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E. A. COUTSIAS AND N.D. KAZARINOFF

ABSTRACT. We consider the polygonal lines in the complex C plane whose N-th vertex is
defined by Sy = Ef:’o exp(iwnn?) (with w € R), where a prime denotes that the first and
last terms in the sum are halved. By introducing the discrete curvature of the polygonal
line, and by exploiting the similarity of segments of the line, for small w, to Cornu spirals
(C-spirals), we prove the precise renormalization formula
(1)

N

4 n
Z p(iwmk?) — exp(sgn(w)ir/4) Z ! exp(—i T k?)
k=0 Vel k=0

where N = [[n/w]], the nearest integer to n/w and 1 < C < 3.14 .

<CwN—'n,

, 0<w| <1

This formula, which sharpens Hardy and Littlewood’s approximate functional formula
for the theta function [11], generalizes to irrationals, as a Diophantine inequality, the well
known sum formula of Gauss [5]. The geometrical meaning of the relation between the two
limits is that the first sum is taken to a point of inflection of the corresponding C-spirals.
The second sum replaces whole C-spirals of the first by unit vectors times a scale and phase
factors. The block renormalization procedure implied by this replacement is governed by

the circle map

(2) w— - (mod2), we]—1,+1[\{0}

w

whose orbits are analyzed by expressing w as an even continued fraction.
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1. INTRODUCTION

The quadratic Gauss sum formula

q

rmik2)g _ |9 _in/ —irq/
(3) 203/62 q—\/;e 4(1—|—e q2)

can be easily generalized to the Cauchy-Kronecker formula [1], [5]

g . b2 . P (92
(4) Z lewr(a)k — 627T/4\/EZ le—wr(g)k . pg= 0 (Il’lOd 2)
0 p

0

Here a primed sum indicates that the first and last terms are halved. Gauss used (3) for one
of his shorter proofs of the law of quadratic reciprocity ([1], p.200). Formula (4) is related
to the Jacobi imaginary transformation giving a functional equation satisfied by the theta

function ¥3(v, 7). As is well known, for

(5) Sa(v, 7) = _fj eI (5 5 ()
we have [5], for v = 0:

(6) 93(0,7) = (i/7)"/*95(0, —1/7)

(7) _io: eim—kg _ (,L-/T)I/Q _io: e—i?TkZ/T‘

This formula is useful, e.g. for estimating 93 for small 7. Obviously, (5) diverges if 37 — 0.
A limit process, setting z = p/q + i€ in (7) with € > 0 and letting € — 0% can be used to
establish the validity of (4) [5]. For z = w+i¢e,w € R\ @, however, the problem of determining
the limiting behavior of ¥#3 near the real axis is considerably more difficult. Setting w = R,
one has instead the approximate formula ([11], Thm. 2.128, p. 209, given here in a slightly

sharper form, due to J.R. Wilton [23]), adapted to our case:

N ; 2 [NW] ; 2
(8) Z /ezmuk — (z/w)1/2 Z /e—z7rk Jw + ]z7
0

0
|R| < 2.426 + 1.577|w|"=.

Hardy and Littlewood stated and proved a slightly less precise form of this result, which

became known as “The Approximate Functional Formula for the Theta Function”. For

their original proof they used a rather lengthy contour integral method, akin to a method
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introduced by Kronecker [15] for his proof of (3). Their estimate was improved by Mordell
[21] using a simpler variant of the contour integral method. Wilton’s proof of the sharp
form (8) uses the Poisson sum formula. This latter proof is the basis for our Diophantine
estimates (14), derived in Section 2. Formula (8) was extended by van der Corput [6] to a
wide range of sums of the type 3 g(k)e?"/(¥). Sums of this type arise, e.g., in the analysis
of the distribution of fractional parts of functions [22], [9], and can be useful in deriving

estimates for the number of integral lattice points in multidimensional domains [7], [13].

In [11], Hardy and Littlewood related the properties of the sums (8) to the Euclidean
continued fraction expansion of w. As we showed in [8], however, the continued fraction
expansion of w in even integers gives a direct interpretation, and in Sec. 3 we study some of
the properties of such expansions. Berry and Goldberg [2] gave an analysis of the renormal-
ization using Euclidean continued fractions. Their work was overviewed in [20], where even

continued fractions were also mentioned but not analyzed.

Hardy and Littlewood’s estimate was derived by them as part of their work on studying
the convergence properties of Fourier series. Their asymptotic analysis applies for N — oo,
w kept fixed. This masks somewhat the renormalization and selfsimilarity properties of
sums of this type which are the motivation of our work. Indeed, formula (8) viewed as an
approximate identity, applicable for arbitrary (but fixed) N, has the disadvantage that the
error term diverges as w — 0. Thus, this form of the formula, although suggestive, does
not elucidate the detailed properties of the pattern, such as its self-similarity and scalings
quite satisfactorily, and the deductions drawn from it, must rely as much on this formula
as on computations for their substantiation. In order to deduce the self-similarity of the
pattern for finite values of n as well as for small w, one needs a more detailed argument, and
a careful discussion of the appropriate limits in the sums. Our renormalization argument,
given heuristically in [8], shows that the expression in (8) can be thought of as the result of

summing the left hand side in blocks and should be increasingly accurate as w — 0.

The key idea, given in [8], is that the partial sums of (8) form Cornu-like spirals in the
complex (C) plane; see Fig.la in which the first 44,000 points in the sequence {S,} are
plotted for w = 7 and Fig.1b in which the first 30,000 points in the sequence {S,} are
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plotted for w = (v/5 — 1)/2, the Golden Mean. If we define the discrete radius of curvature
Ry of the pattern at a point Sy as the radius of the circle defined by the point and its
successor and predecessor in the sequence, it is straightforward to show that it has maxima
(inflection points of the pattern) at the points Sy, where

N y
(9) SN — Z ewrwk 7

k=0

where N = ny, and minima (cusps of the pattern) at the points Sy, for N = nysyq with ny
given by

k

(10) e = [[5-]]

Here [[a]] denotes as usual the closest integer to a.

This is a consequence of the following definition:
The discrete curvature Ky of the graph of {Sx} at N (except at cusps) is the average of the
curvatures of the circles passing through the points {Sy_2, Sy—1,Sn} and {Sy_1, Sn, Sn41}-
Thus

1 1 1
11 Ky = — _—
( ) N 2(RN_1 —I_ RN)J
with

1
(12) Ry = Slese(¥n/2)l,

where 1y is the change in argument between the (N 4 1)st and Nth term in the sum, that

(13) Yy = mw((N + 1)2 — N2) = 7w(2N + 1).

From this it follows that minima of Ky are found at points of inflection, where 1y is closest
to 247 for some integer £ (see [8], p.301). For w irrational, Ry never becomes oo or 0.
Numerical computations of the finite sum (9) indicated a haunting selfsimilarity between

the patterns generated by various partial sums of this form. In [8] our heuristic discussion

-5

led to a renormalization argument. We related the vector S, -

2041 which joins the two

successive cusps delimiting the [-th spiral to the vector z,,, = ezp(irwn},) ("mid-vector”of

the [-th spiral), observing that as w — 0 the pattern between consecutive cusps closely



6 E. A. COUTSIAS AND N.D. KAZARINOFF

resembles a Cornu spiral. Thus, the vector joining successive cusps is at approximately /4
radians to the mid-vector, to the left or right according to whether —1/w (mod 2) lies in
the positive or negative half of the interval (—1,1) and its length is approximately \/m in
agreement to the value of the Fresnel integral between —oo and +o0, scaled appropriately.
One notices that practically all of the points in the graphs of S, lie near to cusps. Moreover,
because |S,11 — S,| = |z.41| = 1, the sums §,, inaccurately approximate the values of
integrals corresponding to full spirals although the error is reduced by halving the first
and last terms. The sharp error bound claimed above is found if we consider the block
sums between successive cusps together with a refinement of Wilton’s [23] method which
replaces his use of the triangle inequality by a detailed cancellation of terms in the remainder.

This reasoning led us to the Diophantine approximate functional formula, if n € Z* and

N =[[n/w]],

N tEsgn(w) n
14 rgimwk? _ € 1g—iZh?
(14) > ol 2

N —
go‘u‘ , C <3.14.
w

0

The resolution of the apparent contradiction between our result, which becomes arbitrarily
precise as w — 0 (for N = [[n/w]], |w| < 1 which implies, but is not equivalent to the
relation n = [[Nw]]) and Hardy and Littlewood’s in which the error term blows up as w — 0
is now clear: since they are not summing over integral numbers of spirals, their error term is
comparable to the size of one spiral in the renormalized sum, or O(l/\/M) Our estimate,
as given by (14), is uniform in w. Hence, it results in arbitrarily precise formulas if we
let N (and n) approach infinity through the sequence of denominators g; (numerators p;)
of partial convergents of the irrational w. For it is in this case that |e,| = |[wN —n| and
l€,/w| = |N — n/w| are smallest and both tend to zero. In the worst case, if |w| is small and
n/N is not a partial convergent of the Euclidean continued fraction for w, our error term is
not large because |e,/w| < 1/2 , since N = [[n/w]]. Of course, the smallest values of |e,|
are found if N is a denominator and n is the corresponding numerator of a convergent of
w. Examining (14), we see that a repetition of the process to further reduce the sum would
not necessarily produce a small error, since n is not necessarily a convergent denominator

of —1/w (mod 2). Only if it is, can a repeated renormalization be performed; hence in
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Sec. 3 we give a careful analysis of the renormalization map w — —1/w (mod 2) defined in
] —1,1[ \{0}. Alternative discussions of the scale invariance properties of the pattern using
the Euclidean continued fraction expansion of w were given also by Loxton [17], Deshouillers
[10], Callot and Diener [4] and Berry and Goldberg [2]. The latter also make the connection
to renormalization, from a slightly different viewpoint than the one presented in [8]. For an
analysis from the point of view of Dimension Theory, see [9] and [18] where a theory for the
dimension of plane curves is developed. Its results are applied, among other things, to curves
defined using the left hand side of (8), with interesting conclusions relating the dimension
to the Diophantine properties of the irrational w. Among the interesting applications of
that work we mention its connection between the properties of the graph and the theory of
Uniform Distributions for arithmetic sequences. A qualitative discussion of the properties of
the sums was given recently in [20], following the ideas of [18] and [2]. Up to date reviews
of the method of exponential sums and its applications can be found in the monographs by

Korobov [14] and Montgomery [19].

This article is organized as follows: In Sec. 2 and App. A we give a proof of the Diophan-
tine error estimate. In Sec. 3 we examine the expansion of the irrational number w in terms
of a continued fraction with even, positive or negative, entries, and we relate its properties

to the main estimate in Theorem 2.1 below.

2. THE DIOPHANTINE ERROR ESTIMATE

Consider the generalized Gauss sum

b
(15) S(a,byw) =Y e™F |w| € ]0,1],

a

where the prime means that the first and last terms in the sum are halved. Our main result

is the following
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Theorem 2.1. [/There ezists a C with 1.0 < C < 3.14, (whose upper bound is independent
ofnandw € | — 1,41 \{0} ) such that

Z»Trsg: w
S(0, N;w) — ol S(0,n; —1/w)| < % (1.00 + |w]1.116081 + |w]|*1.023237)
w
(16) <c %
where N = [[n/w]], the closest integer to n/w and €, = Nw —n.

Remark 2.1. [/If w is rational, then n can be found so that €, = 0, and our result reduces

to the classical formula (3) of Gauss.

Proof. It is convenient to consider
(17) S(—N,N;w)=250,N;w) .
We apply the Poisson summation formula [12] to (15), to find

(18) S(a,bjw) =PV Z / gimwt® +2mikt gy 7

k=—0c0

where the infinite series must be understood in the Principal Value sense, PV ¥ =
limg_o EIfK.

The sum can be decomposed into the pieces which offer the significant contribution and
an error term. The decomposition, which follows Wilton [23], can be understood if we let
¢r(t) = twt® + kt, ¢, = wt+ k. With Berry and Goldberg [2] (see also Montgomery [19]), we
note that the phase ¢;(t) of the k-th integrand becomes stationary at the point ¢, = —k/w
(i.e. ¢,.(tx) = 0). Choosing N so that it is equal to H%H for some integer n (and hence
n = [[Nw]| the nearest integer to the irrational Nw), we decompose the sum

(19) S(—N,N;w) z / exp(27migi(t))dt

k=—o00

according to how the stationary point ¢; of the phase of the k-th term is situated with respect
to the interval (—N, N):

(20) S(~N,Nw) = (2 Py s z) [ expomigi(e))at

k=—o00 k=—n+1 k=n+1

N
+ /_N exp(2mig_,,)dt + ./;N exp(27mid, )dt

= 01+03— 6+ 03— 85 — by,
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where
—n—1 400 N

(21) a=1> + >, / exp(2migy)dt,
k=—00 k=n+1 -N

(terms with stationary phase point outside interval of integration are left unchanged)

(22) oy = ”z—: /Z exp(2migy)dt,

k=—n+4+1""
(terms with stationary phase point in the interval (— N, N) have their domain of integration

extended to infinity)

(23) 5 — nf ( / ;N + /N oo) exp(2midi)dt,

k=—n+1 -

(compensation for extended domains of integration in o)

nfw 00
(24) o3 = / exp(2mig_,,)dt + exp(27ig,)dt,

(terms with stationary phase point at ti, = Fn/w lie within distance less than 1/2 from
the endpoint N of the domain of integration, respectively and they have their domains
modified as follows: move the opposite endpoint from £N to +oo; and move the near

endpoint from FN to the respective stationary phase point Fn/w - 63, 8, give corresponding

compensations)
_N 00
(25) b3 :/ exp(27ri¢_n)dt—|—/ exp(2mig,)dt ,
oo N
nfw -N
(26) 84 :/ exp(2mig_,,)dt + exp(2mig,)dt .
N —nfw

We now produce, in a series of lemmas, the expressions and estimates necesary for our

estimation of C, claimed in Theorem 2.1.
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Lemma 2.1. //
]

N —
(27) 64| gz‘wi — 2e/w].
w

Proof:

nfw . nfw=N
by = 2/ exp (i7r(wt2 — 2nt)) dt = 26_””2/‘”/ e™ ds .
N 0

Note: this term must be compared to the term 1.577w~'/? in the error term of Wilton. Our
estimate is smaller since the length of our interval of integration is |e¢/w| < 1/2. Wilton needs
to use his larger estimate since his domain of integration can be considerably larger, involving
several cycles of the integrand. Indeed, since n = [[Nw]|, we have that |n/w — N| < 1/(2w)

which can be quite large.

Lemma 2.2. [/

ei?r/4 n o,
(28) oy + 03 =—— Z Temimk?w
w
k=—n
Proof:
00 ) 12 o L, ei?r/4 42

/ 827”¢kdt — e ™ /w/ s dg — e~ Jw

—00 —00 w
and

: 2n 77,2
/oo 627Ti¢ndt _ /00 emrw (t2+7t+w_2) e_iﬂnZ/Wdt
—n/w

—n/w
1 e’iﬂ'/4 —imn?Jw

2w :

2 oL g
— i /w/ s  dg —
0

and the desired expression follows.
Our task now is to estimate the error term o7 — 6, — 63. We will show that it is bounded

by a quantity similar to the bound found for 6, .We have

Lemma 2.3. [/

e?rinZ m wﬁ d2€
29 — 6y — b3 =2
(29) R Z%(zm)ﬂ(zz)u ds?!

S=¢€
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where Y(s) = wcot s — L is regular for |s| < 1 and

(30)

= (27?;3))3:%1 {(_il Yy ) /_ Z /

k=—o00 k=n+1

7T'Z wt +2kt)
——dt
m— ./ (wt + k)?m+2

Proof: Integrating by parts m + 1 times, one finds that

Vit o mo (20— 1)
im(wt +2kt)dt — mi(wt?+2kt)
/z ¢ ¢ {2wz(wt + k) Z (2m2) "+ (wt + k)”“}

=
(2m + )™+t /y eTi(wt® +2kt)
(273 )mtt = (wt+ k)2m+2

Y

x

Thus,

(_fl + i)/_]jve?”%dt—{:/]vir Z / } e? ™%k dt

k=—c0 k=n+1 k=—n+1
v & 1 m (20 — 1)’
. TiwN
- ¢ k;@ {27ri(wN + k) + ;} 271) Z‘H (wN + k)21 }
k#t—n

7 1 i 2¢ — N

e?rsz Z { : + : K_(Fl ) w 2£+1}

= | 2mi(—wN + k) — (2m3)*(—wN + k)
k#+n

+ I

= S1+5+1.

Here, in accordance with the application of the Poisson sum formula, divergent sums of

the form Y32 _ 1/(z + k) are considered in the sense limy ..o S0 - 1/(z + k) — 1/z =

limp_.co Y8 | 22/(2? — k?) which is defined and converges uniformly for |z| < |¢| < 1/2.
The first two terms, S; and S,, are rearranged by exchanging the order of the two sum-

mations to give (we work with S; only, S; follows similarly):

emieN® 2 1 Nz o (20 — et & 1
S — TiwlN'
! 271 k;@ wN + k te Z} (273)+1 k:z—:oo (wN + k)2+1
k#—n k£t—n
We observe that

d2£ 00 00 1

= (—1)*w*(20)! —_—

_y ( ) w ( ) k;oo (wt—l—k)%"'l .

k# n k#—n
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since the series can be differentiated term by term (this is obvious since, away from poles

convergence of series is guaranteed by comparison to » 1° k%) So, if we observe that

sl 1 > 1 1
P E —) = P E —
sz_oo (wN + k) v (wN -+ k) wN —n

k=—c0
k#t—n

(31) = 7 cot(me) — % = 9(e)

with 1(z) analytic for |z| < 1, this term can be written compactly as

(32) L N TN
k#—n

Here we used the fact [(wWN — n| = |¢| < |w|/2 < 1/2, which follows from N = [[n/w]].

Now

g _ e?rinZ m w[ d2€ ,l)b( )
' om0 2m) (201 ds |
and similarly
e?rinz m wﬂ d2€
5= o Z%(zmy(zz)u FRIAC) L

Since 1(s) and its derivatives of even order are odd functions of s € [—1/2,1/2], the proof
of Lemma 3 is complete.

We note that this part of the proof closely follows Wilton [23]. The main difference here
is in our restrictions on the limits of the sums. At this stage, Wilton carries out a single
integration by parts and estimates the remainder by using a triangle inequality. In our case,
by carefully summing to upper limits related to the Diophantine approximations to w, we
can arrange, as we shall see, near cancellations in the remainder terms, which will allow us

to arrive at the Diophantine error estimate.



DIOPHANTINE GAUSS SUMS 13

Following the conclusions of the previous lemma, we see that in the expression:

/4

Vw
we can easily estimate the second part of the bound, if we take into account the fact that

9(#)(s)| is increasing and convex in [0,1/2], so that 1) (¢) < 2ep(?)(1/2).

(33) S(—N,N;w) —

S(—n,n; —1/w)

€

The estimate is:

Z jw|*
|0'1—52—53—I|§ < £+12£”‘¢2€ 1/2‘ || .
For m =1 this gives

4, 2
(34) lor — 8, — 85— 1| < —(1+ —2)|e| < (1.273240 + .810570w) || .
™ ™

Clearly, the above expression is of the form c;|€e| with ¢; some constant, independent of n
and w. We now show that the term I obeys a similar Diophantine bound. First, we rewrite

Iin a form suitable for estimation. We have:

Lemma 2.4. [[If K = 2(2m + D)!! ™ /(273)" !, and e = wN — n, then

I/K — Z Z / 27T [wiZ+2(£+2pn)t]

p=14=—n+1

. 1 e4pi7re(t+pN) p
— t.
(35) % (wt + £+ 2pn)?t2  (wt + £+ 2pn + 2pe)?m+2

Proof: Taking advantage of the invariance of the integrand in (30) under the change of

variables k — —k,t — —t, we see that I can be written as
(wi42kt)

(2m + 1)Hw™t? s / / el
I=2 ——dt
(273 )+t 2 Z (wi + k)2m+2

k=n+1 k=—n+1

We adjust the first sum 0%, by k=4 +2np (p =1,2,..;,—n+ 1 < £ < n), and we adjust
the second integral [y by t = s + 2pN (p = 1,2,...;—N < s < N) . Renaming indices
appropriately, the form claimed above follows.

If we let

e47riep(t—|—pN)

F,,(t;e) =
727( 6) [wt+€+2pn—|-2p€]2m+2

?

we notice that for integer £ € [-n + 1,n] and t € [N, N| the denominator is bounded away

from zero. That all the integrals in [ have stationary phase points outside the domain of
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integration, of course, guaranteed this. The sum }°°7, fiVN F, ,(t;€) is absolutely, and hence
uniformly, convergent. Thus we can apply the first theorem of the mean and differentiate

term by term to find, for § between 0 and ¢,

I Eal N OF, ,(t;
(_):zz/ (Fop(£;0) — F, (t;€))d :_622/ p ) a
K p=1l=—n+1 N p=1Il=—n+1 s=0
— io: En: /N 4(m + 1)p B 4:7["1/p(t + pN) e47ri6’p(t+pN)dt
=S -N [wt + £+ 2pn + 2p8]?27+3  |wt + £ + 2pn + 2pf]Pmt? '
Thus,

K| < |3 4p Y / [x(t+ pN) [wt + £+ 2p(n + 6)] 2"

p=1 l=—n+1

+  (m+1)wt+L+2p(n+0)] " dt.

The sum converges for m > 1. Integrating, we find the following expression for I/ K :

o =4dy ¥

p=1l=—n+1
pT 1 1
(36) {- S -
2mw [WN 4+ 1+ 2p(n + 0)] [—wN + 1+ 2p(n + 0)]

p _ [p(wN —2(n +6)) — ] [p(wN —2(n +6)) — ]
(37) +(2m + 1w? { [wN + 1+ 2p(n + 0)](2m+1) * [—wN + 1+ 2p(n + 0)](2m+1)}

p 1 1 }
38) + — + ‘
(38) (2m + 2)w { [WN + [+ 2p(n + )] [—wN + 1+ 2p(n + 6)]*"?

Next we could put each pair of fractions enclosed in curly brackets over a common de-
nominator. After cancellation in the numerators, one determines that these three terms are

(2m41) for some ¢ independent of p. Thus, |I/K| is bounded by |e|c for

each as small as ¢/p
some c independent of p for any m > 1, and this establishes the existence of an upper bound
for C in our theorem. However, this would result in an overestimate. The bound claimed

in Thm.(2.1), is found for m = 1, by carefully balancing the terms in I. The details of this

calculation are given in the appendix.
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3. THE RENORMALIZATION MAP

In the previous section we discussed how the summation of (15) in blocks leads to a new

sum over a lesser range, characterized by a new parameter in the exponent (16)

(39) (.u—>—l (mod 2), we | —1,1] \{0}.

w
Hardy and Littlewood [11] utilized this mapping to give an estimate of the growth of (15)
in terms of the entries in the Euclidean, or regular, continued fraction (abbreviated in the

sequel by rcf) expansion of w. We write

a; as _ [ak]oo _ [al a, ] _ [al a,
w=——...= J— = Tyttt T, = _7'.'7_7(“‘)77,
bi+ b+ byl k=1 b b, by b,

and we define the n-th convergent o, and remainder w, by
S 1 S L
" belpey @ 3 PR—
The (relatively prime) integers p; (gix) are the k-th convergent numerators (respectively
denominators) of the continued fraction representation of w. The r¢ffor w € | —1, 1] is found
if we set ap = 1, by € Z™, for which we write

11 1
C bt byt by 4wy,

w

E[bk]zozlz[bl; 7bk7"']E[b17"' 7bn—17bn+wn] .

Clearly, convergence of the above expressions needs to be established before we can employ
the equality signs. However that is assured for rcf, for which optimal two-sided convergence of
the partial convergents a,, to the irrational w is well known [12]. Other expansion algorithms
are possible. In our discussion we shall employ even continued fractions (ecf), for which
ar = 1, by € 2Z. Convergence of ecf is proved below. In the sequel, we shall freely interchange
between a number and its (convergent) continued fraction expansion.

In terms of the rcf, applying (39) to w we have, if w*) is the k-th iterate:

1 1
w= Wl = o (mod ) =) = (b w) (mod 2

—wy ,if by even

]_—(Ul ,lf b1 odd

(40) -

It is not too difficult to devise simple transformation rules to produce the rcf of 1 — wy from

that of wy, and thus construct a recursive algorithm to compute the successive iterates of
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the map. However, the orbit of the mapping is unknown even if the rcf expansion of w is
known in advance. The ergodic properties of (39) were explored more recently by Berry and
Goldberg [2] using the rcf.

As we showed in [8], the natural representation which unfolds the orbits of (39) involves
expressing the irrational w in terms of even continued fractions (ecf), namely continued

fractions with even (positive or negative) entries. Thus consider the expansion

(41) —l<w=[2d];_, < +1
withd; € Z, 7 =1,2,3,.... Assuming the first k£ entries are known, we have
(4:2) w5w0:[2d1,2d2, ,2dk+&)k]

with —1 < w;, < 1. The k + 1-st entry is found as follows:

(i) If wy = 0 or wy = 1 the fraction terminates.

(ii) Else, 1 < |(j—k| < oo and we let r = Lwl—kj If r is even, set diy1 = 7/2; then 0 < wiy =
1/wr —7 < 1. Alternatively, with odd r, set dy11 = (r+1)/2 and —1 < w41 = ljwp—r—1<

0. We observe that successive remainders are related via the Mobius transformation

B 1
2 wi

WE_—1
Thus, for rational w = p/q, when the fraction terminates and all the partial remainders are

rational as well, we have that

P4 _ 1 _ Qr
Qi1 2dp +wr 2diQr+ P

Since the fractions P;/Q) are assumed irreducible (and P < @), we deduce that

WEp—1 =

(43) Qr=Pi1 , Pr=Qr-1 —2d;Ppy.
The orbit of the map (39) is found simply from the remainders wy, in (42)

(44)
1

(k—l) — _1 k—1 — _1 k—1
w (D e = (05—

— (=1)*(2d; + wi) (mod 2) = (—1)fwy, = w®

It follows from (43) that the action of the map (39) on rationals has the property that if

Phiot Pk _ B (hod 9)
9r—1 gk Pk—1
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then

(45) prqr (mod 2) = pr_1gx—1 (mod 2).

This, in turn, implies that the orbit of the rational p/q will end in a zero or one according
to the parity of the product pgq.
The following lemma gives the relationship between the even and Euclidean continued

fraction expansions of an irrational w.

Lemma 3.1. [/Suppose that the Euclidean continued fraction for an irrational number w =
wo 18 qrven by
wo=[a,b,c+ws] , a,bc€ZT,0<ws <1,

Then w has the equivalent continued fraction

w=la+1,-2,2, -, —(=1)'2, (1) (c + 1 + w3)]

~

b— 1§erms
Proof: We write

1
wo = = a4 wi] = [a,b+ ws] = [a, b, c + ws)]

a+ wq
Now,

1 b-].—|—a)2
46 l—w=1- = =[1,b—1 =[1,b—-1 .
( ) wi b+ w, b+ w, [7 +w2] [7 ,C—{-(Ug]
Note that for b = 1 we get 1 —w; = [1,0,c + ws] = [1 + ¢ + wz], since [--+ ,z,0,y,---] =
[+, + vy, -] in general. Using the obvious identities —[k,l,m, - ] = [—k,—,—m, -]
and [a,[b,c, ]| = [a,b,c, -] we find
(47) w=latw|=la+l—-(1—-w)]=[a+1,-1,—(b—1+ws)

Applying (47) to the continued fraction for 1 — w; in (46) in turn, we get
l—w =[1,0—-14w]=[2,-1,-(b—2+4wy)| =[2,-2,1,(b — 3 + ws)] etc.

Clearly, this process can be repeated b — 1 times. Incorporating the result in the continued

fraction for w we find

w=la+1,-[Lb—1+w]=...=[a+1,-2,2,---, —(=1)°2,(=1)"(1 + ¢ + ws3)]

b— 1‘£erms




18 E. A. COUTSIAS AND N.D. KAZARINOFF

which completes the proof.
With the use of the above lemma we can now give an algorithm for the conversion of a rcf

to an ecf. We have:

Corollary 3.1. [/Given the irrational w €] — 1, +1[\{0} and the rcf
w = [bl, bg, ceey bk, bk+1, bk+2 —|— Wk-_|_2]

where the first odd entry occurs at the k-th place (i.e. b; is even, v = 1,...  k — 1 while by
is odd). Then there is an equivalent continued fraction, in which the first odd entry cannot

occur before the k + byy1-st place (and which may have negative entries), namely

(48) w = [bh b2; s 7bk + 17\_2727 e 7_(_1)bk+17 (_1)bk+l(bk+2 +1+ wk-}—?)] :

b1 — 1 terms

In this new fraction, the k-th entry has been increased by one, while the k + 1-st entry has
been replaced by a sequence of bpr1 —1 2’s with alternating signs. The first possibly odd entry

may only occur past that sequence.

This recursive algorithm for constructing the ecf from the known rcf of a number is of course
no different (apart from signs) from the algorithm alluded to earlier for computing the orbits
of (39) from the rcf of w.

The convergence of fractions of form (41) is guaranteed, following the lemma:

Lemma 3.2. [JEcf of form (41) always converge to some number w €] — 1, +1[ so that, if

w,, 18 the n-th convergent then |w — w,| < 1/(2n + 1).
Proof: Let
1 1
2614268+

where B, € Z \ {0}. This can be transformed via an equivalence transformation to the form

_ a/?2 acg Cn—1Cn
T a26i+ 628+ 2B+
which, for ¢, = 1/(28,) becomes

oo UEB)  1/(46,16.)
N

The assertion then follows from Worpitzky’s theorem [12]. As this lemma suggests, ecf always

converge but in some cases the convergence might be only linear. However, it is evident from
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the form of (48) that the remainders of the rcf and ecf are closely related so that, if the ecf is
truncated at the end of any of the possible long alternating sequences of £2’s, it will provide
similar partial convergents as the rcf, sharing some of the same optimality properties.

We consider now the question of successive renormalizations of the sum (15), that is of
successive applications of the approximate functional formula (16). The connection with
Lehmer’s result [16] is instructive in this context; in his discussion of incomplete” gauss
sums, he observes that the basic building blocks of the pattern for a special case (which

characterizes the first step in the renormalization process) are given by the following four

cases:
(1+4)VN, N=4l

(49) g: 1ok (%) VN, N=41+1

h=0 0, N=414+2

iv/'N, N =4k +3

The pattern corresponding to each one of these cases is shown in Fig. 4. Now, in our
irrational-exponent sums, the ecf of the exponent w unfolds the orbits of the renormalization
map. But what is the appearance of the basic building blocks (”0-level spirals”) of the graph
of the partial sums? It is clear that truncation in this form does not reveal the structure of
the graph (i.e. the rational number that results when the ecf for the irrational w is truncated
is not the appropriate exponent that governs the graph). But defining cop = 1, cop1 = 2
we introduce the equivalence transformation a;, = 1 — cp_1crar = 2, by = 2d;, — 2¢idy, to
obtain the equivalent fraction

2 2 2 2
w_4d1—|- 2dy + 4dsz + 2dy+

< +1.

We see that truncation at the second level,

2
W
4di + 5=
reveals precisely the building blocks: |dy| > 1: spirals of type 1; dy = +1: cases 2,4. After

the first renormalization,
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Still, we must return to the original even representation for the clearest interpretation of the
renormalization, while using the above equivalent form to classify the patterns. Naturally,
any d; = £1 contributes twists of type 2, 4, while other values connections of type 1. An

easy check shows that (49) can be deduced from (16) by properly choosing a rational w.

We find that for general w, successive applications of the renormalization formula (14) do
not preserve the Diophantine property of the error for arbitrary N. However, for a certain
class of quadratic irrationals there are integers N, (forming a subsequence of the sequence
of convergent denominators of w) such that if we consider the sum in (15) with upper limit
N = N; and lower limit 0, then it is possible to carry out successive renormalizations while

preserving the Diophantine character of the error term. More specifically, if w has the form

1

W _
(50) YT oy (—2)et

., 1<Lez™,
namely, if w is a fixed point of the renormalization map , or the form

(51) wH=_—__—_ | 1ezt

namely, if w is such a periodic point of the renormalization map of period 2, then we have:

Lemma 3.3. [/If w is a (quadratic) irrational whose ecf has the form (50) or (51) and
Pn_1/qn—1 and p,/q, are its partial convergent approzimations of order n-1 and n respectively,

then p, = q,_1.

Proof: For wf) we have

p1:1 ; q1:2£

p2=20 , =4 +1

Prny1 = 2£pn + Prn—1 5, Qn+1 = qun + qn—-1;
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(1)

while for w,”’, similarly, we have

p1:1 ,q1:2£

P2:2€ , QQ:4£2—1

Prt1 = 24p, + (_1)npn—1 y Qg1 = 24, + (_1)nqn—17
and the claim follows by induction in either case.

Remark 3.1. [/It is easy to see that the periodic orbits of period k > 1 are given by

1 1
Ga) 1 Zar + (< 1)Fw®

(52) wh) =

An example of partial sums for a periodic point of period 3 is shown in Fig. 2 (with
0 < N < 90000 ).

The following obvious lemma defines the self-similar patterns under renormalization:

Lemma 3.4. [/The fized points of the renormalization map,

1 1
Mo =gVl 1<teZ?t
ROV )V ! €
have the classical continuous fraction
1 1 1 1 1
(53) wi') =

(260 —1)+ 1+ (2 —2)+ 1+ (2 —2)+ "’
and the convergent numerators and denominators P;. and Q);, respectively, are given in terms

of the p, , ¢, defined in the proof of Lemma (8.1) by:

(54) P2n =Pn , QZn = 4qn
(55) P2n—1 =Pn — Pn-1 , QQn—l =4qn — qn-1-
(Note:

Spirals of spirals are obtained either way. They differ only by one spiral of the lower order.The
renormalizable one has €, = wN —n > 0 (¢, < 0) depending on even (selfsimilar) or odd
(anti-selfsimilar) sequence.) Examples, with £ = 22 are shown in Fig.3a (self-similar) and

Fig.3b (antiself-similar), each with 44,000 points.
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Thus it is seen that for the fixed points of the renormalization map, the sequence of partial
convergents of the ecf is the even subsequence of the sequence of the partial convergents of
the rcf. Hence it provides a monotonically increasing sequence of rational approximations of
wgl) that satisfy the property

¢ ¢
Q2n—1Q2n Qn(Qn - Qn—l) .

P2n
' - @

For the periodic points (49) of order two:

o P
qn

(56)

1 1
(57) wgz):mﬂ...:\/ZQ—{— —Z, 1<£EZ+

the entries are positive and the ecf coincides with the rcf.
Repeated renormalizations can be also carried out in general, if we choose upper limits
from the even convergent denominators of w. We state the rational case here. The extension

to irrationals proceeds along similar lines. We have the following

Theorem 3.1. [/Consider the rational number w = p/q, pq = 0 (mod 2). Letw, = P,/Q; =
7 =L 1=0,--,n—1 withwy = w and (P,,Q;) = 1. Then

k=I[+1 El
(58)
m 1/2 Qm " 1/2
%03 /eiﬂ’wokZ — (__1)1/2 %1: /eiﬂwlkZ —_ .. = ( (_]‘) ) QZ: /eiﬂwme — .. = ( (_]‘) )
k=0 Wo k=0 Wy Wp- k=0 Wg Wi

Proof: Apply the Cauchy-Kronecker formula (4) repeatedly, taking advantage of (43) and
the fact that @41 = P;. Note that the numerators are chosen here as (—1)’s. This form

k) = wy; an equivalence

is more convenient for the application of the map (39) since w!
transformation, ay — cr_1crak, by — cpbr with cop = —1, copr1 = 1 reduces this to the
previously used form (41).

This type of formula was of course known to Hardy and Littlewood, however the use of
ecf simplifies its statement dramatically.

Finally, we note that the behavior of the partial sums (9) in the complex plane as N — oo
is intermittent, in that they are governed by successively higher order entries in the continued
fraction expansion of w. This means that as N increases one may observe ordered behavior

become disordered or the reverse. However, in accord with our main result, Thm. 2.1,

the renormalization may proceed with ever increasing accuracy as n — oo over successive
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convergent denominators of w. An example of initially disordered behavior which becomes
increasingly more ordered as ever larger entries of the continued fraction are revealed by the

renormalization map for increasing N is shown in Fig.5 (a,b).
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DIOPHANTINE GAUSS SUMS
APPENDIX A. THE CONSTANT C IN THE DIOPHANTINE INEQUALITY
We introduce the notation
z=2(n+80) , ml:l‘|‘57y1:2n+6:$2n’y2:2n—|—720—e:1_521_$0’
z z z z

and rewrite (36)-(38), after some rearranging of the sums, as
I

(59) ‘—‘ <A+ A,
€

with

Tz =1 p=—00 (p + ml)Q

3w 2n—1 o] _(p_l_ 371) _I_ z
FEE (S

=1 p=—00 (p + $Z)4

(n +36) 25 ( 5 _(pto)+ (1= 20)(p+ o)+ ois 1)) |

(60) + 2

Tz (=1 p=—00 (p + ml)S
and
A2 = %Z<_(p+y1)—l2_y1 (p+y2)+12_y2)
TZ" p=o (p+v1) (p+y2)
n 3w i(—(P+y1)+y1 (P-|-y2)—|-1—y2>
2r2zt o\ (p+ ) (p+y2)*
(61) + 2(n te) i (_ (p+ y1)2 +(1=2y1)(p+w1) +ya(yr — 1)
LA — (p+w)
(62) _I_(p + y2)2 + (1 - 2y2)(p + y2) + y2(y2 - 1)) '
(p+y2)°
Estimate for A;: We introduce the functions
fk(m) = Z (P + m)_k ) f1($) = Z (p + m)_l = 7rcot(7r:1:)7
p=—00 p=-—c0

(also, fo = m?csc*(mz), f3 = m° cot(mwz) csc?(wz), fu = 7t csc? () [4—”"’2“;2 L ] ),

be(z) = zfr(z) — fem1(z) , oi(z) = zfi(x),
gr(z) = (1 — z)du(z) + d-1(z) , @1 = (1 —z)¢1(z).

These satisfy (g stands for any of f, ¢ or g):

92 = —kgry1.
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The ¢i, qr are analytic at z = 0. Using these properties and the fact that the f, are
even(odd) about z = 1/2 according to whether n is even(odd), and f5, > 0 on (0,1) while
fany1 > 0 on (0,1/2) it follows easily that the ¢,, ¢4 are increasing, convex functions on
[0,1), while g5 is odd about z = 1/2 and has an increasing, convex derivative (¢} = —3q4)

on [1/2,1). Then, A; can be written

2n—1 3 2n—1 ‘I’E 2n—1

A1=—Z¢2$l 224Z¢4’$l‘|‘2( )ZCIS(W)

=1
(63) = (I)i)(n; €, 0) + (I)4(n7 €, 0) + QS(nJ €, 0)

We discuss the cases € > 0, € < 0 separately.
(i) € > 0: Now ®4(n,€,0) < ®4(n,1/2,0). Indeed, ¢2, ¢4 are convex, increasing functions
in [0,1), and the z; are maximized for § = 0, ¢ = 1/2. Similarly, the factors z7* are

maximized for § = 0. Finally, we have that for & = 2,4,

ak 2n—1 ak 2n—1 l+ 1/2

Bt o) & o) < B 120 = Gy 2 45 )

with a; = 1/7, a4 = 3w/(27?).

(64) (n,¢6,0) =

Also, using the properties of g3 it follows that

QRs(n,€,0) < Qs(n,1/2,0)

- S (Bl o) e )

Combining results we find that, for € > 0:

1A [+1/2 3w A [+1/2\ n+1/2 1
Al < 1=
(65) 4] < 4drn? 2. ( 2n + 3272nt 2 4 2n + 4rn® B ( 4n)

(ii) € < 0: now, decrease 6 to its minimum value, € < § < 0. This majorizes all terms:
Al(”; €, 0) S Al(na €, 6)'

Next, observe that this is majorized for € as small as possible, i.e. for e = —1/2. Indeed,

now z, = 1/2 and

dor _ _n—l

de 2(n + ¢€)?
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is positive (negative) for n > | (n < ). Since ¢r(zny1) > r(zn—i), while dz;;” = —dIJE‘Z we

majorize ¢i(z,4+1) — dr(2n-1), and hence & by letting e = —1/2, its smallest possible value.
On the other hand, the term @3 is now bounded above by Qs(n,—1/2,—1/2) < 0, so we

neglect it to get for € < 0:

nl 1—-1/2
A < ‘“(—1/22¢2< — )
3w 2l —1/2
T 32n2(n _1/2) l; ¢4<2n—1>‘

Estimate for A;: We let (with a > 0 arbitrary)

=Lt K@ -5 (- a5)

—~ P
¢2— = _Z k:mflj—_flj—la

= (p+z)
it = - PRI =)t oty
We have
A = = (F )+ 65 w) - 85 ) (= o)
b () + # ) — 912) (= o)
e CCORT D) (= as).

We note that f; > 0 and decreasing while ¢7, ¢ < 0 and increasing for z > 0. Again, we
consider the cases € > 0 and € < 0 separately.
(i) For € > 0, we have that y; > y,. Then, for ay, oy we must maximize y;, minimize ys.

This happens for e =1/2, 6 =0 (i.e. y1 =1+ 1/4n,yo =1 —1/4n) so

cren = s (000 (1) # s (o0 e ()
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For a3 we get, similarly:

a3(’n, 670) < a3(n71/270)

25 ) ~ 610 (8T ) + 61 ))
= 2D ) = ) + ) — (85 + 85 (0a)
= 2B ) — £ 0) + () — ot )
= 20 = (L= G )+ () = 30— T ()

(ii) For € < 0, A, is maximized at e = § = —1/2. Then

1 1 3w 1
a2tos S mﬁj (1+2(2n—1)>+27r‘~)(2n—1)4f‘1F <1+m>'

Now, a3 <0, so it is neglected.

It is easy to show that the error term |A; + A;| is maximal for n = 1. Using the integral
test, it can be easily shown that this term is a decreasing function of n for n sufficiently
large (say n» > 100). The details, although lengthy, are elementary and they are ommitted.

Numerical evaluation of the sums for 1 < n < 100 completes the proof. Thus we find that
|A1 + Ay] <.958921 + 1.235903w < 2.20.

This, used in (59), results in the bounds claimed in our theorem.
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1011, 1

898.4

705,7

593.1

4004

247.7

95,0

-57.6

=210,
-1079,6 -927,1 =774,E -622,1 -469,6 =317,1 -164,E -12,0 140,5

Omega  3,1415926535897931 = ofract{3, 7, 15, 1, 292, 1, L, 1, 2, 1, 3, 1, ..

1340.9

1108.3

875.7

B43.1

410,8

178.0

-54.6

-287.1°

519,
-174,4 68,3 291,0 h22,8 766,45 §84,3 1222,0 1454 ,8 1687.¢

Omega  0,6180339087498349 = cfract{0, 2, -2, -2, 2, 2, -2, -2, 2, 2, -2, -2, ...}

FIGURE 1. The partial sums for 7 (left) and the golden ratio (right); in both

cases N = 2 x 10°

70
-17.8
42,6
-£7.4
-92.2

o
169
4

-141.7

-1E6, 5
-175,3 -161,1 -126,2 -101,6 -7E,8 -52,0 =272 =25 22,3

Omega  0,0220659071196527 = cfract{0, 44, -4, 4, 44, 4, -4, 44, -4, 4, -4, 0, ...}

-43.8

-138,0

-232.1

-326, 2

-420.3

-514.4

-608.5

=702,
-371.,8 -277.8 -183,7 -B4,6 4.6 8.6 192,7 286.8 80,9

Omega  0,0220659071196527 = cfract{0, 44, -4, 4, 44, 4, -4, 44, -4, 4, -4, 0, ...}

FIGURE 2. A period three pattern; left shows 4 levels, (12,000 < n < 44, 000)
while right shows 6 levels (N=428,000).
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172,3

150.8

129,2

107.7

86,2

B4.6

43,1

21.5

#
A g
0.0 -12.1
-158,8 -137.4 -115,5 -54,4 -73,0 -51.5 -30,1 -8.5 12,9 0.0 21,7 43,6 E5.2 87,0 108,7 120,4 162,2 173,89

Omega  0,0227390241640834 = cfract{0, 44, -44, 44, -44, 44, -4, 0, 0, 0, 0, 0, ...} Omega  0,0227155455452405 = cfract{0, 44, 44, 44, 44, 44, 44, 0, 0, 0, 0, 0, ...}

FIGURE 3. The self-similar and antiself-similar spirals for [ = 22, n = 44000



DIOPHANTINE GAUSS SUMS
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Onega 0,0000500000000000 = cfract{0, 20000, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, ...} Onega 0,0000439987500312 = cfract{0, 20000, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, ...}
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Onzga 0,0000439975001250 = cfract0, 20000, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, ...} Onzga 0.0000499952502812 = cfract{0, 20002, -2, 0, 0, 0, 0, 0, 0, 0, 0, 0, ...}

FIGURE 4. The cases in (49), clockwise from top; N=100,000



E. A. COUTSIAS AND N.D. KAZARINOFF
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Omega  0,6180339644494309 = cfract{0, 2, -2, -2, 2, 2, -2, -2, 2, 2, -2, -2, ...} Omega  0,6180339644494309 = cfract{0, 2, -2, -2, 2, 2, -2, -2, 2, 2, -2, -2, ...}
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FIGURE 5. The graph for w = 5 =5 5555555555 =33 11 —a3 -~ Ueft)

46000 points, (right) 1900000 points



