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[ Ek Eﬂt y:.m ﬂ:huu Took, Wi el ===

Dl e &% &wlad = see I=]

ind machine ep=llon
;\1:-1 p=0; vy=1: z = % + ¥:
wmhile % == 3, v = w/d; p = p+l; o = x+v; =nd
diap(apribtf |’ Hackikbe spailon = §22.15= mod expansnt = 31.02',275:7] |
find underrflow =XpOBENT
¥ = 1 o = 0O:
ghile % » 0, ¥ = #5232 q = q+ll 2 = ¥+w end
dizspiapriotf | wnd=cflow sxponsnt: has= 2 = 1.0, mes 10 = %1, 0£' =gl 2, -q/2/ log 10y}
€= 1l; £ = OF
ohila 3 = inf. » = w733 7 = p4lr = wipr mnd

disp(aprinct | overflon expan=noc: bass 2 = 51.0f, base 10 = %1.08',./2,c/2/ 1og(la)))
" otz m-iL,
Aaedh LineE Az
» floats

Machine epsilon = 2.220446049250313e-016 and exponent
=53

underflow exponent: base 2 = -538, base 10 = -233
overflow exponent: base 2 = 512, base 10 = 222

The mean value theorem can be used to

draw conclusions about the relation between

Divided Differences and Derivatives. Similar
Formulas for higher derivatives can be found

f'(s) = M Taylor's theorem.

AN
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f(xxh)= f(x)+ f'(5)h,sT [x,xzh]

f(xth)= f(x)+ f'(x)h+%f"(sz)h2,szi [x,x+ ]

f(xth)=f(x)x f'(x)h+%f“(x)hziéf'"(%)hs,gi [x,x+ h]

»

I N TP IV RN
0= 2= ()= )+ (§) 2= (9 F 2+ ()5

But, due to roundoff:

1D, - (9 -

L) £ (9D, - 10+ 222

2*esh 2*es
£D, - f'(x)]+ 2 AR £ o°

MATLAB Editor/Debugger - [Derivative.m - C:YwWINDOWS\Desktoph375\WiDenvative m*]

@ File Edit “iew Debug Tools ‘Window Help =] x|

SBH| R[S @@|7E RS | saeck] , 7]

(Derivative.m
function [d,err] = Derivative(frname,a,delts,M2)
[d,err] = Deriwvatiwve (fhawe,a,delta, M2)
fnamwe is a string that nawes a function £({x) whose deriwvative at = = a
is sought. delta is the absclute error associated with an f-ewvaluation
and M2 iz an estimate of the second derivative magnitude near a. d is an
approximation to £'ia)l and err iz an estimate of its absolute error.
T=sage :
[d,err] = Derivatiwve (fname,a)
[d,err] = Derivative(fneame,a,delta)
[d,err] = Derivatiwve (fname,a,delta,M2)
if nargin <= 3
% Mo derivative bound is supplied; assume the Znd derivative bound is 1.
Mz =1
end
if nargin ==

5

% no function evaluation errors supplied, so
% =set delta to eps.
delta = eps;
end
¥ Compute optiman h and divided difference
hopt = Z*sqrt(deltasM2):
(feval {fname, a+hopt)] - feval (fname,a) )/ hopt;
Z%ggrt (deltavM2)
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derivative error as function of h for sin(x)

10

abserr, maxerr

12
10 1 1 1 1

-9 -8 -7 -6
10 10 10 10
hopt = 2.98e-008, dsin(7.85e-001)/dx=7.07e-001 +/-2.98e-008

Wiew Debug Teck Wivkw Heb

Dl 2R &% |a@|EE 2| stk | =

clear
fopmm= = '‘=1n0';
Thamel= 'coa':
delts = eps;
hman = 10" 6f=mp=;
hwax = 10*1d%epa:
¥HEY = 12
w=plfE:
Ha=1:
[d,err kope] = Deriwvacive (Tname, w, delca P2):
yopt = (HZSZ| FThopt+ZvdelosShopt;:
h = linspace |hoin, b, 10000
¥ = (HEf2| Th+ETdelca. /h;
yl= (B2 2y Th;
2= tdelua. A
derivh =|feval (fname, x+h) — feval (fname, x| ) -/fhe
sh=err=sb= (feval (fosme=l, x| —decaivh) :
loglogih, v, b, vi b, 92, b sbaerr, hopr,. yopt, "ho' |

xlebel (spripcf('hopt = %3.2d, d3a3(53.2d4) /dx=33_2Zd +/-53.24' hopt, ...
foam= x,d.=cc)l

rlahel('absers, madere')

titcle |aprinct (' derivacive srror as functilon of h far Saix| ', fneme) |

axi=([hmin bmex 10" (-1Z) 10" (—%|]1)
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THE PADE TABLE

11 [ ]
ii
L1

1)
|
\ nn

n,1
\ aa) &
A A A
O Q) O
b(1) b(2) b(j)

A CELL array: it'selements are STRUCTURES
(here sets of arrays)

Evaluation of the fraction

g (pra-kip
ko (p+Q)K(p- k)!
Rpq(2) = = —
3 (p+q- k)!q ¢ 2"
-0 (P+ Q)IK!(g - k)!

p.ge ¥,R_ (2)® ¢’

1
1+ —z
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Possible project: Pade approximant for the exponential series

%:Axp X = eMx,
dt

s tAs —A2 Q (A a,+atA+. .+ atlA’
2 Rq(A) by + btA+..+ bt*A"

Can use for highly accurate approximations to the solution of asystem of ODEs
with constant coefficients; “division” here means multiplication by the inverse of
the denominator (notation is unambiguous since numerator and denominator
COMMUTE!

ShTern g kD
A v a +p ;p _1)]? -.kfop+_qk-+kl)+ D2k K ((pp+_ qk-)kk)k
L er bkz-bH#k-:il)
b= (4’ (p+q)(pfqu-ﬁ?--‘:k(r?;<:—+I?+1)1x2-~k :(_Dkboﬁ‘?kk)k

R, ={a” 0%} ={a;....a'}bs...bf }
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@ File Edit “iew Debug Tool: “Window Help

D@2 &g | &0 E e | stk

function P = Padelrray(m, n)
P = Padelrrayim,n)
m and n are nonnegative integers.
% P is an (m+l)-bhy-in+l) cell array.
P

cell(m+l, n+l);

for j=1l:n+1
Pi{i, r = PadeCoeff(i-1,3-1):

end
end
function R = PadeCoeff (p,q)
R = PadeCoeffip,dq)
p and g are nonnegative integers and B is a representation of the
(p,q) —Pade approximation Nix)/Dix) to explx):

P

a

p-degree numerator polyhomial MNix) .

A

a

g-degree denominator polynomial Dix) .

A

Thus,
F.num(l) + E.num(2)x + E.num{3)x"2
R.denil) + R.den{2)x
iz the (2,1) Pade approximation.
afl) = 1; for k=1l:p, alk+l) = a(k)*ip-k+1)/ (k¥ (p+g-kK+1)): end
bil) = 1; for k=1liq, bik+l) = -bik)*{g-k+1)/ (k*({p+g-k+1)); end
R = struct('nuwn',a,'den' b):

FUC

A

{i,j} represents the (i-1,j-1) Pade approximation N{x)/Dix] to exp(x)

RB.nuw 1is a row (p+l)-wvector whose entries are the coefficients of the

R.den is a row (g+l)-wvector whose entries are the coefficients of the

Testing the Pade approximant: compute the error

ab+alt+.--+altP
e(t) =|€" - P{p,a}(x) Fle' - Oq q ";q
bd + bt + -+ bt

Columns 1 through 4

-1.71828182845905 Inf 0.71828182845905 0.28171817154095
-0.71828182845905 0.28171817154095 -0.05161516179238 0.00899089881368
-0.21828182845905 0.03171817154095 -0.00399611417333 0.00046817154095
-0.05161516179238 0.00394039376318 -0.00033311051033 0.00002803069588
-0.00994849512571 0.00046817154095 -0.00002786020508 0.00000175363051
-0.00161516179238 0.00005150487429 -0.00000225856657 0.00000010986695
-0.00022627290349 0.00000520857799 -0.00000017471227 0.00000000674695
-0.00002786020508 0.00000048446612 -0.00000001280881 0.00000000040153

Columns5 through 8

-0.05161516179238 0.00899089881368 -0.00130069638357 0.00016477348270
-0.00130069638357 0.00016477348270 -0.00001849669878 (0.00000186543440
-0.00004978426015 0.00000482722464 -0.00000042890571 0.00000003511782
-0.00000225856657 0.00000017210609 -0.00000001235433 0.00000000083512
-0.00000011017733 0.00000000674695 -0.00000000039834 0.00000000002256
-0.00000000551510 0.00000000027665 -0.00000000001364 0.00000000000066
-0.00000000027623 0.00000000001154 -0.00000000000048 0.00000000000002
-0.00000000001364 0.00000000000048 -0.00000000000002  0.00000000000000




@ File Edit “iew Debug Toolz Window Help _|ﬁ||£|

DEEH| =8| &% aal

52 5 I #3) | Stack: | il
clear
expil)
¥o=113
P = Padelrrav(11,11):
for p=1:11
for g=1:11
nuwer = 0;
for i=1:p
numer = nuner *xX+P{p, ol .oum(p-i+1);
end
denom = 0;
for j=1l:qg
denom = denom*=+P{p,q}.den(qg-3+1);
end
EXpE (D, ) = numer/denom;
end

end
expr—exp[lh

@ PadeArray....l @ PadeCoeff.... @ pace.m - C:I_,,l

Fieady Line 18 [Hzas s 4

l.

A=[1 2 3;4 5 6;7 8 9];

y=x"'; % ranspose

x=zeros(1,n);

| engt h(x);

x=l i nspace(a, b, n);

a=x(5:-1:2);

%5 neTabl e (Hel p SineTable)

di sp(sprintf('9%.0f 93.0f ', k, a(k)));

Math.375-1V
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[
VECTOR OPERATI ONS:

(1) vector: scale, add, subtract (scalar*vector)
2*[10 20 30] = [20 40 60]

(2) PO NTW SE vector: nultiply, divide, exponentiate (pointw se vector * vector)
[2 3 4].*[10 20 30] = [20 60 120]

(for pointw se operations, dinensions nust be identical!)

(3) Setting ranges for axes,
Superi nposi ng plots:

plot(x,y,x, exp(x),"'0")

axi s([-40 0 0 0.1])

using "hold on/off"
extended paraneter lists

(4) Subplots: subplot(mn,k)

(5) Vector linear conbos: matrix*vector

(6) Tensor Products (x is array, Ais array of arrays of sanme shape as x)

A=[f1(x) f2(x) ... fn(x)]
A(k,:) k-th row, A(:,i) i-th colum
(7) loops: loop until ~condition or for fixed no. of tinmes

whil e any(abs(term > eps*abs(y))
for term= 1:n
end
(8) size(A) gives array dinensions (array, can be used to index other arrays)
I engt h(x) gives vector dinmension

11" (Mscellaneous topics)

rem(x, n): remainder

if x ==1

(< <= == >= > ~x)

(& and; | or; ~ not; xor exclusive or)
el se
endi f

s3 = [sl s2]; concatenation of strings, treated |like arrays
[xmax, imax] = max(x); (max val, index)

rat = max(x)/x(1)

x(1) = input('Enter initial positive integer:')

density = sunm(x<=x(1))/x(1);

10
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Finding machine constants

Multiple plots

Error estimates and differentiation

Review of Matlab commands

Using Cell arrays

Examples of mathematical calculations:

The Pade approximant to the exponential
(application to numerical solution of ODES)

find m-files at
aix: ~coutsias/375/7
C.F.van Loan,
Intro to Sci.Comp. (1.4, 1.6)
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