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7 Applications and Properties of Bessel Functions

Let a > 0 and let

By ={(z,y) : «®+y* <’}
denote the open disk of radius a centered at zero. We will use polar coordinates
p, ¢ in the plane.
Consider the wave equation for a function u(p, ¢,t),
uy = cAu in B, X [0, 00)

under the boundary condition

u=0 on 0B, X [0,00)

and the initial condition

U(p, b, 0) = f(pv ¢)7 ut(p’ b, 0) = Q(P, ¢)

where f and g are given smooth functions that are compatible with the bound-
ary condition.
Recall that, in polar coordinates,

U 02<u +1u + ! U )
tt = - - .
pp P p pe folo}

In the next section we consider the special case where

F=75p), g9=29p)
do not depend in ¢.

7.1 The 2D Wave Equation: The Case of Circular Symmetry

Under the assumption that f and g do not depend on ¢ we expect that u will
also be independent of ¢. First, ignoring initial and boundary conditions, we
seek solutions u(p,t) of the wave equation in separated variables:

u(p,t) = at)R(p)
Obtain

1! /! 1 /
o"(H)R(p) = alt) (R"(p) + R (v))

o (t) 1 1

= —— (R" ~R'(p)) = —k*.

Tait = Ty B0+ B )

We choose the separation constant to be —k2 < 0 since we expect the solution
to be oscillatory in time.

Obtain:




() + k*at) = 0
R”<p>+;R'<p>+k2R<p> ~ 0

The radial equation can be rewritten as

p°R"(p) + pR'(p) + k*p*R(p) = 0 .
It requires the boundary conditions
R(0) finite, R(a)=0.
Let

R(p) = y(kp)

where y = y(z) is a new unknown function. Then the above equation for R(p)
transforms to

2y'(2) + 2y (2) + 2°y(2) = 0,
which is Bessel’s equation of order zero. The general solution is

y(z) = c1Jo(z) + c2Yp(2)

where Jy(z) is the Bessel function of the first kind of order zero and Yy(z) is
the Bessel function of the second kind of order zero.

The function Yp(z) is singular at z = 0 whereas Jy(z) is an entire function.
Obtain

R(p) = cJo(kp)

where the boundary condition R(a) = 0 must still be enforced.
The Bessel function Jy(z) has a sequence of positive zeros, zg,,n = 1,2, .. .:

0<zpr <x2 < X3 < - -

The boundary condition R(a) = 0 requires

0= R(a) = cJy(ka) .
Obtain:

1
k:/{n:*.%‘on, n:1,2,...
a

Thus we obtain the following solutions of the wave equation satisfying the
boundary condition v = 0 for p = a:

un(p,t) = (An cos(cknt) + By, sin(cknt)>Jg(knp), kn = xon/a ,
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forn=1,2,... Here A,, and B,, are free constants.
By superposition, any function

u(p, t) = Z (An COS(Cknt> + Bn Sin(cknt)> Jo(knp), kn = 37071/@ )

n=1

also solves the wave equation with the same boundary condition as long as the
series converges to a smooth function and we can exchange differentiations with
summation.

We now try to determine A,, and B,, so that the initial condition is satisfied.
This requires

F(p) = u(p,0) =Y ApJo(knp)

and
9(p) = ui(p,0) = > BucknJo(knp)
n=1
where
kn = xon/a .

Thus, we need expansion theorems and orthogonality relations for the functions

p— Jo(knp), m=1,2,...
One can prove the following orthogonality relations:

2

@ a
/0 Jo(kip)Jo(knp)pdp = 6jn—J7 (z0;) -

2

Here Ji(z) is the Bessel function of the first kind of order one.
Let us assume the above orthogonality relations. Assume that

Fp) =u(p,0) = > AnJo(knp) -
n=1
Then multiply by Jo(k;p)p and integrate over 0 < p < a to obtain

2 a
A= whey /0 Jolkse) F(p)pdp .

Similarly,

2 a
== | Jo(k; dp .
7 anij%(xoj)/o o(kip)g(p)pdp



7.2 The 2D Wave Equation in a Disk

We now drop the assumption that f and g depend only on p. The initial
condition reads

U(p, ¢70) = f(pv ¢)7 Ut(p, d): 0) = g(p7 d)) .

Let
u(p, ¢,t) = a(t)R(p)2(¢) -
Obtain
" 2 /! ]‘ / ]‘ "
R®a" =c¢ (R da+ - RPa+ — RO a) ,
p p

thus

o) _R'p) IR 16,

Palt) ~ Rp) pR(p) 289
As before,

o (t) + k*a(t) =0 .

Also,

R'p) 1R(p) 190 .
Rp) " pRp) 2w TF T

It follows that

and
p°R"(p) + pR'(p) + (p*k* —m*)R(p) = 0
Let
R(p) = y(kp)
Obtain:

2y'(2) + 2 (2) + (22 = mP)y(2) =0,

which is Bessel’s equation of order m. The general solution is

y(2) = c1dm(2) + c2Yin(2)

where J,,(2) is the Bessel function of the first kind of order m and Y, (z) is the
Bessel function of the second kind of order m.

The function Y, (2) is singular at z = 0 whereas J,,(2) is an entire function.
Obtain



Ry (p) = cJm(kp) .

Each function J,,(z) has a sequence of positive zeros, x,:

O0<zm <xTmo < Tmz < ...

The boundary condition

yields

Emn = Tmn/a, m=0,1,... and n=12,...

One obtains the following solutions of the wave equation satisfying the boundary
condition u = 0 for p = a:

Umn (P, @, 1) = cos(ckmnt) (amn cos(mae) + bmn Sin(mqb)) Im (Emnp)

and

wrn (P, &, 1) = sin(ckmnt) (afnn cos(mo) + by, sin(m¢)> I (kmnp)

We try to determine the coefficients a,,y, by form the initial condition

flp,9) = Z Z (amn cos(me) + bpn sin(mqﬁ)) I (kmnp) -

m=0n=1

(Here, for m = 0, the coefficients by, are irrelevant.) The above expansion of
f(p, @) is a Fourier—Bessel expansion.
For fixed p we make a Fourier expansion of the function

¢ — fp,9) -
It has the form

F(p,0) = Ao(p) + ) Aml(p) cos(mg) + Bpu(p) sin(mg) .
m=1

Then we make a Bessel expansion of A,,(p) and By, (p) in terms of the functions

p— Im(kmnp), n=12...



7.3 Auxiliary Results on the I' Function
Recall that

oo
I(s) = / tle7tdt, s>0.
0

Most important is the functional equation

I(s+1)=sI'(s), s>0.

For s = % one obtains, using the substitution

2 =1, 2dr =t"12dt,

1 oo
r(z) = / 2t at
2 0

e 2
= 2/ e T dr
0

= V7
Let k € {0,1,2,...}. We have
1
;) = v
1 1
rm+-) = =
1+3) 5 VT
1 3 1
re+-) = —---=
( +2) 2 2\/7?
1 5 3 1
r 2y = .22
(3+2) 2 2 Qﬁ
1 1-3...(2k+1)
F(k:+1+§) = ST VT
Here
(2k + 1)!
1-3:5...(2k+1) = Ll
This yields
1 (2k + 1)!

7.4 Series Representation of .J,,(z)

Let m > 0. We have seen that

T\ — —1)k x
(@) = (5) 2 k!r(k(: —I—li—i-m) <§>2k '

k=0




We try to understand the behavior of J,(x) for x > 0,
First, let 0 <z < e. We have

1o)= (5) sy +0)

1+m)
with
I'l1+m)>0.
Clearly,
Jo(0)=1.

If m > 0 then J,,,(z) vanishes to order m at x = 0 and is positive for 0 < z < ¢.
We can use this series representation to show the following:

Lemma 7.1 Form = % we have

2
Jij2(w) = “E sinz, z>0.

\1/2 2 (—1)k 2k
Ny2le) = 5) mrw+1+@(2)

o0 (_1)k 22k+1 o\ 2k
P> @k+U!(§>

)3
>1/2.i _1)k$2k;+1
)

Proof: We have

(2k + 1)!

It follows that the zeros of J /5(7) are
Tijon =nm, n=0,1,2...

7.5 The zeros of J,,(z)

Let m > 0. We show here how to use Sturm’s theorem to obtain information
about the zeros of Jp,(z).
Recall that J,,(x) satisfies Bessel’s equation:

22" (z) + zJ! (2) + (2% — m?)Jp(z) =0 .

Fix m and define the function wy,(z) by

(@) = 272wy (z), =>0.

(This is the Liouville transform to obtain an equation for w,,(z) without first
derivative term. In fact, p(z) = 1/z and P(z) = Inx and e~ P(®)/2 = z=1/2))



Lemma 7.2 The function wy,(z) satisfies the differential equation

"

wh(@) + (1~ s

4

= )wm(:r) =0,

Prrof: This is a simple computation.

z>0.

sinz.

Remark: For m = 1/2 the above differential equation has constant coeffi-
cients, w/1//2 + wy/9 = 0. This is consistent with the above result for J; p(x) =
~1/2
cx

Case 1: Let 0 <m < % We apply Sturm’s theorem with

2
m2 —
gi(@) =1, goz)=1-
It is clear that ga(x) > 1 for all x > 0. Let

y1(z) = sin(z — )
and

ya(x) = wm () .
Here a > 0 is arbitrary. The function y;(x) has zeros

p=a<qg=oa+T
By Sturm’s theorem, the function y» = w,, has a zero between a and a + 7.

Since « is arbitrary, we obtain that the function J,,,(x) has a sequence of positive
zeros, denoted by Ty, n =1,2,.. .

O<Tmi <Tma < xTmz < ...
(If m > 0 then x,,0 = 0 is also a zero of Jp,(z).)

For fixed m, the zeros of J,,(x) cannot accumulate at some finite value Z
Otherwise, one would obtain that

In(Z) = J), () =0,
and Jy,(z) = 0 would be implied.

Furthermore, we claim that, for 0 < m < %:

Tmn+l — Tmpn < T

In other words, any two consecutive zeros of J,,(x) have a distance less than 7
for 0 <m < % This follows from Sturm’s theorem applied with

yi(x) =sin(z — zp )
We summarize:



Theorem 7.1 Let0 <m < % The function Jp,(x) has infinitely many positive
zeros. These can be ordered as a sequence:

O0<zm <xTme < Tmz < ...

We have

Tmp — OO aS N — 00

and
Tmantl — Tman < T, n=12...
Case 2: m > 3. The function wy, () satisfies

Wi () + g2(2)win (z) = 0

with
—of o 1
gx)=1—=x (m —1) <1
For x > m we have
1
g2(z) > g2(m) = i g1()

We know that

solves

y”+iy —0
1T gm2 7!

and y; has infinitely many positive zeros. It follows that, again, J,,(x) has a
sequence of positive zeros,

O0<Zmi <Tma < Tmz < ...

We claim that

Tmnt+l — Tmapn > T .

This follows from

g2(z) < 1

since the solutions y3(z) of

ys +y3 =0

have zeros with distance w. We consider
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y3(z) = sin(z — zmp) -

Then, by Sturm’s theorem, y3 has a zero strictly between x,,, and 1,
which yields z, n41 — Timn > 7.
We summarize:

Theorem 7.2 Let m > % The function J,(x) has infinitely many positive

zeros. These can be ordered as a sequence:

O0<zm <xTme < Tmz < ...

We have

Tmn — OO aS N — 00

and
Tmmntl — Tmpn > T, N=12...

7.6 Remarks on Matlab

The commands

x=0:0.01:20
y=besselj(1,x)
plot(x,y)

give a plot of Ji(z) for 0 < z < 20.
To find zeros, one can use
x=fzero(fun,x0)
after defining the function fun in a .m-file.
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