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b according to-(10.6) this is the general linear self-adjoint elliptic
fierential equation of second order in two variables in its normal form.
¥ The non-trivial solutions of (1) which satisfy the boundary condi-
pn-u = 0 are called esgenfunctions and the corresponding k are called
6 eigen values of the problem. If k? or F(z,y) were negative then no
values would exist, as we saw in the introduction to exercise I1.2.
je fact that eigen values do exist for posmve k?, namely, an infinite
in ber, can be shown first for the simplest examples.

¥ a) The rectangle 0 < z < a, 0 <y < b. The boundary condi-
ins are satisfied by ' g

CHaPTER V

Eigenfunctions and Eigen Values

In this chapter we shall develop Fourier’s methods to their greaf
generality and thereby open up the boundary value problems of phy#
to mathematical treatment. The most striking demonstration of _ _
power of these methods wes given in 1926 when Erwin Schrodingg 4 ‘ ) z . g [ 7= 1,2, - .00,
recognized the quantum numbers as eigen. values of his wave equafi A LU= Uy = SIDRT ST G, w1 9 .00
and thereby put the tools of modern analysis at the service of atom o
physics. It was fortunate that he had the aid'of his Ziirich coll
Hermann Weyl who had, as the greatest pupil and later the succes
Hilbert in Géttingen, an essential part in the development of the t
of integral equations. However we should note that, while the viev
of integral equations is important for the rigorous mathematical foun|
tion, in particular for the existence proofs for the eigenfunctions and i
eigen values, the older viewpoint of partial differential equations leads
the same concepts in a natural manner. We shall start by demonstrafi
this with an example which was known long before integral equations

i nm
u .

fom the differential equation we then have
: nt . m?
k = knm - ﬂ V + b2 °

e shall ignore the constant factor by which the solutions can be multi-
“We first assume a and b to be tncommensurable. Then all the k,,,
fferent and only one eigenfunction u corresponds to each k. The
imber of eigen values is tnfinite.
: giob). Circle, circular ring, circular sector. Forthe full circle 0 < r < a
, Y gean write:
§ 25. Eigen Values and Eigenfunctions of the Vibrating e

Membrane w=1I,(kr) ei“"qp m=20,1,2,...c0,

The subject of the following consideration is & membrane withg
proper elasticity (see p. 33) which is clamped into a frame whose resi§
ance to distortion is entirely due to the stresses working on its ed _
We consider these stresses as perpendicular to the edge in the plané fince this equation has infinitely many‘roots (see Fig. 21) there are again
the membrane. For the deformed membrane this results in a pressure! il ztely :many eigen vdlues k = k.. The roots of (3a) are all different,
which acts perpendicular to the surface and is equal to 7' times the me§ it for m > 0 there are two elgeﬁfunctlons for each eigen value corre-

curvature of the membrane, and hence is equal to 7 Au for a smé Bonding to the different signs in (3), or, in other wor ds, corresponding
deformation w. The wave equation (7.4) for a pure harmomc oscﬂla tig pr

of frequency w then yields

3 satlsﬁes the boundal‘y condition

; 'e double possibility sin mtp We say that the problem is degen-
—calu=TA4u, g = surface density.

) . form>0 in our case.it is stmply degenerate. According to (20.4b
This we rewrite in the customary form PLy cegen ocording t0 ( )

e nomdegenemte) basic tone of the cir¢cular membrane is km = 2.40/a.
ﬂFor the czrcular ring b = r £ awe write

1) Au+ku=0, =2
' ' U= [I (kr)+cN (kr)]ei”’””

T
If we do not consider k? as constant but as an arbitrary function F(; " s

166 P e need both particular solutions I and N of the Bessel differential
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equation (we could, of course, consider H! and H? instead) in order to be
able to satisfy the two boundary conditions:

I, (ka)+cNa(ka)="0,
I (kb)+ Ny (k) =0.

F I .
; égdgci)tl};n g;lsgn ttlllleorylof 1(111tegra1 equations. Here we must be satis
: ing the related theorem for mechanical ith o
| t.
il}l;t(; 1.1u1_nber of deg're_aes_of freedom: A system with f de;z:eselzl; f:;l:; .
(o:fno:: 7;: stqblle equ.vf,ilzbnum, can have exactly f linearly independent sm(ZZ
ecisely, infinitely small) sine-like oscillaty b ) |
: We write the kinetic ener igbborhood. e
. We gy for th
lequlhbrlum G=¢=...=¢ =0in th: fﬁiﬁ?borhmd of & state

1
T=§Zzanm q-‘n q.m'

I_éﬁle:auie gisso small we consider the a,,, as constants. At the same time
oo f}ﬁ)gi :lelttslasl isnertiy }/.'becomes a quadratic form in the ¢, with constant
' ce the linear terms 8¥/dg, vanish in the i

| e

Im terms of the ¢; around the state of equil,ilibrium e oV

(42)

Here too there exists an infinite number of different kpm with their asso-
ciated ¢,.. This problem, t0o, is simply degenerate when m > O, since, |
according to (4), there are then two different %y, for each knm- '

For the circular sector 0 < r<a, 0 S g o we set
(5) w=1,(k7) sin po, p=m=,

where the k are determined by the condition I,(ka) = 0. Infinitely
many eigen values k = k,.m exist; the problem is not degenerate. ’ _
The most general region which can be treated in this manner is the ! for - - V—V. — 1 <
circular Ting sector b <1 < 0 < @ <& which is bounded by two* i 0 2 Z Z bum In G
circular ares and two radil. ' ‘
¢) Ellipse and elliptic-hyperbolic curvilinear quadrangle. The wavl-
equation (1) written in elliptic coordinates &, n can be separated (see
v.I1 exercise IV.3) and leads to a so-called Mathieu equation In eaci
coordinate. The solution & = const yields the ellipses which belong
to the family of curves; 7= const yields the hyperbolas of the family
For the full ellipse we have, in addition to the boundary condition u =4
a condition of continuity for &= 0 (focal line) and the condition f*
periodicity for n= 4+ . The determination of the eigen values
leads to complicated transcendental equations which we cannot discuss
here. 'The most general region of this kind is the curvilinear quadIa.n :
whose boundary consists of two elliptic arcs and two arcs of hyperbold
which are confocal with the former. -
The simple examples which we considered here are special cases &
the fundamental theorem of the theory of oscillating systems with .
itely many degrees of freedom and their eigenfunctions: For an arbitrag
region an infinite Sequence of eigen values k exists for which there 150
solution of the corresponding differential equation Au-t+Ku=0 whf
is continuous in the interior of the region and satisfies the boundary cond
tion u = 0 (or any of the other boundary conditions on p. 63).! i
problem of finding a rigorous proof for this theorem has repeates
challenged the ingenuity of mathematicians, starting with Poincalg
great work (Rendic. Circ. Math. di Palermo, 1894) and culminating i
1 The same theorem holds for the eigen value 4 of the general seli-e
differential equation Au + AF(z,p)u="0 F>0.

\:l :;cnis aj:lray.s possible to transform both .the above quadratic forms
i eously into sums of squares by a linear i

: _ nto transformat -
fformation to principal axes of quadratic surfaces) P

sformation we obtain: Performing  this

1
T=13aa, V-V=353 b2

The new coordinates z, are called normal ;
b : »n Are coordinates of -th
§ cording to the Lagrange equation we then have © system.

d oT v '
TR At e hence a,Z,=—0b,x,.
g5 8 positive definite quadratic form and so is V — V, for a étable

fuilibrium ; hence the a, and b, a iti
e ' .. are positive. Thus f
Bord nate we obtain a stable oscillation or every nomal

& Ty = ¢, 6t with ol=22>0

R . a, ’

; zh gives as many oscillations as there are degrees of freedom. In the

g t{;] ;:yo:f there corresponds an eigen value &, to every w,;, and to

ot o Q- n that belong to the individual z,, therenow corre-
b v; e glgenfunctlon u;. Thek and the w, are both real

1e point out _tha.t th'e fact that the k are real can also .be proved

_y from the dlffgrentlal equation without passing to the limit. If a

,—; gomp'lex tl’lken the correspondh.lg 1 would be complex and the con-
: unction u* would have to satisfy the conjugate differential equa-
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i

tion Adu*+k**u*=0 with the boundary condition w* = 0. From! .
Green s theorem ' . =T
: g ’T/YJ ’T/}\: "’\”/4 Pl S
o -] . <
6) [(uAu*—-u*Au) do = f (uaT — u*%> ds, ! N
Y, . ”zr 1 HeEY,

that Fig. 23. Simple degeneration in the case of a quadratic membrane for n = 1..

P =20rm = 1,n = 2. The diagonals are the nodal lines for 1 — 4- 1.
(Ic"’——'k*"’)fﬂu‘f‘_da:O; . *
-'-_- ormation of A the form of the nodal lines within the family ' (7) -is
ntmuously deformed. We compute the linear combinations with

+1:

But uu* is always 2 0; hence the in%egral cannot vanish and hence W
must have k = k*, and k must be real. .The physical meaning of-
real character of the & is that under our condltlons the oscillation proces

! . xz . N .
is always free from absorption. _ U=sinz — sin 2m % 4 sin 2 :n:ai. sing ¥ ¢ | DLt~/
g a
Up to now we have assumed our problem to be non-degeneraté ; . v
However, for the perturbation theory of wave mechanics the degenerats P = 2siny - sin 57 %(cos n% 4+ cosm S) >0
yt .

=0
from the last expression here we ‘see that «p
je: diagonal y ==z is a nodal line of

cases are of special interest. We return to our example of the rectangls
and no longer assume the sides a,b, to be incommensurable. Thisi§

certainly the case for the square @ = b.: Then we obtain from (2a) 3 . _
Y ' q _ =—1 while  the other ~ diagonal ! A
—— . {=0¢—< belongs to 1=-41. Fig 24
=z 2 2 h =k g-
bnm = - V24 m2, hence k,,=Fkpn,; -"s‘ the behavior of the lines for arbitrary Fig. 24. Total picture
ues of the parameter i of the possible nodal lines

but according to (2) we bave w,,, & u,,,, unlessn = m, namely, for the quadratic mem-

; Under certain conditions higher degen-
B brane. The numbers on
lOIlS occur in the case of the quadratic  tphe left and on top are the

For example, if we have ‘ values of the parameter 1
: " in (7).

. z - y
Uy =SIMNT— SIAMT 5

but ‘
2 2__ 2 2,

. £ . y Nyt =nz+4my;
Up,=slDmzm— sinng =,
a a

for the eigen value
k =_%an§+mf = ZVng+m3

€ hive four lineariy independent eigenfunctions

All oscillations with n % m. are therefore (at least) simply degenera
since two different types of oscillations 4y, and 4, correspond to tii
same k,,. Only the basic oscillation &y and its overtones %,, =n
(which in this special case are harmonic) are non-degenerate.
Ty 1y °

U

111, Y,

ny myy Y

my 1y . Y

n=2m =1 (hence ki = ky =|/6 #/a ). In Figs. 23 and 243
characterize the corresponding eigenfunctions by their nodal ling
These are the lines » = 0 in which powder strewn on the membral
would collect. Together with i and uz we have, belonging to ks —_"' i
the eigenfunctions b

(7 LU=ty AUy,

Ce we have a case of triple degeneration. The higher degeneration
ere depends on whether or not a number can be expressed as the sum of
0 squares in more than one way, as for example

Lf
65_12+82_42+72

:rdmg to Gauss’ Disquisitiones Amthmetwae this is the case for every

where A isan arbitra cc;nstant. By a continuous
p DItrary y i} of two squares among whose prime factors there are at least two
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different ones of the form 4n + 1. Such primes permit the complex p( w ,.) =0, hence ¢, -—0 for all -p,

decomposition _ ' which contra.dlcts the assumptlon of linear dependence

We now proceed step by, step and first treat the .case of simple
degene'racy Let ui,uz be contmuous real, not necessarily orthogonal
g functions belonging to the same eigen value. We consider the family

4n + 1 = (a + bi)(a — b)

with integral a,b; and the different groupings of the complex factors lead
to different representations as a sum of squares. In our exampi
65 = 5.13 we have

5= (14 20)(1 — 2i) and 13 = (2 - 30)(2 — 3i)

Cu= o + e

) and con51der the member whlch is orthogonal to uy. . This member is
gwen by the condition

and hence _ ' . » L
(L4 20) @+380)-(1—20) @—34)=(—4+ 73) (—4— UM 0= (u, ) o () + €4 (i ).
2 72 - , :
= ' ) 5 - 48+ “ 6—i) ? “We satisfy this condition by setting '
’ Q) @—39)-(1—24) @ - c(8—1) JoonaEoR by seHme
(14 24) ( i) ( 1) 2+ 1)222111)2. 3 © e (), = (s )

. where c;> 0 and hence u>¢ 0. In u; and u we have two mutually
orthogonal eigenfunctions of the family, which we choose as the repre-
| sentatives of the family instead of u;,u;. We now can normalize u by
. thultiplication with a constant factor such that

"..(9&) (uw) = (u,u).

For twofold degeneracy let ui,u, be two functions that are normalized
% according to (9) and (9a), and let u; be a function of the same eigen value
. that is not necessanly orthogonal to the first two. We consider the
9 famlly

For any two eigenfunctions w,u’ with k» %’ we have the orths
gonality theorem ‘

(8) - fuudo=0

as a result of Green’s theorem. The proof is the same as in (6) if
replace u* by u/. But this deduction fails if u and u belong to the s u:-
degenerate state, in other words if k = &’

In order to avoid cumbersome considerations of special cases, it i§
desirable to force orthogonality also in the degenerate cases. It wil
prove convenient to introduce the abbrev1at10n of Courant-Hilberf
for the integral in (8): ~

(8a) fuv do = (u,w).

U = Uy + Caug + C3Us

_ qnd select the member of the family that is ofthogonal to both »; and u,,
. thus obtaining the conditions

0 = (ug, w) = 1 (g, %) + 5 (g, uy),

0 = (up, u) = 03 (Uy, Up) + €5 (n, Ug) -

In §26 we shall return to a discussion of the connection between thig
expression and the scalar product in ordinary vector analysis. We cal
the integral in (8a) the “scalar product” of u and u".

We first prove the theorem that n continuous, real, mutuall
orthogonal but otherwise arbitrary functions %, w,, ..., %, ..., ¥
are linearly independent. For if there existed an equation of the form

. We sa.tlsfy both conditions by setting
(10) c1 == (u17 “3), Gy = — (u27 ua)s Cg = (uly ul) = (UZ’ uZ)'

j The functions u,,us, u are mutually orthogonal and hence lmearly inde-
: pendent furthermore we can normalize u so as to obtain:

(102) o () = () = (uzm).

. We thereby obtain the desired orthogonalization for twofold degeneracy.
~ This process can obviously be continued in the case of higher

z'l‘c,u,;—_.-o with  (u,, u,)=0 forall u=»,
= 0 “ v

obtain

z Courant-Hilbert, Methoden der mathematischen Physik, 2nd ed., Spring
‘Berlin 1931, Chapter 11.
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degeneracy. The degenerate eigenfunctions are thus made mutually
orthogonal; due to (8) they are already orthogonal to the eigenfunctions -
which belong to different k.

To the orthogonality condition (8) we add the normatity condition

(11) (u, u)= [utdo =1

'rectangles of sides a/n and b/m, so that for k —oco at least one side
approaches zero. '
For the proof of theorem 1 we develop u in the neighborhood of the
point ( in a Fourier series. We use an r, ¢ - coordinate system whose
origin is at 0. For any shape of the membrane we obtain the expansion
This “normalization to 1” leads to a certain simplification of the ortho- .(13) w= % L, (k) (ay cos n @ 4 b, sin m g)
gonalization process above (see, e.g. (10a)). We shall see in §26 that
(11) also has its vector-analytic analog. We still must mention that for
complex u equation (11) must be amended to read

"which converges in a certain neighborhood of O, where the a,b are
determined coefficients which can be computed from the given u. The
"fact that the radial functions in the Fourier expansion must be the
Bessel functions I,, follows from differential equation (1) and the regu-
Jarity of u at 0. Now if there is to exist at least one nodal line through
the point O (r = 0), then according to (13) )

Ay 0= 1,(0) a,, and hence ¢, = 0. :

Then if a; and b; are not both zero there is only one line through O whose
irection is determined by the equation: -

(11a) (uu*) = fuu* do=1

and that in separable problems the normalization is best carried out f01: .
each individual factor. Thusin (2) we have tomultiply thesinefunctions
by the factors

(12) V% and V%' respectively

and in (3) we have to multiply the exponential function and the Bessel
function by the factors

1 ya
V?ﬂ _ ~and al (ka)

(the latter is due to (20.9a)). Thus our solutions in (2) and (4) at the.
beginning of this section are determined also with respect to their
amplitudes. 1

From the above-mentioned examples we deduce two theorems
concerning nodal lines, which we shall prove now for membranes with' .
arbitrary boundaries: e

1. If several nodal lines intersect at a point then they intersect at
equal angles (isogonally): for two such lines the angle is /2, for » &
lines it is z/v. '

2. The larger the eigen value k, the finer the subdivision of the'
membrane into regions of alternating signs; for & —og the nodal lines
become everywhere dense. !

In order to demonstrate that theorem 1 holds for our special §
examples we refer to Figs. 23 and 24, where the boundary itself must bé,
considered a nodal line and the angles are n/2 and =/4 as shown. In
the case of the full circle we see from (3) that there are m radial lineg)”
intersecting at its center at an angle of m/m. In order to show that,
theorem 2 is satisfied in our cases it suffices to note that for the case of ;
the rectangle and the eigen value k., the rectangle is subdivided into sub-

: v 0=1I,(kr) (a; cos (p-—[—-blsiﬁqJ).
énce forr >0
: =_4
tan ¢ = 5"

(12 a) respectively

This determines the direction of the nodal line uniquely. :

. If there is to be more than one nodal line through O then we must
thave g, = by = 0. If we do not at the same time have a; = b; = 0 then
gccording to (13) we have '

0=1I,(kr) (ag cos 29+ b, sin 2 ¢)

a
t =1,
| anve=—-=
ithe }'ight side of this equation is given by our Fourier expansion and
i fbe denoted by ‘tan &« . The general solution of (13a) is then:

: 2x

g=a, ‘a+§,' a_;_y,,__,“_f_("_—ﬂi‘_

v
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These angles differ by the constant amount z/v, which proves the is_

gonality.
Passing to the proof of theorem 2, we consider two functions u,p

where u is a solution of (1) that satisfies the given boundary condrtlo_
and v is the special solution

§ 26. General Remarks Concerning the Boundary Value Problems
k of Acoustics and of Heat Conduction

The eigenfunctions of the oscillating membrane can be adapted
__directly to the spatial case. Here we do not think of an oscillating rigid
. body, but (in order to avoid all comphca.tlons involving vectors and
* tensors) rather of an oscillating air mass in the interior of a closed rigid
. hull of finite extension. Just as on p.166,we interpret the scalar function
" u as the velocity potential of the air oscillations and we again set the
' boundary condition du/dn = 0.

For the rectangular solid with side lengths a,b,c we have, in analogy
: tO (25 2);

v = Io(kr).

Fig. 25. With increasing k the nodal lines become denser
and denser regardless of the shape of the membrane. The
proof is given by considering a small dise anywhere on
the membrane whose radius a decreases to zero for in-
créasing k. N.L. stands for a nodal line which intersects

the disc.

{ : (1)' : U= Uy = ¢03%::% cosmn%coslvz%
_ The value of & which is common to % and v is assumed to be large. With : b o ‘ ol :
the help of this large k we define a small length a by setting ka = g L W1th exgen value
where g, is the first root of the equation Iy(¢) =0. We consider:d '.(la) bk Vm
cireular dise of radius a situated anywhere on the nodal line pattern ofj Shm =% T T G

the eigenfunction u (see Fig. 25). With this disc as our domain of mte-

gration we apply Green’s theorem: - This state is non-degenerate if a,b,¢ are incommensurable.

] For a sphere of radius a we obtam the general eigenfunction in
] analogy to (25.3):

(2) u—unml = Yn (knlr) Pm (00819) e'm?

(14) ‘f(uAv—vAu)da=‘/’(u%v—v——)ds

The left side vanishes since both % and v satisfy the differential equation
(1) with the same k. On the right side we haveforr = a

v = 0 and g—;=k1:,(gl)=t=0.

___Under our boundary condition the eigen value is given by
1 (23) 1/);1 (kﬂl a’) =0,

- where k,, is the I-th root of this equation. This state is 2n-fold degenerate,
‘since k,; is independent of m and the different states P7 for upper index
' —n < m < -+ n belong to the same k,;. '

Also in this category are the eigenfunctions of the circular cylinder
0 <r < a,0 <z < h) which we derived in §20 C. With the boundary
" condition du/dn = 0 they are given by

If weset ds =ad g then equation (14) becomes

2n
. 9118(91)0fud¢=0,

and hence
2n . ]
(15) G{ud<p=0. -“(3) Ui = L, (A7) €% cos mnh,

the corresponding eigen value is determined from the equation I, (A a)

According to this u assumes both positive and negative values on the- "~ 0, the I-th solution of Which we denote by 4,. Therefore

circumnference of the disc. Hence there must be at least two zeros of i
on the circumference; that is, our disc must be intersected by at least$ (3a) K2y, = 3%, + mea2fhe,
one nodal line. The disc becomes smaller as k becomes larger and hence? '
for increasing eigen value k& the nodal lines become arbitrarily denses§
This holds for every part of the nodal line pattern.

IDue to the factor exp (iznqz) in (3) this state is simply degenerate
for n > 0.
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We now consider these eigenfunctions “normalized to 1"’ where we
have to keep in mind the remarks on pp. 173,174 . Then for example in
(1) we have to replace cos n & z/a by

z /2
cosnm— |/~

and according to (22.31b) we have to replace P in (2) by
)
(

(n — m)!
n-l—m)!’

m=Pr Ao+

ete. (see exercise V.1). .
We now generalize the fundamental theorem on p. 169 and its

{mathematically non-rigorous) proof to the case of an .arbi1§rary spatial
region S. The theorem now reads: There exists an infinite system of
eigenfunctions

Uy Uz, « oo JUpy o« v vy ‘
whose elements are regular in the intertor of S and satisfy the differential
equation ‘ .

Au, + K u, =0,

as well as a homogeneous boundary condition. The corresponding eigen

values

k],kz, N .,km ey

ordered in an increasing sequence, are infinile in number and increase to
infinity; if S 1s bounded then they form a “discrete spectrum’ and they are

real since the differential equation was assumed free from absorption.

This system of eigenfunctions satisfies the conditions of orthogonality

and of normality:

funumd-t:anm:

(4)
which according to (25.8a) can be written as
(49') ('Ltﬂ ) um) = aﬂ m

or for complex eigenfunctions

(4b)

(um u:z) = 6,",,. .

If the system of u, is complete (see p. 5) then we claim that a.ny}I'

continuous point function f given on S can be expanded in the u,:

(5) f=2Anun'

§26. 7a EIGENFUNCTIONS AND EIGEN VALUES 179
If this expansion is possible then, according to (4b), we obtain from (5)

through termwise integration .
(6a) C A= [fusdr.

That this expansion is. possible is postulated by the Ohm-Rayleigh prin-
aple, which we shall assume in the following discussion without present~-
ing its mathematical proof. In connection with the name of this principle
we remark: Georg Simon Ohm was not only the discoverer of the basic
law of Galvanic conduction, but also did profound research in acoustics,
He found that the differences in the tone-color of different musical
. instruments are the result of differences in the mixture of basic tone and
overtones. Since, according to (25.1), the overtones o, are related to
the k,, and since they are harmonic with the basic tone only for strings
and organ pipes, so the construction of an arbitrary tone-color means the
- construction of an arbitrary function from the (in geéneral anharmonic)
eigen values. In Lord Rayleigh’s classic book, Theory of Sound, this
| principle is generalized in the sense of equation (5) and is applied in
many directions. L
" We shall now make some remarks about so-called Hilbert space,
not only to justify the notation (u,,u,,) of (4a,b) which is reminiscent of
vector analysis, but also to give the Ohm-Rayleigh principle an elegant
- geometric interpretation, which in the hands of the Hilbert school has
even been worked out as a means of proving this principle.
~In accord with Courant-Hilbert (see p. 172) we define, in a space
1 g’)_’f\,N dimensions, the basis vectors €1, €. ..., ey (corresponding to
the 7,j,k of three-dimensional vector analysis) which lie in the coordinate
directions z,z3, . . . ,zy and whose scalar product is to satisfy the con-
';_gilition : '

6)

We further consider a vector which forms the angles o, Gg, . .
the coordinate axes '

(enem) = 5,,,,;

. with
8=10080x; & - Cosadg e, + *++ 4 cosaxy ey

and we call it a unst vector if the scalar product of a with itself has the
value 1: ) :

3)

(@) = 3 cos?a, = 1.
C nm]

.’ second unit vector b with direction angles 8, is called orthogonal to-
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a If the scalar product of a and b vanishes:

(7b) (a,b) = ENI cos x, cos B, = 0.
=

Equations (7a,b) are seen ta be generalizations of well-known formulag’

from three-dimensional analytic geometry.

In the limit N — oo we now obtain Hilbert space. Here we note
a formal analogy between the basis vectors e, and the elements ui
of our system of eigenfunctions. The relations between the latter as}
written in the form (4a) are formally the same as the relations (6‘*_:"
The system u,, if it is complete, can serve as subf
The same is true for the uj in the case of

between the €,.
stitute for the basis e,
complex u,. Every other system of functions that is orthogonahzed

and normalized to 1 can be composed from the u, in the sense of equation
(7) and can be visualized as a vector in Hilbert space. Tio such vectors
can be transformed into each other by a rotation of Hilbert space. But*
according to (5) any function f is composed of the u,. With the system:'-

of coordinates which is formed by the u, the function f is associated b){
(5) to a certain point of Hilbert space. The coordinates of this point as

measured in the system u, are the expansion coefficients A,,. Hllbert_

space thus becomes a function space. The association bet\\een the

arbitrary functions and the points of the space of infinitely many |

dimensions is one-to-one. If we join the point which represents the

function f to the origin of the coordinate system of the u,, then this

infinite dimensional vector represents the function f. According to (5a),
which we can write in the form 4, = (f, «

the axes of the system of uy
From these highly abstract generalizations we return to the physical
applications. For the time being we restrict ourselves to the simple

problems of acoustics and heat conduction in their historical form. We |

defer the questions of wave mechanics to the end of this chapter. .
The general problem of acoustics for the interior of an arbitrary shell
S is the following: the wave equation
6’0
8 B ¢ dv, ¢ = speed of sound,
is to be solved with the boundary condition dv/dn =0 so that for

= 0 the functions v and dv/9dt become equal to arbitrary prescribed
functions vo and v, in 8. This problem is solved by:

)] v=3A,u,cosm,t+ XB,u,sine,t,

), the coordinates of the
representative point are the projections of the representatlve vector on 3
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where the A, and B, are to be determined so that
( a)‘ V=3 4,4, and v;= I B,w,u,

] Dite to the relation of the w, with the eigen values k, (namely ¢ = ,/k,)

the second equation can be rewritten as:

"%:Z-B"k,u,;.

tFrom this we obtain as in (5a)

_[vou dr, B, _"‘ fvl,u dr.

4 -, been shifted to the u,.

The general heat conduction problem can besolved in the same manner.

*The difference is that now one arbitrary function v, suffices to describe
Jthe initial state, the initial temperature variation 8v/ 3t being determined
* by the differential equation of heat conduction. As a boundary condition

We may use any one of the conditions a),b),c) on p. 63, to which we then

i also subject the eigenfunctions u,.

We now set

-‘(’10) : | v = 2 A,, u, 6—-31",.‘.

" where % stands for temperature (not heat) conductivity. The coeffi-
_cients A, are again determined by the initial condition » = vo:

_'(108,) ‘ A4, = [ vuydr.

4 In addition to this initial condltlon the functlon v sat1sﬁes the differential

equation (25.1) and the boundary condltlon to which the u, are sub-

- jected.

The potential equation du =0 has no elgenfunctlons or rather
every solution which is regular in the interior of S and which satisfies
the boundary condition u = 0 or du/dn =0 must be zero or constant

" in the interior of S. Hence there can be here no closed “nodal surfaces”

u = 0or du/dn = 0. However, in the next section we shall construct
a solutlon of the general potential boundary value problem (given values
' = U on the boundary) from the eigenfunctions of the wave equation.

A solution of the potential equation which is regular in S can also
have no maximum or minimum in the interior of 8. Extremal values
of u can be assumed only on the boundary of S. This follows from

Gauss’ theorem on the arithmetic mean which can be deduced from
. Green’s theorem '(see exercise V.2),
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Also, no eigenfunctions exist for the differential equation Ay—k24 . A 4
_ _ . 4) B __ Pn — nun_
=0 or the more general Au— Fu=0 for positive F(z,y,z) (see { "= F R U Z P
] N » 7

exercise 11.2). ‘
We now consider the special case in which ¢ isa &- function* and

. ‘hence the stimulation is limited to a simple source point Q of yield 1
(see §10 C). We then have
Qf edr=1,

for a domain of integration which contains the point @, and

fgd1=0

for a domain of integration \vhlch does not contain Q. Hence we obtain
 from (3)

(d2) 4,= u: @ Of odr=u*(Q)
 and from 4) - o
A R =3 =00

k%

§ 27. Free and Forced Oscillations. Green’s Function
for the Wave Equation

The eigenfunctions correspond to free oscillations; in a non-absorb- 3
ing medium they need no energy supply. We now wish to considér
forced oscillations, which must be stimulated in the rhythm of their
period in order to be able to continue in their purely periodic state.
Just as the free osci'lations, they are to satisfy a homogeneous surface
condition, e.g., u = 0; the region S will be assumed to be bounded in the
discussions in this section. The measure of stimulation shall, for the
time being, be assumed to be a continuous point function in the interior_
of S, and in analogy to the Poisson equation of potential theory we
denote it by ¢ .3 Correspondingly we write the dlfferentlal equatlon of'
forced oscillations as: ]

(1) Au + B u=op. i
‘Where the u of (4) is now denoted’ by the more suggestlve G(P,Q). Indeed
 this solution is Green’s function-of our differential equation (1) for arbitrary
_positions of the action point P and the source point Q and an arbitrary
region S. We assume only the complete system of eigenfunctions and
gigen values for the region'S. It should be noted that the Ohm-Rayleigh
“principle has not been applied to the singular §- function, but only to
‘the continuous function  of (3), which may, e.g., be taken as a regular
"Gauss error function. Hence in our derivation we do not need the
“expansion in terms of the u, of an arbitrary function but only of certain
Bpecial everywhere regular functions. In the same manner the termwise
" 'differentiation which was needed in the derivation of (4) has been carried
' out on the regular function (3a) before passage to the limit and not on the
limit (5).
Green’s function is also the solution of an tnlegral equation. In order
"to demonstrate this we recall equation (10.13a), which holds for every
self—adjomt differential expression L(u) and hence in particular for the
wave equation Au 4 K2y . For- the three-dimensional case and the
‘boundary value u = 0 it reads:

uo= [0 (P) G (P, Q) drp.

1 We have dropped the name “peak function” (“Zackenfunktion’’) which was
mtroduced by the author (see Jahresber. Deutschen M ath, Vereinigung 21, 312, 1912)
.in favor of Dirac’s notation “ §-funection.”

Here % = w/c, as we remarked in (26.9a), where w is the circular
frequency of the stimulation and c is the speed of sound. We assume

@ k= k,

i.e., k is different from every eigen value of the region S for the same
boundary condition. The case of “resonance” k = k, wﬂl be treated

at the end of this section.
According to the Ohm-Rayleigh principle we can expand o in terms
of the normalized u, as in (26.5) and (26.5a):

(3) o=du,, A= [oudr,
we also write the solution u of (1) in the same form:
(3a) . v . u= 3 B, u,.

Substituting these expansions in (1) and considering the differentigli
equations Adu, + &2, = 0, which differ from (1) and which a

satisfied by the exgenfunctlons %,, by equating the coefficients of u, on.‘
both sides we obtain

3 The function @ does not represent charge density as in potential theory, but'
is of dimension sec™ if u stands for an acoustic velocity potentia). .
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‘_‘79). Namely, equation (6b)states that A @+ 2 @ is the scalar
uct of the two unit vectors u(P) and - »* (Q) . Hence these unit

Eetors are orthogonal if u(P) and w(Q) are different (P Q); if u(P)

The function G(P,Q) is called the “kernel” of the integral equatiogl
Corresponding to the reciprocity theorem d) on p. 1, which, for compl

G, has to be rewritten as

* d u(Q) are equal (P = Q) then orthogonality is of course excluded;
(6a) G(rQ=6@©P), , ' ead the product becomes infinite. The expression (5) is constructed
we call G a “symmetric kernel.” From the structure of (5) we seg fom the individual terms of the same product with the ‘“‘resonance
directly that (6a) is satisfied. f denominator” k* — k? as weighting factor.

The convergence of the series in (5) is absolute only in the oné 4, Despite its poor convergence equation (5) has frequently been found
dimensional case; in the two- or more dimensional case the convergence in wave mechanical computations (see §30). For the time being
conditioned by the alternation of signs of the eigenfunctions for a suifs
able arrangement of the series. This is the reason equation (5) does nof
appear explicitly in Hilbert’s theory of integral equations, but in aj
integrated form in which it converges absolutely. In the one-dimensionss
case equation (5) has been rigorously proven by Erhardt Schmidt.® '~

The non-absolute ¢onvergence of (5) becomes apparent if we try
show by termwise differentiation that the differential equation (1) i8
satisfied. For then we obtain from the n-th term

Aoty vy = A+ By + (B — ) 4, = R~ B) w,

_' 1. If the system of eigenfunctions is separable then the summation
0 (5) decomposes into three summations corresponding to the three
0 _rdinates. For the rectangular solid we should have:

o0 [e2]

2222

=l m=lli=l

n,m,l are ag in (26.1).

B 2. Green s function depends only on the posmon of the points P,Q
relative to the boundary surface ¢ and on their distance R. It is inde-
pendent of the orientation of the ecoordinates in space. A transformation
bf the coordinate system which transforms the surface ¢ into itself and
) es R fixed leaves G(P,Q) tnvariant.

1..3. If o is the surface of a sphere then the céndition of invariance
: tlsﬁed for every rotation of the spherical polar system ¥, 8, @ with
=0 as the center of the sphere. The coordinates r, &, ¢ shall be
ose of P, 1y, %, @ those of Q.

3 4. In the latter case we face the addltlonal fact that the system of
igenfunctions (26.2) is degenerate, since the eigen value k, as defined by
46.22) is independent of m. Writing @ as a triple sum in analogy to (8),
can take the denominator k* — k} and the radial part of the eigen-
inctions in front of the summation over m. Hence we have

G(P,Q) = y ,Z v, (kn:f)? (kys1o) Y,,

—ky

and cancelling the factor k? — k2 with the denominator and summing
with respect to n we obtain

(6b) 4G+ G = X u, (P)ur Q.

For P = @ the sum on the right side consists of positive terms ang
diverges, as it should; the fact that it converges for P+ and vanishgg
throughout is caused by the alternating signs and cannot be proven from
this representation. The order of increase for P — @ can be deduced
directly from the differential equation (1) as follows. We consider §
sphere with small radius » and center @, and integrate (1) over it
interior. Due to the &-character of ¢ the right side becomes equal
1. According to Gauss’ theorem the first term on the left side becomes

oqd aQ
f 37 CZO' = 4 T 7‘2 3_1‘ g
while the second term vanishes. Hence we have

oG 1
@D F=gza-

1 Y, = 5 IT7 (cos 9) IT™ (cos 9,) £™ @ =%
G=—4—m_+Const for r — 0. me=—n

where ¥, stands for the function ¥, of (26.2) normalized to 1, and
a for the spherical harmonic P, nomalized in the same manner. The
Tunction Y, is a surface spherical harmonic. In (9a) we have used the
gact that, due to the real character of ¥, and H™ the conjugate

This expresses the fact that G(P,Q) has a unit source in the point P = _
The above formulas can be interpreted best in Hilbert space (seg

© $1In his famous dissertation, Géttingen, 1905.
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tieular solutions of the differential 'equatioh Au = 0 concerned,
pather in the eigenfunctions of the wave equation (there are no eigen-
giions of the potential equation). Equation (12) remains valid if
pad of the boundary condition (10) we prescribe the more general
idjtion

complez of the eigenfunction

W, (k,y 7) II7 (cos &) €™

for the argument Q = ( 7y, ¥,. ¢, ) can be written as

Y, (kny 7o) I3 (cos Bo) €~ ima

X hu=T
for all values of m between — 7 and +n. j
From remark 2 concerning the invariance of G, and from repl - 'pt that in this case we must subject the eigenfunctions u, to the
sentation (9), we now see that the surface spherical harmonic (9a) hé Fresponding homogeneous condition .
invariant meaning which is independent of the rotation of the
coordinate system. But this is the very theorem which we assumed o -}'— hu=0

axiom for the proof of the addition theorem of spherical harmonics§
p: 133. That proof is now completed. &
Up to now we have assumed that stimulation of forced oscillaf 8houndary condition (10)
takes place in the interior of the region S. We now wish to assume " 2n '
P (70> ‘90: ?’0)

stimulation takes place from the surface. This is the case if, instead )
the homogeneous boundary condition » = 0, we prescribe the 1o ' = Z‘ Z Z‘ Anm g/ﬂ oy o) O (y @) JT™ (cos B) &= ™%
A ff UII’”(cosﬁ)e‘""’smﬁda?dq:

neous boundary condition
(10) u=U.

The surface is then held in pulsation with the rhythm « of the. f bree
oscillation and with the amplitude U which may vary from poin§
point, while in the interior of S the differential equation (1) hd
throughout with p= 0. From (10.12) we know that this boun
value problem can be solved.with the help of Green’s function byl
formula 4

5Written in terms of the same variables Q = ( 7y, ¥, ;) and
.'-.... in terms of particular solutions of Au =0 our solution

11 | tg=[UZL dop, | .

ah © f or 27 u (1o, Bg, o) = > Z' 4, (%)”H;” (cos B,) €7 ™%,
. n m

where the variable of integration on the right side is P and the dom

of integration is the surface of S (dop = element of surface, drg

element of normal at the point P). According to (5) equation

becomes ' ]

(11a) uQ=Z‘“(Q’fUa“(P’dap

_é.omparing these solutions we obtain remarkable summation formulas
Be exercise V.3). ' '

‘.Finally, we must consider the exceptional case ¥ = k,,. From the
Echanics and the electrodynamics of oscillating systems we know the
gsonance catastrophe’: if the rhythm of the stimulating force equals
proper frequency of the system the oscillations increase to infinity.
e condltlon for this event is w = ,,, and hencek = k,,. Equation
Ethen assumes the form:

This formula contains the general solution of the famous Dir"
problem of potential theory, for by setting k = 0 we obtam

(12) gm0 g™

The remarkable fact about this solutxon is that it is not expand

dut k2 u=og.

re we have an inhomogeneous equation whose left side coincides with’
,homogeneous equation of a free oscillation.
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For simplicity we first consider the two-dimensional case of the
membrane of §25, which now, however, is subjected to a periodically
changing transversal pressure® p =p (, ¥) with an arbitrary distribus
tion over the membrane. Do pressure distributions exist for which thé
resonance catastrophe is avoided, that is, for which equation (15) has
continuous solutions throughout (for the boundary condition u = 0)]
The answer to this question is physically evident: for such a solution the
pressure on the membrane may do no work. Hence we must have: }

(16) fgume':O.

The pressure distribution must be orthogonal to the eigenfunction u = uy
with which it s tn resonance, e.g., it may have equal magnitude in oppo-
sitely oscillating sectors of the membrane; in particular the pressure along
a nodal line may be of arbitrary str ength

This orthogonality theorem is a corner stone in the theory of integral'
equations and has important applications in the perturbation theory Qf'
wave mechanics. Here we must be content with uncovering its physical
basis. '

The orthogonality theorem can be adapted directly to the three-
dimensional case if in {16) we replace the surface integral with respect”
to do by a volume integral with respect to dv. Then we see that the
expansion coefficients 4, and B, in (3) and (4) vanish for n = m. By
passing from the continuous distribution ¢ to a &-function we obtain'
information about Green’s function in the case of resonance. From’
A, = 0 and equation (4a) we have u, (@) = 0. In other words: The.
singularity of Green’s function must lte on a nodal surface of the critical,
proper oscillation u,, 4

For this posmon and only for this position of the source point Q
an everywhere regular Green’s function exists. The special form of
Green’s function for the case of resonance is obtained from the general
form (5) by omitting the term involving k,,; it therefore reads: i

¢ (P.0)— Zu"(P

§ 28. Infinite Domains and Continuous Spectra of Eigen Values
The Condition of Radiation

With increasing domain the eigen values become closer and closer;
for an infinite domain they are dense everywhere; we then deal with ag
continuous spectrum of eigen values. .

& More precisely: pressure divided by surface tension T (see equation (25.1) ) 5
but <25/ = dyn '

The dimension of ¢ is not that of pressure dyn/cm.?, = cm™t.

g boundary values.

(1)

| - AE,

' exclude the addition of the eigenfunction (k7).
' missible singularities are restricted to the form

. -(-ia)
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Let us consider, e.g., the interior of a sphere of radius g for vanishing
For the case of purely radial oscillations its eigen
ivalues are given by the equation

Yok, a)=0, (o) =22

5 . . 3 \‘ M I3
‘Hence k,a = vw and the difference of successive eigen values is

2 50 for
a

a —> o0,

¥ We may therefore consider the function ¥, (A7) which is everywhere

regular and vanishes at infinity as an eigenfunction of infinite space.

4 Thus, if we have an acoustical or an optical problem in which the
" prescribed sources are in the finite domain (with a discrete or a continu-
" ous distribution), and which is to be solved for a given wave number k,

then we can always add the function 1, to the solution. Hence oscilla-

¥ tion problems (in contrast to potential problems) are not determined

uniquely by their prescribed sources in the finite domain. This para-

" doxical result shows that the condition of vanishing at infinity is not
" sufficient, and that we have to replace it by a stronger condition at

infinity. We call it the condition of radiation: the sources must be sources,
not sinks, of energy. The energy which is radiated from the sources
must scatter to infinity; no energy may be radiated from infinity into the

' prescribed singularities of the field (plane waves are excluded since for
" them even the condition u = 0 fails to hold at infinity).

For our special elgenfunctlons

1
Yo (kr) = %

elkr  g—ikr
r

‘the state of affairs is simple: for the time dependence exp (—iwt) -

é¥lr s a radiated, ¢ **'[r an absorbed, wo(kr) a standing wave
(nodal surfaces k7 =vz). By excluding absorption from infinity we
Hence the per-

etk

U =

‘_ For these singularities we have the condition

'(2)

Limr (3 — iku) =0,

r =00

It is called the general condition of radiation and we shall apply it to all
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acoustic and electrodynamic oscillation problems that are generated b ’-
sources in the finite domain. 5.

In faet, condition (2) holds not only for the spherical wave (14}
which radiates from r = 0, but it also holds for a stimulation which acts
at the pointz = zo, ¥y = o, 2 = 20 .

'this point we draw a sphere X of radius r — oo , which does not
_intersect the surface ¢. The surface element on the sphere is
‘dX=1*dw, where dwis the solid angle seen from r = 0. The
" region between X and ¢ is called S.

) Except at possible prescribed sources the function u is to satisfy those
ponditions of continuity which we presecribed in- the derivation of the
 differential equation.

. We assume that two solutions of this problem u; and wy exist and,
Eisual, form

kR
u=CF%, B =(@—of+ (y— g+ (z—z)?

Hence, for a continuous stimulation of the spatial density ¢ = 2{Zy, Yo, %)

we have:
! W = U — U,
s well as the conjugate function w*. These functions satisfy the condi-

/ ‘R : 0 ’[‘h 3 (; J th
10ns a.) tO d) Wlth e = O a‘nd U - . €N 1n reen’'s eorem

are bounded surfaces ¢ on which arbitrary linear boundary conditions!  ' * - 0 w* 7

are prescribed, whether homogeneous, e.g., u = 0, or inhomogeneous, i sf (waw —w A“_") de= / do +z/ rde (w Y a_n_)

e.g., w = U. In the former case we have scattered or reflected radiation; '

emanating from the surface ¢ , whereas in the latter case we have ihe integral on the left and the first integral on the right vanish. Hence,

radiation that is stimulated by the pulsating surface o itself (se
p. 186). 4
As counterpart to the radiation condition (2) we have what may . ;?‘-
called the “absorption condition’: :
Lim ¢ (24§ u) =0.
(2a) r»wr(ar—}-@k ‘ I.
We demonstrate the general validity of the radiation condition by#
showing that it guarantees the unigueness of solution of the above general¥
oscillation problem. We may then be convinced that the unique solution
of the mathematical problem is identical with the solution that is realized
wn nature.  Our problem is the following: A
a) In the exterior of a surface o, which may consist of several surfa.c 6
0y, Oy, « » », the function w is vo satisfy the differential equation

" For the further discussioh we write:

ikr
w= P}_. Z‘ fn (19’ )

T a=0 .

H

.a.nded in surface sphefical harmonics Y, (%, ¢). According to §24 A
hie qoef‘ﬁcients must be of the form

Colulbr)+ D L5k

| . But here we must have D, = 0, because of the behavior of ;‘2
] large values of the argument (see §21 D, p. 117). At the same place
du+ Bu=p ; 1
The function @ measures the yield of the sources which may be
continuously distributed or concentrated in single points. Thé
function g is given and must vanish at infinity with sufficients
rapidity. !
b) On ¢ the function u is to satisfy w = U, where U is a given pom r
function on ¢. The surface ¢ lies entirely in the finite domain. ]
¢) In the finite domain u satisfies the condition (2). The quantity r in
(2) stands for the distance from any fixed finite point » = 0. Around

”"/(k 7)™, m < % . By arranging this expansion in spherical
farmonics according to powers of 7™ we obtain (5), where the f,(9, @)
irn out to be finite sums of surface spherical harmonics.

. The f, satisfy a simple recursion formula. According to (22.4) the
fifferential equation Aw 4 k*w = 0 written in terms of 7,8, ¢,
delds the equation

22 (rw)

+%D(rw)+k3rév=0.
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where D is the differential symbol of (23.15b) in the coordjnat‘.
Applying (6) to (5) we obtain )

eik' Z (— 2':f1" + ”(:"1'21) g+s)]‘n =0,

n=0

# ¢ the radiation condition reads
3 A-1
au
le r 2 (87 —_ i k u) 0

7~» 00

9 \
the two-dimensional case h = 2 where, as we know, the spherical
Bve e"'/r is replaced by the cylmdrlcal wave Hy(kr), equation (7)

by n + 1 we obtain

AL < 1 . . -
3 -2kt Dy frln+ 1)+ D] =0
’ ch actually is satisfied by v = Hc(k'r) In the one-dimensional case,

and hence the recursion formula: - ficre the radiating wave is given by exp (1% lzl) , equation (7)

(6a) 2ik(n+ 1) fpp1={n(n+1)+ D}f,.

Hence: if fo = Othenallfi =fo = ... = 0. <

We now investigate the remaining integral in (4). Since r
interested in the limit for # = oo we can replace w by the first terng
its expansion (5), ignoring the higher powers of 1/r, whence: 3

Lim (Zu zku) 0.
__ EFA
3 Follomng Rellich, we stress the fact that no radiating solution u
f'the wave equation can exist which, in every direction, approaches zero

St . et jore rapidly than 1/r. For such a function u we would have fo = 0 in

w= 0> wo= 05 5) and, as we have seen, this causes u to vanish identically. In this
w .. ST * .' ey 'pect the wave equation differs from the potential equation. For the
Fraladl k 7 Jo> P k ; fs - tter solutions exist which, for increasing r, decrease more rapidly than

. the so-called dipole, quadrupole, and octupole fields of §24 C. For
lhe wave equation such an r-dependence, which implies a pole of hlgher
Srder than 1/7 at r = 0, can happen only in the so-called “near zone’'"
r < A, A= wavelength), in the “far zone” (r >1) every solution
£ the wave equation behaves like the spherical wave € $krly.  Potential
heory is the limiting case 4 = oo, as for this case, the near zone
eaches to infinity, so to speak.

f We now come to the problem of Green’s function for a continuous
Spectrum. We first consider in detail the very simplest one-dimensional
sxample (— oo < & < +-00), in which the radiation condition is the
bily boundary condition prescribed. Green’s function is then identical
ith the “‘principal solution” introduced on p. 47, and therefore has a
¥ nit source” at an arbitrary prescribed point z = z, (see exercise 11.3).
t must satisfy the conditions:

Thus we obtain:
ow*
frzdm (wan——w* ;) =— 2ikffof’;dm.

integral must vanish. Hence
Jo=10,anddueto (6a) i=fo=...=0.
Therefore
w = 0and u = u. :

The author’s original proof? of this uniqueness theorem assumed i
addition to the conditions a),b),c) for u, the existence of Green’s functig
for the exterior of the surface and an additional “finality conditi'
The fact that the latter is superfluous has been rigorously proven h
F. Rellich® even for the case of an arbitrary number of dimension§

7 See footnote on p. 183 and Frank-Mises II, chap. XIX, §5. The form of P:
proof given in the text is essentially F. Sauter’s.
8 Jahresber Deutschen Math. Vereinigung 53, 57 (1943), which also treats i}
case in which the surface o stretches to infinity.

ﬂ‘f.{_kz(;:o for z > zo
(dG) =1, (definition of unit source)
dz z.+0 d:c Ze—0

d[:c] —tkG=0 for 2= -4 oo.
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The solution is seen to be there m is an integer. In the same manner we obtain from (9b)

—_2115 ethtz =) for z >, - n o $kl
(8) G=y 4 g ‘iéb):' for Ak, A=7 (m+3) and =3 (m+13) [1—33(,"—_'_%)2 , h—> 00,
g~ iRz — %) _ .
23k for <. . : for A<k, A="m and:%m(l—kil)’ m=0,1,2, ...

We compare this to the representation (27.5) first for the finit
region —l <z <41, but with the usual boundary conditi‘
replaced by the radiation condition. In preparation for a continuolls
spectrum we change the name k, of the eigen values to 4 ; the eigg
function w = u, which belongs to 4 is then defined by '

W Fig. 26. The path of integration W, is com-
lleted by the path W, to an infinite closed path Ws

W = W, + W, For positive z — z, this path A=k
fan'be deformed so that it runs in the positive 3 - >
aginary A- half plane. : }[ =k

a) P | gy =0 _l<a< 1, W,
da?
b) | % —iku=0 le[=1. e see that the values of A as calculated from (9a) and (9b) form a

smuence (marked by z in Fig. 26) that, starting with A= 0, first.
If we write the solution of a) as:

(9) u=A **4 Be 47,
ygenfunctions. After normalization to 1 these eigenfunetions are

then according to b) we must have ;
[ ——— cos Az,

A A—F) =ML B(F 21—k =0, u | Via+a 4 sinleos il
A ;.+IC '—21',11_2-_]0 e+2ill . l—l_sin Ax, Al
B~ i—k Atk : : Via—a) _

_"_f;he limit ! — oo the A+ points of Fig. 26 will be everywhere dense
i the right half curve denoted by W.. " The difference between two
qcessive points of the sequence (10a) or (10b) then always becomes

1a) dZ-=7%—>0.

From this we obtain the equation for 4:

A—k\2 450
<__}.—|—k) (3 =1.

This equation splits into the equations We now return to the representation (27.5) of Green's function.

L.

(92) A—k oin _ +1 B=A, u=2Acos Az, bor u(P) and u(Q) we substitute their expression (11) in the variables

Ak ’ and z, respectively, and combine the pairs of successive cosine and sine

(9b) I—k il — 1 B=—A4 — 924 Asinliz. £rms, i.e., the terms which belong to successive eigen values 4. The
ey ’ ’ '

. erator of (27.5) then becomes

. . Az cosi inlzsini
From (9a) we obtain as first and second approximation u(P)u*@Q) = co8Az Z | sinlzsiniz,

1+4) {1—a)

4 i — _‘h_k_l_) e : :
for Ak, A=7m and =7 (1 ami) T heording to (11) and (11a) we have for I > oo
(10a) i . E.. . .
7 T — = ®'The fact that the e 1 re complex in contrast to the theorem on
= = —(m 1— )’m_O ; :X a igen values a mplex
for A<k, 4 i (m+ %) and i (m +3) ( kl 69 is due to the fact that our present boundary condition is of a complex nature.
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A—0 1 a1 dimensional space we start from the following representation of
- T~ =" s function
s (1) . Fdi
Hence the numerator in (27.5) becomes cos 4 (z — ;) dA/m, while th 2“G(P Q) = 22 IT7 (c0s ) I3} (cos By) €™~ i
denominator in our present notation is k2 — A2. Equation (27.5) the g o W,
becomes 4 a) F=Y,4 r) Y, (A1)

b (w — 2}

cos i (:::— z,) 1 R
(12) G—-*/ =g [ I

w

dere, as in the preceding section, JT and ¥ stand for the spherical
armonic and Bessel functions normalized to 1; and in the following the
@72 correspond to the Hankel functions %, {2  The factor 2% on
lle left side is due to the normalization of the functions exp {¢mg}

f0d exp {—img,}. Asin Fig. 26 the path W, lies in the complex -
fline from A = 0 to A=ov0. and agam avoids the pole A=£%

fe first give a brief discussion of the way in which this representation
i8n be treated in analogy to the one-dimensional case. This will yield a
resentatxon of spherical and cyhndrlcal waves which we have met

iy
where W in the last term is the path W, + W, of Fig. 26. The fact tha
the integration over W, is equal to one half the integral over the whil
path W follows from the fact that in the integral over W, both the numej
ator and the denominator are even functions of A. The fact that in tl
last term we can replace the cosine by the exponential function follow
from fact that the sine part of the exponential function is odd in 2. dn

than W, smce it can be deformed away from the origin by the meth st_ .: In order to transform W, into the path W of Fig. 26, we write
' ' P, (n) =HZ A+ Z2 (),

be seen from Fig. 26. For positive z — z, the path W can be drawn oves
into the positive imaginary 4 half plane, for negative z — zy it can bg
drawn into the negative imaginary half plane. In the one case the path
can not be transformed across the pole 1= -k of the integrand in
(12), in the other case it can not be transformed across the pole 4 = —k§
Forming the residues and combining the two cases we obtain from (12?-

1 ikjz—mf

(13) G=grze F,=3Z (A7) ¥, (A1) r>1y,

This 1s exactly the same as (8). _

Hence we see: The general representation (27.5) of Green’s fund'
remazns valid for a continuous eigen value spectrum if, vn accordance wil
the radiation condition, we consider a complex path of integration. If agmary A- plane for both cases T =7, the integral of (14) reduces
instead we have the “absorplion condition” (i replaced by — ¢ in (1alf
and (2)), then instead of W we have to consider its reflected image on thé
real A-axis; we then obtain equation (13) with 7 replaced by — 1.

If instead of the one-dimensional case we consider the two- or three
dimensional case and correspondingly replace the coordinate z by the
polar coordinates r, ¢ and r, ¢, ¢, then the spectrum of the eigent I .
values becomes continuous only in the r-coordinate but remains discon-SSALTving the addition theorem of spherical harmonics (22.34) we obtain
tinuous in the angle coordinates. For example in the case of unbounded Bom (14):

Fo=3V,(A7) Zl(lro) r<'ro

/F . “dA ___n_ Zi(k") Y’u(kfo) ">"o,
=Rk (k) ZL (k) r <7g.
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Bk, (hry) S 1éss systematic approach based on equation (24.9) for unbounded space:

16) 6(P,Q) =g i 11, (cos ©) IT,, (1)

: i o 1
Cen Zim) T } S i
‘ ”-_0 _ n(k 7o) Pa (k1) r <t

For reasons of symmetry G(P,Q) in unboundef space is a p"

function of the distance - éHere (19b) will not yet satisfy condition (17) for r = a; in order to

psatisfy (17) we complete the right side of (19b) by adding

~0
N

R=}r2+ 2 —2rrycos @,

i

_§(2n+ 1) P, (cos #) & (k rg) p, (ko) 27

between P and Q; namely, due to the definition of the unit source™d ; t(ka)’
p- 47 we have 'Y h
ikR ' Y
(16 2) G(P,Q) = _%Z E'T _ 4 LGB, ; Due to (18) the right side of (19b) becomes
where ¢, is given by (21.15a). If, on the right side of (16), we piS ',.'[20) 2 (2 "+ 1) P, (cos &) L}, (k 7g) u,, (K, 7).

from I, ¥, Z to P,y, { (see Appendlx I equation (9a)), we obtam "
addition theorem (24.9a).

The corresponding series for the two-dimensional case are: ¢dl
tained in (21.3). ;

More important than the derivation of these known formulas is t _ o .
generalization to the case in which space is not unbounded but' ¥(21) S (2n+41) P, (cos D) L (k1) w, (k, 15).
bounded by a finite closed surface o (or, in the two-dimensional cg8 o - =0 ”
by a curve s) with prescribed boundary conditions. We are then deal
with the proper problem of Green’s function: to find a function G(PE
having a unit source in Q, satisfying the radiation condition at infinf
and the given boundary condition on o (or s). !

We choose the special case in which the surface o is a -‘_t (22) G (P, Q)
r = a, and the boundary condition is &

an u=0.

The point @ is to lie on the ray ,
The eigenfunction which belongs to the eigen value A is no long
9, (A7), but can be written in the (non-normalized) form

(18) u“(l,r) = 'Pn(l?') + 4 C}‘(lf)

Due to (17) the function A becomes®®

'If we make the same adjunction to (19a) then the c'ontinuous passage
#from (19a) to (19b)kfor r ='Tq is preserved, as is the radiation condition
“for ¥ - oo . The right side of (19a) becomes

From (20) and (21) sve obtain Green’s function by adjoining the factor

"7:/4 a7 which, as in (16a), is due to the condition of & unit source.
#We then have:

@ B uy o) 7>
PPT: > (2n+ 1) P, (cos & f miere o
in n=0 o . )]\C}‘(k 70) 1‘l’m (k: T) r <70-'

¢ This way of writing reveals the connection with our general method
in (14). The funetion F of (14a) is now represented by

F=u,(4,7) Uy, 4, 79);

except for a constant normalizing factor. The corresponding functions
f‘l,Fz of (14b,c) become

Ay, 4, 1) >
- v (1a) A PO >
(182) A=—0 MR A, @) r<r

. _ y forming the residues for A = % we then obtain equation (22).
‘ In Appendix IT of this chapter we shall introduce a novel method of
ﬁ_g_nsj:ructmg Green’s function, which not only improves the convergence

general method of equation (14). Instead we shall use a shorter thotug

10 The fact that A depends on 4 made it necessary to write « (A.F), insté
of w(d r).
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‘becomes singular at the point 7 = 0. Whereas we have used & to denote
iéigen value, we shall now use W as an eigenparameter. Hence, we shall
Fseek those values of W for which (1) has a solution which is continuous m
the entire space. These solutions are the eigenfunctions of our “Kepler
problem,” where the nucleus plays the role of the sun and the electron
‘the role of the planets. Since the electron may move in unbounded space,
the spectrum of eigen values will be continuous in the r-coordinate as in
‘equation (28.14). More important for us is the fact that the spectrum
@lso has discrete components.

'y, The spectral apparatus gives us the discrete spectrum by measuring
'-h e.line spectrum, which, in the case of hydrogen, is given in the visible
ginge by the Balmer series H., Hg, H,,H; ... The lines of this
gpectrum cumulate at the limit given by the Rydberg constant E. The
8djoining continuum lies in the near ultraviolet range. Both the discrete
and the continuous spectrum are given by the Schrédinger equation.
iThis equation reduces to a simple mathematical formula the enigma of
the spectral lines, with their finite curhulation point, the behavior of
bwhich differs so fundamentally from that of all mechanical systems.

. Niels Bohr gave a general explanation of the Balmer series and its
limiting frequencies twelve years before Schriodinger, by endowing the

of the series in the most important cases, but also reveals new aspectél-
of the method’s applicability. g

In the appendix to the following chapter we shall further show t_ha._t‘;-' ]
this method would solve the problem of wireless telegraphy ona spher}c:i);i' 4
earth (for infinitely conductive soil and a vertical “dipole antenna’’) if 1'&
were not for the decisive role of the ionosphere. . 3

Finally we remark: arepresentation of the form (14) remains va.hd‘.l
if as the surface ¢ we choose an ellipsoid instead of a sphere. Insteadl_
of the r, ¥, ¢ we then have to use the coordinate system of confO(-:al
ellipsoids and hyperboloids. The spectrum of eigen values for the exterior
of the ellipsoid will then remain discrete in the parameters of the one’
piece and two piece hyperboloids, but becomes continuous in the_
parameter of the ellipsoids. By integration over this last pa.rameter we s
would obtain a simplification similar to that of (22). Ever.x in th.e mosf
general case where there are no separating coordinates, in which theg
eigenfunctions can be decomposed into products, we can still use equat §
tion (27.5) as a starting point for the representation of Green’s function;

§29. The Eigen Value Spectrum of Wave Mechanics.

Balmer’s Term Rutherford model with certain quantum theoretical traits. However the
TheFSchrﬁdinger equation of wave mechanics for the simple case’ foncept of orbits he used lead to diverse contradictions and had to be
of the hydrogen atom reads o f)&ndoned in favor of the analytic model of equation (1). The fact that
om 2 ) is also based on quantum theory is indicated by the entrance of
(1) Ay + 55 (W— Vig=0. Planck’s constant & = hf2% .

' What is the physical meaning of the eigenfunction y ? The
answer to this question shows the complete revolution in the concept of
fature that quantum theory has brought about: |y|?dz dy dz stands
ir the probability with which we may expect to find the hydrogen electron
81 the point (z,y,2) within an error of dz,dy,dz. Hence, in wave mechanics
e concept of probability takes the place of the concept of strict deter-
pinism which rules in classical mechanics. The measure of indeter-
minacy in the atomic range is Planck’s & (Heisenberg).

~ The “normalization of the eigenfunctions to 1,” which so far had
%en introduced only for mathematical simplicity, thereby acquires a
iindamental meaning. Namely, the equation )

flypdr=1

gerts the certainty that the electron is somewhere in space; this condi-
f-- is necessary from the point of view of wave mechanics. Equation
3¥'holds for a discrete spectrum; for the continuum it must be modified
teording to the prescription of Appendix I to this chapter.

This is our equation (7.15), with the difference that the symbol of energy#
W has been replaced by the difference of the total energy W and the!
potential energy,V or, mechanically speaking, by the kinetic energy.d
The Rutherford model for the H-atom consists of a nucleus, the protc:z 0
with a + e charge, and of an electron with a — e charge that moves in;
the proton field. Its potential (Coulomb) energy measured in electro-
static units is 4
@) y=-¢,
where 7 is the distance from the proton and V is normalized so that at
infinity we have V = 0. The mass energy moc? of the electron at resg
is not to be counted in the total energy. In the following we may cong
sider the proton at rest at the point 7 = 0.

Equation (1) differs from the wave equation we have treated_‘
far because the constant k* has been replaced by a point funciion which
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We now turn to the integration of (1), introducing the coordinsts nl order to discuss (6a) we use the method of equation (19.36). We
7,9, @ . 1f we writethe wave equation in the form (22.4) and let!* . ' '

4 C y=20) PP eosB) e | v=dw, w=gtae+
then according to the differential equation (22.13) we obtain -l __..; in analogy with (19.37) we obtain:
3) %+rdr+ (W+ez> W:;l)}x:‘o, A(A+ 1) =1(+ 1), and hence 2 = +1.

g e other root of (7a) A == — [ — 1 must be excluded, since v as well
We first consider the case in which the electron is tied to the nucledg must remain finite for g = 0. The re’cur§ion formula for the
Then W must be negative since the energy of the electron at rest af U 18 obtained in analogy with (19.37a) by equating to zero the coeffi-
infinity is" normalized to zero. If it is absorbed by the nucleus ai® feients of p?t¥-1 in the power series obtained from (6a) and (7).
stably tied there then its energy is decreased. If, on the other hand Lhus we find:
ZV > 0 then keven for an mﬁnéte dls‘}ola.nce fgom thek nucl}(laus t}llf elecgr Gy [(A+ k+1)(A+ k)

as fosmve inetic energy and, mechanically speaking, has a hyperboli§ FOA kA — I+ )] +agm—1—A—k]=0.
orbi :

The asymptotic behavior of x for' r —o0 is obtained from (5) b . f'in this equation we make the coefficient of a; equal to zero by setting

neglecting all terms w 1th l/r and 1/r2: §) .  n=k4 a4l

dr= + 2"" Wy =0. '];en a1 vanishes and so do all the subsequent terms in w: the serves

Lhreaks off, that is, w becomes a polynomial of degree k, whose further

For negative W we write _‘rgperties'we shall treat later. For the time being we S%lall stress only
S ’ s . o bthe following facts: 1. Due to the factor exp (—g/2) in (6), we see

(5a) % = %%» y=e o , 0 =“_h' —_9mW. ‘that as r — oo the function ¥ tends to zero with sufficient rapidity

‘to make possible the normalization of y according to (3), no matter
\what the degree of the polynomial w. 2. If the series did not break off
‘then from (7b) we should obtain an asymptotic behavior of a; which
ywould make w become infinite to the order exp (+p) for p > o0,
vand the normalization of ypwould be impossible. Hence the require-

The other solution of (5a), namely, x = exp (+4-¢/2), must be neglec od!
since ¥ 1s to be finite everywhere.
In order to obtain an exact solution of (5) we write

(6) x=e 2y (g) -‘,ment that the series for w break off is a wave mechanical necessity. -
_ We now consider equation (8). We denote the value of k there
and obtain as the differential equation for v by n, (radial quantum number) and for 4 we substitute its value
' from (7b) (azimuthal quantum number). Hence, according to (8) n is
rr 2 ’ —1 i l 1 . ’
(6a) ‘ v +(‘§—1)’U +|in-'T‘-£e-i-—)]'v=0 - integral:
with the abbreviation 1 (8a) : =T +141.
(6b) n o MR ! This number « is called the “total quantum number.” From equation
' V—2mw ° i (6b) we obtain:

m et

' Here we denote the lower index of P by [ instead of n, corresponding to wave TR -
»

mechanical usage: | = azimuthal quantum number, n,r = radlal quantum number;
n =19, 4+l + 1 = total quantum number, n = magnetic quantum number, where
wenow have —l<m< + 1.

'(8b) W=W, =—

Setting W equal to the energy quantum % swe obtain
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4 R =0, L=1

9 Y = e = — p 4 ? ’

) 2hkint ~ nd p=1, L=—p+1,

where p=2, L=g*—4p+2,
2 22y b p=3, L=—0"+90"—180+6..

(9 a) R = T . . . . . ‘

This B is the above mentioned “Rydberg frequency’’; it can be measured!
spectroscopically with extraordinary precision and hence can lead to ar
improvement of our knowledge of the fundamental constants e, mﬁ E
The number » of (9) is called the Balmer term.

The observable frequency of a spectral line is obtained by thé
passage of the atom from an initial state 1 to a final state 2 and is com-r
puted as the difference of the associated terms », and #;. Hence for thg
hydrogen spectrum we have

These are precisely the expressions we denoted in exercise 1.6 as Laguerre
po]ynomlals equation (12) is the Laguerre differential equation, as
“indicated by the choice of the letter L. This differential equation coin-~
cides with the differential equatlon (24.29) of the confluent hyper-
' geometric function for the parameters a=—p=—n—1.

Hence we have

A2+l
dg’”’l "

\"Hence from (4), (6), (7) and (7a) we obtain the representation of the
& hydrogen elgenfunctlon

'.‘.(13) L=F (-n—1,1,0) cand  w=

(10) v—vz——vl—R(ﬁg—E).
'.I-
The Balmer series corresponds to the passage into the final state ny = 2
the Lyman series which lies in the ultraviolet range corresponds to the
passage into the fundamental state of the hydrogen atom n, = 1; m
both cases the passage is from an arbitrary initial state n, > n,. Hen(':f

we have

_0}2 dnl+1L
dezl-i-l,

(14) v=N/e PP (cos 9) ei7°,
. ‘where N is a normalization factor due to {3). From (5a) and (8b) we
? _obtain g :

(10a) v=R(212—7%), n=34,5,... Balmerseries,  'SSE (14a) , g=,%£,_ a=%~%10‘scm
(10b) y—R (lz _ %); n=234,... Lyman series. _Where, as is customary, a denotes the “hydrogen radius.”

1 n _ In _order to justify this notation, and as a single special application
The series with 7s = 3, ns = 4, . . . lie in the infrared domain. _ of the above, we compute the “probability density” in the “fundamental

state” n =1 of the H-atom. ¥or n = 1 we have according to (8a)

After having learned about the eigen values of the H-atom we wish
. l=m=0, n, =0 and hence from (14)

to consider the analytic character of its eigenfunctions. With the use of§
(7), (7a) and (8a) we obtain from (6a)

(11) ew’' +[2(1+1)—plw' + (n—I-1)w=0.

This equation is obtained through (21 4+ 1)-fold differentiation from the
simpler differential equation -

(12) QL"-}—(l—g)L’—}-,uL:O with ,u=n‘+l.

y=—Nie P =—Nje™, |y]*= N2,

~ where from (3) we obtain Ny = (= ¢®)~* . Hence, the probability of
. finding the electron is distributed spherically over the nucleus. For
., 7 = 0 this probability assumes its maximum N3, for r = a its value is
only (N3/e)?, but it only vanishes at infinity. The charge density is propor-
tional to this probability. From the point of view of wave mechanical
statistics we do not have an electron which is concentrated at a point,
but instead we have a charge cloud whose principal part is in the interior
. of a sphere of radius a.

From the older point of view of orbits we must ascribe a disc-like

For every integer # this equation has one and only one polynomial
solution of degree g. With a suitable normalization we obtain the
solutions:
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form to the H-atom. The fundamental state (circular orbit of radius

then corresponds to a circular disc. In a magnetic field all the circulas
discs of an H-atom gas would have to be parallel to each other and pers
pendicular to the magnetic force lines; a light ray passing through thig
gas would have to show “magnetic double-diffraction.” Precise measures

ments by Schiitz, though performed not on an H-atom gas but on t-h‘.'
analogous Na-vapor, showed no trace of this phenomenon. This is one;

- of the contradictions which have been cleared up by wave mechanics.

A behavior similar to that of the fundamental state of the H-atoné‘_
is obtained for all states with { = 0, the so-called “s-terms” of spec@

troscopy. For ! = 0 we obtain from (14)

y=N,e %L (o), =2

T na’

n=mn,+1,

which agaih means spherical symmetry. Such s-terms are the funda-|
The same holds for *

mental states of the alkali atoms Li, Na, K, . . ..
all completed shells, e.g., the so-called eight-shells of rare gases. The

proof is based on the addition theorem of spherical harmonics. Thig g
spherical symmetry of the closed shells is obviously of great importance ;
for all chemical applications. i

We have to add a few remarks about the continuous spectrum of

hydrogen, that is, about the states W > 0 (the “hyperbolic orbits” of _
the older theory). The electron is then no longer tied to the nucleus |

but is still in the field of the proton.

According to (5a) and (6b) @ and n become purely imaginary for
W > 0. In the asymptotic solution (5a) the two signs of gare equiva-
lent; both solutions exp {4 /2}can be used. It is unnecessary, and
due to the imaginary character of g it is also impossible, to make the
series (7) break off. Hence every value of W is permissible. The W-
spectrum becomes continuous and reaches from W = 0to W = oo. Since,
according to (8b) W = 0 corresponds to the limit 7 = co of the discrete
spectra, we see that to each of these spectra there adjoins a continuous
spectrum in the short wave direction. The analytic form of the repre-
sentation (14) remains valid; but L is now no longer a Laguerre poly-
nomial but a confluent hypergeometric series which does not break off, since
the parameter &« =—mn—1 in (13) is no longer negative integral but
general complex. ' '

'§30. Green’s Function for the Wave Mechanical Scattering
Problem. The Rutherford Formula of Nuclear Physics

Nuclear physics originated with Rutherford’s experiments on the

scattering of a-rays by heavy atoms. Since the electron shells of the . |
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6, with a two-body problem: a nucleus (of charge Ze, where Z is the
fomic number, Z = 1 for the H-spectrum) and a particle interacting
fith it (in this case an «- particle with mass m, and charge Z'e where
#'= 2: in the preceding case an electron of mass m and charge — ¢
J esponding to the charge number Z’ = — 1). First we want to find
Bdt point of the continuous spectrum that corresponds to the energy
Bonstant W, of the incoming a-rays. For an infinite distance between

W, =52, hence 2 m, W,= (m,v)? =72,

Where p = m, ¥ is the kinetic momentum of the - particle.
} If we now pass from the corpuscular interpretation of the - rays

o 7 = %2
; We can, therefore, rewrite the variable o Qf (29.5a) in the form
©) 0=2%k, 7.

- ';b; an arbitrary point of the continuous spectrum (i.e., for an arbitrary
' yalue W different from W, ) we replace k, by A asin §28. Equations

_. ﬁl) and (2) then generalize to -

o= 21lr.

.‘ | 1 2m, W
5(23') A= l/ “pe

If, as before, we assume the nucleus at rest then the wave equation

(29.1) becomes

ZZ e?

" For the time being we replace (3) by:

121n fact the formula k,=p/A is the equation of L. de Broglie: ‘A times the
reciprocal of the wavelength equals the momentum,” which in turn is the rela_‘clmtlc
completion of Planck’s equation: “h times the réciprocal of the time of oscillation
equals the energy.”



