e otides that are free of any contacts at the beginning and the
u@a,n end of the hairpinn is half the number of nucleotides in the
t;_ =g {"Volves no “ucieot}ges hairpin stem andn is the number of nucleotides involved in
2= mvolves no nucleotides : : : :
0=3  involves nucleotides {13, 16,25} the loop. Flgu're 1Q gives an illustration. .
nl=3  involves nucleotides {1-3 and 16-18} For a chain W|_th a fixed number of nucleotidss we
ml=7  involves nucleotides {19-25} generate all combinations of the numbets t2, m, andn
n2=1  involves nucleotides {16, 25} subject to the following conditions:
m2 =13 involves nucleotides {3-15}
m=4 even,
FIG. 8. An example of a pseudoknot with minimal overlap; 3, between
its two pseudoknot core units. n=1,
t1=0,

For a chain of 30 nucleotides there are 14167 different t2=0,
sets of parametertl, t2, o, m1, m2, n1, n2. Each set of
parameters corresponds to a single contact map. So our pro-
cedure generates 14167 different contact maps representing a The loop in the hairpin will haven+ 2 nucleotides, so
diverse assortment of 30 nucleotide pseudoknots. Each come requirem=4 with m having even parity. The hairpin
tact map represents the full ensemble of conformations thahust have at least one contact in the stem so we require
satisfy those distance constraints. =1. We allow the tails of the hairpin to be any length.

For a chain oN=230 nucleotides there are 819 different
sets of parameteitd, t2, m, n Each set of parameters cor-
responds to a single contact map, so our procedure generates

To explore the transition between a pseudoknot and it819 different contact maps representing a diverse assortment
denatured open conformations, we consider a zipping proof 30 nucleotide hairpins. All contact maps for hairpins are
cess in which the intermediate structures between the natighysically viable on a cubic lattice.
and denature states can have any degree of zipping or unzip-

N=tl+t2+2n+m.

B. Generation of contact maps for hairpins
and the open chain

IV. THE PARTITION FUNCTION FOR A PSEUDOKNOT
AND ITS UNFOLDING INTERMEDIATES

U(1,5)
@\ As a test of principle of the model, we consider a simple
‘Lf\"-’ monomer sequence in which all monomers are identical, so
3 o . ;
45— | G- 207 that the energy is simply proportional to the number of in-
6 | trachain contacts, with proportionality constantThe parti-
2._3:” - > = * tion function over the conformations of a chain can be com-
a7 et A ad S | puted either by summing over contact maps, or by summing
4 &\ » g r .
6 over energy levels. We number all the possible contact maps.
- b 4 Letting E; be the energy of thgth contact map, the partition
i ‘_f';'_*’ 9f ;_\ J'J function Q(T) is
U(2,8) Q(T)=3,0,e &/RT, )

tl =0 involves no nucleotides

t2 =0 involves no nucleotides

o=>5 involves nucleotides {14, 5, 6,2, 7}
nl =1 involves nucleotides {5,14}
ml =5 involves nucleotides {2-4, 6, 7}
n2 =2 involves nucleotides {1, 2, 7, 8}
m2 = 8§ involves nucleotides {9-14, 5, 6}

where R is the gas constant and is the temperature.
Q,e E/RT s the statistical weight for thith contact map.

It remains to determiné);, the number of conforma-
tions corresponding to thih contact map. To do this by
exact enumeration would require searchifgssible con-
formers for a chain oN nucleotides. We present below a
more efficient algorithm for estimatin€;. To reduce the

FIG. 9. An example of a pseudoknot with maximal overlap, nmm(( ! _
conformational complexity, we take advantage of the reduc-

+5)/2,(m2+5)/2)=5, between its two pseudoknot core units.
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il i ¢ e OO0 ) ¢ b Y FIG. 10. The transition between a
) ¢ P P9 - hatioi Y b4 ) '~.{\'~’ pseudoknot, a hairpin and an open
‘-"_ 20 BB & L alrpin b ¢ ¢ {' 4 chain involves unzipping at the ends
it & & Oy 4 2&7 ¥ of the pseudoknot stems. The 4 param-
L & 4 ' 4 Y ¢ ¢ eters describing the intermediate hair-
b ¢ 4 ) ¢ ¢ Y pin is given.
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6D 34 » o < 4
e G~ W=
D pseudoknot y open chain
tl =6 involves nucleotides {1-6}
t2 =21 involves nucleotides {35-55}
n=7 involves nucleotides {7-13 and 28-34}
m =14 involves nucleotides {14-27}

tion in dimensionality imposed by the constraint that theis determined by an step fi+1 monomey neighbor avoid-
bending of a hairpin stem lies in a plane. For pseudoknotsng walk in a square lattice. There argzp(,, conformations
we factor(); into component counts from its two pseudoknot of ann step neighbor avoiding walk in a square lattice, giv-
core units. We follow the definitions of Madras and Slade foring therefore a total of B¢2p,y conformations for a hairpin

self-avoiding walks except that we will be considering thebend.

more restrictive case of NAWSs rather than SAWSsAn n
step NAW hasn+1 monomers.

Definition 1: L¢ap(,) is the number of n-step NAWSs on a
cubic lattice.

Definition 2: Lo,y is the number of n-step. NAWS on
a square lattice.

An open chain withhn+1 monomers is am-step NAW
and hence has preciselycso, conformations on a cubic
lattice. We foundL cap(,y andL 2oy by exact enumeration
for n<16. For chains witn>17, L c3p.,) was approximated
by the formulaLcsp,y=0.0960)°144.684). In this for-

O

To handle more general hairpins we approximate the
tails as a single 3D NAW of lengttil +t2. Hence two tails
together havel csp(i; 112y conformations. We introduce an
excluded volume termsgr,, for the interaction of the tails
with the double stranded part of the hairpin. We found by
exact enumeration that without an excluded volume term we
overcounted hairpin conformations by a factor of 5/3 so we
let 77, be 0.60 whert; or t, are greater than 0. There is no
need for an excluded volume term whigrandt, are both 0
and som;=1 in this case.

To handle hairpins where the bend at the head of the

mula we assume that the critical exponent, 0.16, and connetrirpin involves more than two monome(is., m>2), we
tive constant, 4.684, for NAWSs is the same as for SAWs on anodel the turn at the top of the hairpin as m- 1)-step
cubic lattice. The scaling factor for the longer chains, 0.096polygon, U3P(m+1). We found by exact enumeration that

was chosen to agree with our exact enumerations fetrl0
=<16.

without an excluded volume term we overcounted hairpin
conformations by a factor of 3 so we let, be 0.33 ifm

To discuss our counting algorithm for our class of hair->2 andm,=0 otherwise.
pins we first handle the special case of a simple hairpin bend The configuration count for a hairpin with parameters,

(i.e., a hairpin which is entirely double stranded the fol-
lowing simple theorem.

Theorem 1: A hairpin bend occupying 2+ 2 sites on a
cubic lattice has exactlyl&:2o(,) conformations.

Proof: Given a hairpin bend of 2+ 2 nucleotides, every

m, n t1, andt2 is given by the equation,
4

Lh= 7Th* 7Tt* LCZD(n)* Lu3D(m)* LC3D(tl+t2) .

The quantityL c2o(,)* Lyspmy* Leaoiitiz) i EQ. (4) is the

nucleotide in the chain, except the middle two forming theproduct of the number of conformations contributed by the
bend in the hairpin, are involved in a contact. This constrainstem, the head of the hairpin, and the tails. This is multiplied
the hairpin and prevents the chain from twisting. As a resulby excluded volume factors for the head and tails interacting
the hairpin loses a degree of freedom and can only move in with the stem of the hairpin. Figure 11 shows that Eq. 4 is
two-dimensional plane. There are six possible first steps foalmost exact for 1&N=15, the chain lengths that are ac-
the hairpin. Fixing the first step, a conformation of a hairpincessible by exact enumeration.
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FIG. 11. Test of theory against exact enumeration for 11-mer—15-meFIG. 12. Test of theory against exact enumeration for 14-mer—18-mer
hairpin/open chain ensembles, showing that the predicted density of statesseudoknots, showing that the predicted density of states is essentially ex-
essentially exact. The energy function used IiE=-¢€ act. The energy function used 5= — e X (number of contacts) witle=1.

X (number of contacts) witle=1.

) . V. PSEUDOKNOT HOMOPOLYMER SHOWS SINGLE
To find the conformational redundancy of a contact MapsTaATE cOOPERATIVE TRANSITION

for a pseudoknot in a cubic lattice we begin with a

pseudoknot without tailgi.e., t;=0 andt,=0). We have We examined the free energy plot for the pseudoknot/
seen that such a pseudoknot is the sum of two pseudoknbgirpin/open chain homopolymer ensemble. Fixing the size
core unitsU(n1,ml) andU(n2,m2), with a single stranded of the chain atN=20 our pseudoknots/hairpin/open chain
segment havin® nucleotides, double counted. It seems rea-ensemble allows a maximum of 9 contacts. The free energy
sonable then to count such a pseudoknot as the product of the ensemble with enerdy, and a fixed temperaturg, is
U(nliml) andU(n2m2) divided byLcspg, . We found given by the formula,

empirically that the excluded volumes, due to the local e

interaction of the two pseudoknot core units depends on the F(ET=E-kT*Ing(E), ©®
length of the stems as well as the length of the nonoverlapwherek is Boltzmann’s constant, arg(E) is the density of
ping single stranded section of the loopsl—0 and m2  states,

—0. In the case wheral>0 andn2>0, if m1—0>2 and =30

1 c 9(E)=3Qe _k. (7)
m2—0>2, then 7= 3z otherwise ifml—0<2 or m2-o '
<2 we let7= 5. This reflects our observation that the ex- Every contact in a contact map was given an energy

cluded volume is greater between the two pseudoknot core-1. g(E) was determined from summing the conformation
units when one of the single stranded loops is very short. counts of all contact maps having enefgyFigure 13 shows

We handle pseudoknots withi>0 andt2>0 by mod- that for a chain witiN=20 monomers, the thermal transition
eling these single strands as three dimensional neighbdretween the pseudoknot native structure and its denatured
avoiding walks of lengtht1—1 and lengtht2—1, respec- state is 1-state, i.e., a continuous transition. We tested chains
tively, having Lcsp;—1) and Leapy, -1y many conforma-
tions. We handle the local excluded volumeg and m, by
settingm; =35, whent1>0 andmr,,= 3%, whent2>0. Other-

wise, these excluded volume factors are equal to 1. These s
factors were determined similarly to the excluded volume
terms for the tails of hairpins discussed above. 03\

The configuration count for a pseudoknot, with param- & ——
eters,nl, ml, n2, m2,t1,t2, ando is given by the equation, = 15 02 e :/_7
ST --
Lp= m* myg* mio* Leani)* Lespo) 0.7 e i

*Lynimy)* Lunzmz) /L c3oo) - 5

The quantityL y(n1mi)* Luzmz)/Le3ne) in EQ. (5) is the
contribution to the conformation count from the pseudoknot
minus its tails. The quantitl cap(1y* L c3n2) represents the
contribution from the tails of the pseudoknot. The remainingrIiG. 13. A free energy plot for a 20-mer pseudokiidotted lines, and
terms are excluded volume factors. Figure 12 shows that E@jseudoknot/hairpin/open chain ensemfdelid lines. The energy function

(5) is nea”y exact for 14 N<18. We notice a trend that our used isE= — eX (number of contacts) witlk= 1. The thermal transition for
) seudoknot/hairpin/open chain ensembles is 1 state with the open chain

theory uniformly overestimates the exact counts starting Witrgtable at high temperature and pseudoknots favored at low temperatures.
N>16. The zipping of pseudoknots is also shown to be continuous.

number of contacts
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as long alN=50 and found the same result suggesting thatonformation count is, incorrectly, independent of stem
in the limit of long chain length, the transition will be 1-state. length. The counts for a pseudoknot is essentially found by
The transition for simple hairpins is also known to be multiplying the counts for the two pseudoknot core units and
1-state. We confirmed thigfigure not showih Figure 13 dividing by a factor related to the length of the overlapping
shows that pseudoknots exhibit single state transitions. Isection. Our theory is shown to predict well the partition
contrast, Chen showed that a more general class of hairpifitnction in simple test cases that have been analyzed by ex-
homopolymers, having multiple nucleation points along theact enumeration on lattices. We show that transitions from
chain for zipping and unzipping, have 2-state transitfons. pseudoknots to their unfolded states are not first-order in this
model.
VI. CONCLUSION
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