UMEÅ UNIVERSITY Department of Computing Science Bo Kågström, Erik Elmroth

1999-05-05

Canonical Forms and Eigenspace Computations

for Matrix Pencils with Applications

PROJECT PLAN

Summary. This project is a prolongation of the TFR project 222–95–34. The long-term goal is to develop improved algorithms for computing the Jordan and Kronecker structures for given matrices and matrix pencils. In several applications (e.g., in control theory) it is also important to know which nearby Jordan and Kronecker structures exist. Our algorithms and software tools will be delivering such information based on the combinatorial relationships among the various Jordan and Kronecker structures known as strata. Building on our earlier and more recent contributions regarding algorithms, software, applications and mathematical theory, we now aim at solving these problems for both dense and sparse matrices and matrix pencils, including small to mediumsized problems as well as large-scale problems. Our industrial partners in the thematic network NICONET [42] funded by the European Commission contribute with new interesting applications (e.g., in automotive, aerospace, petro-chemical and glass industry). The acronym stands for Network for Development and Evaluation of Numerically Reliable Software in Control Engineering and its Implementation in Production Technologies.

The project plan is organized as follows. We start by summarizing some mathematical background, including Jordan and Kronecker structures, generalized Schur form, generic and degenerate pencils, and mention some applications. Then we summarize the state-of-the-art regarding staircase-type algorithms for computing the generalized Schur form (or GUPTRI form), and formulate different “nearness” problems to be considered. Next, the geometry of matrix and matrix pencil spaces and some of our recent contributions regarding the problem of stratification of orbits and bundles of matrices and matrix pencils [21, 16], and versal deformations for matrix pencils [15] are reviewed. Our objective is to make use of this knowledge to improve the understanding about numerical algorithms and their failures. Finally, we summarize the most recent results within this project and discuss how to proceed in developing more robust and accurate algorithms and software for computing the (partial) generalized Schur form of a general matrix pencil and increase their functionality in order to be able solve interesting “nearness” problems. Throughout, the paper we also refer to other interesting work that relate to our project.

Mathematical Background and Some Applications. Singular matrix pencils A − λB, where A and B are m-by-n matrices with real or complex entries, appear in several applications. Examples include problems in control theory relating to a linear system Eẋ(t) = F x(t) + Gu(t), where E and F are p-by-p matrices, and G is p-by-k. Solvability issues of a descriptor or singular system (i.e., det(E) = 0), such as the existence of a solution, consistent initial values, and its explicit solution can be revealed from the Kronecker structure of A − λB ≡ F − λE (e.g., see [23, 56]). The problems to find the controllable subspace, uncontrollable modes or an upper bound on the distance to uncontrollability for a controllable system Eẋ(t) = F x(t)+Gu(t) can all be formulated and solved in terms of certain reducing subspaces of the matrix pencil A − λB ≡ [G F ] − λ[0 E] (e.g., see [43, 50, 51, 11]).

In most applications it is sufficient to transfer A − λB to a generalized Schur form (e.g., to

GUPTRI form [12, 13])

P^H (A − λB)Q = 2 4^{Ar − λBr ∗ ∗} 0 A_{reg} − λB_{reg} ∗ 0 0 A_l − λB_l 3 5_, (1) where P (m-by-m) and Q (n-by-n) are unitary and ∗ denotes arbitrary conforming submatrices. Here the square upper triangular block A_{reg} − λB_{reg} is regular and has the same regular structure as A − λB (i.e., contains all generalized eigenvalues (finite and infinite) of A − λB). The rectangular blocks A_r − λB_r and A_l − λB_l contain the singular structure (right and left minimal indices) of the pencil and are block upper triangular. The singular blocks of right (column) and left (row) indices of grade j are

L_j ≡ 2 4^{−λ 1}_{· ·} −λ 1 3 5_{and L}^T_{j ≡} 2 6 4 −λ 1 · · −λ 1

3 7 5 of size j-by-(j + 1) and (j + 1)-by-j, respectively. A_r − λB_r has only right minimal indices in its Kronecker canonical form (KCF), indeed the same L_j blocks as A − λB. Similarly, A_l − λB_l has only left minimal indices in its KCF, the same L^T_j blocks as A − λB. If A − λB is singular at least one of A_r − λB_r and A_l − λB_l will be present in (1). The explicit structure of the diagonal blocks in staircase form can be found in [13]. If A − λB is regular A_r − λB_r and A_l − λB_l are not present in (1) and the GUPTRI form reduces to the upper triangular block A_{reg} − λB_{reg} . Staircase forms that reveal the Jordan structure of the zero and infinite eigenvalues are contained in A_{reg} − λB_{reg} .

Given A − λB in GUPTRI form we also know different pairs of reducing subspaces [51, 12]. Suppose the eigenvalues on the diagonal of A_{reg} − λB_{reg} are ordered so that the first k, say, are in Λ_1 (a subset of the spectrum of A_{reg} − λB_{reg} ) and the remainder are outside Λ_1. Let A_r − λB_r be m_r-by-n_r. Then the left and right reducing subspaces associated with Λ_1 are spanned by the leading m_r + k columns of P and the leading n_r + k columns of Q, respectively. When Λ_1 is empty, the corresponding reducing subspaces are called minimal, and when Λ_1 contains the whole spectrum the reducing subspaces are called maximal.

If A − λB is m-by-n, where m ≠ n, then for almost all A and B it will have the same KCF, depending only on m and n (the generic case). The generic Kronecker structure for A − λB with d = n − m > 0 is diag(L_α, . . . , L_α, L_{α+1}, . . . , L_{α+1}), (2) where α = ⌊m/d⌋, the total number of blocks is d, and the number of L_{α+1} blocks is m mod d (which is 0 when d divides m) [49, 9]. The same statement holds for d = m − n > 0 if we replace L_α, L_{α+1} in (2) by L^T_α , L^T_{α+1}. Square pencils are generically regular, i.e., det(A − λB) = 0 if and only if λ is an eigenvalue. The generic singular pencils of size n-by-n have the Kronecker structures [52]:

diag(L_j , L^T_n�_j�_1), j = 0, . . . , n − 1.

In summary, generic rectangular pencils have only trivial reducing subspaces and no generalized eigenvalues at all. Generic square singular pencils have the same minimal and maximal reducing subspaces. Only if A − λB satisfies a special condition (lies in a particular manifold) does it have nontrivial reducing subspaces and generalized eigenvalues (the nongeneric or degenerate case). Moreover, only if it is perturbed so as to move continuously within that manifold do its reducing subspaces and generalized eigenvalues also move continuously and satisfy interesting error bounds [10, 12]. These requirements are natural in many control and systems theoretic problems such as computing controllable subspaces and uncontrollable modes [50, 11].

Staircase Algorithms for Computing a Generalized Schur Form. Several authors have proposed (staircase–type) algorithms for computing a (generalized) Schur form (e.g., see [25, 37, 3, 39, 40, 33, 34, 49, 56]). They are numerically stable in the sense that they compute the exact Kronecker structure (generalized Schur form or something similar) of a nearby pencil A0 − λB0. Let ‖ · ‖_E denote the Frobenius matrix norm. Then δ ≡ ‖(A − A0, B − B0)‖_E is an upper bound on the distance to the closest (A + δA, B + δB) with the KCF of (A0, B0). Robust software with error bounds for computing the GUPTRI form of a singular A − λB has been published in [12, 13].

The existing algorithms do not guarantee that the computed generalized Schur form S − λT is the “most” nongeneric Kronecker structure within distance δ, nor that S − λT is the closest pencil with the computed structure. It may exist a closer matrix pencil in the orbit of S − λT . Recently, Edelman and Ma gave a geometrical explanation of staircase algorithms failures [17]. However, if δ is of the size O(‖(A, B)‖_E ϵ), where ϵ is the relative machine precision, we know that (A, B) is close to a matrix with the Kronecker structure that the algorithm reports.

It would of course be desirable to have algorithms that could solve the following “nearness” problems:

• Compute the closest nongeneric pencil of a generic A − λB. • Compute the closest matrix pencil with a specified Kronecker structure. • Compute the most nongeneric pencil within a given distance δ. • Compute the closest neighbors (covering pencils) of a given A − λB.

If the closest structure is not unique we are mainly interested in the most nongeneric KCF. From the perturbation theory for singular pencils [10] we know that all these problems are ill-posed in the sense that the generalized eigenvalues and reducing subspaces for a nongeneric A − λB can change discontinuously as a function of A and B. Therefore, to be able to solve these problems we need to regularize them by restricting the allowable perturbations as mentioned above.

The Geometry of Matrix and Matrix Pencil Spaces. By viewing an n-by-n matrix A as a point in n^2-space instead of an array of numbers or an operator on vectors, and similarly viewing an m × n matrix pencil A − λB as a point in 2mn-space, certain numerical computations relating to the Jordan or Kronecker canonical forms can be viewed as moving matrices or matrix pencils from point to point or manifold to manifold in the n^2- and 2mn-spaces, respectively. Our objective is to make use of the geometry of the matrix and matrix pencil spaces, to improve our knowledge of numerical algorithms and their failures. Moreover, with this new knowledge our goal is to develop more robust and accurate algorithms (and software) for computing the generalized Schur form of a general matrix pencil and increase their functionality in order to be able to solve some of the “nearness” problems mentioned above.

Following Arnold [2], a stratified manifold is the union of nonintersecting manifolds whose closure is the finite union of itself with strata of smaller dimensions (thereby defining stratified manifolds recursively). For matrices, the strata are orbits of similar matrices, or perhaps the union of all orbits with the same Jordan structure and number of distinct eigenvalues including multiplicities (known as bundles). For pencils, the strata consist of strictly equivalent pencils (or bundles). The problem of stratification is to find the closure relations among the various orbits or bundles, i.e., the closure hierarchy of Jordan and Kronecker structures. These relations define a partial ordering on orbits or bundles. One structure covers another if its closure includes the closure of the other and there is no other structure in between. We use the notation O(·) and B(·) for an orbit and bundle, respectively, and O(·) and B(·) denote their closures.

The dimension of an orbit is equal to the dimension of its tangent space. The normal space of an orbit at a certain point (matrix or matrix pencil) is the space complementary and orthogonal to the tangent space at this point. The dimension of the normal space is the codimension of the orbit (cod(·)) which depends only on the Jordan and Kronecker structures (e.g., see [9]). For the orbit of a generic n × n matrix or matrix pencil we have cod(·) = n (n specified and distinct eigenvalues). The orbit of a generic rectangular matrix pencil spans the complete space, i.e., cod(·) = 0. All degenerate rectangular cases have cod(·) > 0.

In the next three sections we summarize some of our previous results within this project that form a foundation for the work proposed.

Fig. 1. A graph displaying the closure hierarchy of the orbits of all 18 different KCF for the set of 2-by-3 matrix pencils.

↑� �_{L2}

  ?↑� �

L1�R_1

               ?

            ¸¸¸¸¸
        ¸¸¸¸¸
   ¸9

                XXXXX
                     XXXXX
                         Xz

↑� �_{L1�J1} ↑� �_{L0�R2} ↑� �_{L1�N1}

   HHH
      HHj

             �
          �ß

                HHH
                  HHj

                         �
                       �ß

     ↑� �

L0�J_1�R_1 ↑� �

L0�R_1�N_1

      �
    �ß

         HHH
            HHj

                   �
                �ß

                      HHH
                         HHj

↑� �_{L0�J2} ↑� �_{L0�J1�N1} ↑� �_{L0�N2}

  ?

                HHH
                  HHj

                           ?

                         �
                       �ß

  @@
    @@
      @@R

             �
           �
          �

    hhhhhhh
          hhhhhhh
                hhhhz

                         ıııı
                     ıııı
                  ıııı
              ıııı
           ııı)

                ↑� �

L0�L_1�L^T_0

                   �
                  �
                �

↑� �_{L0�2J1} ↑� �_{2L0�LT1} ↑� �_{L0�2N1}

  ? ?

         HHH

          HHj↑� �

2L0�R_1�L^T_0

            ¸¸¸¸¸
        ¸¸¸¸¸
   ¸9

                XXXXX
                     XXXXX
                         Xz

↑� �

2L0�J_1�L^T_0 ↑� �2L_0�N_1�L^T_0

XXXXX
    XXXXX
         Xz

                     ¸¸¸¸¸
                 ¸¸¸¸¸
             ¸9

        ↑� �

3L0�2L^T_0

Cod(A � λB) 0

1

2

3

4

5

6

7

8

12 The Set of 2-by-3 Matrix Pencils. A comprehensive study of the set of 2-by-3 pencils, the smallest nontrivial rectangular case is published in [21]. The objective was to get a greater understanding of (i) some of the before-mentioned “nearness” problems and how to solve them, and (ii) existing algorithms/software for computing the Kronecker structure of a singular pencil.

The set of 2-by-3 matrix pencils A−λB comprises 18 structurally different Kronecker structures (canonical forms). We show how all the nongeneric structures can be generated by a staircase-type algorithm, starting from the generic canonical form (one L_2 block). Moreover, the algebraic and geometric characteristics of the generic and the 17 nongeneric cases are examined in full detail.

All 2-by-3 pencils “live” in a 12-dimensional space spanned by O(L_2) and all other structures are in O(L_2). It is just as obvious that 3L_0 ⊕ 2L^T_0 (the zero pencil) is in the closure of the orbit of any other KCF. All other closure relations are not equally obvious (see the closure hierarchy in Figure 1). Necessary conditions on perturbations for transiting from the orbit of one Kronecker structure to another in the closure hierarchy are also derived.

Computable normwise bounds for the smallest perturbations (δA, δB) of a generic 2-by-3 pencil A − λB such that (A + δA) − λ(B + δB) has a specific nongeneric Kronecker structure are presented. computed Moreover, a study of the behaviour of the nongeneric structures under random perturbations in finite precision arithmetic (using the GUPTRI software [12, 13]) show for which sizes of perturbations the structures are invariant and also that structure transitions occur in accordance with the closure hierarchy. Finally, some of the results are extended to the general m-by-(m + 1) case.

Stratification of Orbits and Bundles. Within this project we have recently published new results on the problem of stratification of bundles and orbits of matrices and matrix pencils [16, 19]. We discuss and complete the mathematical theory and propose that knowledge of the closure relations may be applied in the staircase algorithm.

While we are the first to propose the use of stratifications in an algorithm, some of the mathematical theory, at least for nilpotent matrices, goes back to 1961. Combinatorically it is trivial; it is the well-known dominance ordering on partitions (which can be interpreted in terms of the structure indices computed by a staircase algorithm). This is the case of relevance in an algorithm when the eigenvalues are well-clustered so that we may shift all the blocks to be nilpotent.

When eigenvalues are not well clustered, then we have to consider the bundle case as defined by Arnold [2]. We derive new results including the covering and closure relations for this case. We show that testing the closure relation for bundles leads to an NP-complete problem, therefore it may be expensive to use a stratification-enhanced algorithm in the bundle case when more than only a few eigenvalues need to be clustered.

For orbits of matrix pencils, the closure ordering was published in a linear algebra journal by Pokrzywa in 1986 [44], later reformulated by De Hoyos [8]. Recently, Gracia and De Hoyos present safety neighborhoods for the necessary conditions in the change of the Jordan and Kronecker canonical structures under small perturbations [27, 26]. A general unifying algebraic theory of degenerations has been obtained for quivers by a number of authors including Abeasis and del Fra [1] and Bongartz [5]. Bongartz studied the pencil case in 1990, apparently unaware of Pokrzywa’s work. In algebraic language, for a matrix or pencil orbit or bundle to cover another, it is necessary to have an extension. This condition is not sufficient; we extend Pokrzywa’s results by providing both necessary and sufficient conditions for one Kronecker orbit to cover another. The covering and closure relations for the Kronecker bundle case are also new results.

We summarize the main theorems from [16] in the box below. The closure decision problem is the question of how to test whether the closure of a given orbit or bundle is contained within the closure of another. The closely related covering relationship tells us which structures are covered by a given structure. The “*” indicates that to the best of our knowledge the results were either previously unknown (Theorems 2.3, 2.4, 3.3) or not strong enough for purposes of numerical computations (Theorem 3.2).

Closure Decision Problem Covering Relationship Jordan Orbits Theorem 2.2 Corollary 2.1 Jordan Bundles Theorem 2.3, 2.4 * Theorem 2.3 * Kronecker Orbits Theorem 3.1 Theorem 3.2 * Kronecker Bundles Theorem 3.3 * Theorem 3.3 *

The stratification of orbits of pencils associated with problems in control theory has recently been studied by several authors, including Hinrichsen and O’Halloran [30], Boley [4], and Garcia- Planas [24]. For control applications, the pencils of interest typically have no row indices or no column indices. Our results listed above concern general matrix pencils.

Versal Deformations of Matrix Pencils. Is it possible to move smoothly between orbits in the closure hierarchy? The answer is yes and the instrument is the concept of versal deformations. In 1971, V. I. Arnold derived a versal deformation of the Jordan normal form for matrices [2]. Within this project we have generalized and extended the concept of versal deformations to matrix pencils (matrix pairs) and derived a normal form to which not only one specific matrix pencil, but an arbitrary family of matrix pencils close to it can be reduced to by means of a mapping smoothly depending on the elements of the matrix pairs [18, 15]. Another result from this study is a new singular value bound for the distance to the orbits of less generic pencils.

The versal deformation for matrix pencils is more complicated than for matrices since the Kronecker canonical form may consist of Jordan blocks for both finite and infinite eigenvalues as well as Kronecker blocks for right and left minimal indices. For A − λB in Kronecker canonical form we show how to compute the tangent space of the orbit and a parameterized deformation in the normal space. The versal deformation is obtained by adding this parametrized deformation to A − λB and it spans the complete 2mn-space. The normal form is a miniversal deformation with one parameter for each dimension in the normal space.

The versal deformations reveal the local perturbation theory of matrix pencils related to the KCF. We demonstrate with numerical experiments how this theory may be used in practice to see how computations are influenced by the geometry of the matrix pencil space. For example, we illustrate how small perturbations in tangent and normal spaces, respectively, affect the KCF computed by a staircase algorithm. We also illustrate the connection between versal deformations and the Kronecker structure hierarchy (stratification of matrix pencil orbits) by examples that expose how small perturbations in different directions in the normal space result in different more generic Kronecker structures. We also show that the perturbations required in other directions for finding less generic pencils normally must be significantly larger.

Our Most Recent Results and Proposed Work: Towards Improved Algorithms via Better Understanding of Existing Algorithms and Their Failures. In this section we summarize our recent results within this project that have not been described above. The most recent publications include [6, 7, 16, 20, 31, 32, 35, 38, 53, 54, 55]. Implicitly in this presentation we also outline future work in this project.

Matlab interface to GUPTRI. A Matlab interface to GUPTRI in terms of a MEX-file and some auxiliary routines is now made available (a sample usage and a description of the parameters can be found in [35]):

[S, T, P, Q, kstr] = guptri(A, B, EPSU, GAP, ZERO)

StratiGraph – a tool for computing and presenting hierarchies of Jordan and Kronecker structures. StratiGraph is a Java-based tool for computation and presentation of graphs displaying closure hierarchies of Jordan and Kronecker structures [31, 32, 20]. StratiGraph builds on our results concerning the stratification of orbits and bundles of matrices and matrix pencils [21, 16]. Given the dimension of the problem and a canonical structure, the user can easily get information about nearby Jordan and Kronecker structures in the closure hierarchy.

Any existing algorithm for the computation of the Jordan or Kronecker canonical form of a matrix or pencil proceeds in stages. Let us illustrate with the matrix case. The most generic matrices are nonsingular and diagonalizable, so at the start of the computation the best possible guess is that the matrix will be diagonalizable. This notion is subject to modification as more information from the computation is obtained. At each step in the staircase algorithm we learn that the matrix is in the closure of the set of matrices similar to some other less generic Jordan form. Indeed, one may view the algorithm as identifying a nested sequence of closures. If during the course of the algorithm, the user is unhappy with any choice, he/she might wish to have the power to backtrack through the algorithm and be offered other choices. Alternatively at the end of the algorithm the user might wish to know what he/she has missed in the “thicket” of nearby structures.

As a direct application, since we expect (staircase) algorithms to compute Kronecker structures that are nearby the original structures, algorithms can supply to the user which structures are in the immediate vicinity of the computed structure. This is of course of interest in many situations. For example, the input structure to StratiGraph can be the Kronecker structure delivered by the GUPTRI software. In this way the user may investigate whether any of the nearby structures are more likely from a physical point of view. The strata information can also be used in an enhanced staircase algorithm for computing the least (or the most) generic nearby Kronecker structure with a specific application in mind.

In this context, we will also continue our efforts to solve the following nearness problem (here illustrated for the matrix case). Given an n × n matrix A, the problem to determine the nearest matrix with a specified partial Jordan structure of size p×p (p ≤ n) may be formulated as minimizing f(Q, R) = ‖AQ − QR‖_E (3) over R and Q, where R is p × p with the prescribed partial Jordan structure and Q is n × p with orthonormal columns, i.e., Q belongs to the Stiefel manifold [14]. Lippert and Edelman [41] have developed Matlab tools that can be used to tackle this optimization problem.

The StratiGraph tool is under development and will be available via internet. Version 1.0 of StratiGraph [32] computes and presents qualitative results (strata information). The next generation of algorithms and tools to be developed within this project aim at producing quantitative results as well, including distance information concerning nearby structures [16].

Blocked QZ and GUPTRI for LAPACK. Recently, we have presented blocked algorithms for reduction of a regular matrix pair to generalized Schur form [7, 6]. The last step in the reduction is a blocked variant of the single-/double-shift QZ method applied to (A, B) in upper Hessenbergtriangular form. The blocking for improved data locality is obtained by restructuring the reference pattern of the updates associated with the bulge chasing in the QZ step. Timing results show that our new blocked variants outperform the current LAPACK routines, including drivers for the generalized eigenvalue problem, by a factor 2–5 for sufficiently large problems.

Our next step is to restructure the GUPTRI algorithm in terms of level 3 operations and increase the functionality regarding what (Jordan and Kronecker) structure information that should be computed. Different applications require different type of information and not necessarily the complete Jordan or Kronecker structure. For example, in the solution of a descriptor system we are mainly interested in the index of the system, which is the size of the largest Jordan block associated with the infinite eigenvalue. We propose to provide different options where also the placement of the structure information (blocks) can be controlled by the user.

Extracting Partial Canonical Structure for Large Scale Eigenvalue Problems. As outlined in the last project description one of our objectives is to investigate the possibility to compute partial canonical information of large scale eigenvalue problems. When A and B are very large and sparse matrices it may be prohibitively expensive to compute the complete generalized Schur decomposition of A − λB using standard methods for dense matrices.

Our method is a combination of the implicitly restarted Arnoldi (IRA) method with explicit restarts, a new Gerschgorin clustering heuristic and the staircase algorithm. It computes a partial Jordan-Schur form (or Weierstrass-Schur form in the pencil case) associated with the dominant eigenvalue [38]. Indeed, we compute an exact partial Jordan-Schur form of a regularized nearby problem A + G. The size of ‖G‖_F is a function of the deflation tolerance parameters used. A small value on ‖G‖_F indicates that A has a dominant eigenvalue with the computed Jordan structure.

The explicit restarts are used for extracting information about the Jordan blocks of the matrix that were not computed in previous applications of the IRA method. In theory each IRA application can only identify one Jordan block, but due to round-off errors we can accidentally get more information. However, in general it is not safe and reliable to rely on this property. In [38] we discuss what assumptions we make in order to get convergence and warrant meaningful and reliable results. These include the conditioning of the problems as well as the setting of dimension parameters (the IRA dimensions k, p, and the number of explicit restarts s) and deflation tolerances (tol and gap used for rank decisions).

The results from computational experiments conducted on problems with known canonical structure and varying ill-conditioning show that the methods deliver partial Jordan-Schur and Weierstrass-Schur forms of nearby problems with the correct canonical structure of the dominant eigenvalue. The distance from a sample problem to the corresponding regularized problem is proportional to the size of the deflation tolerance used. Due to the ill-posedness of the problem under consideration it is of course always possible to construct problems so that any of the three major building blocks produce erroneous result. Nonetheless, our study shows that it is possible to construct methods for extracting partial canonical structure of large scale eigenvalue problems.

Our future work include further investigations concerning alternative deflation criteria for the IRA method. Another direction is to investigate other methods for computing an eigenspace and associated projected problem. The most popular of these methods for eigenvalue problems are subspace iteration and the Lanczos, Arnoldi and rational Krylov methods (e.g., see [22, 28, 29, 45, 46, 47, 48]).

A Chordal-Based Definition for the Mean of a Cluster of Generalized Eigenvalues. Algorithms for extracting canonical information of matrices and matrix pairs approximate a multiple eigenvalue by the mean of a cluster of eigenvalues. For standard eigenvalue problems the mean of the eigenvalues is typically used to approximate the multiple eigenvalue (e.g., see [36]). The mean is an intuitive choice for this value but it also has the property that it is stable—if the problem is perturbed the change in the mean is bounded by the norm of the perturbation. Generalized eigenvalues are points on the complex projective plane. Our goal is to answer the question of how to define the mean of a cluster of generalized eigenvalues for this geometrically more complicated set. A cluster is identified from the computed eigenvalues by some heuristic.

The foundation of our definition is the chordal metric for generalized eigenvalue pairs (α_i, β_i). One interesting proposal is presented in [55, 53], where the mean is chosen as the point on the complex projective plane that minimizes the sum of squares of the chordal distances. It is shown that the mean is the unit eigenvector associated with the smallest eigenvalue of the 2 × 2 matrix C^H D�^1C, where D = diag(|α_i|^2 + |β_i|^2) and C is a 2 × n matrix with the β_is and the −α_is as its two columns. Computational experiments suggest that the mean is more stable than the individual eigenvalues. In particular, for matrix pairs with only one Weierstrass block the error in the mean is several orders smaller than the spectral variation. Our future work will include derivation of perturbation bounds for the mean and comparisons with other possible definitions.

International Collaboration. During several years the principal investigator have had a close collaboration with James Demmel, University of California, Berkeley on perturbation theory, applications, algorithms and software for singular matrix pencils (see references [10, 11, 12, 13]). Since 1994 we have an ongoing, fruitful collaboration with Alan Edelman, Massachusetts Institute of Technology (MIT) (see [15, 16]). Erik Elmroth visited MIT two weeks during Spring 1996. Alan Edelman has visited Umeå for two two-weeks periods (Spring 1994 and Summer 1996). Fall 1996 Erik Elmroth visited MIT for three months and Bo Kågström visited MIT for a week. We have also collaborated with Axel Ruhe, Chalmers University of Technology, Göteborg, Vera Kublanovskaya, Steklov Institute, St Petersburg, Gene Golub, Stanford University, and Paul Van Dooren, CESAME, Université Catholique de Louvain, Belgium on algorithms and applications for matrix pencils.

REFERENCES

[1] S. Abeasis and A. Del Fra, Degenerations for the representations of a quiver of type Am, Journal of Algebra, 93 (1985), pp. 376–412.

[2] V. I. Arnold, On matrices depending on parameters, Russian Math. Survyes, 26 (1971), pp. 29–43. [3] T. Beelen and P. Van Dooren, An improved algorithm for the computation of Kronecker’s canonical form of a singular pencil, Lin. Alg. Appl., 105 (1988), pp. 9–65.

[4] D. Boley, The Algebraic Structure of Pencils and Block Toeplitz Matrices, Lin. Alg. Appl., 279 (1998), pp. 255– 279.

[5] K. Bongartz, On degenerations and extensions of finite dimensional modules, tech. rep., Bergische Universität, 1990.

[6] K. Dackland, Design, Modeling, and Evaluation of High-Performance Algorithms for Matrix Factorizations and Matrix Pair Reductions, PhD Thesis UMINF-99.03, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, March, 1999.

[7] K. Dackland and B. Kågström, Blocked Algorithms and Software for Reduction of a Regular Matrix Pair to Generalized Schur Form, Tech. Rep. UMINF-99.02, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, 1999. Submitted to ACM Trans. Math. Software.

[8] I. De Hoyos, Points of Continuity of the Kronecker Canonical Form, SIAM J. Matrix Anal. Appl., 11 (1990), pp. 278–300.

[9] J. Demmel and A. Edelman, The Dimension of Matrices (Matrix Pencils) with Given Jordan (Kronecker) Canonical Forms, Lin. Alg. Appl., 230 (1995), pp. 61–87.

[10] J. Demmel and B. Kågström, Computing stable eigendecompositions of matrix pencils, Lin. Alg. Appl., 88/89 (1987), pp. 139–186.

[11] , Accurate solutions of ill-posed problems in control theory, SIAM J. Matrix Anal. Appl., 9 (1988), pp. 126– 145.

[12] , The Generalized Schur Decomposition of an Arbitrary Pencil A � λB: Robust Software with Error Bounds and Applications. Part I: Theory and Algorithms, ACM Trans. Math. Software, Vol.19 (1993), pp. 160–174.

[13] , The Generalized Schur Decomposition of an Arbitrary Pencil A � λB: Robust Software with Error Bounds and Applications. Part II: Software and Applications, ACM Trans. Math. Software, Vol.19 (1993), pp. 175–201.

[14] A. Edelman, T. Arias, and S. Smith, The Geometry of Algorithms with Orthogonality Constraints, SIAM J.

Matrix Anal. Appl., 20 (1999), pp. 303–353.

[15] A. Edelman, E. Elmroth, and B. Kågström, A Geometric Approach to Perturbation Theory of Matrices and Matrix Pencils. Part I: Versal Deformations, SIAM J. Matrix Anal. Appl., 18 (1997), pp. 653–692.

[16] , A Geometric Approach to Perturbation Theory of Matrices and Matrix Pencils. Part II: A Stratification- Enhanced Staircase Algorithm, SIAM J. Matrix Anal. Appl., 20 (1999), pp. 667–699.

[17] A. Edelman and Y. Ma, Staircase Failures Explained by Orthogonal Versal Forms, SIAM J. Matrix Anal.

Appl., (1999). Submitted.

[18] E. Elmroth, Matrix Computations: Factorizing in Parallel and Surfing the Kronecker Structure Hierarchies, PhD Thesis UMINF-95.15, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, May, 1995.

[19] , On the Stratification of the Kronecker Canonical Form, Report UMINF-95.14, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, May, 1995.

[20] E. Elmroth, P. Johansson, and B. Kågström, Computation and Presentation of Graphs Displaying Closure Hierarchies of Jordan and Kronecker Structures, Tech. Rep. UMINF-99.xx, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, 1999. In preparation.

[21] E. Elmroth and B. Kågström, The Set of 2-by-3 Matrix Pencils – Kronecker Structures and Their Transitions Under Perturbations, SIAM J. Matrix Anal. Appl., 17 (1996), pp. 1–34.

[22] T. Ericsson and A. Ruhe, The spectral transformation Lanczos method for the numerical solution of large generalized symmetric eigenvalue problems, Math. Comp., 35 (1980), pp. 1251–1268.

[23] F. Gantmacher, The Theory of Matrices, Vol. I and II (transl.), Chelsea, New York, 1959. [24] I. Garcia-Planas, Kronecker Stratification of the Space of Quadruples of Matrices, SIAM J. Matrix Anal.

Appl., 19 (1998), pp. 872–885.

[25] G. Golub and J. H. Wilkinson, Ill-conditioned eigensystems and the computation of the Jordan canonical form, SIAM Review, 18 (1976), pp. 578–619.

[26] J. Gracia and I. De Hoyos, Safety Neigbourhoods for the Kronecker Canonical Form, SIAM J. Matrix Anal.

Appl. (submitted), (1999).

[27] J. Gracia, I. De Hoyos, and F. Velasco, Safety Neigbourhoods for the Invariants of the Matrix Similarity, Linear Multilinear Algebra, (1996). To appear.

[28] M. Gutknecht, A completed theory of the unsymmetric Lanczos process and related algorithms, part I, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 594–639.

[29] , A completed theory of the unsymmetric Lanczos process and related algorithms, part II, SIAM J. Matrix Anal. Appl., 15 (1994), pp. 15–58.

[30] D. Hinrichsen and J. O’Halloran, Orbit Closures of Singular Pencils, J. Pure and Applied Algebra, 81 (1992), pp. 117–137.

[31] P. Johansson, StratiGraph – A JAVA-Based User Interface for Computation and Presentation of Graphs Displaying Hierarchies of Jordan and Kronecker Structures (in Swedish), Master Thesis UMNAD-98.214, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, 1998.

[32] , StratiGraph Users’ Guide. Version 1.1, Tech. Rep. UMINF-99.11, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, 1999.

[33] B. Kågström, The generalized singular value decomposition and the general A � λB problem, BIT, 24 (1984), pp. 568–583.

[34] , RGSVD - an algorithm for computing the Kronecker canonical form and reducing subspaces of singular

A � λB pencils, SIAM J. Sci. Stat. Comp., 7 (1986), pp. 185–211.

[35] , Singular Pencils and GUPTRI Software, in Templates for the Solution of Algebraic Eigenvalue Problems:

A Practical Guide, Z. Bai et al., eds., SIAM Publications, Philadelphia, 1999. To appear. [36] B. Kågström and A. Ruhe, ALGORITHM 560: An algorithm for the numerical computation of the Jordan normal form of a complex matrix [F2], ACM Trans. Math. Software, 6 (1980), pp. 437–443.

[37] , An algorithm for the numerical computation of the Jordan normal form of a complex matrix, ACM Trans. Math. Software, 6 (1980), pp. 389–419.

[38] B. Kågström and P. Wiberg, Extracting Partial Canonical Structure for Large Scale Eigenvalue Problems, Tech. Rep. UMINF-98.13, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, 1998. Submitted to Numerical Algorithms.

[39] V. Kublanovskaya, AB-algorithm and its modifications for the spectral problem of linear pencils of matrices, Num. Math., 43 (1984), pp. 329–342.

[40] V. Kublanovskaya and V. B. Chazanov, Spectral problems for matrix pencils: methods and algorithms, part I (in Russian), Preprint LOMI P-2-88, USSR Academy of Sciences, Leningrad, 1988.

[41] R. Lippert and A. Edelman, Nonlinear eigenvalue problems, in Templates for the Solution of Algebraic Eigenvalue Problems: A Practical Guide, Z. Bai et al., eds., SIAM Publications, Philadelphia, 1999. To appear.

[42] NICONET, Network for Development and Evaluation of Numerically Reliable Software in Control Engineering and its Implementation in Production Technologies, Brite/EuRam III RTD Thematic Network, Contract ERB BRRT-CT-97-5040, Coordinator Sabine Van Huffel, ESAT-SISTA, Katholieke Universiteit Leuven, Kardinaal Mercierlaan 94, B-3001 Leuven, Belgium, April, 1997.

[43] C. Paige, Properties of numerical algorithms related to computing controllability, IEEE Trans. Autom. Contr., AC-26 (1981), pp. 130–138.

[44] A. Pokrzywa, On perturbations and the equivalence orbit of a matrix pencil, Lin. Alg. Appl., 82 (1986), pp. 99– 121.

[45] A. Ruhe, Rational Krylov sequence methods for eigenvalue computations, Lin. Alg. Appl., 58 (1984), pp. 391– 405.

[46] D. Sorensen, Implicit application of polynomial filters in a K–step Arnoldi method, SIAM J. Matrix Anal.

Appl., 13 (1992), pp. 357–385.

[47] , Truncated QZ Methods for Large Scale Generalized Eigenvalue Problems, ETNA, 7 (1998), pp. 1412–162. [48] D. Sorensen and C. Yang, A Truncated RQ Iteration for Large Scale Eigenvalue Calculations, SIAM J. Matrix Anal. Appl., 19 (1999), pp. 1045–1073.

[49] P. Van Dooren, The computation of Kronecker’s canonical form of a singular pencil, Lin. Alg. Appl., 27 (1979), pp. 103–141.

[50] , The generalized eigenstructure problem in linear system theory, IEEE Trans. Autom. Contr., AC-26 (1981), pp. 111–129.

[51] , Reducing subspaces: Definitions, properties and algorithms, in Matrix Pencils, B. Kågström and A. Ruhe, eds., Springer-Verlag, Berlin, 1983, pp. 58–73. Lecture Notes in Mathematics, vol. 973, Proceedings, Pite Havsbad, 1982.

[52] W. Waterhouse, The codimension of singular matrix pairs, Lin. Alg. Appl., 57 (1984), pp. 227–245. [53] P. Wiberg, A Newton Method on the Projective Space for the Real Nonsymmetric Eigenvalue Problem, Tech.

Rep. UMINF-98.03, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, 1998. Submitted to BIT.

[54] , Projections and Surfaces in Numerical Methods for Eigenvalue Problems, Licentiate Thesis UMINF- 98.15, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, November, 1998.

[55] , Towards a Definition for the Mean of a Cluster of Generalized Eigenvalues, Tech. Rep. UMINF-98.14, Department of Computing Science, Umeå University, S-901 87 Umeå, Sweden, November, 1998.

[56] J. H. Wilkinson, Linear differential equations and Kronecker’s canonical form, in Recent Advances in Numerical Analysis, C. de Boor and G. Golub, eds., Academic Press, 1978, pp. 231–265.