Vageli Coutsias

— 1+ 1=0or“machine epslon”?
—»eps = 2.220446049250313e-016
How does matlab produce its numbers?

Where we |earn about number formats,
truncation errors and roundoff
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format long %(default for p)

pi = 3.14159265358979

format short

» pi =3.1416

» format short e

» pi = 3.1416e+000

» format long e

» pi =3.141592653589793e+000

g d, d d o
X=4+o1+—2 4+ 23 ...+ L ¢
&b b’

F ) F : Base or radix
1%} t Precision
[L,U] Exponentrange
Of£d £b-1i=1...,p;d,* 0
LEeEU
SYSTEM |Base Precision |L(ow Exp) |U(pperExp)
IEEE SP 2 24 -126 127
IEEE DP 2 53 -1022 1023
Cray 2 48 -16383 16384
HP Calc 10 12 -499 499
IBM mainfr 16 6 -64 63
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Floating point numbers

Underflow level:=UFL=b"
Overflow _level:=OFL =b""(1- b™")
1, 14
e:=eps==b
P 2

The machine precision is the smallest nuber e such that:
fll+e)>1

IEEE_sp_e=2% »10"" IEEE_dp_e =2 »10"

Overflow does not only cause programsto crash!
Arianne V'’ s short maiden flight on 7/4/96 was due to a floating exception.
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During the conversion of a 64-bit floating-
point number to a 16-bit signed integer

Caused by the float being outside the range
representable by such integers

The programming philosophy employed
did not guard against software errors-a
fatal assumption!

Roundoff errors

Pi =3.14159

Pi = 3.1415926535897932384626

Truncation errors

Cosx =1—-x"2/2

Cosx = 1—-x"2/2 + x™4/4l
Errors usually accumulate randomly

(random walk)
But they can aso be systematic, and the reasons
may be subtle!
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x?-x-1=0U x:1+1
X

Xy =14 X' ® X,
1 .
n+1_X -1 Xn ® X

X =—F5
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scompune che doml
solutions af A CECUCKEDEE
cl=ar
figures
m = G0
cazrending
Zil)=(l-agct (=) | f2;
for i=itm
wiL)=1+1/i-1) ¢
end
for k¥ = 1:4%
subplot 2,2,k :
ploc |16 [15%kK] 1|1 15Yk) -% 1]}
end
.deacending
T(l)=(l+aget (51| Ffa;
B i-im
wii)=1S |u(1-13-1|
end
rfar Kk = 1i4
=ubplot 2.2, k):
ploc |16 [18%k] .61t 15Yk) -% 1]}

Instability is inescapable;
But one can learn to ride it!

end d
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M athematics—> numerics + implementation

The sequence of computations carried out
for the solution of amathematical problem
can be so complex asto require a
mathematical analysis of itsown
correctness.

How can we determine efficiency?

Consistency — correctness- ...
Convergence (rate)

Efficiency (operation counts)

Numerical Stability (error amplification)
Accuracy (relative vs. absolute error)
Roundoff vs. Truncation
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T(X) = e™x * log(1+en-1)
For x>30 adramatic deviation from the
theoretical value 1 isfound.

For x>36.7 the plotted value drops
(incorrectly) to zero

Here:
x = linspaceg(0,40,1000);
y = exp(x).*log(1+exp(-x));

JE M =

10

AV | |

* . MATLAB Editor/Debugger - [monsterl.m - C:\WINDOWSADesktop\375\¥Amonster] . R[] 3

@ File Edt “ew Debug Toolz ‘Window Help -|ﬁ'|ﬂ

NEd 22 (82 8%
i o VE | Stack ) 2

tzoript monsterl

plots the function T{x) = e"x In{lte’-x)

For x»30 a dramatic deviation from the
Theoretical wvalue 1z found; for =»36.7,

the value drops spuriously to 0

linspace {33.5,37,333331);

gxp (). Flog (ltexp (-8) )
log(l+expi-x))*10" (15) /3.5%2;

plot (2, v, %, Z)

title (Tplot of fl=log(l+e”-1) with f2 = e*x*fl ")
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T(X)=2"In@+2°")

plot of f1=2X0g(1+2x) with f2 = 2Xlog(1-27x)
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MATLAB Editor/Debugger - [monsterd m - C:AWINDOWS \Desktoph 3751V imonsterd m*]
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tscript monsterd
% plots the function Ti(x) = (x"2-2z+l)-(=z-1)"2
% in warious orderz of evaluation: ¥ and w identical
®¥ = linspace (-0.000000000000001,0.000000000000001, 333331 ;
2y = (H."2-2%x+11-(x-1)."2;
$for i.= 1:333331L,
By (1)= (sqri(=(i)+9)-3)/x(i);
v o= (1-2%x + =."2)-(1-x)."2;
z = (x-1).%2-({=x."2 - 2*x + 1):
w = (2.2 - 2*x + 1)-({=-1)."2;

$end
plot (2, v, X, .06%2, %, .33%w)
title ("plots of T(x) = {(="2-2x+1)-(=z-11"2 ")

@ manster ml @ manster2m... @ monsterd.m |

Ready Line 3 1228 AM
o
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-16 plots of T(x) = (>(2-2x+1)-(><-1)2
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Roundoff and other errors
Multiple plots
Formats and floating point numbers

C. Essex, M.Davidson, C. Schulzky,
“Numerical Monsters’, preprint.
Higham & Higham, Matlab Guide, SIAM
SIAM News, 29(8), 10/98 (Arianne V failure)
B5 Trailer; http://www.scifi.com/b5rangers/
Asusual, find m-files at

ax: ~coutsas/375/1V
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