Lecture 10 Semidefinite programming

– semidefinite programming – applications

Semidefinite programming (SDP)

minimize c^T x subject to F (x) = F_0 + x_1F_1 + · · · + x_nF_n ⪯ 0 Ax = b where F_i = F^T_i ∈ R^{p×p}

– SDP is cvx opt problem in standard form with generalized (matrix) inequality

– LMI F (x) ⪯ 0 is equivalent to a set of polynomial inequalities (nonnegative diagonal minors of −F )

– multiple LMIs can be combined into one (block diagonal) LMI

– many nonlinear cvx problems can be cast as SDPs

Examples

LP as SDP

minimize c^T x subject to Ax ⪯ b can be expressed as SDP minimize c^T x subject to diag (Ax − b) ⪯ 0 since Ax − b ⪯ 0 ⇐⇒ diag (Ax − b) ⪯ 0 (that’s tricky notation!)

maximum eigenvalue minimization

minimize_x λ_{max}(A(x)) A(x) = A_0 + x_1A_1 + · · · + x_mA_m, A_i = A^T_i SDP with variables x ∈ R^m and t ∈ R: minimize t subject to A(x) − tI ⪯ 0

Schur complements

X = X^T = A B B^T C – S = C − B^T A^{−1}B is the Schur complement of A in X (provided det A ≠ 0) – useful to represent nonlinear convex constraints as LMIs

facts: (exercise)

– X ≻ 0 if and only if A ≻ 0 and S ≻ 0 – if A ≻ 0, then X ⪰ 0 if and only if S ⪰ 0

example. (convex) quadratic inequality (Ax + b)^T (Ax + b) − c^T x − d ≤ 0 is equivalent to the LMI I Ax + b (Ax + b)^T c^T x + d ⪰ 0

QCQP as SDP

the quadratically constrained quadratic program minimize f_0(x) subject to f_i(x) ≤ 0, i = 1, . . . , L where f_i(x)^Δ= (A_ix + b)^T (A_ix + b) − c^T_i x − d_i can be expressed as SDP (in x and t) minimize t subject to

I A_0x + b_0 (A_0x + b_0)^T c^T_0 x + d_0 + t ⪰ 0, I A_ix + b_i (A_ix + b_i)^T c^T_i x + d_i ⪰ 0, i = 1, . . . , L extends to problems over second-order cone: ‖Ax + b‖ ≤ e^T x + d is equivalent to LMI (e^T x + d)I Ax + b (Ax + b)^T e^T x + d ⪰ 0

Simple nonlinear example

minimize

(c^T x)^2 d^T x subject to Ax ⪯ b (assume d^T x > 0 whenever Ax ⪯ b)

1. equivalent problem with linear objective: minimize t subject to Ax ⪯ b t − (c^T x)^2 d^T x ≥ 0

2. SDP (in x, t) using Schur complement:

minimize t

subject to

diag (b − Ax) 0 0 0 t c^T x 0 c^T x d^T x ⪰ 0

Maximum eigenvalue optimization

minimize λ_{max}(A(x)) where A(x) = A_0+x_1A_1+· · ·+x_mA_m, A_i ∈ R^{n×n}, A_i = A^T_i and λ_{max}(A) is largest eigenvalue of (symmetric) matrix A can cast as SDP: minimize t subject to tI − A(x) ⪰ 0

Matrix norm minimization

minimize ‖A(x)‖ where

A(x) = A_0 + x_1A_1 + · · · + x_mA_m, A_i ∈ R^{p×q} and ‖A‖ = σ_1(A) =^(λ_{max}(A^T A)^{)1/2} can cast as SDP: minimize t subject to tI A(x) A(x)^T tI ⪰ 0

Optimizing structural dynamics

linear elastic structure

dynamics (ignoring damping): Md̈ + Kd = 0

– d(t) ∈ R^k: vector of displacements – M = M^T ≻ 0: mass matrix – K = K^T ≻ 0: stiffness matrix

solutions have form d_i(t) =^{∑k}_{j=1} α_{ij} cos(ω_jt − ϕ_j)

– modal frequencies: ω ≥ 0 s.t. det(K − Mω^2) = 0 ω_1 ≤ ω_2 ≤ · · · ≤ ω_k – fundamental frequency: ω_1 = λ^{1/2}_{min}(M, K) (structure behaves like mass below ω_1) lower bound on fundamental frequency ω_1 ≥ Ω ⇐⇒ MΩ^2 − K ⪯ 0

– design variables: x_i, cross-sectional area of structural member i (geometry of structure fixed) – M(x) = M_0 +^∑_i x_iM_i – K(x) = K_0 +^∑_i x_iK_i – structure weight w = w_0 +^∑_i x_iw_i

problem:

minimize weight s.t. fundamental frequency ≥ Ω, limits on cross-sectional areas as SDP:

minimize w_0 +^∑_i x_iw_i subject to M(x)Ω^2 − K(x) ⪯ 0 l_i ≤ x_i ≤ u_i

Measurements with unknown sensor noise variance

random vectors y = x + v ∈ R^k – x: random vector of interest,

Ex = x̄, E(x − x̄)(x − x̄)^T = Σ

– v: measurement noise, independent of x,

Ev = 0, Evv^T = F , diagonal but otherwise unknown

– y: measured data, Ey = x̄,

E(y − x̄)(y − x̄)^T =^^Σ = Σ + F

take many samples of y ⇒ x̄,^^Σ known covariance Σ is unknown, but lies in (convex) set

S = {^^Σ − D | D ⪰ 0 diagonal,^^Σ − D ⪰ 0}

can bound linear function of Σ by solving SDP over S

example. can bound variance of c^T x by solving SDP:

upper bound:

E(c^T x − c^T x̄)^2 = c^T Σc ≤ sup_{Σ∈} S c^T Σc = c^{T ^}Σc

lower bound:

E(c^T x − c^T x̄)^2 = c^T Σc ≥ inf_{Σ∈} S c^T Σc i.e., solve SDP in D: minimize c^{T ^}Σc − c^T Dc subject to D diag., D ⪰ 0 ^Σ − D ⪰ 0

special case. ‘educational testing problem’ (c = 1)

– x: ‘ability’ of a random student on k tests – y: score of a random student on k tests – v: testing error of k tests – 1^T x: total ability on tests – 1^T y: total test score – 1^T Σ1: variance in total ability – 1^{T ^}Σ1: variance in total score – reliability of the test: 1^T Σ1 1^{T ^}Σ1

= 1 −

Tr F 1^{T ^}Σ1 can lower bound reliability by solving SDP: maximize Tr D subject to D diagonal, D ⪰ 0 ^Σ − D ⪰ 0

Covariance matrix reconstruction

Let W be the second-moment matrix of a random variable v W = E(vv^T ) assume we know W only partially: there is a subset of indices I × J such that w^{low}_{ij} ≤ W_{ij} ≤ w^{up}_{ij} , (i, j) ∈ I × J (∗) where the numbers w^{low}_{ij} , w^{up}_{ij} are given reconstruction problem: find a matrix W that is consistent with observation, i.e.: W ≻ 0 and (∗) This is an SDP (feasibility problem)

Reconstruction from moments

Given m_0, . . . , m_{2n}, find if there exists a random variable such that m_i is the i-th moment of X for all i

Fact: the sequence m_0, . . . , m_{2n} is a sequence of moments iff

H(m_0, . . . , m_{2n}) := m_0 m_1 . . . m_n m_1 m_2 . . . m_{n+1} . . . . . . m_n m_{n+1} . . . m_{2n} ⪰ 0

From there: can find maximum variance among all random variables subject to constraints on their moments:

max y subject to l_i ≤ m_i ≤ u_i, i = 0, . . . , 2n, H(m_0, . . . , m_{2n}) ⪰ 0, x_2 − y x_1 x_1 1 ⪰ 0

208 Chapter III, Lecture 10