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Optimal design of a bistable switch
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Determining optimally designed structures is important for diverse
fields of science and engineering. Here we describe a procedure for
calculating the optimal design of a switch and apply the method to
a bistable microelectromechanical system relay switch. The ap-
proach focuses on characterizing the unstable transition state
connecting the two stable equilibria to control the force displace-
ments. Small modifications in component shape lead to a substan-
tial improvement in device operation. Fabrication of the optimized
devices confirms the predictions.

eveloping the ability to predict and quantify optimal designs

for devices of increasing complexity is an important direc-
tion for mathematical and computational research. As technol-
ogies are scaled down, device optimization within the allowable
design space can make or break its functionality. Many of the
fabrication technologies associated with small-scale device man-
ufacture (e.g., deep reactive ion etching) allow significant free-
dom in designing the shapes of components, at minimal addi-
tional fabrication cost; thus, there is potentially significant room
for improving device performance by correctly choosing com-
ponent shapes.

This article presents a methodology for optimizing the com-
ponent shapes of a switch; the method is applied to optimizing
a bistable microelectromechanical system (MEMS) switch made
from elastic beams. The difficulty of the optimization is that the
device involves the continuum of states of the switch, connecting
the two stable equilibria. Traditional methods in structural
optimization find shapes to optimize the response of a single
state of the system (1, 2), including designing the strongest
column (3, 4), the tallest column (5), or compliant structures
(6-10). The methods of structural optimization have also been
applied to designing minimum drag structures, including the
fastest falling shape at very low velocities (11, 12) and the shape
of airplane wings with a desired pressure distribution (13, 14).

The central idea of the method for optimizing a switch is that
the force displacement characteristics of the switch can be
manipulated by focusing on the unstable transition state con-
necting the two stable equilibrium states. Although the force
displacement characteristics of the switch are highly nonlinear,
the properties of this transition state depend only on the linear
modes of the structures comprising the switch. Therefore the
optimization reduces to a linear problem, approachable using
traditional methods: The central calculation of the optimization
reduces to a variation of Keller’s strongest column problem (3).

The organization of this article is as follows: in the next
section, we describe the bistable MEMS relay switch to be
optimized, together with a mathematical model for the device.
Then, we discuss numerical calculations of the force displace-
ment characteristics for the switch, together with a mathematical
analysis that captures its essential features. Then, we describe the
optimization and present optimal designs for several different
applications of the switch. Finally, we discuss fabrication and
testing.

The Bistable Switch

The bistable switch that we will optimize (15, 16) operates with
two initially curved beams that are clamped together in the
center and at the ends. In this initial position there is no stress
in the beams. When the structure is pushed in the center it
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deflects and then snaps to a second stable position, as shown in
Fig. 1.

One application of the device (fabricated on a silicon wafer)
attaches a metallic crossbar to the bottom of the switch, so that
when the beam is pushed from one state to another, the switch
can be closed. The advantage of this switch over other alterna-
tives (17-20) is that it uses no latches, hinges, or residual stress
to achieve its bistability.

In its original implementation (15), the beam had constant
thickness /2, with a backbone shape woy(x) = (d/2)(1 — cos(2mx/
L)) (Table 1). Here d is the transverse distance of the center of
the curved backbone relative to the ends, and L is the length of
the beam. The thickness of the beams along their length is 4, so
that the moment of inertia of the beam is I = bh3/12, where b
is the breadth of the beam (given by the thickness of the silicon
wafer).

These design choices fix the force-displacement characteristics
of the switch, which follow from the equation for the deflection
w of the beam under an applied force f. Working in dimension-
less units, with the beam deflection w scaled in units of d, the
horizontal scale in units of L, and the applied force in units of
Eh*b/12d /L3, where E is the Young’s modulus, we have

€ ()
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where QO = d/h. The function (x) is the (dimensionless)
moment of inertia, and the dimensionless tension in the beam is
1 = TL?/(Eh®b/12), with T the dimensional tension. The
second equation reflects that the tension is determined by the
relative extension of the beam. The boundary conditions for a
clamped beam are w(0) = w'(0) = w(1) = w'(1) = 0. Fig. 24
shows the force as a function of displacement A = w(1/2) —
wo(1/2) of the center of the switch, for a force applied at the
center of the beam: f = f§(x — 1/2), assuming Q> = 10. Fig. 2B
shows the corresponding tension in the beam during its defor-
mation.

The noteworthy features of these curves are: (i) bistability,
there are two stable equilibria separated by an unstable “tran-
sition state”; (i) the maximum force f,.n(= 757, in units of
EId/L%) required to activate the switch is twice that necessary
for returning to its original configuration f,,.,(= —370); (iii) the
“stroke” required for actuation is determined by the distance
over which a positive force must be applied to flip the switch,
given by the location of the unstable transition state A, = 1.33;
and (iv) the tension in the beam at the transition state is 73 =
167 and in final state 77 ~ 872

Note that the magnitude of the forces f},,, and fpus are almost
3 orders of magnitude greater than that expected from the
dimensional estimate EId/L3. In optimizing the switch, we want
to design the beam to both decrease the absolute magnitude of

f [1]
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Fig. 1. Schematic for the operation of the relay switch. Cantilevered starting
zippers (Top) initiate the zipping by closing the gap and then allowing the
beam to zip closed when the middle electrode is charged (Middle), causing the

switch to close. Turning on the top electrode (Bottom) causes the top starting
zippers to engage, and the switch opens.

fpop and fuug and manipulate their relative magnitudes. In
particular, since in the envisioned application, the force f,, is the
relay contact force, while f, is the actuating force, we want as
much contact force as possible for a given actuation force.

Analysis of the Switch

Optimizing the force displacement characteristics of this switch
requires first understanding which features of the beam shape
determine the force displacement characteristics. What deter-
mines the magnitude of the forces f,.s» and f,,,? What deter-
mines the ratio of the forces? What determines the location of
the transition state and the required stroke? Can the location of
the stroke and the magnitude of the applied forces be tailored
for a specific application?

The central idea of the optimal design analysis is that the
magnitudes of the forces and the stroke are almost completely
determined by the linear properties of the three equilibrium
states; this follows from bifurcation analysis, which provides a
correspondence between the eigenfunctions of a linearized
problem and the critical points of an associated nonlinear
problem (21). The linear properties can be easily manipulated by
changing y(x), which allows optimization of the force displace-
ment response. Changing the overall shape of the backbone of
the beam wy(x) has a much smaller effect on the essential
properties of the switch.

Equilibrium States. To begin, we characterize the three equilib-
rium states of the switch. The first unstressed stable equilibrium
is w = wy. The second stable equilibrium follows from writing
w = Awg; Eq. 2 then implies 4 = —1 — 75/(6Q2) + O(15Q~*/
3). The third equilibrium is the unstable transition state, which
controls the path for passing from the unstressed stable equi-
librium to the stressed stable equilibrium. The beam tension in

Table 1. List of symbols

w(x) Displacement of beam

Wo(x) Backbone shape of beam

U(x) Dimensionless moment of inertia
72 Dimensionless tension

Th nth free eigenvalue

whp, nth free eigenmode

A Displacement of beam center

Ay Location of transition state

R Force ratio
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Fig. 2. (A) Force displacement characteristics for the switch, assuming the

force is applied in the center of the switch. The ratio of the maximum force to
the minimum force is ~2. (B) Tension 2/(2m)? in the beam as a function of the
displacement in the center. Through the middle part of the cycle the tension
is constant with 72 = 1672,

the transition state must correspond to a free eigenvalue. The
lowest energy deformation mode that is consistent with the
boundary conditions has eigenvalue 7, and eigenfunction w,.
The solution in the transition state is therefore w, = I'wy + Bw,.
Eq. 1 then implies that

r=@a- (7'2/7'0)2)_1 [31

and B is determined by inserting w, in Eq. 2 and setting 7 = 7.

Eq. 3is an exact result for any beam cross-sectional shape ¢(x).
A uniform beam has 7p = 2, 7, = 4, implying that I' = —1/3.
Thus the displacement of the center of the beam at the transition
state is A* = 1 — I" = 4/3, exactly as observed in numerical
simulations (Fig. 2).

Forces. We now turn to characterize the force displacement
relations, close to each of the equilibrium points; the information
we obtain will be used subsequently for optimization. Fig. 2
demonstrates that a beam with a uniform cross section has a
linear force-displacement response around the transition state.
This linearity is a direct result of the constant tension in the beam
(Fig. 2 Lower) over this wide range. A constant tension 7 = 7,
implies that the force displacement characteristics follow from

(W” _ Wl(l) "y ’T%W” = g 6(x — 1/2) [4]

The solution satisfying the boundary conditions is w = I'wy +
Bw, — (f/273)wy, where T'is given by Eq. 3, B is determined from
Eq. 2 and wy(x) = mox — sin(72x). Therefore, near the transition
state for the uniform beam the force displacement relationship
is given by

f=4m3(A% = A). [51

Assuming that this linear regime extrapolates to the stable
equilibria, Eq. 5 predicts fpus 16/3(4m)2EId/L3 ~
842EId/L? and f,,, = —8/3(4m)’Eld/L? ~ —421EId/L3
these predictions agree with the simulation of Fig. 2, with an
error of ~5%. The results show that the prefactors in f,,, and
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fpusn are so high because of 3 = (4m)? = 157. Decreasing the
absolute magnitude of the forces thus requires decreasing 7.

Moreover, we see that the force ratio R = foum/fop i
controlled by the linear modes of the beam, despite the fact that
the force displacement characteristics of the beam are highly
nonlinear. For the uniform beam the force ratio is

_fpush _ A* _ (72/70)2 ~2. [6]

R = ~ =
f;;op A% =2 (72/70)2 -2

Nonuniform Cross Section. For nonuniform cross sections, the
tension is not constant near the transition state: If we assume
that 7 = 7 and w = w, at the transition state, then there is a
solvability condition for a solution to Eq. 4 to exist near the
transition state: There is a solution when f # 0 only if w,(1/2) =
0. Although this condition is satisfied for a uniform beam, it is
not satisfied for general (x).

Hence, for general i(x), the tension near the transition state
depends on the applied force f. Taking 7 = 7 + &, the solvability
condition implies that 7 = —fwy(1/2)/f¢w'3. There is thus a
nonlinear relation between the force and the displacement.

However, the change in the tension 87 o« fw,(1/2) is small
when the force is small; numerical experience shows that
wa(1/2) is always <1073 for the optimal nonuniform shapes. The
tension is thus nearly constant on the entire branch through the
transition state. Therefore, we can still approximate the force
displacement relation through the transition state as f = c(A* —
A), where A* =1 — I'* is the location of the transition state and
¢ is a constant depending on ys(x). Hence, Eq. 3 for I'* works for
general (x), so the force ratio is given by Eq. 6. Furthermore,
we expect that ¢ « 73, so that the magnitude of the slope of the
force-displacement curve through the transition point is con-
trolled by 7. We note that the magnitude of the forces through
the stable equilibria are controlled by 7. Thus, these forces can
be decreased by finding beam shapes which decrease .

Optimization

We are now in a position to optimize the force displacement
characteristics of the switch. The results of the previous section
demonstrate that the absolute and relative magnitudes of fp,.g
and f),,, are determined by the free eigenmodes of the structure:
the force ratio is controlled by the ratio of 7/, through Eq. 6;
the magnitude of the forces is controlled by 7, (for the force
displacement characteristics through each of the stable equilib-
ria), and 7, for the force displacement characteristics through the
transition state.

In this section we will choose (x) to achieve an optimal
design. It should be understood that the behavior of 7, and 7 is
not independent, when considered as functionals of the beam
shape y(x). However, we will see in what follows that the
freedom of changing ¢(x) is sufficient to produce greatly im-
proved designs. For the optimizations, we take the backbone
shape wy to correspond to the lowest eigenmode of the structure.

The original application of the switch as a component of a
relay circuit had the requirements that: (a) f,,, > 20 mN, so that
the relay contact would reliably close; (b) minimize both f,,,; and
fpop» for ease of both actuation and resetting the switch to its
initial configuration; (c) the strain in the device cannot exceed
the yield strain; (d) the switch must maintain bistability; and (e)
fabrication constraints require that the thickness of the beam
must be larger than a minimum feature size, e.g., 10 um. These
conditions translate into finding ys(x) so that the force ratio R is
near unity, minimizing the magnitude of the forces, while
simultaneously maintaining the strain and bistability constraints.

Formula 6 implies that the force ratio tends to unity as m,/7
— o, We therefore seek a beam shape (x) that maximizes 72/
while maintaining the other constraints. To the optimal beam
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shape, we need to derive a relation calculating the gradient of
the eigenvalue ratio 7,/7, with respect to changes in the beam

shape (x).

Computing Gradients. First, we describe how to efficiently calcu-
late the gradient of a function C({7;}) of the eigenvalues {r}
with respect to changes in ¢s(x). Since 8C = =2 (dC/d7;)d;, we
must compute the change in the eigenvalues caused by changing
Y. If  — f + 8, then the ith eigenfunction (eigenvalue) changes
from w; — w; + owi(1; — 7 + &7;). Hence

(Wows)" + 72w = —drwl — (Bymi)". (7]

A solution only exists if the right side of this equation is
orthogonal to éw = w;. Hence we need

f (STw! + (Edyw!)")widx = 0.

falp Wi”z

o, = ——. [8]

f widx

This formula explicitly gives the gradient of 6C with respect to
&y; the numerical cost of computing this gradient is identical to
that for computing the eigenvalues and eigenfunctions. Note that
this calculation assumes that the eigenvalues are simple; this
assumption is validated a posteriori by the calculations that
follow.

This implies that

Optimal Designs. Now we use Eq. 8 for optimizing the force ratio.
Taking C({7;}) = 72/, Eq. 8 implies that

8(72) - 81![ 1 ( Wz”z T 1’1’(’)’2 )
70 7o \ w2 7o [ws?
= J‘B‘*!/A[TO’ T2, Wo, Wz], [9]

where [w/? = fo dx w2

To find a beam shape with a prespecified 7,/7, we therefore
use the following procedure: Starting with a candidate (x), we
numerically calculate the eigenvalues and eigenfunctions [, w;];
then Eq. 9 implies that if we choose 8y = e A[ 7o, T2, wo, w2] (With
¢ a small number), the new beam shape ¢y + 8y will have a larger
7/ 70. Iterating this procedure and enforcing any additional
constraints produces a beam shape with maximal 7,/7.

Fig. 3 shows the evolution of {s(x) during the optimization. In
these calculations, € was chosen to ensure that 7, and 7y do not
change by >10% from iteration to iteration. As the optimization
proceeds, the minimum thickness of the beam decreases. Fig. 3
Lower shows the evolution of the predicted force ratio (Eq. 6) as
a function of the minimum . Each of the structures with
different s, solves an optimal design problem: with decreasing
Yimin, the maximum strain in the structure during its operation
increases; thus we expect that the optimal structure will be
determined by the strain constraint. We will investigate how this
maximum strain depends on i, in what follows.

Fig. 4 shows the actual thickness profiles of the beam for all
three of the optimized shapes, corresponding to {5,,;, = 0.5, 0.25,
and 0.15, respectively. The modulations in the thickness are
extremely modest (note the 10*-fold difference in the scales of
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Fig. 3. (Upper) Evolution of the moment of inertia of the beam during the

optimization. The initial y(x) is uniform; with increasing /7 the beam
becomes modulated. Note that the beam thickness is exaggerated relative to
its length by ~103. (Lower) Evolution of the R = (12/70)?/((12/10)? — 2) as a
function of imin the minimum moment of inertia of the beam.

the vertical and horizontal axis) but the change in the predicted
force ratio is substantial. The eigenvalue ratio for these three
shapes is /7 = 6, 9, and 90, respectively, corresponding to
predicted force ratios of R = 1.5, 1.29, and 1.02, respectively.

Fig. 5 shows the calculated force displacement characteristics
of the optimized beam for the three optimized structures, with
minimum thickness s,,;, = 0.5, 0.25, and 0.125, respectively.

The experimental force ratios in all three of these structures
tend to be smaller than those predicted. For i, = 0.5, 0.25, and
0.125, the force ratios are R = 1.43, 1.18, and 1.05, respectively.
Additionally, for the ¢s,,;; = 0.125 design, the maximum force is
smaller than that for the uniform beam: f,,y = 718, compared
with f,.sn = 800 for the uniform beam. Thus the optimized
designs perform better than the specifications they were de-
signed for!

In all cases, the location of the transition state is exactly in
accordance with the present analysis: for ,;, = 0.5, 0.25, and
0.125, respectively, the transition state moved from 4/3 —

"Pmin=0' 15

Fig.4. Optimized thickness profile of the beam for yimi, = 0.5, 0.25, and 0.15,
with R of 1.5, 1.29, and 1.02, respectively. Note that the beam thickness is
exaggerated relative to its length by ~103.
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Fig. 5. (Top) Force displacement characteristics for the structure with imin =

0.5. R = 1.43. (Middle) Force displacement characteristics for the structure
with ¢imin = 0.25.R = 1.18. (Bottom) Force displacement characteristics for the
structure with yimin = 0.125. R =~ 1.05.

8.65/7.65 = 1.13. Moreover, the force displacement character-
istics are indeed linear through the transition state as anticipated
above. The slope of this linear region tends to be slightly higher
than that anticipated from the uniform beam calculation.

The improvement in the force ratio occurs because the force
displacement relation around the two stable equilibria is weaker
than that of the uniform beam; a smaller force is required to
maintain a given displacement near these stable equilibria. This
causes the range of displacements around the transition state
where the force is linear to decrease. As i,,;;, decreases, both of
these effects are more pronounced; the net result is to create
both smaller overall forces and smaller force ratios than antic-
ipated by the optimization procedure. This occurs because
although our optimization procedure is designed to increase
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Fig. 6. Experiments for the optimized beam with yimi, = 0.5, 0.25, and 0.125,

respectively. The fabricated beam has length 15 mm, minimum thickness 20
um, and d = 250 um. The optimization analysis designed these structures to
have R =~ 1.43, 1.18, and 1.05, respectively, compared with the measured
values R = 1.64, 1.37, and 1.28.
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72/ 70, it simultaneously decreases y; this controls the strength of
the force-displacement response around the stable equilibria.
Finally, we address the maximum strain during the operation
of the switch. The strain is given by ¢ = zw”, where z is the
distance from the centerline of the beam. We are interested in
computing the maximum strain &,,, = max(hw"), where h =
h(x) is the beam thickness. If we assume that the breadth b of the
structure is constant, then 4 =« '3, and the maximum strain
Emax = max(hw"). In dimensional units, &, = ahod/L?, where
ho is the thickness of the beam before optimization, and «
depends on ;. We computed the maximum strain in each of
the three optimized designs and found that a = 11.8, 13.8, 20.0,
and 34 for ¢y, = 1, 0.5, 0.25, and 0.125, respectively. As
anticipated, the maximum strain increases with decreasing in.
The beam shape that should be used for a given application
depends largely on the strain constraint. Since the force ratio for
Ymin = 0.125 ~ 1 nearly achieves the optimum force ratio for
minimal strain, we present this as our optimal design.!

Experimental Tests

The optimal structures that minimize the force ratio were
fabricated by using deep reactive ion etching of a silicon wafer
(15), and the force-displacement characteristics were measured
by using a novel instrument for measuring stiffness of MEMS
devices.** The results are summarized in Fig. 6 for the beam with
Ymin = 0.5, 0.25, 0.125 respectively.

The measured force ratios for ¢s,,;, = 0.5, 0.25, and 0.125 are,
respectively, R = 1.64, 1.37, and 1.28, compared with the
predicted force ratios R = 1.43, 1.18, and 1.05. The measured
force ratios are higher than the predictions, though their relative
values are in line with the predictions. The reason that the
measurements are systematically higher than the predictions is
that there are errors in the fabrication process that cause
differences between the fabricated shape and the designed
shape. Scanning electron microscopy shows that the fabricated
structures tended to be overetched in the middle; in addition, the

IThere is a chance that designs with smaller yimin will require smaller overall forces to
actuate; since increasing the force ratio further does have the advantage of further
decreasing 7o.

**Li, J., Qiu, J., Lang, J. & Slocum, A., Proceedings of the 10th International Conference on
Precision Engineering, July 18-20, 2001, Yokohama, Japan.
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profile of the beam in the transparency mask differs slightly from
the predicted profile. Nonetheless, the experiments demonstrate
the major point, that the predicted structures are systematically
better than those originally fabricated, even without taking great
care to control fabrication error. By designing beams with even
smaller s,,,;, we could presumably achieve force ratio even closer
to unity even with fabrication error.

As a final remark, it is worth noting that the calculations
presented herein provide a prediction for the change in the force
ratio given a certain level of fabrication error. Eq. 6 implies that
the change in the force ratio 8R = 2Rdx/x, wherex = 1,/ 7. Eq.
9 states ox = [OYA. If we assume that the fabrication error ¢
is a zero mean white noise with variance Ay, we therefore have
SR/R = 2A¢s[|A|?. For the optimal design with s,,;, = 0.125, this
gives SR/R = 19.2A4s. A fabrication error of =5 um thus implies
the error in the force ratio should be 6R ~ 0.3R ~ 0.31. This
is consistent with the observed error (comparing the measured
force ratio to the theoretical prediction).

Summary

In this article we have described a method for optimizing a
bistable switch. The central idea is to use the unstable transition
state connecting the two stable equilibria to tune the force
displacement relation of the switch. By focusing on the proper-
ties of the transition state, the seemingly nonlinear problem of
optimizing the nonlinear force-displacement characteristics of a
switch is recast as a linear problem, whose solution can be
addressed with standard methods from optimal structural de-
sign. The method produced a designed structure with the optimal
force ratio, without any substantial penalty (e.g., the maximum
strain that the device withstands, etc.)

The specific problem we have described herein raises many
general questions worthy of further study: Is it always possible to
design the nonlinear force displacement properties of a switch by
manipulating the properties of the transition state? Can “switch
design” always be reduced to the analysis of a linear problem, or
are some switches inherently nonlinear?
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