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Abstract

We present a practical algorithm and its implementation
which is able to find partial and approximative matches of
patterns, such as small parts of molecules, in large search
spaces, such as complete proteins. The search pattern can
be matched in a flexible way including torsion of parts of
the pattern. The alignment of the pattern in the search space
can be based on distance functions other than RMSD. Be-
ing a general method for the approximate point set match
problem, the algorithm can be applied to other fields of pat-
tern recognition.
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1 Introduction
Approximate point set match is the task to align a search pattern

(a 3D point set) in a—usually larger—search space. The challenge is
not to find only perfect matches, but allowing certain types of flexibility
of the search pattern when embedded in the search space. The match
itself might be only approximative allowing some deviation between the
pattern and its counterpart in the search space. The measurement of the
deviation can be based on the root mean square (RMSD) distance, but
other distance functions might be of interest as well. Algorithms for
perfect matches can be found for instance in [2, 3, 9].

Structural alignment of molecules taking into account the flexibil-
ity of the structure to be aligned is an important task in computational
biology as stated for instance in [4, 8]. An overview of different algo-
rithms for aligning molecules is presented in [8]. The methods include
geometric hashing, clique detection, distance geometry and general op-
timization methods such as genetic algorithms and Gaussian overlap
optimization. The article contains an extended reference section. The
main disadvantage of clique detection is the huge amount of memory
needed to hold the necessary data structures. The disadvantages of ge-
ometric hashing are that the preprocessing time increases withO(n4)
and that the grid size used to build the hash table has a strong impact
on runtime and type of matches found. With geometric hashing flexible
patterns cannot be handled.

The approach we present in this article is based on distance geome-
try and graph matching. The algorithm is able to find partial matches of
the search pattern. The search pattern can be flexible to a certain extent
including torsion. The alignment of the pattern in the search space can
be based on any distance function.

2 Problem description
Let S = {s0, . . . , sn−1} ⊂ IR3, |S| = n > 1, be a finite set of

3D points, thesearch space. Let P = {p0, . . . , pk−1} ⊂ IR3, n ≥
|P | = k > 1, be a finite set of 3D points, thesearch pattern. We call
a surjective function,µ : P −→ S, a matching function. As transfor-
mationsτ : IR3 −→ IR3 we consider onlyrigid motion transformations
(or Euclidean transformations) with a possible scaling. With the help
of a suitable deviation functionD : (τ(P ), µ(P )) −→ IR+ we assign
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a quality to a given match. Possible deviation functions are, e.g.,root
mean square distance, maximum distanceor average distance.

To compute the optimal rotation matrix for a rigid motion transfor-
mation minimizing RMSD the Kabsch algorithm [6, 7] is used. An
optimal scaling factorv can be derived as well. For other, possibly
not differentiable deviation functions, we use an iterative derivative–
free minimization method [5]. To achieve the necessary, unconstrained
problem we work in quaternion space.

Given S, P , and a suitable deviation functionD, we call (µ, τ) a
matchof P in S. Hence, the objective of the approximate point set
match algorithm is to find the match(µ, τ) with smallest deviation. An
obvious extension of the problem is the following: find the maximum
subset ofP that can be matched with at most the given deviation.

3 Complete Matches
Let GP = (VP , EP ) be a distance graph overP . We can use the

complete graph, an edge reduced graph which maintains the rigidity
of the structure, or a user supplied graph which describes a structure
with certain degrees of freedom, e.g., hinges in specific areas. We call
GS(GP )ε with node setVS and edge setES the distance graph overS
induced by the distance graphGP and the toleranceε, if VS = S and
(sk, sl) ∈ ES whenever there exists an edge(pi, pj) ∈ EP which has a
similar distancedis(pi, pj) compared to the distance betweensk andsl.
Similarity is guided by a suitable function takingε into account.

The three main parts of the approximate point set match algorithm
are: First, the algorithm generates appropriate and possibly small dis-
tance graphs overP andS. Then, it enumerates with the help of a back-
tracking algorithm all possible matching functions. Finally, for each
possible match it computes the rigid motion transformation which ex-
hibits the smallest deviation and selects the best matches.

If the longest edge inGP is small compared to the farest distance
of two points inS—which is the case in the proposed application—,
we take advantage of a regular grid over the box containingS to reduce
the number of comparisons. Heuristics are used in the backtracking
algorithm to order the points inP in such a way that the algorithm early
discards ‘non profitable’ partial matches. If no match is found, the best
prefix list is reported.
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Additional restrictions can be imposed on the candidates inS to
be matched to points inP , e.g., in a search for patterns in a protein,
one might want that the element types of the atoms to be matched are
equal or at least similar in some sense. Obviously, if we skip the cal-
culation of the rigid motion transformation and consider only the graph
matching, deformed graphs can be found. As deviation of the match the
RMSD (or any other suitable function) of the differences of the edges
of the matched graph can be taken. It is trivial to include so–calledL–
matches, where the pattern is reflected on a plane, as possible solutions.
Another extension of the basic algorithm is to use absolute or individual
tolerancesε for the different edges of the graph.

As described so far, the algorithm finds matches for a search pattern
P provided there is a connected (and possibly rigid) graphGP avail-
able. To find a maximum partial match, we apply a reactive tabu search
approach adapted from [1].

4 Implementation and Experiments

Everything described in this article is implemented in a program
called psm. The figure shows a part of the large protein 1IRU with
47562 atoms wherepsm found all matches of a small excerpt of 34
atoms. The excerpt was encountered four times, once perfectly and
three times approximately (ε = 0.18). The runtime was less than a
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minute on a 900MHz platform. More information can be found onwww.

ei.uvigo.es/~formella/inv/aaa/psm_en.html .
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