Solutions, 316-XIV

March 13, 2003

1 Problem 4.9.2

Find the general solution by variation of parameters for the ode
y" +y =-sect .

Solution:
The homogeneous solution can be written as

yh(t) = Clyl(t) + ngQ(t) = Cl cost + CQ sint .

Introducing the unknown functions wui(t), us(t) as usual, we are led to the
system:

yiuy + youy; = 0
yiuy + yauy, = sect
or, substituting y;(¢) = cost, y(t) = sint
uf cost +ugsint = 0
—uysint +uycost = sect
and solving, using W (y;,y2) = 1:
uy = —sectsint = —tant , u, =sectcost =1.
Integrating:
ui(t) = log|cost|
us(t) = t
Finally, putting it all together:
Ye(t) = yn(t) + log|cost|cost + tsint .



2 Problem 4.9.3

Find the general solution by variation of parameters for the ode
22" — 22’ — 4z = 23 .

Solution:
To get the equation into canonical form, divede by 2 to get: #" —2'—2x = €3t
The characteristic equation is

—(-1) £ /(-1)?—4x1x(-2) 1

=-+32=2,-1
2x1 2
The homogeneous solution can be written as

yn(t) = C1y1(t) + Coya(t) := Cre* + Che " .

P—r—2=0=r=

Introducing the unknown functions wui(t), us(t) as usual, we are led to the
system:

yiuy +youh = 0

yiuy +ypuy = €
or, substituting y; () = €%, yo(t) = ¢
uje® +ube™ = 0
2ule? —ube™ = €%
and solving, using W (yy,y2) = —e*et — 2e?le ™t = —3et:
u’l _ _€_t€3t _ let | ul2 _ 62t€3t _ _16415
—3et 3 —3et 3
Integrating:
1
ui(t) = get
1
us(t) = ——e*
2(1) 12
Finally, putting it all together:
Lior 1 a L s
Ye(t) = yn(t) + gee —pe e = yn(t) + 1€



3 Problem 4.9.6

Find the general solution by variation of parameters for the ode
yll+2yl+y:6—t .

Solution:

The characteristic equation is

—(2)£4/(2)2 —4x1x(1
P+22r+1=0=r= @ \/(2)*1 ()z—l(doubleroot)

The homogeneous solution can be written as
yh(t) = Clyl(t) + C2y2(t) = C’le_t + Cgte_t .

Introducing the unknown functions us(t), us(t) as usual, we are led to the
System:

yius +yuy = 0
s+ vy = ¢
or, substituting y; () = e, yo(t) = te™t and y|(t) = —e™t, y4h(t) = (1 —t)e™?
uhe Tt +upte™ = 0
—ule Tt +uh(l—tle™ = e
or, simplifying:
i +ust = 0
—uf +uy(1—1t) = 1
and solving, (W (y1,v2) = (1 — t)e~fe" + te*e™ = 72" but we don’t need
it!):

Uy =—t, uy=1.
Integrating:
t2

Ui (t) = —5

U9 (t) =t
Finally, putting it all together:

£ i et £

Yg(t) = yn(t) — 7€ +t7e ™ = yu(t) + 7€



4 Problem 4.9.26

Find the general solution by variation of parameters for the ode
zy" + (1 —22)y' + (z — 1)y = ze” .
given the homogeneous solutions
yh=¢€", yp =e"logx .

Solution:
The homogeneous solution can be written as

yn(x) = Cryi(z) + Coya(x) := C1e” + Cylog ze” .

Introducing the unknown functions u;(x), us(z) as usual, and after dividing
the ODE by z, the coefficient of the leading term, to bring to standard form:

1-2 -1
y//_+_ l‘y/+l‘ y:ew.
x Z

we are led to the system

yiuy +yauy = 0

! ! ! ! _ T
YUy T Youy = €

or, substituting y;() = €%, y2(t) = logze® and yj(z) = e
1/z)e”

uie” +uylogre® = 0
1
—u\e” + ul (logm + E) e’ = ¢€*
or, simplifying:
uy +uplogz = 0
! ! 1
Uy + Uy (logx + E) =1

and solving,
vy = —xlogz , uh =1 .



Integrating:

z? 1
ur(t) = Y (logx - 5)
2
x
Finally, putting it all together:
2 1 :1:2 xQ
Yg(t) = yn(t) — % (logx - 5) e’ + 5 log ze® = yu(t) + ?e‘” )



