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p and q are chosen, the sphere of radius | (p — q)/2 | about the point
(p + q)/2 is a geometric locus for u.

Special cases (see also §12, 12) are easily fitted into the general
scheme. TFor example, as we have seen, Dirichlet’s problem for the
harmonie differential equation in a region G with boundary F (see

§8) corresponds to Q(p, p) = ff p° dr dy. The space @, of p is
G

defined by p = grad o(z, ), ¢ —w =0onl, p = grad oz, ¥),
where ¢, is a prescribed function. The space %, = = of q is defined
by divg = 0, g = 0. Incidentally, it should be noted that in prob-
lem II the expression Q(g, ps) can be transformed into the boundary

integral [ ¢1gn ds where g, is the normal component of g.
Ir

Thus the reciprocal problem II can be formulated if we merely
know the prescribed boundary values of ¢; no explicit knowledge of a
function «y(z, ¥) is necessary.

A similar fact is true of other examples, e.g. the problem of the
clamped plate, where

Q(p,p) = [ L p’ dz dy,

P = :’3(,.’:, Po = Agg, AQ ol 03 Qo = 0;

and where ¢ — ¢, and its normal derivative are supposed fo vanish
on . Since

— ﬂl - dga
Qg, po) = fr (w = q) ds,

where d/dn denotes the normal.derivative, problem 11 actually refers
- only to the given boundary values of ¢ and de¢/dn.

§12. Supplementary Remarks and Exercises

1. Variational Problem for a Given Differential Equation. For a
given ordinary second order differential equation y” = fl(x, ¥, ¥')
one can always find a function F(z, y, ¥') such that the equation
[F], = 0, when solved for y”, is identical with the differential equation.’

1 Cf. 0. Bolza, Vorlesungen iiher Variationsrechnung, Teubner, Leipzig
and Berlin, 1909, pp. 37-39.



