On a Lagrange problem

Yu. V. Egorov^1 and V.A. Kondratiev^2

Abstract The authors establish existence and give the explicit formulas for the solution of the classical Lagrange problem of determining the shape of column which has the largest critical buckling load with the Dirichlet boundary conditions and some its generalizations. Our results justify the Keller- Tadjbakhsh result in [3]. The developped methods allow to study the problem with other boundary conditions and are of interest for other variational problems.

1Université Paul Sabatier, UFR MIG, MIP, 118, Route de Narbonne, 31062, Toulouse,

France; E-Mail: egorov@mip.ups-tlse.fr 2Moscow State University, Meh-Mat Faculty, Vorobievy Gory, 119 899 Moscow, Russia;

E-Mail: kond@nw.math.msu.su

On a Lagrange problem

Yu. V. Egorov, V.A. Kondratiev

1. Introduction The considered Lagrange problem consists in the finding of the extremal values of the functional L[Q, y] = ∫_1 0 Q(x)y^{′′}(x)^2dx ∫_1

0 y^′(x)^2dx under the conditions: y ∈ H^2(0, 1), Q(x) is a bounded measurable function,

∫_1 0 Q(x)^αdx = 1, Q(x) ≥ 0, (1) y(0) = 0, y^′(0) = 0, y(1) = 0, y^′(1) = 0, (2) where α ∈ R \ {0}. We are looking for the value M_α = sup_Q inf_y L[Q, y] and for the optimal functions Q and y. It is easy to see that this problem is equivalent to the variational problem on the extremum of the functional F [Q, y] = ∫_1

0 Q(x)y^′(x)^2dx

∫_1

0 y(x)^2dx , under the conditions (1) and y(0) = 0, y(1) = 0,

∫_1 0 y(x)dx = 0. The Euler-Lagrange equation for the functional L has the form (Q(x)y^{′′})^{′′} + λy^{′′} = 0, y(0) = 0, y^′(0) = 0, y(1) = 0, y^′(1) = 0.

This problem is very important for applications. For example, it is essential in finding the strongest column of a given volume (the most important values are then α = 1/2 or 1/3) and was considered by many authors (see, for example, [1]-[9]). The authors of the articles [4]-[9] used methods of the functional analysis and of the variational calculus, sometimes very complicated. However, the problem has not been solved until now.

Let us reproduce the arguments of the Keller-Tadjbakhsh article [3]. Let us suppose that there exists a function Q_0(x) that maximizes the lowest eigenvalue. Let Q(x, ε) be a family of functions that depend smoothly on ε and such that Q(x, 0) = Q_0(x). Assume that λ and y, the lowest eigen-value and the corresponding eigenfunction with Q = Q(x, ε), also depend smoothly on ε. Then we may differentiate the equation (Q(x, ε)y^{′′}(x, ε))^{′′} + λ(ε)y^{′′}(x, ε) = 0 with respect to ε and obtain the equation

(Q_0(x)z^{′′})^{′′} + λz^{′′} + (Q_1(x)y^{′′})^{′′} + μy^{′′} = 0, where Q_1(x) = ∂Q(x, 0)/∂ε, z(x) = ∂y(x, 0)/∂ε, and μ = ∂λ(0)/∂ε. We multiply the first equation by z, the second by y, subtract one from the other, and integrate the result over [0, 1]. In virtue of the boundary conditions we have ∫_1 0 ((Q_0(x)y^{′′})^{′′}z − (Q_0(x)z^{′′})^{′′}y)dx = 0,

∫_1 0 (y^{′′}z − z^{′′}y)dx = 0. Therefore ∫_1 0 Q_1(x)y^{′′}(x)^2dx −

∫_1 0 μy^′(x)^2dx = 0.

Since λ is the maximal value of λ(ε), we see that μ = 0 and so

∫_1 0 Q_1(x)y^{′′}(x)^2dx = 0

and this is true for any function Q_1(x) such that

∫_1 0 Q_0(x)^{α−1}Q_1(x)dx = 0.

Thus we have as a necessary condition for a maximum the relation y^{′′}(x)^2 = CQ_0(x)^{α−1}. This leads to a nonlinear equation for y (|y^{′′}|^{2/(α−1)}y^{′′})^{′′} + λy^{′′} = 0, which is integrable. Indeed, if we set y^{′′} = z, then (|z|^{2/(α−1)}z)^{′′} + λz = 0, and if we set now z^′ = P (z) we obtain a linear equation of first order for P^2. The weak point of this proof is that the function λ(ε) can be nonregular, because the lowest eigen-value λ can be double. Besides, the existence of the optimal solution was never proved.

The authors of [9] claimed to prove that the result of Keller and Tadjbakhsh in [3] is not correct. However, their calculations are erroneous and the value 16π^2/3 found in [3] is optimal.^3

We propose here another approach, which allows us to prove that the indicated solution is really optimal and gives a globally extremal value to the functional L. Let us remark that we use the Sobolev’s type spaces W^l_p(0, 1) with l = 1, 2 and any real values of p ≠ 0, what is also interesting outside of the frame of the Lagrange problem. Furthermore, we prove the existence of the optimal solution. The obtained results can be extended to the multidimensional case also. Close results for functionals depending on y, y^′ only have been obtained in our works [10]-[12].

The important role in what follows belongs to the functional G[y] = ( ∫_1 0 |y^′(x)|^pdx)^{2/p} ∫_1

0 y(x)^2dx , where p = 2α α − 1 . Let R_α be the set of bounded measurable functions Q defined on [0, 1] satisfying the conditions (1).

Let K_p(a, b) for real p ≠ 0 be the set of nondecreasing real functions y defined on [a, b], absolutely continuous on [a, b − ε] for any ε > 0, and such that y(a) ≥ 0, ∫_b a y^′(x)^pdx < ∞, ∫ b a y(x)^2dx < ∞. Let K_p(a, b, c) be the set of real functions y defined on [a, c] and such that y ∈ K_p(a, b), y(−x) ∈ K_p(−c, −b), ∫ b a |y^′(x)|^pdx < ∞ and ∫ c b |y^′(x)|^pdx < ∞. 3The functions u 2;0 and ũ on the page 321 in [9] satisfy the same equation for 0 < x < 1/4, so that L[A, u2_;0] = L[A, ũ] = 16π2/3 in conradiction to the authors results. The proof of Theorem 2.2 on the page 291 is based on the assumption that v 6= 0, which is not true, if the eigenfunctions corresponding to λ1 are odd.

Let H be the set of functions y belonging to H^2(0, 1) and satisfying conditions (2).

Finally set m_α = inf_{Q∈Rα} inf_{y∈H} L[Q, y], M_α = sup_{Q∈Rα} inf_{y∈H} L[Q, y]. Our aim is to find the values of m_α, M_α and the functions Q, y realizing these extremal values.

2. Main results Our main result is the following.

Theorem . If 0 < α < 1, then

M_α = 4

(2α + 1) α ( 1 + α 1 + 2α )_{1−1}/α B( 1 2 , 1 2 + 1 2α )^2

and m_α = 0.

There exist two functions Q_0 ∈ R_α and y_0 ∈ H such that

inf_y L[Q_0, y] = L[Q_0, y_0] = M_α.

Moreover, Q_0(x) = Q_0(1 − x) for 0 ≤ x ≤ 1, Q_0(x) = Q_0(1/2 − x) for 0 ≤ x ≤ 1/2, Q_0(x) = |y^{′′}_0 (x)|^{2/(α−1)}, and the function z(x) = y^′_0(x) is such that ( ∫_1/_4 0 |z^′(x)|^pdx)^{2/p} ∫_1/_4

0 z(x)^2dx

= sup y∈Kp(0,1/4) ( ∫_1/_4 0 |y^′(x)|^pdx)^{2/p} ∫_1/_4

0 y(x)^2dx , where p = 2α/(α − 1).

The proof is given ih the following Section.

Remark. In particular, in the classical Lagrange problem with α = 1/2 the optimal function Q_0(x) is defined on (0, 1) in the parametric form as follows x = (2t + sin 2t)/4π, Q_0(x) = 16 cos^4 t/9; 0 ≤ t ≤ 2π. This function and the optimal value M = 16π^2/3 have been indicated by Keller-Tadjbakhsh in [3]. The optimal column has two points at which Q(x) vanishes.

3. Proofs Lemma 1. Let p < 0. Then the function F (x, y) = x^{2/p}y^{3−2/p} + (1 − x)^{2/p}(1 − y)^{3−2/p}, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 has a minimal value F_{min} = 1/4 at x = y = 1/2.

Proof. Observe that 2/p < 0 and 3 − 2/p > 0. Then for y ≠ 0, 1 lim_{x→+0} F (x, y) = +∞, lim_{x→1−0} F (x, y) = +∞.

If y = 0, then F (x, 0) = (1−x)^{2/p} ≥ 1 and for y = 1 we have F (x, 1) = x^{2/p} ≥ 1. Therefore, the values of F on the boundary of the square are ≥ 1. If x < δ, y < δ, then F (x, y) ≥ (1 − x)^{2/p}(1 − y)^{3−2/p} ≥ (1 − y)^{3−2/p} ≥ (1 − δ)^{3−2/p} and therefore F (x, y) > 3/4, if δ is small enough. The same is true for a small neighbourhood of the points (0, 1), (1, 0) and (1, 1).

On the other hand, we have F (1/2, 1/2) = 1/4.

Therefore, the function F has an inner minimum point (x_0, y_0). We have at this point

∂F (x_0, y_0)/∂x = 2/p[x^{2/p−1}_0 y^{3−2/p}_0 − (1 − x_0)^{2/p−1}(1 − y_0)^{3−2/p}] = 0; ∂F (x_0, y_0)/∂y = (3 − 2/p)[x^{2/p}_0 y^{2−2/p}_0 − (1 − x_0)^{2/p}(1 − y_0)^{2−2/p}] = 0.

Then x^{2/p−1} 0 y^{3−2/p}_0 = (1 − x_0)^{2/p−1}(1 − y_0)^{3−2/p}, x^{2/p}_0 y^{2−2/p}_0 = (1 − x_0)^{2/p}(1 − y_0)^{2−2/p}. (3) Dividing these equalities term by term we obtain that

y_0/x_0 = (1 − x_0)/(1 − y_0), i.e. x_0 = y_0. Then (3) implies that x^2_0 = (1 − x_0)^2 and thus x_0 = 1/2. 2 Lemma 2. Let p be a negative number. Then for all functions y ∈ K_p(0, h) the following estimate is valid: ( ∫ h 0 y^′(x)^pdx)^{1/p} ≤ ( h 4 )_1/p_{−3}/_2 ( ∫ h 0 y(x)^2dx)^{1/2}.

Proof. Let at first h = 1, and

∫_1

0 y^′(x)^pdx = 1. Then

∫_1/_2

0 y^′(x)^pdx < 1. Let E be the subset of points x in [0, 1/2] such that y^′(x) > 4^{1/p} and μ its measure. Then y^′(x)^p > 4 on a set of measure 1/2 − μ IN [0, 1/2] and 1 > 4(1/2 − μ), i.e. μ > 1/4. Therefore y(1/2) ≥ ∫_1/_2 0 y^′(x)dx > ∫ E y^′(x)dx > 4^{1/p−1}. Since y is increasing, we have y(x) > 4^{1/p−1} for x > 1/2. Then

∫_1 0 y(x)dx > ∫_1 1/2 y(x)dx > 4^{1/p−3/2}. Therefore

1 = (

∫_1 0 y^′(x)^pdx)^{1/p} ≤ 4^{3/2−1/p} ∫_1 0 y(x)dx ≤ 4^{3/2−1/p}( ∫_1 0 y^2(x)dx)^{1/2}.

Let h ≠ 1 and y ∈ K_p(0, h). Then the function z(x) = y(hx) ∈ K_p(0, h) and we can apply the proved estimate to the function z, so that ( ∫_1 0 z^′(x)^pdx)^{1/p} ≤ 4^{3/2−1/p}(

∫_1 0 z^2(x)dx)^{1/2}.

Thus ( ∫ h 0 y^′(x)^pdx)^{1/p} ≤ (4/h)^{3/2−1/p}( ∫ h 0 y^2(x)dx)^{1/2} and the proof is complete. 2 Lemma 3. Let p < 0, and m = sup_{y∈Kp(0,h)} G[y]. Then m = 1 4 (2 − 2p 2 − 3p )_2/p (3 − 2 p )h^{2/p−3}B(1/2, 1 − 1/p)^2 and there exists a function u_0 ∈ K_p(0, h) such that G[u_0] = m. Moreover, as x → h^− we have u_0(x) = u_0(h) + c_1(h − x)^{p/(p−1)}[1 + o(1)], u^′_0(x) = c_2(h − x)^{1/(p−1)}[1 + o(1)].

Proof. Let at first h = 1 and {y_k} be a sequence of functions in K_p(0, 1) such that

∫_1

0 y^′_k(x)^pdx = 1 and G[y_k] → m. In virtue of Lemma 2 the value of m is finite and positive.

Let us show that the functions y_k can be taken from C^∞_0 (0, 1). Let y be a function of K_p(0, 1) and y(0) = 0. Set y_1(x) = 0 for x < 0, y_1(x) = y(x) for 0 < x < 1 − ε and y_1(x) = y(1 − ε) + ε^{−1/2p}(x − 1 + ε) for x > 1 − ε. Let u_k(x) = y_1(x) + ε_kx, where ε_k → 0+ as k → ∞. Obviously,

∫_1

0 |u_k(x) − y(x)|^2dx → 0, u^′_k(x)^p ≤ y^′_1(x)^p and by the Lebesgue theorem,

∫_1 0 |u^′_k(x)|^pdx → ∫_1

0 |y^′(x)|^pdx. So we can assume that y^′_k(x) > ε_k > 0.

Let once again y be a function of K_p(0, 1), y(0) = 0, and y^′(x) > ε > 0. Set z_k(x) = y_k(x) − y_k(0), where y_k is the averaging of y with a positive kernel so that

y_k(x) = k ∫ K(k(x − t))y(t)dt, ∫ K(t)dt = 1, K(t) ≥ 0, K ∈ C^∞_0 (−1, 1). Observe that |y_k(0)| ≤ y(1/k) = δ_k → 0 as k → ∞ so that z_k converges to y uniformly and

∫_1 0 |z_k(x) − y(x)|^2dx → 0, ∫_1 0 |z^′_k(x) − y^′(x)|dx → 0. Therefore, a subsequence z^′_{nk} converges to y^′ almost everywhere and z0^p_{nk} converges to y^{′p} almost everywhere. Since 0 ≤ y(x) ≤ C for 0 ≤ x ≤ 1 and y^′(x) > 0, we see that

∫_1

0 |y^′(x)|dx ≤ C. Since |z^′_{nk} |^p ≤ ε^p, by the Lebesgue theorem

∫_1 0 z^′_{nk} (x)^pdx → ∫_1

0 y^′(x)^pdx. This allows us to assume that all y_k are C^∞ functions.

If y_k is convex in an interval (x_1, x_2), where 0 ≤ x_1 ≤ x_2 ≤ 1, then it is possible to replace it by the linear function

z(x) = y_k(x_1) + γ(x − x_1), where γ = [y_k(x_2) − y_k(x_1)]/(x_2 − x_1)

so that the value of the functional G will increase. Indeed, then y_k(x_1) = z(x_1), y_k(x_2) = z(x_2) and ∫ x_2 x1 y_k(x)^2dx ≥ ∫ x_2 x1 z(x)^2dx. On the other hand, by the Hölder inequality

x_2 − x_1 = ∫ x_2 x1 y^′_k(x)^{p/(p−1)}y^′_k(x)^{p/(1−p)}dx

≤ ( ∫ x_2 x1 y^′_k(x)dx)^{p/(p−1)}( ∫ x_2 x1 y^′_k(x)^pdx)^{1/(1−p)} and therefore, ∫ x_2 x1 y^′_k(x)^pdx ≥ ( ∫ x_2 x1 y^′_k(x)dx)^p(x_2 − x_1)^{1−p}

= [y_k(x_2) − y_k(x_1)]^p(x_2 − x_1)^{1−p}. Since ∫_{x2} x1 z^′(x)^pdx = γ^p(x_2 − x_1) = [y_k(x_2) − y_k(x_1)]^p(x_2 − x_1)^{1−p},

we see that G[z] ≥ G[y_k], if z coincides with y_k outside the interval (x_1, x_2).

We can do the same for all other intervals where y_k is convex. As the result we shall obtain the function z_k that can be described in the following way. Consider the set of points (x, y) such that 0 < x < 1 and y > y_k(x), and take the convex hull of this set. The lower boundary of the hull serves as the graph of the function z_k. Let us show that z_k ∈ C^1(0, 1). Indeed, if a point (x, z_k(x)) belongs to an interval of the straight line, then it is obvious that z_k is smooth at the point x. The same is true in the case when the point (x, z_k(x)) belongs to a part of the graph of the function y_k. If z_k is linear on one side of x and coincides with y_k on the other side, then z_k is regular at x since its graph is lying on one side of the straight line, obtaining by the continuation of the linear function. At last, if the point (x, z_k(x)) is a limit point for a sequence of such points, then it is also a limit point for a sequence of points belonging to the graph of y_k and the derivative z^′_k(x) exists.

Therefore, if one changes each function y_k by a concave function z_k in the indicated way, then the sequence of these new functions z_k will be maximizing, too. It allows us to consider the maximizing sequence as a sequence of monotone concave functions, i.e. to suppose that the functions y_k(x) and their derivatives y^′_k(x) are increasing.

For large k we have

∫_1 0 y_k(x)^2dx ≤ m^{−1} + 1.

Let ε > 0 be small enough. There is a point θ_k ∈ (1−ε, 1) such that |y_k(θ_k)|^2 ≤ (m^{−1}+1)ε^{−1}. Since the functions y_k are monotone, they are uniformly bounded for 0 ≤ x ≤ 1 − ε. It yields ∫_{1−}ε 1−2ε y^′_k(x)dx ≤ C with a constant C independent of k. Therefore, there exists a θ̃_k such that 1 − 2ε < θ̃_k < 1 − ε and y^′_k(θ_k) ≤ C/ε. Therefore the sequence {y^′_k(x)} is uniformly bounded in [0, 1−2ε]. Since

∫_1

0 y^′_k(x)^pdx = 1 there exists a θ^′_k ∈ (0, ε) such that |y^′_k(x)(θ^′_k)|^p ≤ 1/ε and therefore |y^′_k(x)|^p ≤ 1/ε for ε ≤ x ≤ 1 − 2ε.

By the Arzela theorem one can choose a uniformly in [ε, 1 − 2ε] converging subsequence {y_{nk} (x)}, and by Helly theorem one can suppose that the sequence {y^′_{nk} (x)} converges almost everywhere in [ε, 1−2ε]. Using diagonalization, one can find a subsequence converging in (0, 1) to a function u_0 ∈ K_p(0, 1) such that y_{nk} → u_0, y^{′p}_{nk} → u^{′p}_0 everywhere in (0, 1). By the Fatou theorem we have

∫_1 0 u_0(x)^2dx ≤ m^{−1},

∫_1 0 u^′_0(x)^pdx ≤ 1. Therefore (∫ 1 0 y^′_0(x)^pdx )_2/p ≥ 1, so that G[u_0] ≥ m. However, m is the maximal possible value of G, so that

∫_1

0 u_0(x)^2dx = m^{−1} and

∫_1

0 u^′_0(x)^pdx = 1.

The Euler-Lagrange equation has the form

(u^{′p−1}_0 )^′ + mu_0 = 0, u_0(0) = 0 so that (p − 1)u^{′p−1}_0 u^{′′}_0 + mu_0u^′_0 = 0 or u^{′p}_0 + m_1u^2_0 = C, where m_1 = mp/[2(p − 1)] > 0. Integrating this equality over (0, 1), we obtain that

C = 1 + m_1m^{−1} = 1 + p/2(p − 1) > 0. Therefore

∫ u_0 0 dz (C − m_1z^2)^{1/p} = x. Repeating the same arguments as in the proof of the preceding Lemma, we obtain that u^′_0(1) = ∞. Let M = max u_0(x) = u_0(1). Then M^2m_1 = C, i.e. M = ( C m_1

)_1/_2 = (3p − 2 mp )_1/_2

and ∫_M 0 dz (C − m_1z^2)^{1/p}

= 1.

Set z = (C/m_1)^{1/2}t so that

∫_1 0 dt (1 − t^2)^{1/p}

= C^{1/p−1/2}m^{1/2}_1 = (2 − 3p)^{1/p−1/2}(−pm)^{1/2} (2 − 2p)^{1/p} , and therefore

m^{1/2} =

(2 − 2p)^{1/p} 2(2 − 3p)^{1/p−1/2}(−p)^{1/2} B( 1 2 , 1 − 1 p ). Since ∫_M u0 dz (C − m_1z^2)^{1/p} = 1 − x, we can see that u_0(x) = M + c_1(1 − x)^γ[1 + o(1)] as x → 1, where γ = p/(p − 1), c_1 < 0. In order to find the value m for any h > 0 it suffices to substutute in the obtained estimate the function u_0(xh) as it was done at the end of the proof of Lemma 2. 2 Lemma 4. Let p < 0, 0 < r ≤ 1 and

m_1 = sup_h sup y∈Kp(0,h,r) G[y]. Then there is a function u_1 ∈ K_p(0, r/2, r) such that u_1(x) = u_1(r − x), the function u_1 coincides in [0, r/2] with the function u_0 found in Lemma 3 for h = r/2, G[u_1] = m_1, and m_1 = 4mr^{2/p−3}, where the value of m was indicated in Lemma 3 for h = r/2.

Proof. Let at first r = 1. The existence of the extremal function for any fixed h ∈ [0, 1] follows from Lemma 3. Furthermore, we can suppose that u_1(x) is monotone and concave in [0, h] and in [h, 1].

By Lemma 3 we have for y ∈ K_p(0, h, 1) the inequalities h^{3−2/p}( ∫ h 0 |y^′(x)|^pdx)^{2/p} ≤ m ∫ h 0 y(x)^2dx, (1 − h)^{3−2/p}(

∫_1 h |y^′(x)|^pdx)^{2/p} ≤ m ∫_1 h y(x)^2dx, where the value of m, corresponding to h = 1, was found in Lemma 3. Let

∫_1

0 |y^′(x)|^pdx = 1 and ∫ h 0 |y^′(x)|^pdx = a. Then

a^{2/p}h^{3−2/p} + (1 − a)^{2/p}(1 − h)^{3−2/p} ≤ m

∫_1 0 y(x)^2dx. By Lemma 1 the function F (a, h) = a^{2/p}h^{3−2/p} + (1 − a)^{2/p}(1 − h)^{3−2/p} defined in the square 0 < a < 1, 0 < h < 1, has a minimal value 1/4 at the point a = h = 1/2. Therefore,

∫_1 0 y(x)^2dx ≥ m/4, i.e. G[y] ≤ 4m for all admissible y. On the other hand, if a = h = 1/2 and if the function u_1 coincides on (0, 1/2) with the function u_0, found in Lemma 3 for h = 1/2, and is even with respect to the point x = 1/2, then G[u_1] = 4m.

In order to obtain the result for an arbitrary r it suffices to substitute the function u_1(x) by u_1(xr) as it was done at the end of the proof of Lemma 2. 2 Lemma 5. Let p < 0 and

m_2 = sup sup_{y∈Kp(h)} G[y],

where K_p(h) is the class of functions y such that y ∈ K_p(0, a, h) with some a ∈]0, h[, −y ∈ K_p(h, b, 1) with some b ∈]h, 1[. Then there exists a function u_2 ∈ K_p(1/2) such that G[u_2] = m_2. Moreover,

m_2 = 4m_1, u_2(x) = −u_2(1 − x),

and u_2(x) = u_1(x) for 0 < x < 1/2, where m_1 and u_1 were found in Lemma 4 for r = 1/2.

Proof. The existence of the extremal function for any fixed h ∈ [0, 1] follows from Lemma 4. Furthermore, we can suppose that u_2(x) is monotone and concave in [0, h/2], [h/2, h], [h, (1 + h)/2] and in [(1 + h)/2, 1].

By Lemma 4 we have for y ∈ K_p(h) the inequalities h^{3−2/p}( ∫ h 0 |y^′(x)|^pdx)^{2/p} ≤ m_1 ∫ h 0 y(x)^2dx,

(1 − h)^{3−2/p}(

∫_1 h |y^′(x)|^pdx)^{2/p} ≤ m_1 ∫_1 h y(x)^2dx, where the value of m_1, corresponding to h = 1, was found in Lemma 4. Let

∫_1

0 |y^′(x)|^pdx = 1 and ∫ h 0 |y^′(x)|^pdx = a. Then a^{2/p}h^{3−2/p} + (1 − a)^{2/p}(1 − h)^{3−2/p} ≤ m_1

∫_1 0 y(x)^2dx. By Lemma 1 the function F (a, h) = a^{2/p}h^{3−2/p} + (1 − a)^{2/p}(1 − h)^{3−2/p} defined in the square 0 < a < 1, 0 < h < 1 has the minimal value 1/4 at the point a = h = 1/2. Therefore,

∫_1 0 y(x)^2dx ≥ m_1/4, i.e. G[y] ≤ 4m_1 for all admissible y. On the other hand, if a = h = 1/2 and if the function u_2 coincides on (0, 1/2) with the function u_1, found in Lemma 4 for h = 1/2, and is odd with respect to the point x = 1/2, then G[u_2] = 4m_1 = m_2. 2 Lemma 6. Let Q(x) be a smooth positive function on [0, d[, such that lim_{x→d} Q(x)(d − x)^{−γ} = a ≠ 0, where 1 < γ < 2. Let y(x) be a solution of the equation Q(x)y^{′′}(x) + my(x) = 0, 0 < x < d, such that ∫_d 0 Q(x)y^{′′}(x)^2dx < ∞. Then lim_{x→d}� y(x) = 0, lim_{x→d}� y(x)y^′(x) = 0.

Moreover, we have as x → d^− y(x) = C[d − x + c_1(d − x)^{3−γ}(1 + o(1))], y^′(x) = C[−1 + c_1(3 − γ)(d − x)^{2−γ}(1 + o(1))], y^{′′}(x) = Cc_1(3 − γ)(2 − γ)(d − x)^{1−γ}(1 + o(1)).

Proof. Set I[u] = ∫ d 0 Q(x)u^{′′}(x)^2dx. Solving the Cauchy problem we can find two linearly independent solutions y(x) and z(x) such that as x → d−

y(x) = d − x + c_1(d − x)^{3−γ} + . . . , c_1 = m a(3 − γ)(2 − γ) ; z(x) = 1 + c_2(d − x)^{2−γ} + . . . , c_2 = m a(2 − γ)(1 − γ) . However z^{′′}(x) = (d−x)^{−γ} (m/a+o(1)) and the integral I[z] = ∫ d 0 Q(x)z^{′′}(x)^2dx is divergent. So the solution with a finite value of I is proportional to y and vanishes at x = d. 2. Lemma 7. Let a function f be summable on (0, 1), f(x) ≥ 0. Then there are two points a and b such that 0 < a < b < 1 and a function y ∈ C^1[0, 1] such that y^′(x) is absolutely continuous, y(0) = y(1) = y^′(0) = y^′(1) = 0, y^{′′}(x) = f(x) if 0 < x < a or b < x < 1, and y^{′′}(x) = −f(x) if a < x < b. Proof. Let at first f(x) > 0. Set

F (x) = ∫ x 0 f(t)dt, G(x) = ∫ x 0 F (t)dt, and

y^′(x) = F (x), if 0 < x < a, 2F (a) − F (x), if a < x < b, F (x) − F (1), if b < x < 1, where the values of a and b will be indicated in what follows. This function is continuous at the point x = a and at the point x = b, if

2F (a) + F (1) = 2F (b). (4) Let

y(x) = G(x), if 0 < x < a, 2F (a)(x − a) − G(x) + 2G(a), if a < x < b, G(x) − G(1) − (x − 1)F (1), if b < x < 1. This function is continuous at the points x = a and x = b, if 2F (a)(b − a) − G(b) + 2G(a) = G(b) − G(1) − (b − 1)F (1). Set H(x) = xF (x) − G(x). Then H^′(x) = xf(x) ≥ 0, H(0) = 0, and condition (4) implies that 2H(a) + H(1) = 2H(b).

The points a and b can be found in the following way. Set

K(x) = F (x) − F (1)H(x)/H(1) = H(x)[ F (x) H(x) − F (1) H(1) ]. Since (F (x)/H(x))^′ = −F^′(x)G(x)/H(x)^2, we see that K(x) ≥ 0, K(0) = 0, K(1) = 0, and K(a) − K(b) = −1/2K(1) = 0. Let the function ρ(t) be defined by the equality F (ρ(t)) − 1/2F (1) = F (t).

Then ρ(0) = ξ, where ξ is a point such that F (ξ) = F (1)/2, 0 < ξ < 1, and ρ(ξ) = 1. The function S(t) = K(t) − K(ρ(t)) is such that S(0) = K(0) − K(ξ) ≤ 0 and S(ξ) = K(ξ) − K(1) ≥ 0. Therefore, there is a point a ∈ (0, ξ) such that S(a) = 0. If we set b = ρ(a), then we obtain (4) and the equality K(a) = K(b) will also be satisfied.

If f(x) ≥ 0, then we can construct the function y_ε corresponding to the function f(x) + ε and pass to limit, which is easy. 2 Lemma 8. Let 0 < α < 1 and Q_0(x) = |u^′_2(x)|^{2/(α−1)}, where u_2 is the function found in Theorem 5. Let

m_0 = inf_{y∈H20 (0,1)}

∫_1

0 Q_0(x)y^{′′}(x)^2dx

∫_1

0 y^′(x)^2dx . Then m_0 = M_α, where M_α was indicated in Theorem 2. The minimal value is attained on the function ∫ x 0 u_2(t)dt.

Proof. Consider the minimizing sequence y_k(x) such that

∫_1

0 y^′_k(x)^2dx = 1. The integrals

∫_1/_{4−}ε

0 y^{′′}_k (x)^2dx ,

∫_3/_{4−}ε 1/4+ε y ′′ k (x)^2dx and

∫_1 3/4+ε y ′′ k (x)^2dx are bounded and one can choose a subsequence converging almost everywhere in (0, 1/4−ε), (1/4+ε, 3/4−ε) and (3/4+ε, 1) in H^1 and weakly in H^2(0, 1/4−ε), H^2(1/4+ ε, 3/4 − ε) and H^2(3/4 + ε, 1) for any ε ∈]0, 1/8[. Using the diagonalization, one can find a subsequence converging almost everywhere in (0, 1) to v(x).

Let us show that

∫_1/_{4+}ε 1/4−ε y^′_k(x)^2dx +

∫_3/_{4+}ε 3/4−ε y^′_k(x)^2dx ≤ Cε^{2−γ} (5)

with a constant C independent of ε and k. Indeed, using the equality

y^′_k(1/4 − ε) =

∫_1/_{4−}ε 0 y^{′′}_k (x)dx, we see that for small ε > 0

y^′_k(1/4 − ε)^2 ≤

∫_1/_{4−}ε 0 Q(x)y^{′′}_k(x)^2dx ∫_1/_{4−}ε 0 Q(x)^{−1}dx ≤ C_1ε^{1−γ}. Since

∫_3/_{4−}ε 1/4+ε y ′ k(x)^2dx < 1, there exists a θ_k ∈]1/4 + ε, 3/4 − ε[ such that y^′_k(θ_k)^2 ≤ 3 and

y^′_k(1/4 + ε)^2 ≤ 6 + 2

∫_1/_{4+}ε θ_k Q(x)y^{′′}_k (x)^2dx ∫_1/_{4+}ε θ_k Q(x)^{−1}dx ≤ C_2ε^{1−γ}.

Analogously, we have y^′_k(3/4 − ε)^2 ≤ C_2ε^{1−γ} , y^′_k(3/4 + ε)^2 ≤ C_1ε^{1−γ}.

If 1/4 − ε < x < 1/4, then y^′_k(x)^2 ≤ 2y^′_k(1/4 − ε)^2 +2 ∫ x 1/4−ε Q(x)y^{′′}_k(x)^2dx ∫ x 1/4−ε Q(x)^{−1}dx ≤ C_3(1/4 − x)^{1−γ} and therefore, ∫_{1/4} 1/4−ε y^′_k(x)^2dx ≤ C_3ε^{2−γ}.

So (5) is valid. Since we can assume that y^′_k converges uniformly to v^′ outside of the ε-neighbourhood of the points 1/4 and 3/4 we see that

∫_1 0 v^′(x)^2dx = 1,

∫_1 0 Q(x)v^{′′}(x)^2dx ≤ m_0. However, m_0 is the minimal possible value of the latter integral. Therefore,

∫_1

0 Q(x)v^{′′}(x)^2dx = m_0. The function v satisfies the equation (Q(x)v^{′′}(x))^{′′} + m_0v^{′′}(x) = 0, v(0) = 0, v^′(0) = 0, v(1) = 0, v^′(1) = 0. The function z_1(x) = v(x) + v(1 − x) is also minimizing, if it does not vanish identically.

If the function z_1(x) does not vanish identically, then it is even and Q(x)z^{′′}_1 (x) + m_0z_1 = C.

Using Lemma 6 we see that C = m_0z_1(1/4) = m_0z_1(3/4). Set u(x) = z_1(x) − z_1(1/4). Then Q(x)u^{′′} + m_0u = 0, u(1/4) = u(3/4) = 0.

On the other hand, if v(x) = w(x) − w(1/4), where w(x) = ∫ x 0 u_2(t)dt and u_2 is the function indicated in Lemma 5, then Q(x)v^{′′} + mv = 0, v(1/4) = v(3/4) = 0 and v > 0 in (1/4, 3/4). If u vanishes in (1/4, 3/4), then by the Sturm theorem, m_0 > m, what is impossible. If u does not vanish in (1/4, 3/4), then we obtain using Lemma 6 that

(m_0 − m)

∫_3/_4 1/4 uv Q dx = (u^′v − uv^′)|^{x=3/4}_{x=1/4} = 0

and m_0 = m.

If z_1(x) ≡ 0, then v is odd and Q(x)v^{′′}(x) + m_0v = A(x − 1/2), where A is a constant. Applying Lemma 6, we see that A = −4m_0v(1/4). Setting u(x) = v(x) − A(x − 1/2)/m_0, we obtain that Qu^{′′} + m_0u = 0.

Moreover, u(0) = u(1/4) = u(1/2) = u(3/4) = 0. Applying once again the Sturm theorem, we see that m_0 > m, which is impossible. 2 Proof.

1. Let Q be a function from the class R_α. According to Lemma 7^4, we can construct a function y(x) such that

y^{′′}(x)^2 = [Q(x) + 1]^{α−1}, y(0) = y^′(0) = y(1) = y^′(1) = 0.

Moreover, y^′(x) ≥ 0 for 0 ≤ x ≤ r and y^′(x) ≤ 0 for r ≤ x ≤ 1, so that r is the maximum point of the function y(x).

By our construction

∫_1 0 |y^{′′}(x)|^pdx = ∫_1 0 [Q(x) + 1]^αdx, where p = 2α/(α − 1). The function y^′ satisfies the conditions of Lemma 5. Therefore, L[Q, y] ≤ L[Q + 1, y] = ∫_1 0 |y^{′′}|^pdx ∫_1 0 |y^′|^2dx = G[y^′](

∫_1 0 (Q(x) + 1)^αdx)^{1/α} ≤ 2^{1+1/α}G[y^′] ≤ C

4Lemmas 1-8 are stated in the following Section

since (Q + 1)^α ≤ 2^α(Q^α + 1),

∫_1

0 Q^αdx = 1 and G[y^′] ≤ m_2 by Lemma 5. Thus M_α ≤ C. 2. On the other hand, 2

Proof of Theorem. Let us show at first that m_α = 0. One can take a function y vanishing in [0, 1/2] and such that

∫_1

0 y^{′2}dx = 1. Since the function Q can have arbitrarily small values in [1/2, 1], the value of m_α is equal to 0.

Let Q be an arbitrary positive function, satisfying (1). By Lemma 7 there exists a function y_Q(x) ∈ H such that Q(x) = |y^{′′}_Q|^{2/(α−1)}, and y^{′′}_Q(x) > 0 in ]0, h[ and in ]r, 1[, y^{′′}_Q(x) < 0 in ]h, r[, so that L[Q, y_Q] = G[y^′_Q]. Therefore, M_α ≤ m_2, where m_2 is the number found in Lemma 5.

On the other hand, we have the equality L[Q_0, y_0] = G[y^′_0], if Q_0(x) = |y^{′′}_0 (x)|^{2/(α−1)} and y_0 is equal to ∫ x 0 u_2(t)dt, where u_2 is the function indicated in Lemma 5. By Lemma 8 we have

m = inf_{y∈H20 (0,1)}

∫_1

0 Q_0(x)y^{′′}(x)^2dx

∫_1

0 y^′(x)^2dx

= L[Q_0, y_0].

The proof is complete. 2

REFERENCES

[1] J.L.Lagrange, Sur la figure des colonnes, Oeuvres de Lagrange, Paris: Gauthier-Villars, 1867.

[2] J.B.Keller, The shape of the strongest column, Arch. Rational Mech. Anal., 5, 1960, pp.275-285.

[3] J.B.Keller, I.Tadjbakhsh, Strongest columns and isoperimetric inequalities for eigenvalues, Journal of Applied Mech.,29, 1962, pp.159-164. [4] N.Olhoff, S.Rasmussen, On single and bimodal optimum buckling loads of clamped columns, Ing. Journal Solids Struct.,13, 1977, pp. 605-614. [5] A.S.Bratus’, A.P.Seiranian, Bimodal solutions in eigenvalue optimization problems, Prikl. Mat. Mech. USSR, 47, 1983, pp. 451-457. [6] A.P. Seiranian, On a problem of Lagrange, Inzh. Zh., Mehanika Tverdogo Tela, 19, 1984, pp. 101-111.

[7] A.S.Bratus’, Multiple eigenvalues in problems of optimizing, The spectral properties of systems with a finite number of degrees of freedom. USSR Compt. Math. Math. Phys., 26, 1986, pp.1-7.

[8] S.J.Cox, The shape of the ideal column, The Mathematical Intelligencer, 14, 1992, pp. 16-24.

[9] S.J.Cox, M.L.Overton, On the optimal design of columns against buckling, SIAM J. Math. Anal., 23, 1992, pp. 287-325.

[10] Yu.V. Egorov, V.A. Kondratiev, On a Lagrange problem, C.R.Acad. Sci. Paris, t. 39 (2),1984, pp. 151-152.

[11] Yu.V. Egorov, V.A. Kondratiev, On estimates of the first eigenvalue in some Sturm-Liouville problems, Preprint of the Max-Planck-Arbeitsgruppe ”Partielle Differentialgleichungen und Komplexe Analysis”, 1993, pp. 1-71. [12] Yu.V. Egorov, V.A.Kondratiev, On an estimate for the principal eigenvalue of the Sturm-Liouville operator, Vestnik Mosk. un-ta, Mathem., Mechanics, 6, 1991, pp. 5-11