PDEs, Jan. 2000

Solve two out of the following three problems.
1) If (z,y) denote Cartesian coordinates in the plane, then the Laplace operator is, by
definition,
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Formulate, as precisely as you can, what it means that the Laplace operator in polar coordinates
(r, 8) reads
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2) Consider the equation
u(z,t) = zu,(z,t), z€R, t20,
with initial condition
u(z,0) =sinz .
a) Sketch the characteristics and solve the problem.
b) Solve the equation
u(z,t) = zuz{z,t) + 1

with the same initial condition.

3) Consider the 1D wave equation

uy(z,t) = Cugz,t), ¢>0,
with initial condition
u(z,0) = f(z), w(z,0)=9(z), z€R,
where f and g are rea! C? functions.
a) Solve the problem for
flz)=1, g(z)=2co8z, ¢=2.

b) Assume that the solution u(z,t) of the general problem is 27-periodic in z. Show that
the ‘energy’
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is constant in time. Here
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