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5 Partial Differential Equations

5.1 A Dirichlet Problem for Laplace’s Equation

We know that the heat equation

Ut = K,AU, u(l‘a yvo) = uO(:Uay)

models the time evolution of temperature. In the following, we consider the
stationary equation, Au = 0, where u is prescribed on the boundary of the
disk. This problems leads in a natural way to Fourier expansion of the boundary
function.

Let

Bi = {(z,y) :2” +y* <1}

denote the unit circle.
The problem

Au=0 in By, u=f on 0B

leads to Fourier expansion of f(¢).

We have
1 1
Au = ~(ru,), + — )
U T(ru )r + 2 Ugep
The ansatz
u(r, ¢) = R(r)®(¢)
yields
" +m?d=0, r’R'"+rR —m’R=0.

Obtain

D(p) = c1 cosme + cosinme .

The equation for R is an Euler equation. The ansatz R = r* leads to

)\1:7717 )\Qz—m.

The terms r~"" are singular for m > 1, and will be used for an exterior Dirichlet
problem. If

1 > ° )
f(¢) = 5140 +mZIAmC08m¢+mZIBmsmm¢ ,

then

1 > s
u(r, @) = 5140 + Z Apr™ cosmeo + Z B,,r" sinmg ,
m=1

= m=1
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We have

1 27

4; = W/O cos joo f(8)do, j=0,1,...
1 27

B, = = [ smiof@)as. j=12..

5.2 The One-Way Wave Equation

The initial value problem

ut +augy =0, u(x,0)= f(z)
is solved by

u(z,t) = f(x — at) .

This describes the propagation of f(x) with speed a.

5.3 The Wave Equation in 1D
The ivp

U = gy, u(z,0) =g(z), u(z,0)=h(x),
is solved by

u(z,t) = %(g(:fc +ct) + g(x — ct)) + 2% /:Jwt h(y)dy .

This is called d’Alembert’s formula.

5.4 The Wave Equation in 2D, Separation of Variables

Consider the equation

ug = FAu,  Au= ugy + Uyy -

The ansatz
u(z,y,t) = a(t)y(z,y)
leads to
Q') _ Ay
ca(t)  Y(z,y)
Obtain
Oé(t) — Cleick:t + CQE—ickt ]

For 1) obtain Helmholtz’ equation



Ap(z,y) + K*(z,y) =0 .
Note: The choice of the constant as —k? leads to oscillatory functions in time

and space; exponential growth in time and space is physically unreasonable.
Let

Y(z,y) = X(2)Y(y) -

Obtain
X// Y/l
(z) W 2oy,
X(z)  Y(y)
If k + k3 = k? and
X"+ kX =
V' + kY =

then ¢ (z,y) = X (x)Y (y) solves Helmholtz’ equation.
Example: Give an initial condition
u(z,y,0) =cos(z +2y), w(r+2y)=0.

Solution:

u(x,y,t) = cos(x + 2y) cos(cV/5t) .

Note that one needs the wave vectors

k= (klakQ) = (172)
and —k.

5.5 The Laplacian in Polar Coordinates

If ¢(z,y) is a given function in Cartesian coordinates (x,y), then the corre-
sponding function in polar coordinates (p, ¢) is

¥(p,¢) = P(pcos ¢, psing) .
If f = At then f can be obtained from v as follows:

- 1 - 1 -
Fo= dop+ ot 59
pp pp 2 ol
1/ - 1 -
= i)+t
Obtain

0% 190 1 92

Aoa’r‘zi - A 5 A0
volor = 52 5 0p T 2 062



5.6 Separation of Helmholtz’ Equation in Polar Coordinates:
Derivation of Bessel’s Equation

The equation for ¥(p, ¢) is
1 1 )
*(Pwp)p"' ﬁ¢¢¢+k Pp=0.
p p

Ansatz:

¥(p;0) = R(p)®(0)

To be physically meaningful, R(p) must be defined for p > 0 and ®(¢) must
have period 27. Obtain

1 @/I

p—R(pR’)’+ s +k2=0.

Multiply by p?,

q)//
%(pR/)/ + 5 PR =0
Obtain
" +m?d =0
and
%(pR’)’ + 0%k —m?=0. (5.1)

The general solution of the ® equation is

D(p) = 1 cos(me) + cosin(ma) ,

and 27w — periodicity of ® requires m to be integer. In the R equation let

r=kp, y(@)=R(x/k)

where k > 0 is fixed. For y(x) obtain Bessel’s equation of index m,

2%y () +ay'(2) + (22 = m?)y(z) =0 .

We seek solutions defined for z > 0.
If y(z) solves Bessel’s equation of index m, then

(p, @) = y(kp) (e cos(me) + e sin(ma) )

solves Helmholtz’ equation with eigenvalue k2 and

u(p, p,t) = (ﬂl cos(ckt) + (2 sin(ckt))\Il(p, o)

solves the wave equation.



5.7 The Laplacian in 3D Spherical Coordinates

Denote spherical coordinates by r, 8, ¢ where

x = rsinfcos¢
= rsinfsing
z = rcosf

The angle 0 is called the polar angle whereas ¢ is the azimuthal angle.
The Laplacian applied to ¥(r, 0, ¢) is

J—

~ r2ginf

19%3) '

sin

<sin 0(r?e, ) + (sinf1bg)g +

5.8 Separation of Helmholtz’ Equation in Spherical Coordi-
nates: Derivation of the Spherical Bessel Equation and the
Associated Legendre Equation

Consider the 3D wave equation, uy = c?Au. The ansatz

u(r, 0, ¢,t) = €M¢(7‘a 0,9)

leads to

Ag+ (%)%:o.

In other words, we obtain Helmholtz’ equation

AY+ k=0, k=+2,
C

and every solution 1, k gives the solutions

uw = (Ake—ikct + Bkeik0t>1/}(7“, 0’ ¢)

of the wave equation. Here k (with [k] = 1/length) is the wave number and
w = ke (with [w] = 1/time) is the frequency of the solution wu.

We want to discuss solutions v (r, 8, ¢) of Helmholtz’ equation that are ob-
tained by separation of variables in spherical coordinates. We will see: The
r—dependence leads to a modification of Bessel’s equation, the so—called spheri-
cal Bessel equation. Asin 2D, the ¢—dependence leads to the oscillator equation
" (¢) +m2®(¢) = 0. In §-direction one obtains Legendre’s equation for m = 0
and the so—called associated Legendre equation for m = 4+1,42,.. ..

5.8.1 Derivation of the Equations
Let

¥(r,0,0) = R(r)©(0)2(¢) .

Substitute this ansatz into



AY+ Kk =0
and divide by 1) to obtain

%(T‘QRT)T + m(Sing @9)6 + me(M) + k‘g =0. (52)
Multiply by 2 sin? 6.
Obtain that
"
S = const =: —m? .

Here m must be an integer to make ®(¢) periodic with period 2.
Substituting ®”/® = —m? into (5.2) one obtains

1, 1
E(T Be)r + Osind

There are two terms depending only on 7 and two terms depending only on 6.
Call the separation constant ). Obtain

. m’ 27,2
(sinfOyg)g — 2 d +7r°k*=0. (5.3)

2

. N/ _ m —
sinﬁ(smee) +<Q sin29>@_0' 54
and
(TQR/)/ + (7“2/{2 . Q)R —0. (5.5)
The R-equation
PR’ +2rR + (k*? = QR =0 (5:6)

is called a spherical Bessel equation. (The only difference to the R—equation
(5.1) that one obtains in 2D is the factor 2 in the equation above.)

5.8.2 The Spherical Bessel Equation

First consider (5.6) for £ = 0. One obtains an Euler equation and the ansatz

R(r) =

leads to the indicial equation

AA+1) =Q .

The #—equation will require to choose

Q=Qn=n(n+1), n=0,1,...
For @Q = n(n + 1) the indicial equation has the roots

)\1:1”&, )\2:—71—1.



This yields the general solution
B

rn+1

R(r)=ar" +

of (5.6) for k =0 and Q =n(n+1).
Now consider (5.6) for k¥ > 0. One can transform to Bessel’s equation as
follows: Define

x=kr, y(x)=ylkr)=r"2R(r) .
(Note that the factor r'/2 was not present in 2D.) Obtain:

R(r) = r_l/Qy(kr)

1
R(r) = —§r_3/2y(kr) + kr Y2y (kr)
R'(r) = %T_sﬂy(k:r) — kr_?’/Qy'(k'r) + k:2r_1/2y”(k‘1")

Therefore, if R(r) satisfies (5.6), then we have

0 = (2R +2rR + (K** — Q)R)
— Ky (hr) = rhy/ (k) + y(r) + 2y (k) = y(hkr) + (85 = Q)y(kr)
1
= 2Y(@) + 2y (@) + (2" - Q - y()
We have derived the equation

Py () + y(e) + (2~ Q= Jul@) =0,

which is Bessel’s equation.
If @ =n(n+1) then

1 1,

i.e., we obtain Bessel’s equation of index n + %

5.8.3 Legendre’s Equation
The O equation (5.4) reads

, cosf _, B m? B
© +sin0@ +<Q sin20>@_0' (5:7)
Recall that 0 < 6 < . Thus we may write
O(0) = P(cosh)
©'(0) = —sinf P'(cosh)
0"(f) = —cosfP'(cosh) +sin®0 P"(cosf)



If ©(0) solves (5.7) and if P(cosf) = ©(0) then obtain

2

sin @ P”(cos §) — 2 cos  P'(cos 8) + <Q - ﬁ)P(cos 0)=0. (5.8)
sin“
Set = cos . Obtain
2
(1 — a2) P"(z) — 22 P'(z) + (Q = Tx2)P(x) ~0. (5.9)

This equation is called an associated Legendre equation. The points z = +1
are regular singular points. One can show that (5.9) has nontrivial solutions
that are bounded for —1 < z < 1l if only if Q = n(n+1) and —n < m < n with
integers m, n.

We now assume

Q=n(n+1)
with integer n, n > 0. Then, for m = 0, one obtains Legendre’s equation
(1—2?) P"(z) — 2z P'(x) + n(n+ 1)P(z) =0 . (5.10)

Remark: If m = 0 then ®(¢) = const, i.e., we consider solutions ¢ (r, 0, $) of
Helmholtz’s equation that are independent of ¢.

5.9 Legendre Polynomials
Lemma 5.1 The n—th degree polynomial

P(z) = D"((@* = 1)"), D=
solves Legendre’s equation (5.10).

Proof: Let

v= (2> - 1)", o =2nx(®-1)"""1,

thus

(1— 2?9 4 2nzv =0 (5.11)

Recall Leibniz’ rule,

n+1
D™ (fg) = Z(”l)(fo)(D"*”g)

R

= fD"g+ (n+1)(Df)(D"g) + %n(n +1)(D*f)(D" ) + ...

Apply D" to (5.11),
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(1—23) D20 —2z(n+1)D" v —n(n+1)D"v+42nzD" v+ 2n(n+1)D" = 0
thus

(1 —2*) D" 2y — 2eD" My 4 n(n+1)D"v =0

This shows that D™v solves Legendre’s equation and completes the proof. ¢
The polynomial

Po(z) = ﬁ (@2~ 1)) (5.12)

is called the n—th Legendre polynomial. Formula (5.12) is called Rodrigues’
formula for the Legendre polynomial P, (z) of degree n.

We claim that the normalization factor 1/(n!2") is chosen so that P, (1) = 1.
In other words, we have

Lemma 5.2 The n—th Legendre polynomial, defined by (5.12), satisfies

P,(1)=1.
Proof: We have

(e 1y 17) = o () 2 (le e 17)0 (o)
j=0

Evaluate at z = 1. Note that, for j > 1, the term D" J((z — 1)") is zero at
x = 1. For j = 0 obtain:

Di((a +1)") D" ((w — 1)")
( )

= (@+1" (@ - 1)

= 2"nl.

=1 =1

This is the value of the above sum at x = 1. The lemma is proved. ¢
Using Rolle’s theorem, it is easy to show:

Lemma 5.3 The n—-th Legendre polynomial P,(xz) has n simple zeros in the
open interval —1 < x < 1.
For series expansions in terms of the P, (x) one needs to know orthogonality

and the normalization constants.

Lemma 5.4 The sequence of Legendre polynomials,

1 n 2 n _
P, (z) = n!2”D ((z*=1)"), n=0,1,...
satisfies
! 26mn
Pm Pn = ) ’ _0717
| Pu@Pila) = o, i



Proof: Orthogonality: For m < n it follows through integration by parts that

/1 Dm((x2 - 1)m) D”((a:2 - 1)") dz =0 .

-1

(Move D™ to the first factor through integration by parts.)
Normalization: We claim that

1 P, ’ d 2 5.13
/_1( ”(f’j)) ST (5.13)
For the left-hand side in (5.13) we have
lhs = —— /1 D" (2 = 1)) D" (2 — 1)) da
22n(n!)2 1
_ (2n)!
- 22n(n!)2

with

J:/1(1—x2)”dx.

-1

To obtain last equation we have used n fold integration by parts, noting that

DQ”((;UQ - 1)n) = (2n)! .

It remains to compute J. We will prove:

1 2n+1 (p1)2
/_1(1 — )" dx = w : (5.14)

To show this, we will use Euler’s Beta function and its relation to the I function.
By definition,

1 o0
B(p,q) = / N1 -t dt, T(z) = / et 1 g,
0 0
for p > 0,q >0,z > 0.

Lemma 5.5 For allp > 0,q >0,

B(p,q) =

A proof is given below.
Using the substitution

1
=y, 2uxdr=dy, dx= 5y71/2 dy

we have

12



1
J = 2/ (1—a?)"da
0
1
= /Oy_l/Q(l—y)”dy

- B(%,n—kl)
I'($)I(n+1)
T'(n+ %)

Here I'(n 4+ 1) = n!. Also, using the fundamental functional equation for the I'
function, I'(z + 1) = 2I'(2),

1 1,1
N+1) = -I'(z
G+ = 3T()
1 3 31 1
N'Nz+2) = I'(z+1)==-=-I(=
(5+2 = TG+ =55T()
1-3-...-(2n+1) . 1
Therefore,
rgy o
T(n+3)  1:3-...-(2n+1)
92n+1,
(2n+1)!
Obtain, with lhs the left—hand side of (5.13),
_ (en)lJ
lhs = 72271(”!)2
_ (Qn)!22n+1
o 22n(2n 4 1)
B 2
- 2n+1

This completes the proof of (5.13).
Proof of Lemma 5.5: Using the substitution

2=t 2uxdr=dt,

one obtains that

0027172 1 007171;
/azpexdx:/ tP~ e M dt
0 2 Jo

13



We will evaluate the integral

[e.e] oo
I :/ / x2p71y2q7167127y2 dzxdy
0 0

in two ways: (a) using Fubini’s theorem, (b) using polar coordinates. Obtain

(a):

/000 g2 le=e’ d:c> </000 y2q—16_y2 dy)

L'(p)I'(q)

~
Il
==

Also, (b), using x = rcos ¢,y = rsin ¢,

w/2 foo
I = / r2PT2472 (o571 ¢) (sin?471 ) e rdrdg
¢=0 Jr=0
00 ) w/2
= (/ p2rt2a-le=r dr) </ cos?P~1 ¢ sin?91 qﬁdgb)
0 0
1
= T+ ah

To evaluate I; we will use the substitution

t=cos®¢, dt =—2sin¢ cospds .
We have
w/2
(cos?P~2 ¢) (sin®172 ¢ )2sin ¢ cos ¢ de

w/2
(cos® 72 ¢) (1 — cos® ¢)?71 2sin ¢ cos ¢ d¢

S— S—

1
P71 — )t at
0

(p,q)

N = N = N = N

We have shown that

=TI = ;T +)B.q)

which proves the lemma. ¢

5.10 Solution of the Associated Legendre Equation

The equation reads

14



2
1_x2>y:0 (5.15)

Here n and m are integers. It is remarkable that a solution P(x) = P,(x) of
the equation for m = 0 leads, in a simple way, to a nontrivial solution for any
integer m with 1 < m <n.

(1—2%)y" — 22y + (n(n +1) -

Lemma 5.6 Let 1 < m <n with integers m and n. The function
yx) =1 —2)™2D"P(z), —-1<z<1,

solves (5.15) if P(xz) solves Legendre’s equation,

(1 —2?)P"(x) — 22 P'(x) + n(n+ 1)P(x) =0 . (5.16)
Proof: Let u = D™P. We derive an equation satisfied by w by differentiating
(5.16) m times:

We have

(1—2?) D™ 2 P—22m D™ P—m(m—1)D™P—2:D™ ' P—2mD™ P4+n(n+1)D™P = 0.
Collecting terms we obtain

(1 —a2Hu” —22(m+ 1/ + (> +n—m? —m)u=0.

We have
u = (1—2%)"™2
W= ma(l—2?)"F y+ (1— 2?2y
o = (m(l — )72 e m(m +2)2%(1 —x2)_%_2>y

+ 2m$(1 _ :UQ)—%—ly/ + (1 - x?)—m/Qy//

Substitute these expressions for u,u/,u” into the equation for v and multiply
by (1 —2%)™/2. Obtain

(1—2?)y" + Q1Y + Qay =0

where

Qr=(1—-2)2mz(1—z®) ™t —22(m+1) = -2z

and

15



Qs = n*+n—m?*—m+(=2z)(m+ )ma(l —2*)7!

+ (1 —2?) (m(l —22) 7t m(m + 2)23 (1 — a:2)_2)

= nP4n-—m?-—m+m+(1-2*)"" (—2x2m(m +1)+m(m+ 2)1:2>
2

= n2+n-—m?+— 2(mQ—i-2m—2mQ—2m)
—x
2.2

o o mix

= n"+n—m =22

2 m? 2 2

= n+n—1_$2(1—x + x)

= n2—|—n— m?

- 1 — 22

This proves the lemma. ¢

If P = P, is the n—th Legendre polynomial, then the function y(z) defined
in the previous lemma is nontrivial for 1 < m < n. In fact, if m is even, then y
is a polynomial of degree n. If m is odd, then y is a polynomial of degree n — 1
multiplied by v1 — x2.

For our discussion of spherical harmonic below, it will be convenient to
introduce the following functions:

—1)m
P (z) = (Qn r)u (1—az2)ym2pminyxnr X =a% -1, (5.17)

for —n < m < n. The functions P)"(x) are called associated Legendre functions
of order m. Since

P (z) D'X", X =g2%-1

- 217 n!

is the Legendre polynomial of degree n, we have

P (z) = (=1)™(1 — 22)™2D™P,(z) for 0<m<n.

However, the formula (5.17) makes sense also for —n < m < —1.

Example:
1
Pl@) = (1 —a)?D (@2 - 1))
8! oo
= gt
= 105(1 — 2?)?
Therefore,

P} (cos @) = 105 sin® 6 .

16



In general, if z = cosf, then (1 — z2)™/2 = sin™f. Since D" X" is a
polynomial in x, the function P/*(cos#) is a polynomial in sinf and cos#@ if
0<m<n:

m
P (cosf) = (;117)1! sin™ (%)ﬂﬂ_n(m}2 -1
It turns out that for —n < m < —1, the function P!*(0) is also a polynomial in
sin @ and cos#. This follows from the next lemma.

We claim that, for 1 < m < n, the function P, "™ (z) is a multiple of the
function P)*(x). Precisely:

xr=cos

Lemma 5.7 For1 <m <n we have

Proof: One must show that

En —T— § XmDm+an D—m+an ]
n m

Essentially, this can be shown by applying Leibniz’ rule of differentiation to

X'=@+1)"(z-1)"
We have

D”_m<(:n+1) (z—1) ) by m( ) (Dj(a:—l—l)") (D”_m_j(az—l)”> .
=0

J

Here
Di@+ 1y = —" (@1 1)
T+ — (T +
(n—J)
and
. n .
DV — 1= —— (2 — 1)
@1 = s @)
One obtains:
D”_m((x+1) (x—1) ) Zcmn]l‘Jrl" Iz —1)m™*
7=0
with
. (n —m)nln!
g —m = )l (n — ) (m+ )t
Similarly,

17



D (@4 1) @ —1)") = nifl ( mer > (DF(+ 1)) (D =h @ = 1))
k=0

Note that the term in the sum is zero unless m < k < n. Therefore, with
k=m+j,

D (@ +1)" (@ = 1)) = f:<”2m>(DWm+nﬂ(UHW*@_nﬂ

k=m
= 2 () i) (o)
j=0
n—m
(n 4+ m)Inin! o ‘
— R " - - $_|_ 1 n—m-—j T — 1 7
2 G+ hln— i —m =yt ¢ DT
Therefore,

n +m)Inln!

(
= (m+))n = j)in —m - j)!j!

(z+1)" (z—1)™H |

XmDn+m ((Jr—i-l)n(fﬂ—l)n) —
Finally,

(n—m)! (n+m)!nin! B (n —m)!n!n!

. = Cmnj -

(m+m)! (m+)n—Nn—-—m-—7HH  jn—m—H(n—7)(m+7j)!

The lemma, is proved. ¢

From the previous two lemmas, it is clear that both functions, P, "™ (x) and
P"'(x), satisfy the associated Legendre equation (5.15).

The functions P*(x) for —n < m < n are introduced in order to define the
spherical harmonics,

Y0, ) = 4" P (cosf)e™?, —m<f<m, 0<7<2m,

n

with

m \/Qn—}—l(n—m)!
Tn =

dr (n+m)!

for —n < m < n with integers m,n. We can think of ¥;"(, ¢) as a function
defined on the unit sphere in R3. We will consider spherical harmonic in the
next section.

Let us first discuss the functions P)*(z) further.

18



Lemma 5.8 We claim that

1
/1 Py (z)P"(x)dx =0 for p+#q.
Here we may assume |m| <p < q.

Proof: We may assume that 1 < m < p < ¢q. Consider

Int = / 11 X™(D™PXPY(D"TIXdr, X =2°—1.
Use integration by parts ! to remove D™%4 from X9. Note that
Dmra(X™ D™ XP)
is a sum of terms
(Dij)(Derquerpijp), 0<j<m+4q.
If 5 > 2m then D’X™ = 0. If j < 2m then

2m—-—j3+q+p>2p,

and therefore D?™~7+4+P XP — (). This proves the lemma. ©

Lemma 5.9 For |m| < n we have

1 m m _(n—i—m)! 2
/_1Pn @B @) do = (R

Proof: With ¢, = ﬁ and X = 22 — 1 we have

1 1
/ P™(z)P™(x)dr = (-1)"c / X™(DMTX™) (D™ X™) da
-1 -1

1
= (-1 / D (X (DX ) X" da
-1
=: Int
Apply Leibniz’s rule,
m—+n m+n ' _
Dm+n (Xm<Dm+an)> _ Z < . > (Dm+n—]Xm)(Dm+n+]Xn) )

i=0 /

!On the boundary terms appearing through integration by parts: We have Int
fj1 Q(z)D™91X%dx where Q(z) = X™(D™PXP) is a polynomial of degree 0Q = 2m +
2p —m —p = m + p. The polynomial Q(z) vanishes m times at x = £1. The boundary
terms read BT; = £(D'Q)(D™T97 971X 9)|L,. For 0 < j < m — 1 the term D?Q is zero. For

m < j <m+ q— 1 the second term is zero.
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If n — j > m then the first term is zero. If n — j < m then m + j > n and
m + n + j > 2n. Therefore, the second term is zero. We must only consider
the term in the above sum that is obtained for j = n — m. The integral in Int

becomes
n+m ! 2m ym 2n yn n
< )/(DX)(DX)XdJI.
Here D?™X™ = (2m)! and D?*"X" = (2n)!. Obtain:

(n +m)!

Int = (—1)"c}(2m)!(2n)! (n —m)l(2m)!

with

1
J = /X"dx
-1

1
= (—1)”/_(1—x2)”dx

1
" 22n+1(n!)2

= U ey

In the last equation we have used (5.14).
Together with (5.18):

(2m)!(2n)!(n + m)!1227+nln!

Int
" 22npInl(n — m)!(2m)!(2n + 1)!
_ (n+m)! 2
 (n-m)! 2n+1

This proves the lemma. ¢

5.11 Spherical Harmonics as Eigenfunctions
Let 7,0, ¢ denote the usual spherical coordinates. Recall that

1

2 1 !
Ay = r2 (rer)r + r2 <¢99 - cot 8 + sin? 0 7/)¢¢> '

If Y(0, ¢) is a function on the unit sphere, then define

LY = Yo + cot § Yp + —5—= Yy .
" " sinZg

With this notation, we can write the equation Ay = 0 as

(7“2%)7« +Lyp=0.
We try to find solutions of Laplace’s equation (5.19) of the form

P(r,0,¢) = R(r)Y (0, ¢) .
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Substitution into (5.19) and division by v yields

l 2 I/ l —
7 (PR) + S LY (6,6)=0.

Denoting the separation constant by @ we obtain

(R —QR = 0
LY = QY

One can prove that the operator —L has the eigenvalues @,, = n(n + 1) where
n = 0,1,2,.... Each eigenvalue n(n + 1) has multiplicity 2n + 1. We will
construct an orthonormal basis of eigenfunctions for L,

Y™(0, ) = 4" P™(cos0)e™?, —n<m<n,

n n

where ;" is defined as above,

2n+1 (n —m)!
%T:\/ : Ly

dr (n+m)!

With @ = n(n + 1), the R—equation is an Euler equation with general
solution

C2
rntl ’

R(r)=cir" +

Assume @ = n(n + 1). Substitute

into

Yoo + cot 0 Yy +

1
Yo + +1)Y =0.
sin2 6 a4 n(n )

Divide by Y. Obtain

1 " / " o
@<@ +cot«9@)+sin29 a+n(n+1) =0.
With ®”/® = —m? obtain
" ! m’

Let ©(6) = P(cosb),

O = —sinf P, O"=—cosdP +sin?6P" .
Obtain

m2

sin29P”—2cos9P’+(n(n+1)— )on.

sin? @
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If z = cosf, then sin® = 1 — 22, thus

2

(1—a2)P" —22P + (n(n +1) - 5 m

;)P =0.

The functions P*(x) satisfy this equation for —n < m < n. Then

Z™(0, $) :== P™(cos h)e™?

n

satisfies

—LZ™ =n(n+1)Z™ .

We claim that the system of functions

Y,"0,0), —n<m<n, n=01,...

is an orthonormal system in Ly(S) where S is the unit sphere. Recall that the
element of area for the unit sphere § is

dS = sin 0 dd¢ .

Integration over the sphere S:

/SZdS:/O%/OWZ(G,QS)sinGdeqS

The Ly—inner—product of two functions defined on § is:

(Z1, Z) = / 2178
S

The Lo-—norm is:
1zl = (2, 2)?

Orthogonality: If my # ms then

2w
/ e ImPeim29 g — () |
0

If n1 # no then

™ 1
/0 Pyl (cos ) P> (cos0) sinfdf) = /1 Pl (z) Py () dx
0

Therefore, if my % ms or ny # nsy then
(2. zi2) =0
Normalization:
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1
|Ze = 2 / (P (2) di

_4rm (n+m)!
 2n+1 (n—m)!
= (/)

Therefore, the functions

Y, "0,6), —mn<m<n, n=01,...

form an orthonormal system in Ly(S). One can prove that this systen is com-
plete, i.e., if y = y(0, ¢) is any function in Ly(S) then the series

i zn: U Y (0,0)  with  apn = (Y™, y)

n=0m=-—n

converges to y w.r.t. the Lo—norm on S.

5.12 Spherical Harmonics are Restrictions of Harmonic Poly-
nomials to the Unit Sphere

We have
Y0, ¢) =y Py (cos 0)e™?
where
m _ 1 2\m/2 mym+n yn 2
Pn(a:)—Znn!(l—a:) pmtxnt X =z —1.
Set

P(r,0,¢) =r"Y,"(0,9)

to obtain a function defined in all space.
Claim:

AY =0
Proof: We have

1 1
AY = = (), + — Ly
r r
Here
L(r"Y,)") = —r"n(n+ 1)Y,"
Also,
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(7“2%)7« = n(n+1)r"y"

This shows that Ay = 0.

Claim: If one writes ¥ = 1(r, 0, ¢) in Cartesian coordinates x, y, z, then one
obtains a polynomial in z,y, z which is homogeneous of degree n.

Proof: It suffices to prove this for 0 < m < n. We have

¥ = er™sin™ 0 (D™ X ™) p—cos g €0

Here

€M = (cos ¢ + isin ¢)™

is a sum of terms

cosl ¢ sin™ g, 0<I<m.
Also,

n
X"=(z*-1)" = E cjnxQ"_QJ =2 fetr 4
J=0

Therefore, D™t X"™ is a sum of terms

xnfm7237

n—-m2>n—m-—252>0.

It follows that 7 is a sum of terms

H = r"sin™ 0 cos" ™ % § cos' psin™ ! ¢

where

0<I<m and n—m-—-25>0.
Recall that

x = rsinfcos¢
= rsinfsing

z = rcosf

Therefore,

H = r"sin‘fcos' ¢sin™ ' 0sin™ ! pcos™ ™2 ¢

xlym—l,rn—m COS

xlym—l,’ﬂjzn—m—%

— xlym—l(m2+y2+22)jzn—m—2j

n—m-—2j 0
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This is a polynomial which is homogeneous of degree n.

2D Analogy. Consider

p(z,y) = (z+iy)", q(z,y) = (x —iy)" .

It is easy to see that p(z,y) and ¢(z,y) are polynomials which are homogeneous
of degree n. The corresponding restrictions to the unit circle are

p(cos ¢, sin ¢) = e™?
q(cos ¢, sin ) = e~ "¢

The functions e*™? are the ‘spherical harmonics’ on the unit circle in 2D. They
are restrictions to the unit circle of the homogeneous polynomials p and q.

3D Generalization. The functions Y,)"(6, ¢), defined on the unit sphere
in R3, are the generalizations of the functions e*™? defined on the unit circle
in R2. The expansion in terms of the spherical harmonics Y,*(, ¢) generalizes

the Fourier expansion in terms of the functions e="®.
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6 Second Order Linear Homogeneous ODEs

6.1 Ordinary Points, Regular Singular Points, Irregular Singu-
lar Points

Consider the 2nd order differential equation

y'(2) +p(2)y'(2) + a(2)y(2) = 0 (6.1)

where z is a complex variable. We assume that the functions p(z) and ¢(z) are
holomorphic in

0<l|z—2| <R.

In other words, the point zg is an isolated singularity of p(z) and ¢(z).

Case 1: The functions p(z) and ¢(z) have a removable singularity at zo.
Then zj is called an ordinary point for (6.1).

Case 2: Either p(z) or ¢(z) has a singularity at zp that is not removable.
Then zj is called a singular point for (6.1).

Case 2a: Suppose we have Case 2. Assume that p(z) has a removable
singularity or a first order pole at zg and ¢(z) has a removable singularity or
a first order pole or a second order pole at zg. Under these assumptions, the
point zp is called a regular singular point for (6.1).

Case 2b: In all other cases, zj is called an irregular singular point for (6.1).

Examples for equations: y”(z) = zy(z) is Airy’s equation. All points are
ordinary points.

For Bessel’s equation

2y 2y (22 —mP)y =0
the point 29 = 0 is a regular singular point.

For the equation

!

+zy —2y=0
the point zp = 0 is an irregular singular point. Note that the function

y = el/z

solves this equation and has an essential singularity at z = 0.

We will show the following: Solutions near an ordinary point are analytic.
Solutions near a regular singular point zg can be singular at zy but the sin-
gularity is of a very definite nature. In particular, it cannot be an essential
singularity.

6.2 Equations with Constant Coefficients

Solve

y' +ay +by=0
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using y = €"?. Obtain the characteristic equation

P 4+ar+b=0.

If the roots are ry o with 71 # ro then the general solution is

y(z) = c1e”? 4 coe™* .

Consider the case 7 = ro (which occurs for a? = 4b) by perturbing the
equation:

a’ 9
y'+ay' + (5 -y =0
The roots are
T2 = —g +e.
The corresponding solutions are
Yre = e—az/Qesz’ Yoo = e—az/Qe—ez )
As £ — 0, both solutions approach
() = e o5l
Consider the solution
1
y375(2) = ?6 (yl,s(z) - y2,€(z)>
1
e_az/22—€ (1 +ez—(1—ez)+ 0(6222)>
= ze” /24 O(e2?)
As ¢ — 0, this solution approaches
y3(z) = ze72%/2
The two solutions
yi(z) =e % and  ys(z) = ze” "/

form a fundamental set for the equation

(12
y”+ay’+zy:0.
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6.3 Cauchy—Euler Equations

The equation has the form

22y"(2) + azy/(2) +by(z) =0 . (6.2)

One solves it by y = z". Then r must satisfy the indicial equation

r(r—1)4+ar+b=0.
If 1 # ro then

T1

PAR

form a fundamental set. For 1 = r9 obtain
y1=2", ys=2"logz.
Example 6.1: The differential equation

2z2y” +32y —y=0

has the indicial equation

3 1
_1 _— —_—— = .
r(r )—1—27" 5 0
The roots are
1
7”1:57 T2:_1

The general solution of the differential equation is

c
y(z) :clx/g—i-f .

Remark: The Cauchy—Euler equation (6.2) can be transformed to an equa-
tion with constant coefficients as follows: Let

z=¢c', Inz=t yz) =ul)=u(nz).

Obtain:
’ _ 1 /
J(:) = 1u(inz)
z
y'(z) = L u'(Inz) + 1 o (In 2)
22 22

Equation (6.2) becomes

u"(t) + (a — D' (t) + bu(t) =0 .

The characteristics equation for the u—equation is
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P 4+(a—-1)r+b=0.

This equation agrees with the indicial equation for (6.2). If r; = ro = 7 is a
double root, then the solution

ug(t) = te'

transforms to
y2(2) = (Inz)2" .

6.4 Series Solutions Near an Ordinary Point

Consider

Y +p(2)y +q(z)y=0

where

o0 (o]
p(z) =) pn2", q(z2) =D 2"
n=0 n=0

for |z| < Ry. Using the Liouville transformation

P/2

y=e Tw,

where P’ = p, one obtains an equation for w,

1, 1
W'+ Quw=0, Q=gq-p'~ "

Thus we may assume p = 0.

Details: If p(z) = Y07 pp2" conerges for [z| < Ry, then P(2) = >0° ) —tpn2

n=0 n+1
also converges for |z| < Ry and P’(z) = p(z). Define the function w(z) by

y(z) = e T 2y(z) .
Obtain:

y = e P2y ge—P/zw

! 2
no_ e’P/Qw”—pe’Pﬂw’— p—e*P/2w+pZe*P/2w

2

Substituting the above expressions for y, 1/, y” into the equation

y' +py +qy=0
yields

29
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2

~

2
0 = w”—pw'—i—(%—%)w—i—pw’—%w—i—qw
/ 2
= w”+(q—%—%)w

Solution of y”(z) + q(z)y(z) = 0. We first proceed formally. Let

o .
y(z) = Zajz] .
=0

Differentiate twice:

V'(2) = aje(i+2) (G +1)27
=0

Also,

00 J
q(2)y(z) = ijzj, bj = Zqz'aj—i :
j=0 1=0

Obtain: ag,a; are free. Then, for j =0,1,...

J
—aj2(i+2)(G+1) =D qiaj i .
=0
This determines the a; recursively once ag, a; are chosen.

Theorem 6.1 If the series E;io qjz’ converges for |z| < Ry, then the series
>0 a;jz) also converges for |z| < Ro.

Proof: Let |z| < R < Ry. Cauchy’s inequalities imply

B .
\qj\gﬁ, j=0,1,...
with
B = .
max la(z)]
Claim: There exists A > 0 with
A .
\aj\gﬁ, ji=0,1,...

Once this is shown, convergence of the series for y(z) follows from

(N
219 < Lid}
ajllsf < A(S) /R <1,

by the comparison test.
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First fix some n and assume that

’a]’§§7 = =

Obtain:

1 n—1
lant1] < 72\%‘%—1—1‘\
i=0

IA
=
+ =
=
3
3|
i
S
AES
|

A  BR?
Rl n 41

Choose n so large that BR?/(n+1) < 1. Then choose A so large |a;| < A/R’ for
7 =0,...,n. Under these assumptions, the above estimate shows inductively
that |a;| < A/R’ for all j. This completes the proof. o

6.5 Solutions Near a Regular Singular Point
Consider
2y +2p(2)y +a(2)y =0

where

o0 [o¢]
p(z) =) pn2", q(2) =D 2"

for |z| < Ry. The corresponding Euler equation is

229" + zpoy’ + qoy =0 .

The indicial equation is

r(r—1)4+por+q=0.

Denote the solutions by r1 2 where

Rer; > Rery .

The basic idea is to find solutions of the form

oo
n (Z) =2" Z anz"
n=0

and
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o0
ya(z) = 2" Z bpz" .
n=0

The construction of y; is always possible. The construction of yo may fail.
For y; one obtains the following: The coefficient ag is free. Then, for n > 1,
let
Ap=nn+r —ry) .
Note that |A4,| > n?. Obtain the conditions

n—1 n—1
Anan = - Z(k + Tl)pn—kak - Z gn—kak -
k=0 k=0

This determines the a, uniquely once ag is chosen.

Claim: The series for y;(z) converges for |z| < Rp.

Proof: Let |z| < R < Ry . First assume that for some A > 0,m > 0,n > 0
we have

laj] SART(j+1)™ 0<j<n—1.

The induction step can be completed for m,n large enough. The induction
hypothesis then holds for A large.
As an auxiliary result we use that

n—l m+1

n
Zz’mg/ xmdazgn .
1 m+1

i=1

If one tries to determine y2(z) in the same way, then the recursion involves

B, =n(n+ry—ry)
instead of A,,. If

B, #0
for every n, then there is § > 0 with

|Bp| > 6n? .

Assume B, # 0,n =1,2,... Once by is chosen, the b, are uniquely determined.
Convergence of the series for y2(z) follows in the same way as for y;(z).

If B,, = 0 for some n, then, in general, the construction of yo will break
down. We will discuss this case for Bessel’s equation.
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6.6 Bessel Functions of the First Kind

Note: Using analytic continuation, the gamma function I'(g) is defined for all
complex ¢ except for

qe{0,-1,-2,...}.
The function 1/T'(q) is defined and analytic for all complex ¢ and is zero for
qge{0,-1,-2,...}.
Consider
2y + 2 + (22 —mP)y=0. (6.3)
We may assume Rem > 0. The indicial equation is
r2—m?=0
with roots
rL =m, r9o = —m.

As in the general case, let

o
yp=2" Z anz" .
n=0
Obtain

A, =n(n+2m) .

The conditions for the a,, become:

OCLO = 0
A1a1 =0
Apap, = —ap—2

Thus a; = 0 and then a, = 0 for all odd n. By convention,

1

W= o (m+ 1)

Then one obtains

(=) = (%)m ZO n!F(T(L:rlv)v: +1) (%>2n =i Jm(z)

n=

When constructing y2(z) one must consider

B, =n(n—2m) .
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The construction of the second solution works if B,, # 0 for every n = 1,2,
Choosing

1

by =
07 2-mD(—m+1)

one then obtains

2= (5) "% sy (3) =)

n=0

The general definition of J,(z) is

20 =(5)" > e G)

n=0

If one uses the above convention for 1/I'(q), then J,(2) is defined for all v € C.
If

m¢{0,1,2,...}

then Jy,, J_p, form a fundamental set for (6.3).

Remark: If m = g + % is a half-integer, then B, = 0 occurs for an odd
number n. The above definition for yo(2) still follows the general process if one
chooses b, = 0 for all odd n. In fact, B,, = 0 occurs for n = 2g + 1 =: ng. One
only needs b,, = 0 for odd n < ng. Then by, is free. However, the corresponding
solution becomes a multiple of J,,(2).

Consider v = —3, for example. It is easy to show that

J_3(Z) = —Jg(z) ,

and, more generally,

Jom(2) = (=1)"Jn(z), m=12,...
Thus, if m € {0,1,2,...}, then we do not yet have a fundamental set for (6.3).

6.7 Bessel Functions of the Second Kind
For v € C\ Z define

cos(vm)Jy(z) — J_,(2)
sin(v) '

N,(z) =

The function N, is called a Neumann function or Bessel function of the second
kind. For integer m define

Np(z) = lim Ny(z) .

One can prove that the pair J,,, N, always forms a fundamental set for (6.3).
The function Ny(z) for 0 < z << 1. In J.(z) and J_.(z) we only consider
the first terms, obtained for n = 0, since |z| << 1. Then we obtain
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Set

') =-8<0.

Then we have

Ml4+e)=1—0e T(l—e)=1+pc.

Therefore,

M~ [(5) - (5)
- ORION

Note that the function f(g) = a® = €18 has the derivative

1 (0) =loga .
Therefore,
No(z) =~ %(log(z/Q) - log(2/z)> 4 ?
= % (log z —log 2 + 3)

One can prove that

-I'(1) = B
= 7
"1
= nh_)nca)O (Zl 5 — log n)
]_
~ 0.577...
Note:
(0.0
I'(z+1) :/ te "t dt
0
therefore,
o0
I'(1) = / logt e~ tdt =: Int .
0
Write

1 o]
Intz/—i-/
0 1
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6.8 Recurrence Relations

It is claimed that

2
Ty + Ty = ny(z) (6.4)
Jl,fl—Jl,+1 = QJL(Z) (6.5)

We show (6.4) ...
Recall that

2\1/2
J1/2 = (7) sin z
2\1/2
J 12 = (—) COS z
Take v = £ in (6.4). Obtain that

1
J_1/2+ 30 = ;J1/2 .

Thus, J3/5 is a combination of sin z, cos z, multiplied by powers of z.
More specifically,

J3/2(2) = éjl/Q(Z)—J—lm(z)

B (2)1/2 3/2<sinz B cosz)
= i e
m 23 2

For 1 << z one obtains the approximation

1/2
J3/9(2) ~ —<2> 22 cos z

™
Remark: One can show that for any real v:

Ju(z) = (%) i (Cos(z — I%T - %) + (9(%)) for z—o0.

We can also obtain an approximation of J3/5(z) for 0 < z << 1 by substi-
tuting the power series for sin z and cos z,

Jya(z) = (%)1/223@(273(2_7
2

- (@)oo
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6.9 Liouville Transformation

Consider, for z > 0,

22y +xy + (22 —m?)y =0.

Write
y//+ y/'
Thus,
1
p(z) = =
P(z) = logx
o—P@)/2 172

Introduce the new variable w(x) by

—1/2

y==x w .

Obtain

2 _1/4
w”—i—(l—%)wzo
x

Take m = —1. If

T_1j2(x) = 27 Pw(x)
obtain that

w' +w=0.

From the series expansion of J_;/; we also know that

J_1y2(x) = x_l/Q(\/z+ (’)(xz)) .

Therefore,

It follows that

w(r) = \/gcosx,
™
2
J_1p(z) = \/E COST .

The equation for w, together with Sturm’s comparison theorem, can be used
to obtain information about the zeros of Bessel functions.
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6.10 Sturm’s Comparison Theorem

We first consider two simple linear ODEs. Let 0 < w7 < wo be constants and
let y1(x) and yo(z) satisfy

yl 4+ wiys
Yy +wiys = 0
We have

yi(zr) = Asin(wi1z + a), y2(x) = Bsin(waz + ) .
Let us assume that neither y; nor yo is identically zero. Then, if d; is the
distance between two consecutive zeros of y; and do is the distance between
two consecutive zeros of yo, we have
w1d1 =T = w2d2 .

In particular,

0<dy <ds.

The function yo oscillates faster than y;. Between any two consecutive zeros of
y1 there is at least one zero of ys.

Sturm’s comparison theorem generalizes this observation to solutions of two
equations with variable coefficients.

Theorem 6.2 Let I = (a,b) denote an interval and let g1,g2 € C(I) denote

two real functions with gi(x) < go(x) for all x € I. Assume that y1,y2 € C*(I)
satisfy

vl +g1iy1 =0 and yh+goya=0 in I.

Assume that neither yy nor ys is identically zero. Then, if

yi(p) =1(¢) =0 and p<gq,

there is r with

ya(r) =0, p<r<gq.

In other words, the function ys has a zero between any two zeros of y.

Prrof: We may assume that p and ¢ are two consecutive zeros of y; and

yi(z) >0 for p<zx<q.

If a zero r of yo with p < r < ¢ does not exist, then we may assume that

yo(x) >0 for p<z<q.
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From

vyl + qiyiy2 = 0
Y1y + Geyrye =

we obtain

y2u — y1ys = (92 — g1)y1y2 -

The right side is strictly positive for p < z < ¢. Also, through integration by
parts,

1 /! / q 1 !
Yoy dx = 9291‘ - Yoy dx
P p P

4 /! / q 4 ! !
Y1yp dx = ?/1?/2‘ - Y1Yp dx .
P p P

In the second case, the boundary term is zero since y1(p) = y1(¢) = 0. There-
fore,

and

/q(ywi' — 1y dx = (yayi)‘i = y2(q)v1(q) — v2(p)vi (p) -

Here we have y2(p) > 0,42(¢) > 0 and v} (p) > 0 > ¢} (q). This implies that

q
/ (y2y! — y1ys)dz <0 .
p

Since (g2 — g1)y1y2 is strictly positive for p < x < ¢, one has obtained a
contradiction. This proves the theorem.
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